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Integral encounter theories of multistage reactions. II.
Reversible inter-molecular energy transfer

K. L. Ivanov
International Tomography Center, Novosibirsk 630090, Russia
and Novosibirsk State University, Novosibirsk 630090, Russia

N. N. Lukzena)

International Tomography Center, Novosibirsk 630090, Russia

A. B. Doktorov
Institute of Chemical Kinetics and Combustion, Novosibirsk 630090, Russia

A. I. Burshteinb)

Weizmann Institute of Science, Rehovot 76100, Israel

~Received 31 May 2000; accepted 21 August 2000!

The matrix Modified Encounter Theory~MET!, developed in Part I of this work, is applied here to
reversible inter-molecular energy transfer in liquid solutions. For fluorescence quantum yield at
contact transfer the Stern–Volmer law is confirmed, but the concentration corrections to its constant
are diffusion-dependent unlike those obtained earlier with Superposition Approximation. In the
particular case of irreversible energy transfer, when the exact solution is available, the latter is used
to discriminate between all competing approaches and establishes MET superiority. In the case of
reversible energy transfer producing the long-lived or even stable products, the energy is stored
there and dissipates due to backward energy transfer in re-encounters. The kinetics of this process,
resulting in a delayed fluorescence, is shown to be qualitatively different in cases of short and long
encounter times as compared to the excitation lifetime. ©2001 American Institute of Physics.
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I. INTRODUCTION

The theory of reversible diffusion-influenced reactio
of metastable reactants is an important branch of mod
chemical kinetics. Although the kinetics of the reactions
liquids was first studied by Smoluchowski1 and Waite2 a
long time ago, seminal progress in this topic was achie
only in recent decades. In this paper we study the react
of reversible energy transfer which play a crucial role
photochemical kinetics, being unavailable for most conv
tional theoretical approaches.

The formal reaction scheme of reversible inter-molecu
energy transfer is the following:

A* 1B⇔A1B* . ~1.1!

The excitation transfers fromA* to B and backward in the
course of encounter diffusion with coefficientD, which is
assumed to be independent on the level of excitationD
5DA* 1DB5DA1DB* . Besides, we account for the rela
ation of the excited state to the ground state with the l
timestA andtB :

A* →A, B* →B. ~1.2!

If B* has longer lifetime thanA* the energy comes bac
after the decay of the latter, causing fluorescence decay f
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a newly excitedA* .3,4 If the encounter timetd5s2/D (s is
the closest approach distance! is comparable withtA or tB ,
it affects the kinetics and quantum yield of the fluorescen

Nowadays there are a number of theoretical approac
to the description of reversible reactions in liquids involvin
short-lived particles. The most general and consistent
tween them is Integral Encounter Theory~IET!, developed in
Refs. 5–7. It adequately describes the multista
reactions,3,8–11as well as the magnetic field and spin effec
in chemical reactions.12 The kinetic equations of IET are o
the integro-differential type, unlike the differential equatio
of conventional~Differential! Encounter Theory~DET!. The
very first application of matrix-form IET to reversible rea
tions of metastable reactants has shown that the usual ch
cal kinetics, based on the rate concept, fails to describe t
properly.3,4 The same is true for the original Superpositio
Approximation~SA!.13 When the excited reactants have d
ferent lifetimes, either the forward or backward rate const
diverges with time. In contrast, the integro-differential a
proach is free of this defect. It provides the correct desc
tion of energy transfer kinetics and the fluorescence quan
yield in dilute solutions, that remained unique for a lon
time.3,4

However, IET is not free from some drawbacks. It fa
to describe properly long-time quenching kinetics14,15 and
gives incorrect values for Stern–Volmer constants at hig
reactant densities.16,17 This happens because IET does n
account for all the binary terms of the concentrati
expansion.18,19 To overcome this difficulty IET should be
il:
3 © 2001 American Institute of Physics
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modified, as it was first pointed out by Kipriyanovet al. in
Refs. 20,21. Modified Encounter Theory~MET! is also of
the integro-differential type as well as recently develop
fully renormalized YLS theory.22 MET provides more accu
rate expressions for the quantum yield of fluorescence16 and
describes the quenching kinetics in a wider time interval th
IET.14

In Part I of the present work,23 we correctly derive IET
~that was previously obtained semi-intuitively! and general-
ize MET, imparting the matrix-form to the latter. Matri
MET makes possible the theoretical treatment of revers
energy transfer at higher concentrations and in a wider t
interval than those available for IET. The main goal of th
paper is the detailed comparison of IET and MET with t
competing SA approach. The latter was recently revised
such a way that the IET results were reproduced24,25 and
even higher concentration corrections to the fluoresce
quantum yield were obtained. This is actually a challenge
MET to either confirm or revise these corrections. They
obtained here and found to be different in both magnitu
and diffusional~viscosity! dependence. The origin of such
discrepancy is established and the superiority of MET is c
firmed by comparison with the exact results available
irreversible energy transfer from immobile donor to po
acceptors. The outline of this paper is as follows. In the n
section we briefly summarize the results of Part I and ap
them to reversible reaction Eq.~1.1! between two-level sys
tems representingA andB. In Sec. III we derive the kinetic
equations of IET and modify them in Sec. IV. In Sec. V w
confirm the Stern–Volmer law for fluorescence quant
yield and define its constant within IET and MET. The qua
tum yield of energy quenching by short-lived partners is c
sidered in Sec. VI, while in Sec. VII the kinetics of energ
storing for long-lived particles is analyzed, with or witho
accountings for bimolecular backward transfer.

II. IET AND MET EQUATIONS

The chemical processes of energy or charge transfer
be formally considered as reactions between the ‘‘skeleto
particlesA and B composed fromp and s components, re-
spectively. The components of the skeletons represent
energy or charge states of the reactants and reaction p
ucts:

A5$Ai%5$A1 ,A2 , . . . ,Ap%;
~2.1!B5$Bk%5$B1 ,B2 , . . . ,Bs%.

The monomolecular decay or inter-conversion change
states of the particles but not the number of particles:

Ai⇔Aj ~ i , j 51,2, . . . ,p!, Bk⇔Bl ~k,l 51,2, . . . ,s!.
~2.2!

Besides, the different particles are partners in bimolecu
transfer reactions which also conserve their total numbe

Ai1Bk⇔Aj1Bl ~ i , j 51,2, . . . ,n; k,l 51,2, . . . ,m!.
~2.3!

In Part I of this work we obtained for such reactions t
hierarchy for the Reduced Density Vectors~RDVs! or related
d
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Vector Correlation Patterns~VCPs!. Making a truncation as
in Ref. 21, we derived the IET and MET kinetic equatio
for the concentrations of all internal states ofA and B, as-
signed as the elements of column Density Vectors~DV! ŝA

and ŝB .
The IET integro-differential equations are of the follow

ing form:

]ŝA~ t !

]t
5Q9 AŝA~ t !2TrBE

0

t

sˆtAsˆAsandBE0
tsˆtAsˆtsand
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The concentration-dependent modifying operatorR9 , which
tends to zero at infinite dilution, acts on the effective Gre
function as follows:

R9 G9 eff5TrB8E
0

t

@R9 AB8~ t2t8! ^ exp$Q9 B~ t2t8!%#

3@ŝB8~ t8! ^ G9 eff~r ,t8ur0 ,t0!#dt8

1TrA8E
0

t

@R9 A8B~ t2t8! ^ exp$Q9 A~ t2t8!%#

3@ŝA8~ t8! ^ G9 eff~r ,t8ur0 ,t0!#dt8. ~2.10!

Here we made use of operatorR9 AB[R9 that was introduced
in Eq. ~2.5!. In the simplest case bothA andB particles are
two-level systems whose population densities of excited
ground states area* 5@A* #, b* 5@B* # and a5@A#, b
5@B#. These compose the density vectors of two partic
participating in the reversible energy transfer Eq.~1.1!:

ŝA5F a

a* G , ŝB5F b

b* G . ~2.11!

The relaxation operators, representing the excited state
cay, are the following:

Q9 A5F0 1/tA

0 21/tA
G , Q9 B5F0 1/tB

0 21/tB
G . ~2.12!

For easier comparison with the previous results of Refs. 3
we shall restrict our consideration to the contact ene
transfer whose reactivity operator is simply defined in
collective basis of a pair,uAA&, uA* B&, uAB* &, uA* B* & is
nonzero atr 5s:

W9 5F 0 0 0 0

0 2wa~r ! wb~r ! 0

0 wa~r ! 2wb~r ! 0

0 0 0 0

G
5

d~r 2s!

4ps2 F 0 0 0 0

0 2ka kb 0

0 ka 2kb 0

0 0 0 0

G . ~2.13!

Here we introduced the kinetic rate constants of the forw
and backward energy transferka5*wa d3r and kb

5*wb d3r . This matrix form is transferred to eitherR9 or SQ :

R9 5S 0 0 0 0

0 R22 R23 0

0 R32 R33 0

0 0 0 0

D , SQ5S 0 0 0 0

0 S22 S23 0

0 S32 S33 0

0 0 0 0

D .

~2.14!

The relaxation operator in the same collective basis is eas
deduce from Eq.~2.12!:
Downloaded 24 Mar 2002 to 132.76.33.15. Redistribution subject to AI
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Q9 AB5F 0 1/tA 1/tB 0

0 21/tA 0 1/tB

0 0 21/tB 1/tA

0 0 0 2~1/tA11/tB!

G . ~2.15!

First of all, we have to reproduce the known results of IE
for reversible energy transfer.

III. INTEGRAL ENCOUNTER THEORY

Let us disclose the general IET equations~2.4a!, ~2.4b!
by specifying the matrix kernelR9 . In our four states basis
u1&5uAB&, u2&5uA* B&, u3&5uAB* &, u4&5uA* B* &, the
kernel has only four nonzero elements which compose in
~2.14! a block r9 of 232 rank:

r95FR22 R23

R32 R33
G . ~3.1!

Substituting Eq.~2.13! into Eq. ~2.5! one can see thatr9 is
related only to the corresponding block of the Green funct
G9 AB ,

g95FG22 G23

G32 G33
G . ~3.2!

On the first glance, there is no closed equation ong9 , because
the elements of this block are mixed withG42 andG43 by the
equation of motion~2.6!. Fortunately,G42(t)5G43(t)50,
because they obey the homogeneous equations and thei
tial values are 0. Therefore, from Eq.~2.6! we obtain the
closed equation for the reduced Green function

F ] t2q92DD1
d~r 2s!

4ps2
k9 Gg9 ~r ur 0 ,t2t0!

5
d~r 2r 0!

4pr 0
2

d~ t2t0!I9, ~3.3!

where

q95F21/tA 0

0 21/tB
G , k95F ka 2kb

2ka kb
G . ~3.4!

It is more convenient to study the problem in the Lapla
domain. Let us introduce the ‘‘free Green function’’u9 which
represents free encounter diffusion in a pair~without reac-
tion!, accompanied by intra-molecular relaxation. This au
iliary Green function obeys the simple kinetic equation

@s2q92DD#ũ9 ~r ur 0 ,s!5
d~r 2r 0!

4pr 0
2

I9, ~3.5!

where the tilde denotes the Laplace transformation
u9 (r ur 0 ,t). The contact value of this Laplace transformatio

ũ9 (sus,s), is the following:
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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ũ9 ~sus,s!

5
1

kDF 1

11Atd~s11/tA!
0

0
1

11Atd~s11/tB!

G . ~3.6!

There is a convenient relationship betweenu9 andg9 :

g̃9 ~r ur 0 ,s!5ũ9 ~r ur 0 ,s!2E
s

`

dr1ũ9 ~r ur 1 ,s!k9

3d~r 12s!g̃9 ~r 1ur 0 ,s!

5ũ9 ~r ur 0 ,s!2ũ9 ~r us,s!k9 g̃9 ~sur 0 ,s!. ~3.7!

At r 5r 05s this equation can be resolved forg9 whose con-
tact value is:

g̃9 ~sus,s!5@ I91ũ9 ~sus,s!k9 #21ũ9 ~sus,s!. ~3.8!

In the contact approximation we obtain from Eq.~2.5!
the following relationship for the reduced quantities:

r9~ t !5k9 @ I92g9 ~sus,t !k9 #. ~3.9!

Making the Laplace transformation of this relationship a

substitutingg̃9 (sus,s) from Eq. ~3.8!, we obtain the follow-
ing result:

r̃9~s!5k9 @ I92g̃9 ~sus,s!k9 #5k9 @ I91ũ9 ~sus,s!k9 #21. ~3.10!

Substituting into this formulau9 from Eq.~3.6! andk9 from Eq.
~3.4! we obtain the final expression for the kernel:

r̃9~s!5F̃~s!k95F̃~s!F ka 2kb

2ka kb
G , ~3.11!

where the Laplace transformation of the functionF(t) is
given by the famous expression:

F̃~s!5
1

11kax~s11/tA!1kbx~s11/tB!
, ~3.12!

where

x~x!51/@kD~11Axtd!#. ~3.13!

Using these results one can recover the original,r9 (t), as well
asR9 (t) from Eq. ~2.14!. After substitution of the latter into
Eqs.~2.4a! and~2.4b! we obtain the following kinetic equa
tions for a* , b* :

da*

dt
52

a*

tA
2ka@B#E

0

t

F~ t2t!a* ~t!dt1kb@A#

3E
0

t

F~ t2t!b* ~t!dt , ~3.14a!

db*

dt
52

b*

tB
1ka@B#E

0

t

F~ t2t!a* ~t!dt2kb@A#

3E
0

t

F~ t2t!b* ~t!dt, ~3.14b!
Downloaded 24 Mar 2002 to 132.76.33.15. Redistribution subject to AI
which exactly coincide with those obtained earlier.3,4 Here-
after, we will restrict ourselves to linear spectroscopy assu
ing that the fraction of excited molecules is sma
@A* #,@B* #!@A#,@B#. That is, the number of particles in th
ground states,@A# and @B#, remains practically unchange
under illumination and kinetic equations become linear ina*
andb* . Now it should be remembered that this set of in
gral equations cannot be transformed into differential ‘‘rat
equations ifka ,kbÞ0 andtAÞtB . The rate constant of en
ergy transfer from short-lived particle to a more stable p
ticle becomes negative and diverges witht→`. This is evi-
dence that there is no quasi-stationary~Markovian! energy
transfer to the partner, which conserves the excitation
returns it back later, giving rise to delayed fluorescence.3,4

IV. MODIFIED ENCOUNTER THEORY

In the low excitation limit one can neglect all the co
centration corrections related to excited particles, but m
modify IET with respect to the ground state concentratio
In the contact approximation the general form of the mo
fying operatorR9 can be obtained from Eq.~2.10! with the
use of Eqs.~2.9! and ~2.12! as shown in the Appendix:

R̃9 ~s!5F 0 2ka@B# 2kb@A# 0

0 ka@B# 0 2kb@A#

0 0 kb@A# 2ka@B#

0 0 0 ka@B#1kb@A#

G F̃~s!.

~4.1!

The structure of this matrix is the same as that for the rel
ation operator Eq.~2.15!. After its substitution into Eq.~2.9!,
the latter can be reduced to Eq.~2.6! by the simple redefini-
tion of the relaxation times:

1/tA→1/tA1KA~s!, 1/tB→1/tB1KB~s!. ~4.2!

The complex ‘‘rates’’

KA~s!5ka@B#F̃~s! and KB~s!5kb@A#F̃~s!, ~4.3!

for additional quenching of excitation by any partner n
belonging to a given couple~reactant pair!. These ‘‘bach-
elors’’ are treated as a ‘‘background’’ of the event. Th
compete for an excitation with its partner in a couple when
moves away for a while between successive re-contacts
energy transfer to ‘‘bachelors’’ does not contribute too mu
to a number of free products of transfer, the interaction w
the ‘‘background’’ leads to effectively irreversible reaction

$A* . . . B%→$A . . . B%, $B* . . . A%→$B . . . A%, ~4.4!

which are similar to usual decayA* →A, B* →B. Therefore
the modification leads to a simple redefinition of the dec
rates Eq.~4.3!.

Such a modification allows reducing the problem to th
solved in the previous subsection. The kinetic equations
a* andb* remain practically the same though the modifi
kernelF should be substituted forF:
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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da*

dt
52

a*

tA
2ka@B#E

0

t

F~ t2t!a* ~t!dt1kb@A#

3E
0

t

F~ t2t!b* ~t!dt, ~4.5a!

db*

dt
52

b*

tB
1ka@B#E

0

t

F~ t2t!a* ~t!dt2kb@A#

3E
0

t

F~ t2t!b* ~t!dt. ~4.5b!

The Laplace transform ofF follows from Eq.~3.12! after the
redefinition of decay rates according to Eq.~4.2!:

F̃~s!5
1

11kax~s11/tA1KA~s!!1kbx~s11/tB1KB~s!!
.

~4.6!

Very recently a new many-particle theory of diffusio
influenced reactions was proposed by Sung, Chi, and
~SCL!.25 The SCL theory is based on the revised superp
tion approximation. The authors were the first, who mana
to obtain the concentration corrections to the well-kno
IET result for the reversible energy transfer. They correc
the long-time asymptotics of transfer as well as the fluor
cence quantum yield. However, making a truncation of
hierarchy, the authors intuitively neglected the three-part
correlations of the typesA* AB and B* BA in comparison
with A* BB andB* AA.26 In contrast, we accounted explic
itly for all the elements of the three-particle matrix corre
tion patterns which are the analogs of the correlation patte
~CPs! of the nonequilibrium statistical mechanics.27,21 In our
approximation, which accurately reproduces whole bin
kinetics, the CPspA* BB andpB* BA , responsible for the cor
relations of typesA* BB, B* BA, are expressed via the C
pA* B :

p̃A* BB~r ,s,s!52
12kbgb

12kakbgagb
kaga@B#p̃A* B~r ,s!, ~4.7a!

p̃B* BA~r ,s,s!5
12kaga

12kakbgagb
kagb@B#p̃A* B~r ,s!, ~4.7b!

where ga5@ka1kD(11Atd(s11/tA) )#21, gb5@kb

1kD(11Atd(s11/tB) )#21. Similar expressions, which
can be deduced from these formulae by the permutatio
indexes, exist for the CPspB* AA and pA* AB as well. It is
clear that the quantitiespA* BB , pB* BA andpB* AA , pA* AB

are of the same order of magnitude and there is no reaso
neglect the two of them keeping the others, as has been
in Ref. 25. As a result the concentration corrections obtai
in SCL work are different from ours and improve the IE
results only qualitatively. The authors recently overcome t
drawback making the next revision of their approach wh
brought their results in full correspondence with MET.26

V. QUANTUM YIELD OF FLUORESCENCE

The relative quantum yield of the fluorescence fromA*
is conventionally defined as
Downloaded 24 Mar 2002 to 132.76.33.15. Redistribution subject to AI
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h5E
0

`

a* ~ t !dt/tA5ã* ~0!/tA . ~5.1!

It can be represented in the form of the Stern–Volmer la

h5
1

11kQ@B#tA
, ~5.2!

with a quenching constantkQ , first obtained by means o
IET in Ref. 3:

kQ
IET5

ka

1/F̃~0!1kbtB@A#

5
ka

11kax~1/tA!1kbx~1/tB!1kbtB@A#
, ~5.3!

wherex(x) was defined in Eq.~3.13!. The populations of the
ground states,@A# and @B#, are considered here as the tot
concentrations of corresponding particles.

From here on we should discriminate between qual
tively different situations:

~1! Energy quenching. This is a case when either the tran
fer is irreversiblekb50 or tB→0, that is nothing can be
transferred back beforeB* decays.

~2! Equal times.This is a border case,tA5tB5t, when the
decay of excited states and energy redistribution betw
them proceed independently.

~3! Energy storing. At tA,tB the initial quenching ofA*
by forward energy transfer toB’s results in energy stor-
ing there and subsequent backward transfer to the sh
lived A* detected as their delayed fluorescence.

1. Irreversible energy transfer~quenching! was studied
many times within encounter theory and alternative meth
thoroughly compared in Ref. 16. There is a unique oppo
nity to inspect any theoretical innovations by comparis
with exact results, available only in case 1 whenA’s are
immobile andB’s move independently.

2. In case 2 one can separate the state decay from en
redistribution, making a change in the variables in E
~3.14a! and ~3.14b!: a* (t)5a0(t)exp(2t/t), b* (t)5b0(t)
3exp(2t/t). The energy redistribution turns the initial value
a0(0)51, b0(0)50 to the stationary onesa0s , b0s whose
ratio is

Q5
b0s

a0s

5
ka@B#F̃~21/t!

kb@A#F̃~21/t!
5Keq

@B#

@A#
.

Here Keq5ka /kb5exp(2e/kBT) is the equilibrium constan
expressed through the free energy difference between
excitations,e. It follows from Eqs.~5.2! and ~5.3! that

h5
11Qh02h0

11Q2h0
, ~5.4!

where

h05
1

11k@B#t
,

P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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has the form of the conventional Stern–Volmer law for irr
versible energy quenching by@B# ’s, but with constantk
5kaF̃(0), which accounts for both forward and backwa
transfer. Our result Eq.~5.4! is similar to that obtained for
the reversible intra-molecular transfer,A1B
C1B, in
Ref. 13 for the same case of equal times. For the partic
case of diffusion controlled transfer

k'
k irr

11kb /ka
, ~5.5!

where

k irr 5
kakD

kD1 ka/~11Atd /t!

is the Stern–Volmer constant for really irreversible ene
transfer.

3. It is the most intriguing, when the excitation live
longer on the acceptor of energy than on the donor. In
extreme casetB→` the excited acceptors may be cons
ered as stable products of a reversible reaction. If never
lesstB@A#→0 the quantum yield of such products is

f5b* ~`!5ka@B#E
0

`

dtE
0

t

F~ t2t!a* ~t!dt

5ka@B#F̃~0!ã* ~0!. ~5.6!

Here ã* (0)5$1/tA1ka@B#F̃(0)%21 as follows from Eq.
~4.5a! at initial conditiona* (0)51. Finally we have

f5
k@B#tA

11k@B#tA
512h, ~5.7!

where the quantum yield of fluorescenceh obeys the con-
ventional law Eq.~5.2!, but with the concentration indepen
dent Stern–Volmer constant

k5 lim
tB[A]→0

kQ5kaF̃~0!. ~5.8!

As a matter of fact, at shorttB and a low concentration ofA
particles, one can always ignore the bimolecular backw
energy transfer. When

tB@A#!x~1/tB!5@kD~11Atd /tB!#21, ~5.9!

the terms proportional to@A# may be neglected in Eq.~4.5a!,
~4.5b! as well as in the denominators of Eqs.~5.3!. Under
this condition the generalkQ turns to be the usual Stern
Volmer constant~5.8!. Inserting Eq.~5.3! into Eq. ~5.8! we
reproduce the widely known result of IET:3

ka /k IET511kax~1/tA!1kbx~1/tB!. ~5.10!

The MET result is obtained by substitution ofF̃(0) from
Eq. ~4.6! for F̃(0) in Eq. ~5.3!:

ka /kMET511kax~1/tA1kaF̃~0!@B# !

1kbx~1/tB1kbF̃~0!@A# !. ~5.11!

Unlike Eq. ~5.10! this result contains concentration corre
tions to both decay rates. The same conclusion was draw
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Sung, Chi, and Lee within their SCL theory.25 However, they
obtained, instead of Eq.~5.11!, an essentially different resul
which is in their notationsF̂(0)5ka /kSCL:

ka /kSCL5ka /k IET2katA@B#2kbtB@A#. ~5.12!

This result, valid in the lowest order approximation with r
spect to particle concentrations, is in principle better th
that of IET because it contains linear corrections in@A# and
@B#. To compare it with our MET formula Eq.~5.11!, the
latter should be expanded also in the power series of con
trations, keeping only the lowest terms. To stress the dif
ence we present the result in the same form,

ka /kMET'ka /k IET2akatA@B#2bkbtB@A#, ~5.13!

but with coefficientsa andb correcting the last terms:

a5
kaAtAtd

2kD~AtA1Atd!2
F̃~0!, b5

kaAtBtd

2kD~AtA1Atd!2
F̃~0!.

~5.14!

Unfortunately, we did not find conditions whena andb
are equal to 1 and remain the same at anyD as in SCL
theory. In the kinetic control limit (D→`) a5b50, but
not 1. It is reasonable, that in such an essentially Markov
limit all concentration corrections to IET vanish. In the o
posite diffusion control limit, whenka→`, the difference is
not as drastic, but also essential:a approaches the uppe
limit equal 1/2. The set of curves representing diffusion
dependence ofa at different values ofka is shown in Fig. 1.

VI. ENERGY QUENCHING

To recognize what is right and wrong in the diffusion
limit, we turn to a well investigated particular case of ener
quenching,tB→0, when Eq.~5.13! reduces to the following:

FIG. 1. Dependence of correcting coefficienta for the irreversible energy
transfer (kb50) on encounter diffusion measured intd /tA5s2/DtA at
different reactivities: katA/4ps350.1 (1), 1.0 (2), 10.0 (3), and `
~thick line!.
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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kMET5
ka

11ka$x~1/tA!2atA@B#%
. ~6.1!

This result coincides with that provided by convention
DET. It can be compared with a famous exact solution of
same problem, which is valid at any concentrations ifA par-
ticles are immobile andBs move independently.28,29 Such a
comparison has already been made in Ref. 16 for testing
accuracy of the binary approach of Kipriyanov, Gopich, a
Doktorov~KGD!20 and the popular SA.30–33Here we have to
do the same for the MET and SCL theory25 as well as for
some others: KGD20 and YLS theory.22 From Eqs.~5.14! and
~3.12! we obtain in the diffusional limit

lim
ka→`

a5
Atd /tA

2~11Atd /tA!
, ~6.2!

and from Eq.~6.1!

kMET5k IET1
kD

2 tA@B#

2 HAtd

tA
1

td

tA
J , ~6.3!

wherek IET5kD(11Atd /tA). The alternative result forkSCL

can be obtained similarly from Eq.~6.1! with a51.
To make the comparison easier, let us represent

Stern–Volmer constant of irreversible diffusion controll
transfer as follows:

k5k IET1AkDj,

wherej5 (4p/3) s3@B# is the dimensionless concentratio
of quenchers. We see that in the lowest concentration li
j→0, all the theories reproduce the concentration indep
dent IET result,k5k IET. Likewise, all the results are linea
in j, though with different slopesAkD , which is determined
by a single parameterz5AtA /td. The slope, measured i
kD , is placed in Table I as a functionA(z) which is different
in different theories. It is remarkable thatA is linear inz and
almost the same in all theories except the last one. The la
has a larger coefficient atAtA /td than that in DET which is
considered as exact. Moreover, there is the odd term in S
theory,tA /td , which makes the correspondingA(z) depen-
dence nonlinear and qualitatively different from all the re

However, these theories, including ‘‘exact’’ solutio
available in DET, describe only the irreversible ener

TABLE I. FunctionA(z) in different theories.

Theories A(z)

DET 3F 1
2AtA

td
112

2

pG
KGD 3F 1

2AtA

td
G

MET 3F 1
2AtA

td
1

1
2G

YLS 3F 1
2AtA

td
1

1
2G

SCL 3F2AtA

td
1

tA

td
11G
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quenching. In case of reversible energy transfer, i.e.,
~5.13!, derived from MET, that provides an appropriate li
ear correction to the Stern–Volmer constant, obtained ea
with IET in Refs. 3, 4. This result, first announced a ye
ago,34 was recently reproduced with a new improved vers
of SCL theory.26

VII. ENERGY STORING

When tA,tB the terms of the bimolecular backwar
transfer in kinetic Eqs.~3.14a! and ~3.14b! can be trans-
formed into the differential rate terms according to the co
ventional procedure, used a number of times:35–37,4

da*

dt
52

a*

tA
2ka@B#E

0

t

F~ t2t!a* ~t!dt1kb~ t !@A#b* ,

~7.1a!

db*

dt
52

b*

tB
1ka@B#E

0

t

F~ t2t!a* ~t!dt2kb~ t !@A#b* ,

~7.1b!

where the time-dependent rate constant of bimolecular ba
ward transfer is

kb~ t !5kbE
0

t

F~ t2t8!et8/tB dt8. ~7.2!

At t@td this pseudo-constant approaches the station
value

ks5kb~`!5kbF̃~21/tB!, ~7.3!

which is a real Markovian rate constant, independent of tim
At tA.td the Markovian description of bimolecular back
ward transfer is possible at any times: att,td the corre-
sponding terms in Eqs.~7.1a! and ~7.1b! are negligible be-
cause of smallb* (t) while at t.td the Markovian limit of
kb(t) has been already reached. Even attA<td this Markov-
ian description is approximately valid and can be represen
as follows:

da*

dt
52

a*

tA
2ka@B#E

0

t

F~ t2t!a* ~t!dt1ks@A#b* , ~7.4a!

db*

dt
52

b*

tB
1ka@B#E

0

t

F~ t2t!a* ~t!dt2ks@A#b* . ~7.4b!

The storing of energy inB particles and its subsequent di
sipation can be easily described by the straightforward in
gration of Eq.~7.4b!:

b* 5ka@B#e2(1/tB1ks[A]) tE
0

t

dt8e(1/tB1ks[A]) t8

3E
0

t8
F~ t82t!a* ~t!dt. ~7.5!

WhenB decays much slower thanA the exponential factor in
the integrand changes negligibly in the initial time interv
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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while the integral multiplier soon turns to zero. Therefo
this exponent can be taken as 1 when estimating the lo
time asymptotic behavior ofb* :

b* 'fe2(1/tB1ks[A]) t at t@tA ,td , ~7.6!

wheref was defined in Eq.~5.7!.
In Ref. 4 we studied the kinetics of product accumu

tion at @A#→0 and found that attB5` the plateaub* (`)
5f is approached from above. The quantum yield of fr
productf is less than the maximal value ofb* , especially at
wb.wa due to the backward transfer of energy in a gemin
pair before separation. In the contact approximation one
decompose the freeB* production in the series of contribu
tions from a single encounter, one re-encounter, two
encounters, etc.:

f5c0w~s!$11@12w~s!#c01@12w~s!#2c0
21 . . . %

5
w~s!c0

12c0@12w~s!#
. ~7.7!

Herec0 is the quantum yield of irreversible energy trans
from A* to B:

c05
k0@B#tA

11k0@B#tA
k05kukb50 , ~7.8!

while w(s) represents the fraction of excitedB* separated
from A ~see Appendix B!. Substitutingc0 andw(s) into Eq.
~7.7!, we reproduce the result which follows directly fro
Eqs.~5.7! and ~5.8!:

f5
ka@B#tA

11 ka /~kD~11Atd /tA!!1kb /kD1ka@B#tA

. ~7.9!

At any finite @A# the geminate stage has to be follow
by the final and longest stage of bimolecular backward tra
fer substituting for the plateau. This must be slow expon
tial decay with the ratekb@A#F̃(0). Making numerical cal-
culations ofa* andb* with the same programs as in Ref.
we confirmed these expectations. AttA,td the fast accumu-
lation gives way to a geminate backward transfer, wh
steps down the plateau of free excited products at@A#→0,
but at finite@A# the plateau is substituted by an exponen
decay with bimolecular rateks@A#, as shown in Fig. 2. In
contrast, attA.td this decay follows the relatively slow an
almost monotonous accumulation of energy to a relativ
higher level.

All the phenomenology of the process in MET is ve
similar to that in IET, because the kinetic equations rem
essentially the same, but with substitution ofF for F. This
difference can affect some of the results sinceF̃ is constant,
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while F̃ is concentration dependent. For instance, t
quenching constant Eq.~5.3! should be redefined as follows

kQ
MET5

ka

1/F̃~0!1kbtB@A#
. ~7.10!

To get an expression forF̃(0) valid at anytB , only the
general result Eq.~4.6! must be used:

FIG. 2. Kinetics of energy storing and dissipation at short~A! and long~B!
excitation lifetimes:tA52td ~A! andtA520td ~B!. The rest of the param-
eters are:ka@B#td51.0,ka55kD ,kb525kD . The dashed lines show the en
ergy storing kineticsb* (t) at @A#→0, while the horizontal lines indicate the
stable product quantum yieldf5b* (`) in this case. The solid lines show
the product accumulation and dissipation~due to bimolecular backward
transfer! at finite @A#, particularly, forkb@A#td50.1.
F̃~0!5
1

11kax~1/tA1ka@B#F̃~0!!1kbx~1/tB1kb@A#F̃~0!!
, ~7.11!
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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where

F̃~0!5
1

11ka /@kD~11Atd /tA!#1kb /@kD~11Atd /tB!#
.

The power expansion ofx in concentrations made in Eq
~5.13! does not hold attB5`. The same is true for the
whole YLS theory, restricted itself to a similar expansi
Eq. ~5.12!.

Substituting Eq.~7.11! into Eq. ~5.11!, we obtain the
concentration corrected Stern–Volmer constant attB→`,
but tB@A#→0:

kMET5
kakD

kD1ka/~11Ax !1 kb/~11Ay!
, ~7.12!

where

x5td /tA1ka@B#tdF̃~0! and y5kb@A#tdF̃~0!.

The expressions reduce to those of IET when@A#5@B#
50. Otherwise, we obtain the nonlinear dependence of
Stern–Volmer constant on both concentrations. In a part
lar case of irreversible energy transfer (kb50), the concen-
tration correction enhances the role of non-station
quenching by accelerating the rate of decay. This w
known effect is only essential in the diffusion controlle
limit when

k irr
MET5

kakD

kD1 ka/~11Ax!
'kD~11Ax!!ka . ~7.13!

The larger the decay rate the closer isk irr
MET to its upper limit

ka . If the backward transfer is taken into consideration,k
becomes smaller and the fluorescence quantum yield
comes larger than in the irreversible case~Fig. 3!. However,

FIG. 3. Stern–Volmer constant dependence on the rate of backward en
transfer from the quasi-stable product (tB→`) in IET ~thick line! and in
MET ~thin lines! at relatively small concentrations ofA: 4ps3@A#/3
50.05, 0.15, 0.3~from bottom to top!. The rest of the parameters are:tA

52td , 4ps3@B#/350.15, ka ,kb@kD ~Diffusional control!.
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this effect is hindered if the concentration of@A# particles
increases:

kMET'k irr
METH 11

kb~11Ax!

ka~11Ay!
J 21

, ~7.14!

where

y'
kDtd

11ka /@kb~11Atd /tA!#
@A#, at kD!ka ,kb .

The restoration of the Stern–Volmer constant with inclus
of the MET concentration corrections is illustrated in Fig.
In the particular case of equal decay rates of the exc
states,x5y, Eq. ~7.14! reduces to a previously obtained E
~5.5!, derived for this very case.

VIII. CONCLUSION

We successfully applied the new method suggested
Part I to the kinetic problem: the reversible energy trans
between metastable reactants with different lifetimes. T
essential feature of such a reaction is that the conventio
Markovian or ‘‘rate equation’’ approaches are inconsiste
using either permanent or time dependent rate consta
They fail to describe properly the fluorescence quant
yield and kinetics of delayed fluorescence. On the contra
the integral formalism using memory functions obtained
the binary approximation with IET, MET, or equivalen
theories, provides much better treatment of these proble
Our newly developed method enables one to regula
specify the IET and MET integral equations or substitu
them by a set of equivalent differential equations. T
former approach is suitable for analytic calculations of flu
rescence quantum yields and other stationary characteri
while the latter is more convenient for numerical calculatio
of reaction kinetics. The comparison of our results with tho
obtained with other methods has been illustrated by the
amples of irreversible and reversible inter-molecular ene
transfer, between the states with different lifetimes.
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APPENDIX A: THE DERIVATION OF MET
MODIFICATION OPERATOR

To obtain MET equations one needs the modifying o

eratorR9 , which acts on the two-particle matrix correlatio
patternsAB as follows:

rgy
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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R9 sAB5TrB8E
0

t

@R9 AB8~ t2t8! ^ exp$Q9 B~ t2t8!%#

3@sB8~ t8! ^ sAB~r ,t8!#dt8

1TrA8E
0

t

@R9 A8B~ t2t8! ^ exp$Q9 A~ t2t8!%#

3@sA8~ t8! ^ sAB~r ,t8!#dt8. ~A1!

We will calculate only the first term of Eq.~A1!, because the
second one can be obtained in a analogous way. The ope
R9 AB8 in the contact approximation in the two particle ba
$AB8,A* B8,AB8* ,A* B8* % has the following form:

R9 AB8~ t !5S 0 0 0 0

0 ka 2kb 0

0 2ka kb 0

0 0 0 0

D F~ t !. ~A2!

The matrix exponent exp(Q9 Bt) in the individual basis
$B,B* % is

exp$Q9 Bt%5S 1 0

0 1D 1S 0 ~12e2t/tB)

0 2~12e2t/tB!
D

5Ê1a~ t !S 0 1

0 21D ,

~A3!

a~ t !512exp~2t/tB!.

Thus the operatorR9 AB8(t2t8) ^ exp(Q9 B(t2t8)) in the
three-particle basis $AB8B,A* B8B,AB8* B,A* B8* B,
AB8B* ,A* B8B* ,AB8* B* ,A* B8* B* % is a sum of two
parts:

R9 AB8~ t2t8! ^ exp$Q9 B~ t2t8!%

5Z1~ t2t8!1a~ t2t8!Z2~ t2t8!, ~A4!

where

Z1~ t2t8!5S RAB8~ t2t8! 0

0 RAB8~ t2t8!
D and

~A5!

Z2~ t2t8!5S 0 RAB8~ t2t8!

0 2RAB8~ t2t8!
D .

Here RAB8(t) is given by Eq.~A2!, and the zeroes in both
matrices imply blocks of zeroes of 434 rank.

The productsB8(t8) ^ sAB(r ,t8) in the abovementioned
three-particle basis is equal to
Downloaded 24 Mar 2002 to 132.76.33.15. Redistribution subject to AI
tor

sB8~ t8! ^ sAB~r ,t8!51
sAB~r ,t8!sB8~ t8!

sA* B~r ,t8!sB8~ t8!

sAB~r ,t8!sB8
* ~ t8!

sA* B~r ,t8!sB8
* ~ t8!

sAB* ~r ,t8!sB8~ t8!

sA* B* ~r ,t8!sB8~ t8!

sAB* ~r ,t8!sB8
* ~ t8!

sA* B* ~r ,t8!sB8
* ~ t8!

2 . ~A6!

Substituting Eq.~A4! into Eq.~A1! and making the trace
operation overB8 we have the two following components o
the kernel:

TrB8Z1~ t2t8!@sB8~ t8! ^ sAB~r ,t8!#

5S kasA* B~r ,t8!sB8~ t8!2kbsAB~r ,t8!sB8
* ~ t8!

2kasA* B~r ,t8!sB8~ t8!1kbsAB~r ,t8!sB8
* ~ t8!

2kasA* B* ~r ,t8!sB8~ t8!1kbsAB* ~r ,t8!sB8
* ~ t8!

kasA* B* ~r ,t8!sB8~ t8!2kbsAB* ~r ,t8!sB8
* ~ t8!

D
3F~ t2t8! , ~A7!

TrB8Z2~ t2t8!@sB8~ t8! ^ sAB~r ,t8!#

5S kasA* B* ~r ,t8!sB8~ t8!2kbsAB* ~r ,t8!sB8
* ~ t8!

kasA* B* ~r ,t8!sB8~ t8!2kbsAB* ~r ,t8!sB8
* ~ t8!

kasA* B* ~r ,t8!sB8~ t8!2kbsAB* ~r ,t8!sB8
* ~ t8!

2kasA* B* ~r ,t8!sB8~ t8!1kbsAB* ~r ,t8!sB8
* ~ t8!

D
3F~ t2t8!. ~A8!

To estimate which terms in these matrices can be neglec
one should know the order of the magnitude of eleme
sAB . For this goal we should use the equations for thesA ,
sB , sAB obtained in Part I@Eqs.~6.19a!–~6.19c!#:

] tŝA~ t !5Q9 AŝA~ t !1TrBE drW W9 AB~rW !

3$ŝA~ t ! ^ ŝB~ t !1ŝAB~rW,t !%, ~A9a!

~] t2L̂r2W9 AB~rW !!ŝAB~rW,t !

5$Q9 AB2R9 %ŝAB~rW,t !1W9 AB~rW !ŝA~ t ! ^ ŝB~ t !, ~A9b!

] tŝB~ t !5Q9 BŝB~ t !1TrAE drW W9 AB~rW !

3$ŝA~ t ! ^ ŝB~ t !1ŝAB~rW,t !%. ~A9c!

For our particularW9 AB(rW) and Q9 AB equations for the
elements ofsAB without modification ofR9 are
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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~] t2L9 r !S sAB~r ,t !

sA* B~r ,t !

sAB* ~r ,t !

sA* B* ~r ,t !

D 1S 0

2wa~rW !sA* B1wb~rW !sAB*

wa~rW !sA* B2wb~rW !sAB*

0

D
5S 1

tA
sA* B1

1

tB
sAB*

2
1

tA
sA* B1

1

tB
sA* B*

2
1

tB
sAB* 1

1

tA
sA* B*

2S 1

tA
1

1

tB
DsA* B*

D
1S 0

2wa~rW !sA* sB1wb~rW !sAsB*

wa~rW !sA* sB2wb~rW !sAsB*

0

D . ~A10!

It is easy to see thatsAB term is in the same order assA* B

andsAB* , and this conclusion remains valid for modifiedR9

as well. At a low level of excitation we can neglect all term
in Eqs. ~A7!,~A8! containing the multipliersB8

* as second
order terms in the concentration of excited molecules. T
result can be represented as follows:

TrB8Z1~ t2t8!@sB8~ t8! ^ sAB~r ,t8!#

'S 0 2ka@B# 0 0

0 ka@B# 0 0

0 0 0 2ka@B#

0 0 0 ka@B#

D S sAB~r ,t8!

sA* B~r ,t8!

sAB* ~r ,t8!

sA* B* ~r ,t8!

D
3F~ t2t8!, ~A11!

where we setsB8(t8)5@B# because at weak excitation th
concentration of nonexcited molecules is approximat
equal to their total density@B#. Similarly,

TrB8Z2~ t2t8!@sB8~ t8! ^ sAB~r ,t8!#

'S 0 0 0 2ka@B#

0 0 0 ka@B#

0 0 0 ka@B#

0 0 0 2ka@B#

D S sAB~r ,t8!

sA* B~r ,t8!

sAB* ~r ,t8!

sA* B* ~r ,t8!

D F~ t2t8!.

~A12!

The last column in the modifying matrices acts only on t
sA* B* element, which obeys homogeneous equations w
the initial conditionsA* B* 50. Therefore this element is zer
(sA* B* [0) and we can neglect the last row elements in
corresponding matrices setting them to zero, as well as
whole expression Eq.~A12!. All the corrections responsible
for the interaction withA’s ‘‘bachelors’’ can be calculated in
the similar manner.
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Then, the final expression for the Laplace transformat
R9 (s) of the modifying operator is defined by the sum ofZ1’s
originating from the two terms of the right hand side of E
~A1! and is of the form:

R̃9 ~s!5S 0 2ka@B# 2kb@A# 0

0 ka@B# 0 2kb@A#

0 0 kb@A# ka@B#

0 0 0 ka@B#1kb@A#

D F̃~s!.

~A13!

APPENDIX B: CALCULATION OF w

Let n(r ,t) and m be the probabilities to find pai
@A* . . . B# and @A . . . B* # at distancer, at time t provided
initially, there was only the latter, at distances. The kinetics
for these densities are

]n

]t
5DDn2

1

tA
n and

]m

]t
5DDm, ~B1!

where D5 (1/r 2)(d/dr) (r 2 (d/dr)). For the contact reac
tion we have to use the following boundary conditions:

~skD!
dn~r ,t !

dr U
r 5s

5kan~s,t !2kbm~s,t !,

~B2!

~skD!
dm~r ,t !

dr U
r 5s

52kan~s,t !1kbm~s,t !.

The initial conditions are

n~r ,t50!50 and m~r ,t50!5
1

4ps2
d~r 2s!. ~B3!

Then, solving the set of algebraic equations for Lapla
transformationsñ(r ,s) and m̃(r ,s), following from Eqs.
~B1!, ~B2!, ~B3!, we obtain the survival probability for a pai
AB* at time t→`:

w~s!5E 4pr 2m~r ,`!dr

5 lim
s→0

E 4pr 2sm̃~r ,s!dr

5
11 ka /~kD/~11Atd /tA!!

11kb /kD1 ka /~kD/~11Atd /tA!!
, ~B4!

wheretd5s2/D.
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