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Abstract

A method for noise reduction in stochastic trajectories of single molecules is described. The method generalizes a nonlinear

filtration technique developed by Chung and Kennedy for single-channel recording [J. Neurosci. Meth. 40 (1991) 71] and applies it

to the case of two correlated trajectories, as in a fluorescence resonance energy transfer experiment. Thus it is particularly suitable

for single-molecule studies of protein folding. It is shown that the nonlinear filter facilitates the detection of various intermediate

conformational states in a noisy trajectory, and can provide better estimates for the temporal positions of jumps between states and

dwell times than a standard low-pass filter. It is finally suggested that the filter can also be of use for directly resolving molecular

motion through the transition state region on the folding energy landscape.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Single-molecule fluorescence spectroscopy has

emerged in recent years as a powerful tool for unravel-

ing the heterogeneous behavior of biological macro-

molecules during the folding process [1]. Much can be

learned from measurements of individual molecules as
they freely diffuse through a laser beam [2,3]. A partic-

ularly promising form of the single-molecule experi-

ment, however, involves molecules immobilized near a

surface, so that each molecule can be studied for an

extended period of time. This experiment allows direct

visualization of transitions between the various confor-

mational states of a molecule. Extensive experiments on

the folding of individual surface-immobilized RNA
molecules were carried out by Chu and co-workers [4,5]

and by Bokinsky et al. [6]. In the context of protein

folding, pioneering work was carried out by Hochst-

rasser and co-workers [7,8], who looked at the dynamics
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of a helical dimer, GCN4-P1. Rhoades et al. [9] have

recently shown that single-molecule folding studies can

be facilitated by trapping protein molecules within sur-

face-tethered lipid vesicles. This method was devised in

order to prevent direct interaction with the surface,

yet allow long-time trajectories to be collected. It en-

abled visualizing folding and unfolding jumps in the
protein adenylate kinase.

All of the above experiments used fluorescence reso-

nance energy transfer (FRET) as the observable [10].

The value of FRET stems from its ability to provide

information on the evolution of a specific distance

within a macromolecule. In a typical FRET experiment

donor and acceptor fluorescent probes are specifically

attached at particular positions on a macromolecule.
Changes in the conformational state of the macromol-

ecule lead to large changes in the distance between the

donor and acceptor and hence a large change in the

efficiency of FRET. If the molecule is prepared under

conditions where the free energies of two states (say the

folded and unfolded states) are equal it will readily jump

between these two states, and the jumping rate will

match the ensemble kinetics. This is the basis for the
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equilibrium version of the single-molecule folding

experiment.

What is the novel information that can be gleaned

from trajectories of individual folding molecules? First

and foremost, it should be possible to enumerate the
number of states populated during the folding or un-

folding process. Many small globular proteins are be-

lieved to populate only two states, folded or unfolded,

based on ensemble studies [11]. The two-state behavior

was also observed in a recent single-molecule experiment

in our lab [12]. However, some proteins exhibit inter-

mediate states, which can be low enough in energy to be

populated at equilibrium, or of high energy so that they
are not significantly populated at equilibrium but are

still transiently populated during a transition between

stable states. Intermediate states should be directly ob-

servable in single molecule trajectories, as seen by

Zhuang et al. [13] in RNA folding, and Rhoades et al. [9]

in protein folding.

A second aspect of interest in single-molecule tra-

jectories is the dynamics at various points on the energy
landscape. While some knowledge on dynamics can be

obtained from analysis of free diffusion experiments [3],

where long-time trajectories are not available, a much

more detailed look at chain dynamics is available from

the latter. For example, if the trajectories are long

enough it is possible to test whether the folding/un-

folding rate is constant in time (similarly to the ex-

periment of Xie and co-workers [14] who probed the
activity of individual enzyme molecules). It is also

possible to calculate correlation functions from fluctu-

ations in the trajectories, in order to obtain information

on the time scale of chain motion, e.g., in the denatured

state of a protein. Finally, as will be discussed more

fully below, it should be possible to clock the motion of

a protein through the transition state of the folding

reaction.
The actual length of trajectories obtained in single-

molecule experiments depends on the photobleaching

propensity of the fluorescent dyes used, which in turn

depends on the laser power used. A rather low laser

power of 0.6 lW had to be used in our experiment on

the folding of adenylate kinase [9] in order to obtain

fluorescence trajectories with an average length of �10 s.

The payoff for that was a low photon count rate and
thus noisy trajectories. In order to identify various

conformational states in the trajectories we had to use a

noise reduction method. The practitioners of single ion-

channel recording had elaborated a variety methods to

treat the same problem of the identification of several

signal levels within a noisy experimental trajectory [15].

We found that one of these methods, the nonlinear

forward–backward filter developed by Chung and
Kennedy [16], can be used effectively for noise reduction

in FRET trajectories [9]. This non-linear filter (NLF)

was rather simple to implement and quite effective when
applied judiciously to photon trajectories. In this paper,

we describe in some detail the implementation of this

filter for single molecule fluorescence data and show its

utility and versatility, which should make it of interest to

a broad readership. Further, we generalize it to include
information about anti-correlated transitions in FRET

trajectories, thereby making it useful for single molecule

studies of protein folding in particular and protein dy-

namics in general. We note a different and very inter-

esting noise reduction approach recently described by

Talaga and co-workers [17], which is based on hidden

Markov models.
2. Simulation of FRET trajectories

In order to generate virtual trajectories useful for

demonstration of the properties of the NLF we per-

formed full Monte-Carlo simulations of the single

molecule FRET experiment. In a typical simulation a set

of conformational states of a protein was assumed, e.g.,
folded and unfolded, as well as rates for interconversion

between these states. A particular donor–acceptor dis-

tance was assigned to each state, leading to a specific

FRET efficiency value. The simulation, starting from a

particular molecular state, proceeded in 1 ls steps. At

each step of the simulation a stochastic decision was

made as to whether a conformational transition was

made. A second decision used the FRET efficiency value
of a specific state to determine whether an excitation

resided on the donor fluorophore or transferred to the

acceptor fluorophore. Since we were interested in time

scales significantly longer than either singlet-state or

triplet-state lifetimes, we did not include the excitation

and de-excitation processes in the simulation. Rather,

we made a stochastic decision whether a photon was

detected at each step of the simulation based on a cer-
tain average detection rate. The result of this procedure

was a trajectory of photons emitted at various times

either from the donor or from the acceptor. These two

photon trajectories were then binned in 20 ms bins,

unless otherwise noted. Noise was added to each tra-

jectory to simulate background noise, assuming a

background count level of �100 Hz per channel. FRET

efficiency was calculated from the trajectories using the
relation E ¼ Ia=ðIa þ IdÞ, where Ia;d are the acceptor and

donor intensities, respectively.
3. The nonlinear forward–backward filter

The NLF builds on the familiar running-average filter

(RAF), which is a form of a low-pass filter, to include
knowledge about the data in order to avoid distorting it.

In one possible realization of the RAF the intensity at

data point i, IðiÞ, is represented in the averaged trajec-
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Fig. 1. Noise reduction by the NLF. (a) Simulated trajectory, with

average FRET efficiency of 0.6 before (black line) and after (gray line)

treatment by the filter. (b) Black bars – distribution of the noise in the

original trajectory. Gray patterned bars – noise distribution after fil-

tration.
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tory by the average of the N intensities preceding it in

the original trajectory

Î fðiÞ ¼ 1

N

Xi�1

j¼i�N

IðjÞ: ð1Þ

This average is termed the ‘‘forward predictor of length
N ’’ of the data point i, hence the label f. In a similar

manner one can define the ‘‘backward predictor of

length N ’’ of the data point i

ÎbðiÞ ¼ 1

N

XiþN

j¼iþ1

IðjÞ: ð2Þ

In the Chung and Kennedy scheme a series of forward

and backward predictors with various lengths are cal-
culated for each data point. A weighted sum of these K
predictors is then used to represent the intensity at that

point:

ÎðiÞ ¼
XK
k¼1

fkðiÞÎ fkðiÞ
h

þ bkðiÞÎbk ðiÞ
i
: ð3Þ

The weights fkðiÞ and bkðiÞ are calculated from the data,

thus making ÎðiÞ a nonlinear function of it. Indeed, the

weights are derived in such a way as to ensure that if a

jump occurs within the stretch of data used to generate
one of the predictors, the weight for that predictor is

zeroed, so that it does not contribute to ÎðiÞ. The fact

that a series of predictors of different lengths are used

allows the filter to work well on both short-time and

longer-time fluctuations in the data. Explicit expressions

for the weights were derived by Chung and Kennedy [16]

in the appendix to their paper, using Bayesian statistics.

The forward weight is given by

fkðiÞ ¼ C
XM�1

j¼0

Iði
�"

� jÞ � Î fkði� jÞ
�2

#�p

ð4Þ

and the backward weight by

bkðiÞ ¼ C
XM�1

j¼0

Iði
�"

� jÞ � Îbk ði� jÞ
�2

#�p

; ð5Þ

where C is a normalization factor obtained from the

condition

XK
k¼1

fkðiÞ½ þ bkðiÞ� ¼ 1: ð6Þ

M is a parameter which determines the size of the win-

dow over which the predictors are to be compared. p is a

weighting factor, and a larger value of this factor more
strongly accentuates nonzero weights. Both parameters

are determined empirically (see a thorough discussion in

Chung and Kennedy), and we have found after per-

forming extensive simulations that for most purposes

good smoothing results are obtained when M is varied

between 10 and 20 and p is varied between 10 and 100.
All simulations presented below used the following pa-

rameters for the filter, unless noted otherwise: windows

of 4, 8, 16, 32 and 64 points, M ¼ 10, p ¼ 100.

These values can serve as good starting points for

data analysis but the reader is urged to experiment with
them in order to obtain the best result. In particular,

longer windows will lead to better noise-reduction in

featureless sections of the data. Thus if one is confident

that no transitions occur in the data on the time scale

represented by, say, 4 or 8 points, one can drop the first

two windows and obtain smoother data. A similar ap-

proach can be applied to the window size M – a larger

value of this parameter will further smooth the data. As
noted above, p is important in determining how many of

the weights will contribute to the sum in Eq. (4) or (5).

Thus in general a large value of p will lead to very sharp

transitions in the smoothed data. It might be a good

practice therefore to attempt smoothing first with a

smaller value of this parameter, especially if the occur-

rence of slow changes is suspected (see Section 6).

To demonstrate the utility of the NLF in noise re-
duction in single-molecule data we show in Fig. 1(a) a

simulated FRET trajectory of a single protein molecule
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in an unfolded state, where the average FRET efficiency

is �0.6. Fig. 1(b) presents the distribution of energy

transfer values calculated from the trajectory (black

bars). The standard deviation of this distribution is

0.054. The gray line in Fig. 1(a) is the trajectory after
treatment by the NLF, and the gray bars in Fig. 1(b)

show the distribution of the filtered data. The standard

deviation of this distribution is 0.013, which is smaller

by almost a factor of 4 than the standard deviation of

the unfiltered data. The main strength of the NLF is not,

however, in noise reduction per se, but in its ability to

preserve sharp jumps in the data. In order to make full

use of this property for the analysis of FRET data we
first need to modify the original scheme.
(c)

Fig. 2. Comparison of the original and generalized NLF. A stretch of

simulated data (shown in (a), donor in red circles, acceptor in black

squares) was first filtered with the original form of the NLF, and the

data as well as the FRET efficiency calculated from it are shown in

(b) (donor in red circles, acceptor in black squares, FRET efficiency in

green triangles). The same stretch was filtered with the generalized filter

(c, donor in red circles, acceptor in black squares, FRET efficiency in

green triangles) and shows significantly sharper transitions (marked

with black arrows). (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article.)
4. Generalizing the nonlinear filter for single-molecule

FRET experiments

In the case of single-molecule FRET experiments one

has the prior knowledge that each jump in the donor
trajectory which is caused by a change in the donor/

acceptor distance should be accompanied by an anti-

correlated jump in the acceptor trajectory. It is possible

to significantly improve the performance of the NLF by

including this information in the analysis. This is done

here by constructing new weights which are based both

on the donor and on the acceptor trajectories. These

weights can be derived using a similar procedure to that
outlined in the appendix of [16]. The forward weight is

given by

�fkðiÞ ¼
XM�1

j¼0

Idði
��(

� jÞ � Î fd;kði� jÞ
�2

þ Iaði
�

� jÞ

� Î fa;kði� jÞ
�2
�)�p

: ð7Þ

The subscripts d and a now refer to the donor- and

acceptor-related data or predictors. A similar expression

is used for the backward weight. Both donor and ac-

ceptor trajectories are filtered using the same weights,
�fkðiÞ and �bkðiÞ. For example, the filtered donor signal is

given by

ÎdðiÞ ¼
XK
k¼1

�fkðiÞÎ fd;kðiÞ
h

þ �bkðiÞÎbd;kðiÞ
i
: ð8Þ

The new form for the weights ensures that jumps in

donor and acceptor data will occur at exactly the same
position in time. This leads to sharper transitions in the

FRET efficiency functions calculated from filtered data.

Fig. 2 compares a portion of a folding simulation fil-

tered using either the original form or the new form of

the weights. It clearly demonstrates the better perfor-

mance of the latter in preserving the position and

sharpness of a FRET transition. The transitions at �0.5
and �0.7 s, which are rather smeared in the energy

transfer function calculated using the standard filter

(Fig. 2(b), green line), appear as single-point jumps (as

they should be) in the energy transfer function calcu-

lated with the generalized filter (Fig. 2(c), green line,

transitions marked by black arrows).
5. Reduction of noise in single molecule FRET trajectories

by the NLF

In order to show the usefulness of the NLF in the

analysis of single-molecule folding experiments, we

simulate a trajectory in which the FRET efficiency can

change stochastically between the values 0.5 and 0.7,

mimicking a two-state folding protein jumping between
unfolded and folded conformations. Note the small

difference between the values selected for the two states,

presenting the NLF with a stringent test. The total

photon emission rate is kept at a low value of 1000 Hz in

order to obtain a high-noise trajectory. The donor and

acceptor signals obtained in a typical simulation, after

binning into 20 ms bins, are shown in Fig. 3(a), and the

FRET efficiency calculated from these signals is shown
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Fig. 3. Simulation of a two-state single-molecule protein folding experiment, in which the FRET value changes abruptly between 0.5 and 0.7. The

overall count rate is 1000 Hz. (a) Simulated data. Acceptor in black and donor in gray. (b) Simulated data after filtration with the NLF. (c) FRET

efficiency calculated form (a). (d) FRET efficiency calculated from (b). (e) Histogram of the FRET efficiency values of (c). (f) Histogram of the FRET

efficiency values of (d).
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in Fig. 3(c). Even with the noise level of this data set it is

possible to establish the position of jumps between the

two states. However, an attempt to histogram the data

in order to look at the relative contribution of the two

states (Fig. 3(e)) leads to a featureless distribution. After

operating on the data with the NLF (Fig. 3(b) and (d)) it

is much easier to locate transitions. The histogram in

Fig. 3(f) clearly shows the two states at FRET values of
0.5 and 0.7 as two narrow peaks in the distribution, with

only minimal ‘contamination’ in the region between

them.

A similar and even more striking result is obtained

when the FRET trajectory involves more than two
states. Fig. 4 shows a simulated trajectory with three

states, at FRET values of 0.3, 0.5 and 0.7. Again, the

simulation is carried out with an average count rate of

1000 Hz. It is very difficult to find out the number of

states from the FRET efficiency calculated directly from

the data. However, after filtration the three states are

very obvious, and the histogram clearly shows three

peaks.
Finally, it is instructive to directly look at the ad-

vantage of the NLF over a standard RAF. To this effect

we plot in Fig. 5 the FRET efficiency curve obtained

from a three-state simulation, this time with a photon

count of 2500 Hz, after filtration with the NLF (black
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line) and after filtration with an RAF (green line). The

size of the averaging window used in the latter, 16

points, is four times shorter than the longest window of

the former. The green line is somewhat smoother than

the black line. However, all transitions are significantly

smeared by the RAF, and in many cases their accurate

position cannot be inferred from treated data. Further,

some cases might involve an erroneous assignment of
the state (see the signal at �2.5 s). These errors are

particularly likely to occur when the dwell times in

various states become shorter and shorter. The NLF

seems to be significantly more immune towards such

errors, and allows an accurate determination of dwell
times in the various states. Moreover, the NLF incor-

porates several window sizes at once and therefore

makes the search for the optimal window size faster and

easier.
6. Obtaining information about transition-state passage

times

A key piece of information which is of high interest in

current protein folding studies is the shape of the tran-

sition state region on the energy landscape. While

computer simulations might shed some light on this is-
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ig. 6. NLF analysis of an ‘‘instantaneous’’ unfolding transition in a

imulated trajectory binned with 0.01 ms bins. (a) Binned data, ac-

eptor in black and donor in gray. (b) Data after operation with the

LF with the following parameters: windows of 4, 8 and 16 points,

¼ 1,M ¼ 20. (c) FRET efficiency calculated from the data in (b). The

ransition appears as a sharp drop in the efficiency.
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sue, it is very difficult to directly probe it experimentally.

In fact, it can be argued that in principle only single-
molecule techniques can confront this problem. This is

because molecular motion through the transition state is

totally uncorrelated in the ensemble, so that each mol-

ecule traverses the folding barrier at a different time.

Following the trajectory of a single molecule, on the

other hand, should allow probing the time of passage

through the transition state. A major obstacle towards

achieving this goal is the fact that this time might be very
short, of the order of microseconds or less. Single-mol-

ecule measurements cannot directly sustain the time

resolution required for viewing such fast dynamics.

However, we suggest here that by using the NLF it is

possible in principle to determine an upper limit for the

transition state crossing time.

We simulate FRET trajectories with a high photon

count, 50,000 Hz. This high count is achievable, al-
though it requires a high laser power, which will lead to

fast photobleaching and short overall trajectories.

Nevertheless, if the folding/unfolding rate is large en-

ough, transitions will occur at least in a fraction of the

trajectories, enough for the analysis suggested here. The

simulated trajectories involve either very fast folding

transitions (Fig. 6) or transitions in which the FRET

efficiency changes with an exponential time dependence
involving a time-constant of 0.4 ms (Fig. 7). The tra-

jectories are binned in 0.01 ms bins. The average photon

count number with such short bins is just 0.5 photons/

bin. However, after treating the trajectories with the
F

s

c

N

p
t

NLF the difference between the two types of transitions
becomes evident. While the fast jump appears as a sin-

gle-point change in the filtered FRET efficiency function

of Fig. 6(c), a gradual change is seen in the equivalent

function in Fig. 7(c). One can conclude that the crossing

time in Fig. 6 is of the order of the binning time, 0.01 ms,

or shorter. A refined version of this procedure might use

the accurate values of transition times obtained from the

NLF-treated trajectories to superimpose pieces of ex-
perimental trajectories showing transitions and average

them to obtain more accurate estimates for barrier

crossing times.
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7. Conclusions

We have described here a method to significantly

reduce the noise in single-molecule trajectories, while

retaining sharp features in the data which are related to

transitions between states of a molecule. This property

of the method is unique, since all the familiar linear

filters (such as the RAF discussed above) will tend to
smear sharp features. The NLF is thus particularly ap-
pealing for the analysis of folding trajectories of indi-

vidual protein molecules, where fast jumps from folded

to unfolded states are expected. As seen, the NLF pro-

vides a route to easily and accurately obtain the number

of states populated in a trajectory, even when the dif-
ference in signal (FRET efficiency) between them is ra-

ther small. This advantage of the filter has been

exploited by Rhoades et al. [9].

An obvious disadvantage of the NLF, which is

shared by many other filters, is that it does reduce the

bandwidth in stretches of data that do not contain

sharp state-to-state transitions. One should therefore

be careful in selecting the right parameters for the filter
depending on which data features are to be retained.

The availability of several averaging windows at the

same time facilitates this task. If it is suspected that the

data contains fast dynamics, perhaps of a continuous

nature [8] (i.e., not between a discrete set of states) it is

probably better to resort to correlation function anal-

ysis. Such analysis can in principle also yield infor-

mation about transition rates if enough transitions
occur in each trajectory. However, as in ensemble re-

laxation studies, it will not provide the separate rates

but a sum of them, as opposed to a direct analysis of

dwell times in the various states in a trajectory [18].

Finally, filtration methods might seem of little use

when data of higher signal-to-noise ratio is available.

However, as shown in the previous section, more am-

bitious applications, such as the unraveling of transi-
tion state dynamics, might still make use of such

techniques.
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