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A consistent steady -state theory of nonlinear ferromagnetic resonance i s  constructed. 
It taltes into account not only the interaction of the uniform precession with the spin 
waves but also the interaction of parametrically excited spin waves with one another. 
The role of the spin wave-spin wave interaction in determination of the behavior 
of the uniform precession and the spin waves above the threshold i s  different in the 
cases when the instability of uniform precession i s  due to  a three-wave interaction 
u O  = u k  F u-k o r  four-wave interaction 2w = uk + u -k. For the three -wave instabili- 
ty in the  case when the uniform precession i s  excited at resonance (up = uo) the am- 
pIitude of uniform precession i s  "frozen" at the threshold level right up to h/hc - l o 3  
(where hc is the critical value of the alternating magnetic field at the threshold). In 
the nonresonance case (wp - u o  - wo) the spin wave-spin wave interaction becomes 
inlportant immediately above the threshold and leads to virtually complete "defreez- 
ing" of the amplitude of uniform precession, which continues to increase in accord- 
ance with a linear law. For the four-wave instability (up - u 0  = 2uk) the spin wave- 
spin wave interaction also leads to a l i ~ e a r  increase in the uniform precession for 
(h -li,)/kc > 1. A preliminary comparison of the results of the theory with experi - 
mental results obtained by the authors on yttrium iron garnet single crystals con- 
f i rms that i t  i s  necessary to take into account the ,interaction of parametric spin waves 
with one another in the theory of nonlinear ferromagnetic resonance. 

The experiments of Bloembergen, Damon, and linear effects se t  in which restr ic t  the amplitude 
Wang [I, 21 showed that the phenomenon of fe r ro-  of the waves at a certain level that i s  apprecinbly 
magnetic resonance cannot be explained by a siml higher than the thermal level. 
ple theory that treats ferromagnetic resonance as  As is well laown [4], one must distinguish 
oscillations of a "rigidw magnetization vector that two principal instability mechanisms of ferronlng 
is uniform over the crystal. The physical reason netic resonance: 1) The excitation of spin waves 
for the anomalous effects in ferromagnetic reso- with frequency uk  = up/2  (up i s  the pumping 
nance at high amplitudes of the alternating field quency); 2) excitation of spin waves with the f 
was established by Anderson and Suhl 131; they quency wk = up. We shall refer to these mcche 
showed that uniform precession of the magnetiza- nisms as the nonlinear processes of first 2nd cc 

unstable against spatially inho- oml order,  respectively. 
nzogeneous perturbations of the magnetization (spin The existing theory of the state above thrcsh 
waves). At a certain threshold amplitude spin old does not take into account the interaction of 
waves a re  excited parametrically by the uniform spin waves with one another (the spin wavcsp 
precession. They grow linearly with time and ex- wave interaction), although the latter is very s 
pend the energy of uniform precession until non- at large amplitudes and cannot be neglected i n  
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majority of cases.' At the same time, i t  i s  widely 
believed that a restriction of parametric excita- 
tion occurs basically because of a reaction of the 
spin waves to the uniform precession (the spin wave- 
uniform precession interaction). This opinion is 
based on the phenomenon of "freezingw of the uni- 
form precession above the threshold predicted by 
the spin wave-uniform precession theory which has 
been applied in ferrite power limiters. 

It is  well known that a virtually complete ces - 
sation of growth of the uniform precession ampli- 
tude is  observed in ferromagnetic resonance for 
first-order processes [GI. On the other hand, there 
-acts that cannot be explained by 
the spin wave-uniform precession interaction. In 
particular, the behavior of the nonlinear suscep- 
tibilities x and x " far  from resonance differs 

from the theoretical prediction when the pumping 
power greatly exceeds the threshold [7]. A par-  
ticularly important fact i s  that the real  part of the 
susceptibiIity x remains practically constant after 
the threshoId whereas the spin wave-uniform pre-  
cession interaction theory predicts a decrease 
which varies a s  h-2 (h is  the amplitide of the alternat- 
ing magnetic field). We would like to also mention 
the experiments on the saturation of ferromagnetic 
resonance (in the case of second-order processes), 
which indicate an increase in the uniform preces- 
sion amplitude above the threshold [81 .~  

The aim of the present paper i s  to construct 
a consistent nonlinear theory of ferromagnetic res- 
onance which takes into account both the spin 
wave-uniform precession and spin wave-spin wave 
interaction. From the theoretical point of view i t  
is clear that as the spin waves grow above the 
threshold the energy of the spin wave-spin wave 
interaction will first  become comparable with and 
then exceed the energy of the spin wave-uniform 
precession interaction. The pumping power at 
which the spin wave-spin wave interaction becomes 
important depends on the properties of the spin sys- 
tem and the type of nonlinear processes. 

We shall restr ict  our treatment to the in- 
teraction of parametrically excited waves with one 
another and we shall not touch on the various me- 
chanisms of nonlinear damping due to the interac- 
tion of parametric waves with the thermal bath.3 

The main factor determining the character of 
the spin wave-spin wave interaction above the 
threshold i s  the establishment of a phase corre-  
lation of waves with equal wave vectors but op- 
posite directions. The sum of the phase of the 
waves forming a pair,  similar to a Cooper pair 

in  superconductors, i s  in  a definite relationship 
with the pumping phase, i.e., the phase within every 
pair is  completely correIatedwhereas the individual 
phases of the waves are statistically independent. 
Above the threshold one should not therefore speak 
of the interaction of individual waves but of the In- 
teraction of pairs. 

1 

The basic nonlinear equations describing the 
"pairing* a;pd interaction of pairs have been ob- 
tained by Zakharov, Ltvov, and Starobinets [I1 1; 
in what follows we shall refer to the latter papers 
as  I. The paper I treats the interaction of para- 
metric waves due to processes of the type 

I 

which are the dominant spin wave-spin wave pro- 
cesses for not too large excesses above the thresh- 
old (5-  = h/hc < (w/y The investigation of the 
interaction (1) showed that i t  can be represented by 
an additional pumping proportional to the total am- 
plitude of the pairs. It i s  important that the phase 
of this pumping differs from that of the external 
pumping. The occurrence of additional pumping 
with a different phase results in  a self-consistent ' 

change in the phases of the pairs and, hence, to a 
weakening of their coupling and a limitation of 
their amplitude. 

The importance of the spin wavespin wave in- 
teraction for processes occurring above the insta- 
bility t h r e F f  of ferromagnetic resonance is  dif- 

on1 near processes of the first  and s'ec- 
ondord ferent ? rs .  A hharacteristic feature of the f i rs t -  
order hrocesses i s  the strong reaction which the 
spin waves exert on the uniform precession as a 
result of three-wave processes of the type 

'1t is interesting to ci te  Sch1l)mann's opinion [ S ] .  "This approxi- 
mation ( the elimination of the spin wave-spin wave interaction) 
is made to  simplify the mathematical side of the problem and 
cannot, in  general, be justified. In apprying this approximation 
we probably lose a large part of the important physical informa- 
tion." 
'we should like to  mention the interesting investigations [9. 101 
in which it is shown that allowance must be made for the spin 
wave-spin wave interaction if one wishes to  explain the pheno- 
menon of frequency doubling a t  saturation of the ferromagnetic 
resonance. 

 h he nonlinear damping due to  to third-order processe: may be 
important: to  take it into account one must use Eq. (42) instead 
of Eq. (30) of [Ill. We have not done this for simplicity, an omis- 
sion that is also justified by the fact that there is a range of values 
of the constant magnetic field in which the three-wave processes 
are forbidden by the  form of the spectrum. 
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wk + = (2) 1. BASIC EQUATIONS t 

At resonance (win= up, uk  = w /2) the pro- 
P 

cesses (2) a re  niore important than those of (1) 
right up to very large excesses t > l o 3  (this is 
proved in Sec. 2). In this region the uniform pre- 
cession amplitude is virtually wfrozen.w 

The investigation of the nonresonance case 
(wO - up - w o, wk = w /2) shows that at small ex- 

P 
cesses (1; - 1 < 1) the spin wave -uniform preces- 
sion dominates, a s  before. However, if t - 1 is 
not small compared with 1, the spin wave-spin 
wave interaction is a s  important as the spin wave- 
uniform precession interaction. It i s  interesting 
that for 5 >> 1 the spin wave -spin wave interac - 
tion may become predominant and the reaction can 
be neglected. The uniform precession amplitude 
is tlien completely ndefrozenw and increases lin- 
early. 

For second-order processes (oo wp, uk  = 
w ) the spin wave-uniform precession interaction 

P 
is due to four-wave processes of the type 

(I) + (1)-1( = 20", _ - ( 3) 

which are the analog of the processes (1) with k t  = 
' 

0. It follows that both the processes (1) and (3) 
must be taken into account except in the region of 
very small excesses ( t - 1 << I ) ,  in which the pro- 
cesses (3) are  predominant. 

It should be noted that in crystals with mag- 
netic inhomogeneities there i s  a more effective 
mechanism of spin wave -uniform precession in- 
teraction than the processes of the type (3). In- 
homogeneities lead to a scattering of spin waves 
which occurs without alteration of frequency but 
with a change in the momentum, i.e., w k  = wo [5]. 
The theory of second -order processes considered 
i n t  ' - perfect crystal that does not 
con=ies although even a few inho- 
mogeneities exert an appreciable influence on the 
behavior of the uniform precession near threshold. 
It i s  to be expected that in a crystal with a small 
number of inhomogeneities there a re  three charac- 
teristic regions: 1) The region of small excesses 
(1; - 1 << I), in which the inhomogeneity mechanism 
is  predominant; 2) an intermediate region in which 
both mechanisms are important; 3) the region of 
large excesses, in which the processes (1) and (3) 
a re  predominant. In Sec. 4 we show that for 1; >> 1 
the uniform precession amplitude increases lin- 
early with the field although more slowly bya factor 
of approximately two than below the threshold. 

We shall describe nonlinear phenomena in Fer- 
romagnetic resonance in the framework of the, clas- 
sical Hamiltonian formalism. The Hamiltonian of 
a system that includes uniform precession and spin 
waves has the form 

X = w O a O a ;  + wkaka; + Xp + Xb + 1: %k f z, &kf. 

describes the interaction of uniform precession 
a with the uniform pumping magnetic field with 
frequency w (for simplicity we assume that this * 

P 
field i s  circularly polarized in a plane perpendi- 
cular to the constant maghetization); I 

! 

describes the intrinsic nonlinear shift of the $i- 
form precession frequency; 1 

describes the uniform precession-spin wave in; 
teraction. The first two terms determine the,para- 
metric interaction of the first and second order, 
respectively, and the last term the nonlinear ,fre- 
quency shift; finally, 1 

+ T k ,  ( a, 1 "kf 1" (2 - Akkl) 1 

( A k k  t I, Akk,.= 0 for k.# kt) .I ( 4 4  
I 

describes the spin wave-spin wave interaction. 
The first term is  the parametric interaction of 
pairs of spin waves and the second is the muthal 
nonlinear frequency shift. 1 

For a system consisting of one or  two pairs 
the Hamiltonian (4d) i s  exact. For a large number 
of pairs the terms that are nondiagonal in the pairs 
and are omitted in (4d) a re  averaged to zero be- 
cause of the random distribution of the individual 
phases. The physical justification for the choice 
of X k r  in the form.(4d) and the limits of applica- 
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bility of this approximation are discussed in detail 
in I. 

The e q u a t i o ~  of motion of the medium have - - 
the iorln -,--= 

In these equations we have introduced pheno- 
menoIogically the terms Youo and y p k ,  which de- 
scribe the damping of the uniform precession and 
the spin waves. Rather t h a ~ t h e  canonical variables 
ak and a that characterize individual waves it i s  
convenient to introduce new canonical variables 

which characterize the wamplitudesfl aid "phases" 
of the pairs. The equations of motion for these 
variables obtained from (4) and (5) have the form 

Here 

and 

describe the nonlinear detuning of the frequency 
of uniform precession and the spin waves ( I  = 1, 2, 
respectively, for the processes of f i rs t  and sec-  
ond order). The expressions for P o  and Pk, which 
represent ncomplexw energy fluxes into the uni- 
form precession and the k-th pair, depend on the 
process considered. For first-order processes 
we have 

and for second -order processes, , 

Our problem reduces to an investigation of the 
solutions of the coupled equations (6) and (7) as a 
function of the pumping amplitude h. It is  con- 
venient to begin with a simpler problem in which 
the uniform precession is assumed given. It i s  
readily seen that this problem is identical with 
that of the parallel pumping of spin waves in a given 
alternating magnetic field. 

Equations of type (7) are  investigated In de- 
tail in I. It i s  shown that all the stationary solu- 
tions of these equations for which nk ;r 0 are  found 
on the following surface in k space: 

The distribution of % on this surface depends 
on the specific form of the coefficients SWc(, S& 
and V k  . In the case when I P ~ I  has a maximum 
at the point k = k, dynamical conditions in the form 
of a single pair with k = ki are realized at not too 
large excesses above the threshold; for this pair 
we have 

for first-order processes and 

for second -order processes. 
At sufficiently high values of 5 stochastic con- 

ditions a r e  established and there is  a uniform dis- 
tribution of nk with the direction of k. The total 
amplitude and phases of the pairs for 5 >> 1 are then 

N = 2rc 5 n,  sin ode = I f  I , (11) 

where 5 is the mean value of Skk', and W is  the 
mean value of the pumping and has the values 
hllVk, Jnov&, o r  n$& (depending on the process 
considered). 

Note that in the limit of high pumping values 
Eqs. (9) and (10) give amplitudes and phases of 
the same order  of magnitude as Eqs. (11) and (12). 
This means that in a qualitative analysis of the 
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state above threshold one can use Eqs. (9) and 
(10) in the whole pumping range. In addition, Eqs. 
(9) and (10) are exact when W and y do not depend 
on k if Sil i s  replaced by S. In this case, the dis- 
tribution n(0 ) i s  isotropic. 

' ' Equations (9-12) cannot be applied at very high 
pumping amplitudes W - 6 when the fourth-or- 
der terms (which describe the interaction of in- 
dividual parametric waves with one another) that 
are omitted in the Hamiltonian ( 4 4  become im; 
portant. The region of applicability of the theory 
i$ roughly no/nc Q w/y - l o 3  for  first-order pro- 
cesses and no /+  - l ~ ~ / ~  for second-order pro- 
cesses; here, nc i s  the threshold amplitude of uni- 
form precession. 

2. FIRST -ORDER PROCESSES 
I The stationary solution of Eqs. (6) for uniform 

precession obtained by means of (9) has the form 

I 

where the "effective" frequency detuning for the 
uniform precession i s  

and its "effective" damping i s  

Tl"1 Y = ' l o + 2 n o .  (1 5) 

We now have the complete system of equations 
(9)' (13-15), and (6a) needed to calculate the steady- 
state conditions for the first-order processes. 
For what follows i t  i s  convenient to put these 
equations into a dimensionless form, which makes 
it easier to estimate the relative importance of 
the different terms. To this end, we introduce the 
8imensionless quantities 

These equations contain the small parameter , 
E = 2y & i / ~ i l  = p l w ~  - 10-~-10-~, which i s  as- I 

sumed to vanish in a thzory which does not take j 
into account the spin wave-spin wave interaction. 

1. B e h a v i o r  of u n i f o r m  p r e c e s s i o n  
a t  r e s o n a n c e  . As follows from (19) the ampli- 
tude xo i s  maximal for = 0 and is given by the ' 

equation 

Since E i s  small, the solution of this equa- 
tion a s  a function of 5 has two characteristic r e -  
gions: the region of "small excesses1I (Is15 <<I), 
in which 

aMJ. the region of "large excesses" ( 1  ~ 1 5 '  >> 11, in ,  
wl-ich 

( 

These relations are valid as  long a s  xo < 
I E 1 -2/ 3. At lar'ge excesses Eq. (20) shows that the 
uniform precession must increase in accordance, 
with the linear law Jx, = t ,  although we then en- 
te r  the region xo - ) c-1 -l, in which-the basic equa- 
tions (9) cease to hold. 

In Fig. l a  we have plotted the dependences of 
xo and xi on 5. in a double logarithmic scale. 

2 .  p r o f i l e  of t h e  r e s o n a n c e  c u r v e .  
When exact resonance i s  absent o r  impossible, the 
threshold condition has the form I 

For c -be >> E Eq. (19) ~ i ? l d s  . ' 

I 
! 

where 

,-. , 

which holds as long as x, < 1 c ( -q3. Equation 

and we reduce Eqs. (9) and (13-15) to the form (23) indicates that in the limit of large t the uni- 
form precession amplitude increases in accord; 

ZY" \I* , 1 

"'=TT;T (1 8) ance with the linear law 
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Fig. 1 .  Dependence of the amplitudes o f  the uniform precession xa = no/nc 
and the spin waves x i  = n i n c  on the excess above the threshold L = h/hc. 
a )  First-order processes; b )  second-order processes. The dashed lines indi- 
cate the region in which the theory ceases to  hold. 

the coefficient of proportionality being - 1 far  from 
resonance, when (1 -be) 1, i.e., it i s  of thesame 
order of magnitude a s  under lin?ar conditions. 

The profile of the resonance curve near ferro- 
I magnetic resonance can be understood after the 
! identity transformation of (23) to the form 
1 

3. N o n l i n e a r  s u s c e p t i b i l i t y .  We' 
shall now calculate a quantity that i s  convenient for 
experimental determination, the susceptibility x ", 
which is  the ratio of the power absorbed by thesys- 
tem to the pumping power uDh2 /2. Using (6b)' and 
(13), we obtain 

t CCZ-a 2 
I 

x-- - -  1- (.T=6;)]. (24) YO 
2 h ~  {Gsin 2Uzl 

x" = -- 
ha 

- ; a + q z -  (26) 
We see that the resonance value of xo is  given I 

I 

by Eq, (2) and i s  attained at Similarly, we define the susceptibility 

I 

which corresponds to the condition of ferromag- 
netic resonance above the threshold. The reso- 

' nance curve (24) depicted in Fig. 2 differs strong- 
ly from the normal curve of ordinary ferromagnetic 
resonance. The half-width of the curve a t  half 
height (to the right and left of resonance) is  

- 
I 

I I x\A, 
-20 -15 -10 -05 0 05 

l'6-9e1 
I 

Fig. 2. ' Profile of the resonance curve at a high power ldvel for 
first-eider processes ( e &)' = 2/3. 

yo 
I 

2hU 4% cos 22129 I 

x'= - -- hZ - 9 2 + q P  * (2 7) 

! 

which characterizes the frequency ndetuning," 
We write x and x in the dimensionless variables 

where x = 2u2/ y i s  the resonance sus~e~t ib i lk ty  
under linear conditions. 1 

Let us now consider the behavior of the non- 
linear susceptibilities fa r  from resonance (6 >> 8 1) 
in the region of subsidiary absorption. Equatioqs 
(28) and (23) yield I 

It follows, in particular, that x " increases above 
the threshold in accordance with a linear law and 
attains the maximum 
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at 5 = J26  - 4-25 c. Equation (30) shows that x 
decreases at high excesses in accordance with 
a 5- i  law. 

The real part x t  of the nonlinear susceptibili- 
ty varies in a much=alle? range. Equations (28) 
and (23) yield 

1 = [ I - ( - ) ]  f o r - c 1  (31) 

In a theory which does not take into account 
the spin wave-spin wave interaction, E = 0 and, in 
accordance with Eq. (31), X' decreases to zero as 
t-2. Allowance for the spin wave-spin wave in- 
teraction radically al ters  this result: At large 
excesses X' -- X ~ E / ( ~ E .  -1) - x0/6, i.e., the sus-  
ceptibility is  of the same order  of magnitude as  be- 
low the threshold. This explains why the phase 
constants of,micrQwgve ferrite instruments are 
practically independent of the power level [12]. 

3. SECOND-ORDER PROCESSES 
Proceeding as  in  the foregoing section, we use 

Eqs. (6) and (10) to derive a system of equations 
for the determination of the steady-state conditions 
for the second-order processes: 

IIere, xo and x, denote, as before, the dimension- 
less amplitudes no /nc and ni/nc though the thresh- 
old amplitude i s  now 

and instead of the smaIl parameter E we have the 
coefficient 

This last circumstance i s  responsible for the 
marked difference between the processes of first  
and second orders.  

The dependence of the resonance amplitude xo 
on 5 is  given by the equation 

- 
Cx, + qs; - 'I = C q<c. (34) 

If the spin wave-spin wave interaction is ig- 
nored, then C =! 0 and xi = 1. In reality, "freez- 
ing" of the uniform precession does not occur and 
even at small (6' - 1) the amplitude xo i s  appreciably 
different from unity: 

- 2 0 = ~ + T ( ~ - 1 ) 2  cz for C-l<l. (3 5) 

Hence, it i s  clear that the spin wave-spin 
wave interaction can be ignored on1 y near the thresh- 
old itself, when (6-1) << C-' - 1. For  first-order 
processes the corresponding condition is  satisfied 
in a muchwider range of pumpings: (5- 1) << C-f - 
lo3-lo4. At large' excesses (6 >> 1) we have 

The dependence (35-36) i s  shown in Fig. lb. 
Experimentally [8] one observes a strong 

growth of the uniform precession amplitude above 
the threshold; this can be regarded as a qualitative 
confirmation of the mechanism of the spin wave- 
spIn wave interaction. The profile of the resonance 
curve observed at large 5 usually has a muchmore 
complicated %rm than follows from (32) and (33) 
and it contains osciIIatfons and ndipsu [13-161. We 
leave these questions open for the time being. 
They can only be solved within the framework of a 
nonstationary nonlinear theory of ferromagnetic 
resonance. We should only like to mention that the 
stationary solutions obtained in the foregoing sec - 
tions will be realized only if they are stable against 
small changes in the amplitudes and the phases of 
t he  uniform precession and the spin waves (in- 
ternal stability). We have considered the condi- 
tions under which the system loses this ~ tab i l t ty  
in [16]. The question of the nonlinear stage of the 
development of internal instability has not hitherto 
been considered. Steady -state conditions of am- 
plitude oscillations a re  apparently established. 

4. COMPARISON WITH EXPERIMENTAL RESULTS 
Let u s  compare the results obtained with mea- 

surements of the nonlinear susceptibilities ,y t and 
x " as a function of the pumping amplitude 5. In 
Fig. 3 we show these dependences obtained in an 
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Fig. 3. Comparison of theoretical and experimental results. 1) 
Suhl's theory (c  = 0): 2) experimental polnts; 3) theoretical de-  
pendence for = 3 10"'. 

experiment we made on a small single-crystal 
sphere of yttrium iran garnet at the frequency up  = 
2s . 9450 MHz in the region of subsidiary absorp- 
tion. In the same figure we give the theoretical 
dependences calculated from Eqs . (2 9) and (31). 
The parameter E that enters the theory was de- 
termined from +he condition of equality of the ex- 
perimental and theoretical values of x " It was 

max' found that E - 3. a value that agrees well 
with the order  of magnitude of the theoretical 
estimate [see (16)J. Despite i ts small value, al- 
lowance for E (i.e., allowance for the spinwave- 
spin wave interaction) 11z-an appreciable influence 
on the nature of the dependences x ' ( k )  and ~ " ( 5 ) .  
For comparison we have included in Fig. 3 the 
theoretical dependences for the case E = 0 cor-  
responding to a theory that talres into account only 
the spin wave-uniform precession interaction. 

I A detailed quantitative comparison of the theo- 
ry considered in this paper with the experimental 
results requires a calculation of the coefficients of 
the Hamiltonian Skkf for specific ferromagnets. 
Then, using these coefficients, one would determine 
the real distribution function nk as  a function of 5 
and substitute it into the equation of motion for uni- 
form precession. It may then happen that weak in- 

- - teraction-agnetic anisotropy), 
which do not exert an appreciable influence on the 
threshold for  parametric excitation, play an im- 
portant role in the spin wave-spin wave interac- 
tion and, consequently, determine the nature of the 

behavior above the threshold. This program can 
only be implemented with a computer and i s  clear - 
ly worthwhile only for some important cases (for 
example, for an yttrium iron garnet single crystal). 

In our view it would be more interesting and 
promising to study simple systems (for example, 
with Wk = const) in which the main features of the 
behavior of the waves above the threshold of para- 
metric excitation appear most clearly. In this 
connection i t  would be interesting to  perform ex- 
periments on antiferromagnets [17-191, on fer-  , 
romagnetic films, and also on other nonlinear 
media. 
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