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Fusion Rules in Turbulent Systems with Flux Equilibrium
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Fusion rules in turbulence specify the analytic structure of many-point correlation functisons o
turbulent field when a group of coordinates coalesce. We show that the existence of univers
equilibrium in fully developed turbulent systems combined with a direct cascade induces univ
fusion rules. In certain examples these fusion rules suffice to compute the multiscaling expo
exactly, and in other examples they give rise to an infinite number of scaling relations that con
enormously the structure of the allowed theory.

PACS numbers: 47.27.Gs, 05.40.+j, 47.27.Jv
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In a series of recent papers, elements of the ana
theory of Navier-Stokes turbulence [1–4] and passi
scalar turbulent advection [5–8] were presented. In
Letter we explain that the structure of the essential p
of these theories is economically summarized by a se
“fusion rules” that determine the analytic structure ofn-
point correlation functions when a group of coordina
tend together. We show here that the fusion rules
be deduced from very few general assumptions ab
the nature of the universal flux equilibrium that exis
in fully developed turbulent systems. Of course, t
same fusion rules can also be established by di
calculations in specific examples. We first deduce
fusion rules, then we exemplify their utility in determinin
scaling exponents, and, lastly, we demonstrate how in
example the fusion rules follow from first principles.

Consider a turbulent fieldusr, td which is either a
vector or a scalar and denote the differencewsr1jr2, td ;
usr2, td 2 usr1, td. We discuss the statistical propertie
of the turbulent field in terms of simultaneous many-po
correlation functions of differences with respect to on
two, or more references points:

Snsr0jr1, r2, . . . , rnd  kwsr0jr1dwsr0jr2d · · · wsr0jrndl ,

Sn,msr0, r0
0jr1, . . . , rn; rn11, . . . , rn1md  kwsr0jr1d

3wsr0jr2d · · · wsr0jrndwsr0
0jrn11d · · · wsr0

0jrn1mdl , (1)

etc. Note that whenu is a vector then-point correlation
is ann-rank tensor. The class of systems that we disc
are driven on a characteristic scale referred to as the o
scale L. This driving can be achieved either by a tim
dependent low frequency “stirring force” or by specif
ing given values ofu at a set of “boundary” points with
a characteristic separationL away from our observation
points r0, r0

0, r1, etc. The systems have dissipation (v
cosity, diffusivity, etc.), and in the dissipationless lim
there exists an integral of motion which we refer to
“energy.” We consider systems with a “direct” casca
in which the intake of energy on the scaleL is balanced
by dissipation on a small scaleh ø L.

We invoke two assumptions of the Kolmogorov [
type.
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(1) Scale invariance: All correlation functions are
homogeneous functions of their arguments in the core
the inertial intervalh ø jri 2 r0j ø L:

Snslr0jlr1, lr2, . . . , lrnd  lzn Snsr0jr1, r2, . . . , rnd ,

(2)
wherezn are scaling exponents.

(2) Universality of the fine scale structure of turbu
lence: In its strong version this means that the corr
lation functions of the type (1) have a universal function
dependence on the separation distances when they a
in the interior of the inertial intervalsh, Ld. This means
that we can fix an arbitrary set of velocity differences
the scale ofL, and the correlation functions will depend o
their precise choice only via an overall factor determin
by theL-scale motions. Mathematically this is express
as the following property of the conditional average:

kwsr0jr1dwsr0jr2d · · · wsr0jrndjwsr0jr0
1d

3 wsr0jr0
2d · · · wsr0jr0

N dl

 S̃nsr0jr1, r2, . . . , rndFn,Nsr0jr0
1, . . . , r0

Nd (3)

for jr0
i 2 r0j , L and jri 2 r0j ø L. The functions

S̃n coincide with Sn in the inertial interval. They can
differ in their crossover to viscous behavior, and th
(different) crossover scales may depend on the large s
motions. A weaker version of the universality assumpti
concerns with the scaling exponent only. In this versi
the functionsSn and S̃n may differ, but their scaling
exponents coincide. This weaker version is sufficie
for most of our developments below. Note that in bo
versionszn can be identified with the scaling expone
of the n-order structure functionkjwsr0jrdjnl. We are
particularly interested in multiscaling systems in whichzn

is a nonlinear function ofn.
The derivation of these two properties from first pri

ciples differs from system to system. In this Letter w
discuss the fusion rules and their consequences in sys
for which these assumptions are valid. The first set
fusion rules that we derive concernsSn when p points
sp , nd tend tor0 (so that the typical separation fromr0
is r), and all the other separations remain much larger,
© 1996 The American Physical Society
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the order ofR, r ø R ø L. Without loss of generality, we can choose thesep coordinates asr1, r2, . . . , rp. We claim
that

Snsr0jr1, r2, . . . , rnd  S̃psr0jr1, r2, . . . , rpdCn,psr0jrp11, rp12, . . . , rnd , (4)

whereCn,psr0jrp11, rp12, . . . , rnd is a homogenous function with a scaling exponentzn 2 zp. The derivation of the
fusion rule (4) follows from Bayes’ theorem and assumptions (1) and (2). We write

Snsr0jr1, r2, . . . , rnd 
Z

dwsr0jrp11d · · · dwsr0jrndwsr0jrp11d · · · wsr0jrndP fwsr0jrp11d · · · wsr0jrndg

3 kwsr0jr1d, wsr0jr2d · · · wsr0jrpdjwsr0jrp11dwsr0jrp12d · · · wsr0jrndl , (5)
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where P fwsr0jrp11d · · · wsr0jrndg is the probability to
see the tensorwsr0jrp11d · · · wsr0jrpnd. Next, note the
consequence of assumption (2): The scaling laws of
correlation functions at scaler are the same, independe
of whether we force the system on the scaleL ¿ r or
on the scaleR ¿ r. The conditional average in (5) i
proportional to S̃p , and hence (4). This result seem
rather obvious at this point, but we will see that it lea
to a totally unconventional scaling structure of the theo
We should stress that for Navier-Stokes and passive-s
advection these fusion rules forp  2 were derived from
first principles [4,8].

The next set of fusion rules is obtained for the struct
function Sn,m of (1) when two groups ofp # n andq #

m points tend tor0 and r0
0, respectively. The separatio

between these groups of points is of the order ofR. The
derivation of the fusion rules is now obvious, with th
result
Sn,msr0, r0

0jr1, . . . , rn; rn11, . . . , rn1md

 S̃psr0jr1, r2, . . . , rpdS̃qsr0
0jrn11, rn12, . . . , rn1qd

3 Cn,m,p,qsr0, r0
0jrp11, . . . , rn; rn1q11, . . . , rn1md . (6)

The scaling exponent ofCn,m,p,q is zn1m 2 zp 2 zq.
Note that the fusion rules (4) and (6) arenot decompo-
sitions into products of lower order correlation function
and the functionsC are not correlations of velocity dif
ferences across large separations. In fact, we will sh
that C is much larger than the corresponding correlat
functions in all situations with multiscaling. Evidentl
one can derive similar fusion rules for three, four,
more groups of coalescing points with large separati
between the groups. The structure of the resulting co
lation function will be a product of the correlation fun
tion associated with each group times some functionC of
big separations which carries the overall exponent.

Next, we discuss fusion rules for correlation functio
that include gradient fields. These rules depend on
type of rotational invariant that one can define fro
the tensors that appear after taking gradients. We
consider only the lowest order invariant which is a sca
under rotation. For passive scalarsT this is j===T ? ===T j2,
and for a vectoru the quantityj=uj2 is the square of the
strain tensorsijsij , wheresij ; s≠uiy≠rj 1 ≠ujy≠ridy2.
Consider the quantity

J2p,nsr0jr2p11, . . . , rnd  kj=usr0dj2p

3 wsr0jr2p11d · · · wsr0jrndl . (7)
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To evaluateJ2p,n we consider a related object in which a
the gradients are taken at different points:

J̃2p,n  =i1
r1

=
j1

r 0
1
=i2

r2
=

j2

r 0
2

· · · =
ip
rp =

jp

r 0
p
C

i1,j1,...,ip ,jp

k1,l1,...,kp ,jp

3 kwk1sr0jr1dwl1 sr0jr0
1d · · · wkp sr0jrpdwlp sr0jr0

pd

3 wsr0jr2p11d · · · wsr0jrndl , (8)

where the contraction tensorC ensures that the re
quires scalar is obtained. We will represent th
quantity in a compact form without displayin
all the tensor indices asJ̃2p,nsr0jr1, r2, . . . , rnd 
=r1 =r 0

1
· · · =r 0

p
CS nsr0jr1, r0

1, . . . , rnd. The quantity (8)
gives usJ2p,n when the first 2p points coalesce togethe
with r0, whereas all the rest of the coordinates rem
a typical distanceR from r0. When R is in the inertial
interval we expect scaling behavior in terms ofR,

J2p,n ~ R2js2p,nd. (9)

Considering the distances between all the coalesc
points to be in the inertial range, we apply (4) and fi
for 2p coalescing points

J2p,nsr0jr1, r2, . . . , rnd  =r1 · · · =r 0
p
S̃2psr0jr1, r0

1, . . . , r0
pd

3 Cn,2psr0jr2p11, r2p12, . . . , rnd . (10)

We expect thatJ2p,n is independent of the first 2p
coordinates when the distances between them are
in the viscous regime. We will denote byhs2p, n, Rd
the characteristic viscous length at which̃S2p crosses
smoothly from inertial range behavior to dissipativ
behavior. Of course, this is also the crossover scale
J2p,n with respect to the first 2p coordinates. This allows
us to evaluate the coalescing gradients by taking thep
separations to behs2p, n, Rd:

J2p,nsr0jr1, r2, . . . , rnd , hs2p, n, Rdz2p 22p

3 Cn,2psr0jr2p11, r2p12, . . . , rnd

s2p coalescing pointsd . (11)

If there are two groups of coalescing points with grad
ents, with p points coalescing ontor 0 and q points co-
alescing onr0

0, respectively, we considerJp,q,n,m (where,
as before,n 1 m $ p 1 q is the total number of points)
The rule forp andq coalescing points is

Jp,q,n,msr0jr1, r2, . . . , rnd , hsp, n, Rdzp2phsq, n, Rdzq2q

3 Cn,m,p,qsr0jrp11, rp12, . . . , rnd . (12)
2899
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The generalization of this fusion rule for three or mo
groups of coalescing points with gradients is obvious.

This is as much as one can do in general. Now
crucial issue is howhs2p, n, Rd depends on its arguments
The simplest version of the theory comes about wh
the dissipative length is independent ofR, hs2p, n, Rd 
hs2p, nd. This is realized, for example, in passive sca
convection as is shown below. In this case the fus
rules imply various sets of scaling relations. For examp
the exponentsjs2p, nd of J2p,n are given by

js2p, nd  zn 2 z2p . (13)

Note that fusion rules equivalent to this simple versi
were proposed in [10] on the basis of formal assumptio
used in field theory, namely, existence of an ultravio
universal renormalization-group fixed point and “asym
totic completeness.”

As another example of scaling relations, consider
correlation functions

K
s2sd
ee sRd ; kj=usrdj2sj=usr 1 rdj2sl ~ R2ms2sd. (14)

From (12) in the casen  m  p  q  2s we get a set
of scaling relations

ms2sd  2z2s 2 z4s . (15)

Next, we can consider a correlation ofl gradient fields
with the same power (i.e.,j=uj2s) at l different points
which are separated by a distance of the order ofR. The
corresponding exponentmsl, 2sd is

msl, 2sd  lz2s 2 z2sl . (16)

This algebra can be generalized to any correlat
of powers of j=uj2. For example, the scaling ex
ponent msp1, p2, . . . , pnd of a correlation of fields
kj=usr1djp1 j=usr2djp2 · · · j=usrndjPn l in which all the
separations is of the order ofR is

msp1, p2, . . . , pnd 
nX

j1

zpj 2 zp , p 
X

pj . (17)

In usual operator algebras [11–14] every local field
associated with a leading exponent and the correla
function scales with the sum of these exponents. In t
case the algebra is different. There is a global exponenzp

from which one subtracts the sum of individual expone
zpj

. In multiscaling situations the global exponent is
nonlinear function ofp 

P
pj

. Accordingly, it is not a
property of every individual field. We note here witho
demonstration that invariants of the gradient field tens
other than scalars are associated with other individ
exponents.

The range of applicability of these fusion rules shou
be understood on the basis of the equations of mot
for any given system. As an example, we explain he
briefly why they are applicable for Kraichnan’s mod
[15] of passive-scalar convection with a driving veloci
field that isd correlated in time. It was shown [15,16
that the cumulant partFc

2n of the 2n-order correlation
function F2n  kTsr1, tdT sr2, td · · · T sr2n, tdl satisfies for
2900
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n . 1 the exact homogeneous differential equation"
2k

2nX
a1

=2
a 1 B̂2n

#
Fc

2nsr1, r2, . . . , r2nd  0 , (18)

where k is the molecular diffusivity and=2
a is the

Laplacian operator acting onra. The operatorB̂2n is the
sum of the binary operatorŝBab :

B̂ab ; hi,jsra 2 rbd
≠2

≠ra,i≠rb,j
, B̂2n 

2nX
a.b1

B̂ab .

(19)

Herehi,jsrd is the eddy diffusivity that behaves likeHRzh

with 0 , zh , 2 andz2  2 2 zh.
In the inertial range of scales we can disregard t

Laplacian operators in Eq. (19). For deriving the fusio
rules (4) we consider thep coalescing points with char-
acteristic separationr and denote their coordinates b
the indexa or a0. The remaining2n 2 p coordinates
have characteristic separationsR and are denoted by
b or b0. We assemble [8] theB̂ operators in three
groups: B̂p 

P
a.a0 B̂aa0 , B̂2n2p 

P
b.b0 B̂bb0 , and

B̂R 
P

ab B̂ab . The evaluation of the action of the
operators in the first and second groups isHyrz2 and
HyRz2 , respectively. The evaluation of the action of ea
term in the third group isHRyrRz2 . However, space
homogeneity results in a cancellation of this evaluati
in the sum of the terms in this group [8]. The next ord
surviving evaluation is againHyRz2 . We thus combine
the second and third groups into an effective opera
B̂ . The equation to consider iŝBp 1 B̂F2n  0. When
p  2 we can find the solution of this equation as th
following expansion in powers of the small differencer12:

A2hRj 1 r
z2

12C2hRj 1 r
2z2

12 D2hRj 1 r2
12E2hRj 1 · · ·, where

A2, C2, D2, etc. are some functions of the large separatio
of the order ofR. When we use this solution to comput
S2n the leading contributionAhRj drops, and we find (4)
for p  2. Forp . 2 we need to distinguish between eve
and oddp’s because of the special property of passi
advection in whichS2n11  0. The next evenp is p  4.
For this case we find a solution in the form

Fc
4  A4hRj 1 C4hRj

"
4X

aa01

r
z2

aa0

#
1 D4hRj fsr12r13dz2 1 sr12r14dz2 1 sr12r23dz2 1 · · ·g

1 Fc
4 sr1, r2, r3, r4dC2n,4hRj 1 · · · , (20)

whereFc
4 is a contribution of a new type, as it solves th

homogeneous equation (18). ComputingS2n the first two
terms disappear, and in a multiscaling situation the lead
contribution becomes the last. In fact, this is the gene
rule for any even order, and is the explicit mechanis
for the fusion rules in this particular case. It arises he
from the possibility to split the total operator̂B2n into the
two groupsB̂p and B̂ , such that forp coalescing points
B̂p carries the leading contribution. Since the sum
Laplacians in (18) is also dominated by the sum up
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p, the crossover scalehsp, 2n, Rd from inertial range to
dissipative behavior is determined in this case by a bala
between2k

Pp
a1 =2

a andB̂p. It therefore cannot depen
on n or onR: hsp, 2n, Rd  hspd. The fusion rules (14)–
(16) which were based on the independence ofh on R
follow.

In fact, these result and, in particular, the scali
relations (13) seem sufficient to determine the expone
zn in their entirety. The necessary steps were detailed
[8] and will not be repeated here.

The case of Navier-Stokes turbulence calls for ad
tional considerations. The fusion rules (4) and (6) we
found from first principles forp  2 [4], and we be-
lieve that similar techniques can be used to establish th
for any p. Equations (11) and (12) follow, but in th
Navier-Stokes case it is possible that the dissipative sc
hsp, n, Rd is R dependent. If we assume that this is n
the case, the scaling relations obtained above should
ply also to the Navier-Stokes case. To explore anot
possibility we follow Kolmogorov’s refined similarity hy-
pothesis [17] in assuming that the conditional avera
nkj=uj2jws0jrdl , ws0jrd3yR. This assumption means

nJ2,nhRj , Sn11sRdyR . (21)

Comparing with (11) this can be consistent only if

hs2, n, Rdyhs2d22z2 , sRyLdzn2zn211z32z2 , (22)

where h(2) is by definition the viscous cutoff of the
second order structure function,nS2ssshs2dddd , hs2d2e.
The Hölder inequalities guarantee thatzn 2 zn21 is a
decreasing function ofn in a multiscaling situation.
Accordingly, the effective dissipative scale ofJ2,n for
two coalescing pointshs2, n, Rd is much smaller than
the viscous cutoff forS2, hs2d. The consequences of th
above two assumptions were discussed in detail in [4].

Needless to say, with assumption (21) all our scal
relations change. For example, considerjs2, nd of (9).
Instead of (13) we now have

js2, nd  zn11 2 1 . (23)

Another example isK
s2d
ee . We now find

ms1d  2 2 z6 . (24)

This result is known as “the bridge” in the phenomeno
logical theory of multiscaling turbulence, cf. [18,19
Notwithstanding the different scaling relation, the ope
ator algebra that is induced has “global” and individu
scaling exponents as discussed above. The values of t
exponents may be changed due to theR dependence of the
dissipative cutoff as it appears in different models.

In summary, we proposed fusion rules for multiscali
turbulent statistics that induce an unusual operator alge
These rules are of two classes. The first does not invo
gradients and is universal for all turbulent systems with
e

ts
n
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m

le

p-
r

e

-

l
se

a.
e

direct cascade of energy in which there exists a unive
flux equilibrium. The second class involves gradien
and these bring in an explicit dependence on a visc
scale that, in general, is not universal. We explained w
in the case of passive-scalar advection this problem m
be solved. Accordingly, one can derive an infinite s
of nontrivial scaling relations that allow the expressi
of the scaling exponents of the correlation functions
gradient fields with the exponentszn of the structure
functions. For hydrodynamic turbulence the fusion ru
that involve gradients must be supplemented with a Nav
Stokes based theory for theR dependence of the viscou
cutoff, which is our next project.
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