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Abstract
We present a short review of the work conducted by our group on the subject of anomalous
scaling in anisotropic turbulence. The basic idea that uni es all the applications discussed here
is that the equations of motion for correlation functions are always linear and invariant to
rotations, and therefore the solutions foliate into sectors of the symmetry group of all rotations
(SO(3)). We have considered models of passive scalar and passive vector advections by a
rapidly changing turbulent velocity eld (Kraichnan-type models) for which we nd a discrete
spectrum of universal anomalous exponents, with a di erent exponent characterizing the scaling
behavior in every sector. Generically the correlation functions and structure functions appear
as sums over all these contributions, with nonuniversal amplitudes which are determined by
the anisotropic boundary conditions. In addition we considered Navier–Stokes turbulence by
analyzing simulations and experiments, and reached some interesting conclusions regarding the
scaling exponents in the anisotropic sectors. The theory presented here clari es questions like
the restoration of local isotropy upon decreasing scales. We explain when the local isotropy
is fully restored and when the lingering e ects of the anisotropic forcing appear for arbitrarily
small scales. c 2000 Elsevier Science B.V. All rights reserved.

1. Introduction
In this paper we review some recent work aimed at understanding the e ects of
anisotropy on the universal aspects of scaling behaviour in turbulent systems. We have
shown recently [1] that in the presence of anisotropic e ects (which are ubiquitous
in realistic turbulent systems) one needs to carefully disentangle the various universal scaling contributions. Even at the largest available Reynolds numbers the observed
scaling behavior is not simple, being composed of several contributions with di erent
scaling exponents. The statistical objects like structure functions and correlation functions are characterized by one leading scaling (or homogeneity) exponent only in the
idealized case of full isotropy, or in nite Reynolds numbers when the scaling regime
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is of in nite extent. Anisotropy results in mixing of various contributions to the statistical objects, each of which is characterized by one leading universal exponent, but
the total is a sum of such contributions which appears not to “scale” in standard log–
log plots. By realizing that the correlation functions have natural projections on the
irreducible representations of the SO(3) symmetry group we could o er methods of
data analysis [2– 4] that allow one to measure the universal scaling exponents in each
sector separately. From the theoretical point of view we need to understand how the
existence of anisotropy gives rise to new families of universal scaling exponents which
were traditionally not considered. The relative importance of the contributions of the
various sectors of the symmetry group are determined by the boundary conditions, and
therefore are not universal.
In addition to Navier–Stokes turbulence, we consider passive scalar [5] and passive
vector [6] turbulent advection. In the latter case, one can o er satisfactory understanding
of the physics of anomalous scaling in the isotropic [6 –9] as well as in the anisotropic
sectors [10 –14]. We therefore, dedicate some space in the next section to the discussion
of the connection between Lagrangian trajectories and the statistics of advected elds
[15 –18]. This connection provides a very clear understanding of the physical origin
of the anomalous exponents, relating them to the dynamics in the space of shapes of
groups of Lagrangian paths. In Section 3 we review the actual calculation of the spectrum of the anomalous exponents in all the sectors of the symmetry group for the case
of Kraichnan’s model of passive scalar advection [13]. This example, as all the others, underlies the importance of identifying the appropriate irreducible representations
of the SO(3) symmetry group. Once this is done the calculations become relatively
straightforward. In Section 4 we review brie y the case of passive vector advection,
in which the anomalous exponents of the second-order structure functions can be computed exactly in all the sectors of the symmetry group. This tensorial correlation calls
for tensorial irreducible representations di ering from the cases of passive scalars.
It is noteworthy that for both passive and vector scalar advection the foliation in
terms of sectors of the rotation group can be exactly proven, each sector being characterized by an index ‘; m, and a family of exponents which are m-independent. One
of the important results of the analysis is that the over all spectrum of anomalous
exponents is discrete and is a strictly increasing function of ‘. This is important, since
it shows that for any quantity that has an isotropic component, for diminishing scales
the higher-order scaling exponents become irrelevant, and for suciently small scales
only the isotropic contribution survives. As the scaling exponents  appear in power
laws of the type (R=L) , with L being some typical outer scale and R L, the larger
is the exponent, the faster is the decay of the contribution as the scale R diminishes.
This is precisely how the isotropization of the small scales takes place, and the higher
order exponents describe the rate of isotropization.
In Section 5 we turn to the analysis of Navier–Stokes turbulence and discuss simulations and experiments from which we extract information about the scaling exponents
in the higher sectors of the symmetry group. Some of the open questions and the road
ahead will be presented in Section 6.
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2. Anisotropy and scaling in the Kraichnan model of passive scalar advection
2.1. The model
The model of passive scalar advection with rapidly decorrelating velocity eld was
introduced by Kraichnan [5] as early as in 1968. In recent years [7,8] it was shown to
be a fruitful case model for understanding multiscaling in the statistical description of
turbulent elds. The basic dynamical equation in this model is for a scalar eld T (r; t)
advected by a random velocity eld u(r; t):
[@t − 0 ∇2 + u(r; t) · ∇]T (r; t) = f(r; t) :

(2.1)

In this equation f(r; t) is the forcing and 0 is the molecular di usivity. In Kraichnan’s
model the advecting eld u(r; t) as well as the forcing eld f(r; t) are taken to be
Gaussian, time and space homogeneous, and delta-correlated in time
h(u (r; t) − u (r 0 ; t))(u (r; t 0 ) − u (r0 ; t 0 ))iu = h (r − r0 )(t − t 0 ) ;
where the “eddy-di usivity” tensor h (r) is de ned by

 r  
r r

 −
h (r) = D
;  r

d − 1 +  r2

:

(2.2)

(2.3)

Here  and  are the inner and outer scale for the velocity elds, D is a dimensional
constant, and the coecients are chosen such that @ h = 0. The averaging h: : :iu is
done with respect to the realizations of the velocity eld. The forcing f is also taken
white in time and Gaussian
hf(r; t)f(r 0 ; t 0 )if = (r − r0 )(t − t 0 ) :

(2.4)

Here the average is done with respect to realizations of the forcing. The forcing is
taken to act only on the large scales, of the order of L (with a compact support in
Fourier space). This means that the function (r) is nearly constant for r L but it
decays rapidly for r ¿ L.
From the point of view of the statistical theory one is interested mostly in the scaling
exponents characterizing the structure functions
S2n (r1 − r2 ) = h(T (r1 ; t) − T (r2 ; t))2n iu; f :

(2.5)

For isotropic forcing one expects S2n to depend only on the distance R ≡ |r1 − r2 | such
that in the scaling regime
 2n
L
n
2n
:
(2.6)
S2n (R) ˙ R ˙ [S2 (R)]
R
In this equation we introduced the “normal” (n2 ) and the anomalous (2n ) parts of
the scaling exponents 2n = n2 − 2n . The rst part can be obtained from dimensional
considerations, but the anomalous part cannot be guessed from simple arguments.
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When the forcing is anisotropic, the structure functions depend on the vector distance
R = r1 − r2 . In this case we can represent them in terms of spherical harmonics,
X
a‘; m (R)Y‘; m (R̂) ;
(2.7)
S2n (R) =
‘; m

where R̂ ≡ R=R. This is a case in which the statistical object is a scalar function
of one vector, and the appropriate basis of irreducible representations of the SO(3)
symmetry group are obvious. We are going to explain in the next section that the
(‘)
which
coecients a‘; m (R) are expected to scale with a leading scaling exponent 2n
is ‘ dependent but not m dependent. In Section 4 we review some recent results about
the actual calculation of these exponents.
2.2. Lagrangian trajectories, correlation functions and shape dynamics
Theoretically it is natural to consider correlation functions rather than structure
functions. The 2n-order correlation functions are de ned as
F2n (r1 ; : : : ; r2n ) ≡ hT (r1 )T (r2 ) : : : T (r2n )iu; f :

(2.8)
2n

For separations rij → 0 (rij ≡ |ri − rj |) the correlation functions converge to hT if;u ,
whereas for rij → L decorrelation leads to convergence to hT inu; f . For all rij ≈ O(r) L
one expects a behavior according to

(2.9)
F2n (r1 ; : : : ; r2n ) = Ln(2−) c0 + · · · + ck (r=L)2n F̃ 2n (r̃ 1 ; : : : ; r̃2n ) + · · · ;
where F̃ 2n is a scaling function depending on r̃i which denotes a set of dimensionless
coordinates describing the con guration of the 2n points. The exponents and scaling
functions are expected to be universal, but not the c coecients, which depend on the
details of forcing.
It has been shown [7,8] that the anomalous exponents 2n can be obtained by nding
the zero modes of the exact di erential equations which are satis ed by F2n . The
equations for the zero modes read
#
"
X
2
∇i + B̂2n F2n (r1 ; r2 ; : : : ; r2n ) = 0
(2.10)
−
i

and are obtained simply by omitting the nonhomogeneous part of the di erential
P2n
equations for F2n [5]. The operator B̂2n ≡ i¿j B̂ij , and B̂ij are de ned by
B̂ij ≡ B̂(ri ; rj ) = h (ri − rj )@2 =@ri @rj :

(2.11)

We will come back to this equation in Subsect C.
A di erent approach to nding the correlation functions is furnished by Lagrangian
dynamics [16 –18]. In this formalism one recognizes that the actual value of the scalar
at position r at time t is determined by the action of the forcing along the Lagrangian
trajectory from t = −∞ to t:
Z t0
(2.12)
dthf(r(t); t)i˜
T (r0 ; t0 ) =
−∞
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with the trajectory r(t) obeying
r(t0 ) = r0 ;
@t r(t) = u(r(t); t) +

√

2(t)
˜

(2.13)

and  is a vector of zero-mean independent Gaussian white random variables,
h˜ (t)˜ (t 0 )i =  (t − t 0 ). ˜ role is to account for the dissipation of T (r; t) in (2.1)
[17]. With this in mind, we can rewrite F2n by substituting each factor of T (ri ) by
its representation (2.12). Performing the averages over the random forces, we end up
with
Z t0
dt1 · · · dtn [(r1 (t1 ) − r2 (t1 ))
F2n (r1 ; : : : ; r2n ; t0 ) =
−∞

× · · · × (r2n−1 (tn ) − r2n (tn )) + permutations]


u;{˜ i }

(: 2.14)

To understand the averaging procedure recall that each of the trajectories ri obeys an
equation of form (2.13), where u as well as {˜i }2n
i=1 are independent stochastic variables
whose correlations are given above.
In considering Lagrangian trajectories of groups of particles, we note that every
con guration of 2n particles is characterized by a center of mass, say R, a scale s
(say the radius of gyration of the cluster of particles) and a shape Z . By “shape” we
mean here all the degrees of freedom other than the scales and R: as many angles
as are needed to fully determine a shape, in addition to the Euler angles that x the
orientation with respect to a chosen frame of coordinates. Thus a group of 2n positions
{ri } will be sometimes denoted below as {R; s; Z }.
We now focus our attention to the dynamic of such con gurations. An initial conguration of particles will exhibit a rescaling of all the distances which increase on
the average like t 1=2 ; this rescaling is analogous to Richardson di usion. The exponent 2 which determines the scale increase is also the characteristic exponent of the
second-order structure function [5]. This has been related to the exponent  of (2.3)
according to 2 = 2 − . After factoring out this overall expansion we are left with
a normalized ‘shape’. It is the evolution of this shape that determines the anomalous
exponents.
To see that, let us consider a nal shape Z0 with an overall scale s0 which is
realized at t = 0. This shape has evolved during negative times. We x a scale s ¿ s0
and examine the shape when the con guration reaches the scale s for the last time
before reaching the scale s0 . Since the trajectories are random, the shape Z , which
is realized at this time, is taken from a distribution (Z ; Z0 ; s → s0 ). As long as the
advecting velocity eld is scale invariant, this distribution can depend only on the ratio
s=s0 . We can use the shape-to-shape transition probability to de ne an operator ˆ(s=s0 )
on the space of functions (Z ) according to
Z
(2.15)
[ ˆ(s=s0 ) ](Z0 ) ≡ dZ (Z ; Z0 ; s → s0 ) (Z ) :
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We will be interested in the eigenfunction and eigenvalues of this operator. This operator has two important properties. First, for an isotropic statistics of the velocity eld
the operator is isotropic. This means that this operator commutes with all rotation operators on the space of functions (Z ). In other words, if O is the rotation operator
that takes the function (Z ) to the new function (−1 Z ), then
O ˆ = ˆO :

(2.16)

This property follows from the obvious symmetry of the Kernel (Z ; Z0 ; s → s0 ) to
rotating Z and Z0 simultaneously. Accordingly, the eigenfunctions of ˆ can be classi ed
according to the irreducible representations of SO(3) symmetry group. We will denote
these eigenfunctions as Bq‘m (Z ). Here ‘ = 0; 1; 2; : : :, m = −‘; −‘ + 1; : : : ‘ and q stands
for the remaining degrees of freedom.
The second important property of ˆ follows from the -correlation in time of the
velocity eld, which implies for the kernel that
Z
(Z ; Z0 ; s → s0 ) = dZ1 (Z ; Z1 ; s → s1 ) (Z1 ; Z0 ; s1 → s0 ); s ¿ s1 ¿ s0
(2.17)
and in turn, for the operator, that
ˆ(s=s0 ) = ˆ(s=s1 ) ˆ(s1 =s0 ) :

(2.18)

Accordingly, by a successive application of ˆ(s=s0 ) to an arbitrary eigenfunction, we
(q; ‘)
get that the eigenvalues of ˆ have to be of the form q; ‘ = (s=s0 ) :


s
s0

(q; ‘)

Z
Bq‘m (Z0 ) =

dZ (Z ; Z0 ; s → s0 )Bq‘m (Z ) :

(2.19)

Notice that the eigenvalues are not a function of m. This follows from Schur’s lemmas
[19], but can be also explained from the fact that the rotation operator mixes the
di erent m’s: Take an eigenfunction Bq‘m (Z ), and act on it once with the operator
O ˆ(s=s0 ) and once with the operator ˆ(s=s0 )O . By virtue of (2.16) we should get
that same result, but this is only possible if all the eigenfunctions with the same ‘ and
the same q share the same eigenvalue.
To proceed, we want to connect the correlation function at scale s0 to the correlation
function at scale s ¿ s0 . This can be done by splitting the trajectories in (2.14) into a
part where a scale is larger than s, and to a part where the scale is between s and s0 .
To this aim consider any set of Lagrangian trajectories that started at t = −∞ and end
up at time t =0 in a con guration characterized by a scale s0 and center of mass R0 =0.
A full measure of these have evolved through the scale L or larger. Accordingly they
must have passed, during their evolution from time t = −∞ through a con guration of
scale s ¿ s0 at least once. Denote now
2n (t; R; Z ; s → s0 ; Z0 ) dt dR dZ

(2.20)
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as the probability that this set of 2n trajectories crossed the scale s for the last time
before reaching s0 ; Z0 , between t and t + dt, with a center of mass between R and
R + dR and with a shape between Z and Z + dZ .
In terms of this probability we can rewrite Eq. (2.14) (displaying, for clarity, R0 = 0
and t0 =0) as
Z
Z 0
Z
dt dR2n (t; R; Z ; s → s0 ; Z0 )
F2n (R0 = 0; s0 ; Z0 ; t0 = 0) = dZ
*Z
×

−∞

0
−∞

dt1 · · · dtn [(r1 (t1 ) − r2 (t1 )) · · · (r2n−1 (tn )


−r2n (tn )) + perms]| (s; R; Z ; t)

u;˜ i

:
(2.21)

The meaning of the conditional averaging h: : : |(s; R; Z ; t)iu; ˜ is an averaging over all
i
the realizations of the velocity eld and the random i , for which Lagrangian trajectories
that ended up at time t0 = 0 in R = 0; s0 ; Z0 passed through R; s; Z at time t.
Next, the time integrations in Eq. (2.21) are split into the interval [ − ∞; t] and [t; 0]
giving rise to 2n di erent contributions:
Z t
Z t
Z 0
Z t
Z t
dt1 · · ·
dtn +
dt1
dt2 · · ·
dtn + · · · :
(2.22)
−∞

−∞

t

−∞

−∞

Consider rst the contribution with n integrals in the domain [ − ∞; t]. It follows from
the delta-correlation in time of the velocity eld, that we can write
Z t
dt1 · · · dtn [(r1 (t1 ) − r2 (t1 ))
−∞



· · · (r2n−1 (tn ) − r2n (tn )) + perms]| (s; R; Z ; t)
Z
=

t

−∞

u;˜ i



 0
0
0
0
dt1 · · · dtn (r1 (t1 ) − r2 (t1 )) · · · (r2n−1 (tn ) − r2n (tn )) + perms

u;˜ i

= F2n (R; s; Z ; t) = F2n (s; Z ) ;

(2.23)

where in the last average, the trajectories ri0 (·) are de ned by their end point at time t
which is (R; s; Z ). The last equality follows from translational invariance in space-time.
Accordingly, the contribution with n integrals in the domain [ − ∞; t] can be written
as
Z 0
Z
Z
dt dR 2n (t; R; Z ; s → s0 ; Z0 ) :
(2.24)
dZ F2n (s; Z )
−∞
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Identifying the shape-to-shape transition probability:
Z 0
Z
dt dR 2n (t; R; Z ; s → s0 ; Z0 ) :
(Z ; Z0 ; s → s0 ) =

(2.25)

−∞

We can write Eq. (2.22) as
Z
F2n (s0 ; Z0 ) = I + dZ (Z ; Z0 ; s → s0 )F2n (s; Z ) :

(2.26)

Here I represents all the contributions with one or more time integrals in the domain
[t; 0]. The key point now is that only the term with n integrals in the domain [ − ∞; t]
contains information about the evolution of 2n Lagrangian trajectories that probed the
forcing scale L. Accordingly, the term denoted by I cannot contain information about
the leading anomalous scaling exponent belonging to F2n , but only of lower-order
exponents. The anomalous scaling dependence of the LHS of Eq. (2.26) has to cancel
against the integral containing F2n without the intervention of I .
Representing now
X
aq; ‘m (s0 )Bq‘m (Z0 ) ;
F2n (s0 ; Z0 ) =
q‘m

F2n (s; Z ) =

X

aq; ‘m (s)Bq‘m (Z ) ;

q‘m

I=

X

Iq‘m Bq‘m (Z0 )

(2.27)

q‘m

and substituting on both sides of Eq. (2.26) and using Eq. (2.19) we nd, due to the
linear independence of the eigenfunctions Bq‘m
 q; ‘
s
aq; ‘m (s0 ) = Iq‘m +
aq; ‘m (s) :
(2.28)
s0
Contribution of Iq‘m to the leading order is neglected, leading to the conclusion that
the spectrum of anomalous exponents of the correlation functions is determined by
the eigenvalues of the shape-to-shape transition probability operator.
2.3. Analytic calculation of the anomalous exponents in the higher sectors of the
symmetry group
Analytic calculation of the scaling exponents in the higher sectors of the symmetry
group are available only for small values of , where  is the scaling exponent characterizing the velocity structure functions (cf. Eq. (2.3)). In Ref. [13] such calculations
were presented to O(). Calculations to O(2 ) and O(3 ) are available and will be
published in the near future [20]. To O() one can do the calculation in a number
of ways, either via the zero modes of Eq. (2.10) or via a calculation of the moments
of ∇T . For the second and higher orders in  the calculations of the zero modes are
currently not available, and the reader is advised to consult the calculations of moments
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of ∇T in Ref. [20]. Nevertheless, for the purposes of this short review it is enough to
present the exponents to O(), and we opt for the zero mode approach which is more
sleek.
We thus consider the zero-modes of Eq. (2.10). In other words, we seek solutions
F2n ({rm }) which in the inertial interval solve the homogeneous equation
2n
X

h (ri − rj )∇i ∇j F2n ({rm }) = 0 :

(2.29)

i6=j=1

We allow anisotropy on the large scales. Since as before all the operators here are
isotropic and the equation is linear, the solution space foliate into sectors {‘; m} corresponding the irreducible representations of the SO(3) symmetry group. Accordingly,
we write the solution in the form
X
F2n; ‘m ({rm }) ;
(2.30)
F2n ({rm }) =
‘m

where F2n; ‘m are functions that transform under rotations according to the (‘; m) sector
of the irreducible representations of SO(3). (Note that in the context of the last secP
tion, these functions can be written as F2n; ‘m ({rm }) = q aq; ‘; m (s)Bq‘m (Z ).) Each of
these components is now expanded in . In other words, we write, in the notation of
Ref. [21],
F2n; ‘m = E2n; ‘m + G2n; ‘m + O(2 ) :

(2.31)

For  = 0 Eq. (2.29) simpli es to
2n
X

∇2i E2n; ‘m ({rm }) = 0

(2.32)

i=1

for any value of ‘; m. Next, we expand the operator in Eq. (2.29) in  and collect the
terms of O():
2n
X

∇2i G2n; ‘m ({rm }) = V2n E2n; ‘m ({rm }) ;

(2.33)

i=1

where V2n is the rst-order term in the expansion of the operator in (2.29):
"
#
2n
X
rjk rjk
 log(rjk ) −
∇j ∇ k
V2n ≡
2
2rjk
j6=k=1

(2.34)

and rjk ≡ rj − rk .
In solving Eq. (2.32) we are led by the following considerations: we want scaleinvariant solutions, which are powers of rjk . We want analytic solutions, and thus
we are limited to polynomials. Finally, we want solutions that involve all the 2n
coordinates for the function E2n; ‘m ; any part of the solution with fewer coordinates
will not contribute to the structure functions (2.5). To see this note that the structure
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function is a linear combination of correlation functions. This linear combination can
be represented in terms of the di erence operator j (r; r0 ) de ned by
j (r; r0 )F({rm }) ≡ F({rm })|rj =r − F({rm })|rj =r0 :
Then,
0
)=
S2n (r1 ; r2 : : : r2n r2n

Y

(2.35)

j (rj ; rj0 )F({rm }) :

(2.36)

j

Accordingly, if F({rm }) does not depend on rk , then k (rk ; rk0 )F({rm }) = 0 identically.
Since the di erence operators commute, we can have no contribution to the structure
functions from parts of F2n that depend on less than 2n coordinates. Finally, we want
the minimal polynomial because higher-order ones are negligible in the limit rjk .
Accordingly, E2n; ‘m with ‘62n is a polynomial of the order 2n. Consulting the appendix for the irreducible representations of the SO(3) symmetry group, we can write
the most general form of polynomial E2n; ‘m , up to an arbitrary factor, as
E2n; ‘m = r1 1 : : : r2n2n B2n;1 :::‘m2n + [ : : : ] ;

(2.37)

where [ : : : ] stands for all the terms that contain less than 2n coordinates; these do
not appear in the structure functions, but maintain the translational invariance of our
quantities. The appearance of the tensor B2n;1 :::‘mn of the appendix is justi ed by the fact
that E2n; ‘m must be symmetric to permutations of any pair of coordinates on the one
hand, and it has to belong to the ‘; m sector on the other hand. This requires the
appearance of the fully symmetric tensor (A.1).
(‘)
({rm }) of the form
In light of Eqs. (2.33) and (2.34) we seek solution for G2n
X jk
H‘m ({rm }) log(rjk ) + H‘m ({rm }) ;
(2.38)
G2n; ‘m ({rm }) =
j6=k

jk
({rm }) and H‘m ({rm }) are polynomials of degree 2n. The latter is fully
where H‘m
symmetric in the coordinates. The former is symmetric in rj , rk and separately in all
the other {rm }m6=i; j . It should be noted that (2.38) is merely an ansatz which is justi ed
a posteriori.
Substituting Eq. (2.38) into Eq. (2.33) and collecting terms of the same type yields
three equations:
X
jk
∇2i H‘m
= ∇j · ∇k E2n; ‘m ;
(2.39)
i

jk
+
[1 + rjk · (∇j − ∇k )]H‘m

X
i

∇2i H‘m =

X
j6=k

jk
K‘m
:

rjk rjk ∇j ∇k
4

E2n; ‘m = −

2 jk
rjk
K‘m

2

;

(2.40)
(2.41)

jk
are polynomials of degree 2n − 2 which are separately symmetric in the
Here K‘m
j; k coordinates and in all the other coordinates except j; k. In Ref. [21] it was proven
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that for ‘ = 0 these equations possess a unique solution. The proof follows through
unchanged for any ‘ 6= 0, and we thus proceed to nd the solution.
By symmetry we can specialize the discussion to a particular choice of coordinates,
12
must have at least a quadratic
say j = 1, k = 2. In light of Eq. (2.40) we see that H‘m
contribution in r12 . This guarantees that (2.38) is nonsingular in the limit r12 → 0. The
12
that will contribute to structure functions must contain r3 : : : r2n at
only part of H‘m
12
least once. Since H‘m
has to be a polynomial of degree 2n in the coordinates, it must
be of the form
12
= r121 r122 r3 3 : : : r2n2n C‘m1 2 :::
H‘m

2n

+ [ : : : ]1; 2 ;

(2.42)

where C‘m1 2 ::: 2n is some constant tensor and [ : : : ]1; 2 contains terms with higher powers
of r12 and therefore does not contain some of the other coordinates r3 : : : r2n . Obviously,
such terms are unimportant for the structure functions. Substituting (2.42) into (2.40)
we get
5r121 r122 r3 3 : : : r2n2n C‘m1 2 :::

2n

= − 14 r121 r122 r3 3 : : : r2n2n B2n;1 :::‘m2n − 12 r121 r122 

1 2

1; 2
K‘m
+ [ : : : ]1; 2 :

(2.43)
In order to nd the tensor C‘m we need to examine all the terms in the equation
1; 2
1; 2
that contain r121 r122 r3 3 : : : r2n2n . One of these is hidden in K‘m
. As a function, K‘m
is completely symmetric in r3 : : : r2n and therefore the part that contains the wanted
3 ::: 2n
contribution must be proportional to r121 r122 r3 3 : : : r2n2n  1 2 B2n−2;
‘m . It follows that
C‘m1 2 :::

2n

1
2 :::
= − 20
B2n;1 ‘m

2n

+ b

1 2

3 4 ::: 2n
B2n−2;
‘m ;

(2.44)

1; 2
. To nd the unknown b we use
where b is some unknown factor originating from K‘m
Eq. (2.39), from which we get:

4

1 2

r3 3 : : : r2n2n C‘m1 :::

2n

=

1 2

r 3 : : : r 2n B2n;1 :::‘m2n + [ : : : ]1; 2 ;

(2.45)

which implies
4

1 2

C‘m1 :::

2n

=

1 2

B2n;1 :::‘m2n :

(2.46)

Recalling identity (A.2) we obtain
b=

1
10 z2n; ‘

(2.47)

and nally,
h
12
1
2 :::
= r121 r122 r3 3 : : : r2n2n − 20
B2n;1 ‘m
H‘m

2n

+

1
10 z2n; ‘ 

1 2

i
3 4 ::: 2n
B2n−2;
‘m :

(2.48)

In the next subsection we compute from this result the scaling exponents in all the
sectors of the SO(3) symmetry group.
2.4. The scaling exponents of the structure functions
We now wish to show that the solution for the zero modes of the correlation functions
F2n result in homogeneous structure functions S2n . In every sector (‘; m) we compute
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the scaling exponents, and show that they are independent of m. Accordingly the scaling
(‘)
, and we compute them to rst order in .
exponents are denoted by 2n
Using (2.35), (2.36) and (2.48), the structure function is given by
no i; j

X z }| {
11 : : : 2n2n f
+

1 ::: 2n
S2n; ‘m (r1 ; r1 ; : : : ; r2n ; r2n ) = 11 : : : 2n2n B2n‘m

i j

(ri ; ri ; rj ; rj )

i6=j
no i; j

z }| { #

"
× −

1
1 ::: 2n
20 B2n; ‘m

+

1
10 z2n; ‘ 

i i

1 ::: 2n

B 2n−2;‘m

;

(2.49)

where i i ≡ ri i − ri i , and the function f is de ned as
f

i j

(ri ; ri ; rj ; rj ) ≡ (ri − rj ) i (ri − rj ) j ln|ri − rj |
+ (ri − rj ) i (ri − rj ) j ln|ri − rj |

f

i j

(2.50)

(ri ; ri ; rj ; rj ) ≡ −(ri − rj ) i (ri − rj ) j ln|ri − rj |
−(ri − rj ) i (ri − rj ) j ln|ri − rj | :

(2.51)

The scaling exponent of S2n; ‘m can be found by multiplying all its coordinates by .
A direct calculation yields:
no i; j

X z }| {
11 : : : 2n2n i i j j
S2n; ‘m (r1 ; r1 ; : : :) = 2n S2n; ‘m (r1 ; r1 ; : : :) − 22n ln 
i6=j
no i; j

"
× −

1
1 ::: 2n
20 B2n; ‘m

+

1
10 z2n; ‘ 

z }| { #
i j

1 ::: 2n

B 2n−2;‘m

+ O(2 );

= 2n S2n; ‘m (r1 ; r1 ; : : :) − 22n ln 11 : : : 2n2n

×

X

no i; j

"
−

i6=j

1
1 ::: 2n
20 B2n; ‘m

+

1
10 z2n; ‘ 

z }| { #
i j

1 ::: 2n

B 2n−2;‘m

+ O(2 ) :

Using (A.4), we nd that
X
i6=j

no i; j

"
−

1
1 ::: 2n
20 B2n; ‘m

+

1
10 z2n; ‘ 

z }| { #
i j

1 ::: 2n

B 2n−2;‘m

h
1
+
= − 2n(2n − 1) 20

1
10 z2n; ‘

i

B2n;1 :::‘m2n
(2.52)
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and therefore, we nally obtain:
S2n (r1 ; r1 ; : : :)
1
+
=2n {1 − 2[ − 2n(2n − 1) 20

1
10 z2n; ‘ ] ln }S2n (r1 ; r1 ; : : :)

+ O(2 )

(l)

= 2n S2n (r1 ; r1 ; : : :) + O(2 ) :

(2.53)

The result of the scaling exponent is now evident

(‘)
= 2n − [2n(2n + 3) − 2‘(‘ + 1)] + O(2 ) :
(2.54)
2n
10
For ‘ = 0 this result coincides with [21]. This is the nal result of this calculation.
3. Anisotropy and anomalous scaling in the turbulent advection of passive vectors
In the case of a magnetic eld advected by a Gaussian, space homogeneous, correlated velocity eld with nontrivial spatial scaling we can present an exact (nonperturbative) solution of the full spectrum of anomalous scaling exponents of all the
anisotropic contributions to the covariance of the magnetic eld. We can thus o er a
precise picture of the rate of isotropization upon diminishing scales, assess the importance of anisotropy for “inertial range” scaling, etc.
The equation of motion of a magnetic eld B(r; t) reads
@t B(r; t) + u(r; t) · ∇B(r; t) = B(r; t) · ∇u(r; t) + ∇2 B(r; t) + f (r; t) ;

(3.1)

where u is the same advecting velocity eld as in Section 2, f is the external forcing,
and  is the magnetic di usivity. As before, the correlation function of the forcing has
compact support in k-space in an interval 06k61=L, where L is the outer scale of
the forcing f . We denote
hf (R; t)f (0; t 0 )if ≡ F (R)(t − t 0 ) :

(3.2)

We are interested in the properties of the covariance of B, C (R; t),
C (R; t) ≡ hB (R; t)B (0; t)iu; f

(3.3)

and eventually in the stationary quantity C (R) which is obtained in the stationary
state if the forcing is balanced by dissipation. There is a possibility of a dynamo e ect
in such equations, but in Ref. [14] we have shown that there is no dynamo e ect in
the anisotropic sectors of the covariance. We will therefore, proceed here to describe
the calculations without further reference to dynamos.
To proceed, we consider the equation of motion of the covariance in the stationary
case [10,11]:
0 = @t C

= h @ @ C

− [(@ h )@ C  + (@ h  )@ C  ]

+ (@ @ h )C  + 2∇2 C
@ C

=0;

+F

≡ T̂  C  + F

;

(3.4)
(3.5)

where the last equation follows from the solenoidal condition for the magnetic eld.
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It is advantageous to decompose the covariance C in terms of basis functions
that block-diagonalize the angular part of the di erential operator T̂  . These basis
functions are implied by the symmetries of T̂  . Since this operator contains only
isotropic di erential operators and contractions with either  or R R , it is invariant
to all rotations [1]. Accordingly, as in all the examples above, the natural basis functions
should belong to irreducible representation of the SO(3) symmetry group, and can be
indexed by pairs of indices ‘; m. The operator T̂  leaves the ‘; m sectors invariant.
In addition, T̂ is invariant to the parity transformation R → −R, and to the index
permutation ( ; ) ⇔ ( ; ). Accordingly, T̂ can be further block-diagonalized into
blocks with de nite parity and symmetry under permutations.
In light of these considerations we seek solutions of the form
X
aq‘m (|R|; t) Bq‘m (R̂) ;
(3.6)
C (R; t) =
q;‘; m

where R̂ ≡ R=R, and Bq‘m (R̂) are tensor functions on the unit sphere, which belong
to the sector (‘; m) of the SO(3) symmetry group. The index q enumerates di erent
tensor functions belonging to the same sector. While for scalar functions on the sphere
there exists only one spherical harmonic Y‘m in each sector, for the second rank tensor
functions on the sphere there exist nine di erent tensors [1]. The additional symmetries
under parity and index permutation group them into four subgroups with four, two, two
and one tensors, respectively. With ‘m (R) ≡ R‘ Y‘m (R̂), in the notation of [1], the
4-group (denoted below as subset I) is
B9‘m (R̂) ≡ R−‘−2 R R ‘m (R) ;
B7‘m (R̂) ≡ R−‘ (R @ + R @ )‘m (R) ;
B1‘m (R̂) ≡ R−‘  ‘m (R) ;
B5‘m (R̂) ≡ R−‘+2 @ @ jm (R) :

(3.7)

These are all symmetric in ; and have a parity of (−1)j . The 2-groups are denoted,
respectively, as subsets II and III:
B8‘m (R̂) ≡ R−‘−1 [R 
B6‘m (R̂) ≡ R−‘+1 [



B4‘m (R̂) ≡ R−‘−1 



B2‘m (R̂) ≡ R−‘+1 





R @ + R 

R @ @ + 





R @ ]‘m (R) ;

R @ @ ]‘m (R) :

(3.8)

R ‘m (R) ;

@ ‘m (R) :

(3.9)

The rst couple is symmetric to ; exchange and has parity (−1)‘+1 . The second has
the same parity but is antisymmetric to ; exchange. The remaining basis function
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is B3‘m (R̂) ≡ R−‘ (R @ − R @ )‘m (R) which is antisymmetric to ; exchange, with
parity (−1)‘ . This will be denoted as subset IV. In Ref. [1] it was proven that this
basis is complete and indeed transforms under rotations as required for a ‘; m sector.
It should be noted that not all subsets contribute for every value of ‘. Space homogeneity implies the obvious symmetry of the covariance:
C (R; t) = C (−R; t) :

(3.10)

Therefore, representations symmetric to ⇔ exchange must also have even parity,
while antisymmetric representations must have odd parity. Accordingly, even ‘’s are
associated with subsets I and III, and odd ‘’s are associated with subset II. In addition,
it was shown in Ref. [14] that subset IV cannot contribute to this theory due to the
solenoidal constraint.
The calculation of the stationary solutions becomes rather immediate once we know
the functional form of the operator T̂ on the basis of the angular tensors Bq‘m (R̂).
In this representation, T̂ is a linear di erential operator, acting on the coecients
aq‘m (|R|). The symmetries described above ensure that T̂ will only mix aq‘m (|R|) with
the same ‘; m, that belong to the same subset. T̂ will therefore be composed of blocks
of sizes 4 × 4 and 2 × 2. In Ref. [14] we give the full functional form of these blocks.
Here we shall use them symbolically and quote the nal results. To demonstrate this
point, consider the four-dimensional block of T̂, created by the four basis tensors Bq‘m
of subset I. To simplify the notation, we denote the coecients of these angular tensors
in (3.6), by the four functions a(R); b(R); c(R); d(R):
C (R) ≡ a(R)B9; ‘m (R̂) + b(R)B7; ‘m (R̂) + c(R)B1; ‘m (R̂) + d(R)B5; ‘m (R̂) + : : : ;
(3.11)
where (: : :) stand for terms with other (‘; m) and other symmetries with the same
(‘; m). Plugging this expansion into the equation of motion (3.4), we get a set of four
ODEs for the coecients a(R); b(R); c(R); d(R):
 00 
 0
 
a
a
a
 b00 
 b0 
b

 
 
(3.12)
T1 
 c00  + T2  c0  + T3  c  = 0 :
d00
d0
d
T1 ; T2 ; T3 are 4 × 4 matrices given explicitly in Ref. [14] which depend on R; ‘; ; D; .
Adding the forcing will just result in the addition of a possible inhomogeneous term to
this equation. This term is irrelevant to the calculation of the zero-modes of Eq. (3.4).
Deep in the inertial range we look for scale-invariant solutions, obtained as zeromodes of Eq. (3.4). Indeed, when  ¿ 0 and well within the inertial range we can take
the magnetic dissipation to zero, and as a result, the homogeneous part of Eq. (3.4)
(without F ) will be scale-invariant, leading to scale-invariant solutions. We will need
to match these zero modes to the appropriate zero modes computed in the dissipative
range at the end. This will necessitate the discussion of zero modes when  = 0, and
see below.
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Let us rst consider the case where  ¿ 0. According to (3.12), well within the
inertial range, these functions obey
 00 
 0
 
a
a
a
 b00 
 b0 
b
 
 

(3.13)
T1 ( = 0) 
 c00  + T2 ( = 0)  c0  + T3 ( = 0)  c  = 0 :
d00

d0

d

Using the explicit functional form of T1 (=0); T2 (=0); T3 (=0) (given in Ref. [14]),
we remove an overall factor of DR from (3.13), and obtain the simple scale-invariant
equation:
 0
 
 00 
a
a
a
 b00  2  b0  Q(‘; )  b 
 

 
(3.14)
2
 c00  + R  c0  + R2  c  = 0 :
d00
d0
d
Q(‘; ) is a 4 × 4 matrix given in Ref. [14].
Due to the scale invariance of this equation, we look for scale-invariant solutions in
the form:
a(R) = aR ;

b(R) = bR ;

c(R) = cR ;

d(R) = dR :

(3.15)

Where a; b; c; d are complex constants. Substituting (3.15) into (3.14) results in a set
of four linear homogeneous equations for the unknowns a; b; c; d:
 
a
b

[2( − 1)) + 2) + Q(‘; )] 
(3.16)
c=0:
d
The last equation admits non-trivial solutions only when
det[2( − 1)) + 2) + Q(‘; )] = 0 :

(3.17)

This solvability condition allows us to express  as a function of ‘ and . Using
MATHEMATICA we nd eight possible values of , out of which, only four are in
agreement with the solenoidal condition:
q
p
i(‘) = − 12  − 32 ± 12 H (; ‘) ± 2 K(; ‘) ;
K(; ‘) ≡ 4 − 23 + 23 ‘ + 23 ‘2 − 42 ‘ − 32 − 42 ‘2
−8‘2 − 8‘ + 4 + 16‘ + 16‘2 + 4 ;
H (; ‘) ≡ −2 − 8 + 2‘2 + 2‘ + 4‘2 + 4‘ + 5 :

(3.18)

Not all of these solutions are physically acceptable because not all of them can be
matched to the zero mode solutions in the dissipative regime. To see why this is so,
consider the zero-mode equation for  = 0:
(2 + 2D)∇2 C = 0 :

(3.19)
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Fig. 1. The leading exponents of the symmetric parts of the zero modes of the magnetic covariance.

The main di erence between the  = 0 case and the  ¿ 0 case is that in the former
the same scale-invariant equation holds both for the inertial range and the dissipative
range. As a result, for  = 0, the zero modes scale with the same exponents in the
two regimes. These exponents are given simply by (3.18) with  = 0, because for
 = 0 the zero modes equation with  = 0 is the same Laplace equation as (3.19) up
to the overall factor D=(D + ) which does not change the exponent. Since now our
solutions should be valid for the dissipative regime as well as for the inertial regime,
the two solutions with negative exponents in (3.18) are ruled out, for they will give
a nonphysical divergence as R → 0. Assuming now that the solutions (including the
exponents) are continuous in , (and not necessarily analytic!), we nd that also for
nite  only the positive exponents appear in the inertial range (an exception to that
is the ‘ = 0, to be discussed below).
Finally, there exist two branches of solutions corresponding to the (−) and (+) in
the square root.
q
p
1
3 1
−

+
=
−
H (; ‘) ± 2 K(; ‘) subset I :
(3.20)
I(‘)
±
2 2
2
These exponents are in agreement with [10,11,6]. Note that for ‘ = 0, only I(0)
+ exists
since the other exponent is not admissible, being negative for  → 0, and therefore,
excluded by continuity. I(0)
+ however, becomes negative as  increases (see Fig. 1).
For ‘¿2 both solutions are admissible, and the leading one is I(0)
− , which is smaller.
Let us nd the behavior of the zero modes in the dissipative regime for  ¿ 0. Here
the dissipation terms become dominant and we can neglect all other terms in T̂. The
zero mode equation in this regime becomes 2∇2 C = 0, which is again, up to an
overall factor, identical to the zero mode equation with  = 0;  = 0. The solutions
in this region are once again scale invariant with scaling exponents I(‘)
± |=0 = ‘; ‘ −
2. As expected, the correlation function C (R) becomes smooth in the dissipative
regime.
In addition to subset I, one needs to compute the exponents corresponding to subsets
II and III. The computation in the other two blocks follows the same lines. Since these
are 2 × 2 they furnish two solutions for the exponents, one of which is negative. We
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Fig. 2. The leading exponents of the antisymmetric parts of the zero modes of the magnetic covariance.

Table 1
The leading exponents in the various sectors

j=0
Even j ¿ 0
Odd j ¿ 1

Symmetric

AntiSymmetric

I +
I −
II

–
III
–

end up nding

3 1
1p
1 − 10 + 2 + 2‘2  + 2‘ + 4‘ + 4‘2
II(‘) = − −  +
2 2
2

subset II ; (3.21)

1p 2
3 1
(‘)
=− − +
 + 2 + 1 + 4‘2 + 2‘2  + 4‘ + 2‘ subset III : (3.22)
III
2 2
2
For ‘ = 0 there is no contribution from this subset, as the exponent is negative. The
dependence of the admissible leading exponents on  is displayed in Figs. 1 and 2. In
Table 1 we summarize the leading exponents in each sector.
After matching the zero modes to the dissipative range, one has to guarantee matching at the outer scale L. The condition to be ful lled is that the sum of the zero-modes
with the inhomogeneous solutions (whose exponents are 2 − ) must give C (R) → 0
as |R| → L. Obviously, this means that the forcing must have a projection on any
sector Bq‘m for which aq‘m is nonzero.
4. Navier–Stokes turbulence
We cannot describe in this short review all the work that has been done by our
group on anisotropic hydrodynamic turbulence, and the reader is referred to Refs.
[1– 4] for further information. Yet, we cannot close this review without the mention of
this subject, since most of the available data analysis and theoretical thinking about the
universal statistics of the small-scale structure of turbulence assume the existence of
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an idealized model of homogeneous and isotropic ow. In fact most realistic ows are
neither homogeneous nor isotropic. Accordingly, one can analyze the data pertaining to
such ows in two ways. The traditional one has been to disregard the inhomogeneity
and anisotropy, and proceed with the data analysis assuming that the results pertain
to the homogeneous and isotropic ow. The second, which is advocated all along this
review, is to take the anisotropy explicitly into account, to carefully decompose the
relevant statistical objects into their isotropic and anisotropic contributions, and assess
the degree of universality of each component separately.
As a demonstration of the utility of our approach we will review brie y our analysis
of direct numerical simulations of a channel ow with Re ≈ 70 [22–24]. This ow has
a mean shear, and the analysis revealed the importance of contributions belonging to
the anisotropic sectors. After proper decomposition in the SO(3) sectors we found that
even for this relatively low value of Re, in each sector one nds respectable scaling
behaviour that is masked altogether by a sum of scaling contributions without the SO(3)
decomposition. The exponents found at this low values of the Reynolds number for the
‘=0 (isotropic) sector are in excellent agreement with high Re results; these exponents
are invariant to the position in the inhomogeneous ow, leading to reinterpretation
of recent ndings of position dependence as resulting from the intervention of the
anisotropic sectors. The latter have nonuniversal weights that depend on the position in
the ow. In the anisotropic sectors we nd scaling exponents that appear universal and
in agreement with our analysis of experimental data taken in the atmospheric boundary
layers. We will now brie y describe the method of analysis and later summarize the
present knowledge concerning the exponents in the various sectors of the symmetry
group.
4.1. Analysis of simulations
We consider here channel ow simulations on a grid of 256 points in the stream-wise
direction x̂, and (128 × 128) in the other two directions, ŷ; z.
ˆ We denote by zˆ the
direction perpendicular to the walls and by ŷ the span-wise direction in planes parallel
to the walls. We employ periodic boundary conditions in the span-wise and stream-wise
directions and no-slip boundary conditions on the walls. The Reynolds number based
on the Taylor scale is Re ≈ 70 in the center of the channel (z = 64). The simulation is
fully symmetric with respect to the central plane. The ow correctly develops a mean
pro le in the stream-wise direction which depends only on the distance from the wall,
Ux (z). The mean pro le shows the three typical regimes: a laminar linear mean pro le
inside the viscous sublayers, a logarithmic pro le for intermediate distances and nally
a parabolic mean pro le in the core of the channel. For more details on the averaged
quantities and on the numerical code the reader is referred to Refs. [22,24].
Previous analysis of the same data-base [22] as well as of other DNS [25] and
experimental data [26,27] in anisotropic ows found that the scaling properties of
energy spectra, energy co-spectra and of longitudinal structure functions exhibit strong
dependence on the local degree of anisotropy. For example, in Ref. [23] the authors
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studied the longitudinal structure functions at xed distances from the walls
S (p) (R; z) ≡ h(vx (x + R; y; z) − vx (x; y; z))p i ;

(4.1)

where h· · ·i denotes a spatial average on a plane at a xed height z, 1 ¡ z ¡ 64. For
this set of observables they found that: (i) These structure functions did not exhibit
clear scaling behavior as a function of the distance R. Consequently, one needed to
resort to extended-self-similarity (ESS]) [28] in order to extract a set of relative scaling
exponents ˆp ≡ p =3 ; (ii) the relative exponents, ˆp depended strongly on the height
z. Moreover, only at the center of the channel and very close to the walls the error
bars on the relative scaling exponents extracted by using ESS were small enough to
claim the very existence of scaling behavior in any sense. Similarly, an experimental
analysis of a turbulent ow behind a cylinder [26] showed a strong dependence of
the relative scaling exponents on the position behind the cylinder for not too big
distances from the obstacle, i.e. where anisotropic e ects may still be relevant in a
wide range of scales. In the following we present an interpretation of the variations
in the scaling exponents observed in nonisotropic and nonhomogeneous ows upon
changing the position in which the analysis is performed. In particular, we will show
that decomposing the statistical objects into their di erent (j; m) sectors rationalizes the
ndings, i.e. scaling exponents in given (j; m) sector appear quite independent of the
spatial location; only the amplitudes of the SO(3) decomposition depend strongly on the
spatial location. These ndings, if con rmed by other independent measurements, would
suggest that the apparent dependence of scaling exponents for longitudinal structure
functions on the location in a non-homogeneous ow results from of a superposition of
power laws each of which is characterized by its own universal scaling exponent. The
amplitudes of the various contributions may depend on the local degree of anisotropy
and nonhomogeneity.
Our method of analysis is quite simple. We start by a direct measurement of the
longitudinal structure functions
Sp (r c ; R) = h[(u(rc + R) − u(rc − R)) · R̂]p i :

(4.2)

Note that the two velocity elds are measured at the extremes of the diameter of a
sphere of radius R centered at r c . Due to the inhomogeneity this function depends
explicitly on r c . Due to the anisotropy, the function depends on the orientation of the
separation vector 2R as well as on its magnitude. The average must be taken over
di erent time frames. Typically, we have used 160 time frames for such an average.
The time frames are separated by about one eddy turn over time. In each time frame
we also improved the statistics by averaging over one fourth of the total number of
spatial points in the plane at xed z, invoking the homogeneity in the span-wise and
stream-wise directions, x̂; ŷ. Thus we have nally about 1 × 106 contributions to each
average.
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Having computed Sp (rc ; R) we decompose it into the irreducible representations of
the SO(3) symmetry group according to:
X
Sp;‘; m (r c ; |R|)Y‘; m (R̂) :
(4.3)
Sp (r c ; R) =
‘; m

We expect that when scaling behavior sets in (presumably at high enough Re) we
should nd:
(‘)

Sp;‘; m (rc ; |R|) ∼ a‘; m (rc )|R|p :

(4.4)
p(‘)

to be independent of m,
In other words, we expect [1] the scaling exponent
as was shown explicitly for the passive scalar and passive vector examples treated
above.
In Fig. 1 we show (i) the log–log plot of the raw structure function (4.2) with p = 4
measured on the central plane with the vector R in the streamwise direction, R = Rx̂,
and (ii) the fully isotropic sector S4;0 0 (rc ; |R|) with the average in (4.2) taken on the
sphere centered on the central plane rzc = 64.
It appears that already at this fairly low Reynolds number, the ‘ = 0 sector shows
decent scaling behavior as a function of R. This is in marked contrast with the raw
structure function for which no scaling behavior is detectable (× symbols in Fig. 1). For
the raw quantity, the method of “extended-self-similarity” (ESS) [28] is unavoidable
if one wants to extract any kind of apparent scaling exponent. In our analysis we
found similar results also for higher order structure functions. The scaling behavior is
improved dramatically for the components and it can be seen even without ESS.
The second point we would like to stress is the apparent invariance of the scaling
exponents belonging to the same (j; m) sector with respect to changing the spatial
location in the ow. To study this issue quantitatively we resort to ESS, and examine
the relative scaling of, say, structure functions of order n with respect to the structure
function of order 2 for n = 3; 4 : : : . The ESS method is applied in each (‘; m) sector
separately.
In Fig. 2 we show two typical ESS plots for longitudinal structure functions of order
4 vs. longitudinal structure functions of order 2 both at the center z = 64 and at z = 32
in the sector ‘ = 0. Also, in the inset the quality of the scaling can be appreciated by
looking at the logarithmic local slopes of log(S4;0 0 (rc ; |R|)) vs. log(S2;0 0 (rc ; |R|)) as a
function of R for the same two di erent central positions of the sphere: at the center
of the channel (rzc = 64) and at one quarter of the total channel height (rzc = 32). The
two curves give the same global relative scaling exponent. We compute the scaling
exponents by numerical di erentiation and tting; the best ts for the relative scaling
(0)
exponents in the sector (‘ = 0) give ˆ (z = 64) ≡ (0) (z = 64)=(0) (z = 64) = 1:84 ± 0:05
4

4

2

(0)
at the center and ˆ4 (z = 32) = 1:82 ± 0:04 at rzc = 32. This result is remarkable and
together with the experimental result of Ref. [2] it provides strong evidence for the
universality of scaling exponent as de ned in distinct (‘; m) sectors. We recall that
the accepted value of this relative exponent in high-Re experiments is 4 =2 ≈ 1:82 ±
0:02.
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Similarly, but a ected from larger error bars, one recovers the same invariance with
(0)
(0)
respect to higher-order moments. For instance, we measure ˆ (z = 64) ∼ ˆ (z =
6

6

32) = 2:5 ± 0:1. As for relative scaling exponents of higher j sectors, the scaling
is less clean and therefore we may only quote qualitative estimates. As an example,
for relative scaling exponents of the (j = 2; m = 2) and (j = 2; m = 0) sectors we
(2; 0)
(2; 0)
(2; 2)
have ˆ (z = 64) = 1:1 ± 0:1, ˆ (z = 32) = 1:15 ± 0:1, ˆ (z = 64) = 1:3 ± 0:1,
4

4

4

(2; 2)
ˆ4 (z = 32) = 1: ± 0:1.
To underline the quantitative improvement resulting from the application of the
SO(3) decomposition we show in Fig. 3 the logarithmic local slopes of the raw structure functions S4 (rzc ; Rx̂) vs. S2 (rzc ; Rx̂) at rzc = 64 and at rzc = 32. Also the logarithmic
local slopes of the projection on the ‘ = 0 sector at the same two distances from
the walls are presented. As is evident, the raw structure function at the center of the
channel and the two j = 0 projections are in good agreement with the high Reynolds
numbers estimate (4)=(2) = 1:82 while a clearly spurious departure is seen for the
raw structure functions at rcz = 32.
Finally, we discuss brie y the determination of the scaling exponents associated with
higher ‘ sectors.
In Fig. 4 we show the log–log plot of S2;‘; m (r c ; |R|) vs. |R| for (‘ = 2; m = 2) at the
center of the channel, and for (‘ = 2; m = 2) and (‘ = 2; m = 0) at rzc = 32, superimposed
with the straight line with slope 43 . The agreement is quite good. Considering the
relatively low Reynolds numbers and the fact that the projections on the di erent
sectors depend on the nonuniversal prefactors a‘; m in decomposition (4.4), we think
that together with the experimental result reported in Refs. [2,4] the present nding
gives strong support to the view that the scaling exponents in the ‘ = 2 sector are
universal (Figs. 5 and 6).

4.2. Summary of what is known about the anisotropic sectors in hydrodynamic
turbulence
For the sake of the interested reader we summarize here what, we believe, is known
at present about the scaling exponents in the higher sectors of the symmetry group in
hydrodynamic turbulence.
We believe that one can quote, with relative con dence, numerical values of the
scaling exponents of the second order correlation function for j = 0; 1 and 2. The
best current estimates are 2(0) ≈ 0:69, 2(1) ≈ 1:0, 2(2) ≈ 1:35. These values can be
understood (disregarding the relatively small intermittency corrections) on the level of
dimensional analysis (which predicts 23 , 1 and 43 , respectively) as has been argued in
Ref. [4].
Another point that can be readily stated with con dence is that the e ects or the
anisotropic contributions increase in importance with the order of the structure function.
In numerical simulations in which we can project onto any irreducible representation,
we can measure the relative weight of the isotropic j = 0 contribution relative to all the
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Fig. 3. Log-log plot of the isotropic sector of the fourth-order structure function S4;0 0 , vs. R at the center of
the channel rzc = 64 (+). The data represented by (×) correspond to the raw longitudinal structure function,
S4 (rzc =64; Rx)
ˆ averaged over the central plane only. The dashed line corresponds to the intermittent isotropic
(0)
high Reynolds numbers exponents 4 = 1:28.

rest. This relative weight goes down rapidly with the order of the structure function.
This nding indicates that for any quantitative determination of n for high values of
n one cannot avoid taking into account the e ects of anisotropy.

5. Summary and discussion
The picture that emerges from all the examples dealt with so far is that, compared to
the isotropic sector, all the higher order sectors are characterized by scaling exponents
that are larger. In the cases of passive scalar and passive vector, the spectrum is strictly
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Fig. 4. Isotropic sector: ESS plot of logS4;0 0 vs. logS2;0 0 at the center, rzc = 64, (bottom curve) and at rzc = 31
(top curve), the straight lines are the best ts with slope 1:82. Inset: local slope of logS4;0 0 , vs. logS2;0 0
as a function of R, for two di erent locations in the channel: (+) center of the channel rzc = 64, (×) one
quarter of the total height rzc = 32. The local slopes are very close. For comparison we have also plotted a
horizontal curve corresponding to the accepted anomalous high Reynolds number value, 4 =2 = 1:82.

increasing for all values of ‘. In hydrodynamic turbulence this is not known and may
not be so, but still the exponents in sectors with ‘ ¿ 0 are larger than the fundamental
exponent in the isotropic sector which for the second-order structure function is about
0.69. If this is so, it may explain the decay of anisotropy at small scales for high Re
ows. In the limit Re → ∞ we expect scaling behavior at very small values of R=L
with L being the outer scale. At such small scales only the smallest exponent survives,
and this is how the alleged universality of the small scales is achieved.
Nevertheless, one needs to understand that the e ects of anisotropy on some quantities may persist for arbitrarily small scales and arbitrarily high Re. Any quantity that
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Fig. 5. Logarithmic local slopes of the ESS plot of raw structure function of order 4 versus raw structure
z
z
z
function of order
 2 at rc = 64 (×), at rc = 32 (?) and of the j = 0 projection centered at rc = 64 (+), and
at rcz = 32
. Also two horizontal lines corresponding to the high Reynolds number limit, 1:82, and to the
K41 nonintermittent value, 2, are shown.

possesses a j = 0 component will be dominated eventually by an isotropic scaling behavior. But quantities that do not have a j = 0 may exhibit anisotropic behaviour on all
scales. For example, in hydrodynamic turbulence odd transverse structure function must
vanish in the isotropic sector. Nevertheless, they do have contributions corresponding
to ‘ 6= 0. Evidently, their decay with scales will be determined by exponents of ‘ 6= 0,
and they will never be dominated by isotropic scaling behaviour, no matter how small
the scale is or how large the Reynolds number is. Thus, one expects that there will be
lingering e ects of the anisotropic forcing on arbitrarily small scales. It is important
and worthwhile to understand this further.
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(2)

Fig. 6. Log–log plot of S2;2 2 (?); S2;2 0 (×) as functions of R at rzc = 32 and of S2; 2 as a function of R (+)
(2)

at the center, rzc = 64. The straight line corresponds to the expectation of dimensional analysis: 2 = 43 .
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Appendix A. Construction of constant tensors belonging to irreducible representations
of SO(3)
The construction of constant tensors which transform according to the (‘; m) sector
of SO(3) under rotations, is usually done using the Young tableaux machinery [19].
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However, for practical and calculational reasons, we o er a much simpler and straightforward technique. The key point is to take an object that readily transforms according to the (‘; m) sector, (i.e., the spherical harmonic Y‘; m (û)), and to turn it
into a constant tensor using isotropic operations. By isotropic operations we mean
contraction=multiplication with x ; @ ;  . The isotropy of these operations ensures that
the resulting object will have the same transformation rules under rotation as the original one, therefore belongs to the (‘; m) sector of the SO(3) group. A detailed review
of this technique is found in Ref. [1].
Consider the constant tensor
1 ; :::; 2n
1
2n 2n
B‘m;
2n ≡ @ · · · @ u Y‘m (û);

‘62n :

(A.1)

1 ; :::; 2n
is a completely symmetric, constant tensor (does not depend
By de nition, B‘m;
2n
on û). In addition, it transforms under rotations according to the (‘; m) sector for it is
composed out of Y‘m (û) and isotropic operations. Furthermore, it can be argued that
up to an overall constant it is the only completely symmetric tensor in the (‘; m) sector
(a di erent tensor would imply a di erent spherical harmonic, with the same (l; m),
which is impossible).
The calculations presented in the text are simpli ed by the use of two identities.
The rst one is



1 2

1 ; :::; 2n
3 ; :::; 2n
B‘m;
2n = z2n; ‘ B‘m; 2n−2 ;

(A.2)

z2n; ‘ = [2n(2n + 1) − ‘(‘ + 1)] ;

(A.3)
1 ; :::; 2n

which is derived by noting that the contraction of  1 2 with B‘m; 2n gives a Laplacian
1 ; :::; 2n
that acts on the spherical harmonic in the de nition of B‘m;
2n , and hence the factor
z2n; ‘ . The second one is
X
{ }; m6=i; j
1 ; :::; 2n
 i j B‘m;m2n−2 = B‘m;
‘62n − 2 :
(A.4)
2n ;
i6=j

This identity is proved by writing u2n in (A.1) as u2 u2n−2 , and operating with the
derivative on u2 . The term obtained as u2 @ 1 : : : @ 2n u2n−2 Y‘m (û) vanishes because we
have 2n derivatives on a polynomial of degree 2n − 2.
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