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We summarize recent experiments on thermal counterflow turbulence in superfluid 4He, emphasizing the
observation of turbulence in the normal fluid and its effect on the decay process when the heat flux is turned
off. We argue that what is observed as turbulence in the normal fluid is a novel form of coupled turbulence in
the superfluid and normal components, with injection of energy on the scales of both the (large) channel
width and the (small) spacing between quantized vortices. Although an understanding of this coupled turbulence remains challenging, a theory of its decay is developed which accounts for the experimental observations.
DOI: 10.1134/S0021364016100064

Turbulence in the superfluid 4He has attracted
much recent interest [1]. Such a superfluid exhibits
two-fluid behavior, a normal viscous fluid (composed
of thermal excitations) coexisting with an inviscid
superfluid component, the flow of which must be irrotational; rotational motion is possible in a simply-connected volume only with the formation of topological
defects in the form of vortex lines, each of which carries a circulation of κ = ℏ/m, where ℏ is Planck’s constant and m is the mass of a helium atom. Turbulence
in the superfluid component must therefore take the
form of a tangle of vortex lines. Turbulence can also
occur in the normal fluid, where it is similar to that in
a classical fluid, except for the possible presence of a
force of mutual friction between the two fluids arising
from the scattering of thermal excitations by the vortex
lines. Because it is dominated by quantum effects, turbulence in a super-fluid is referred to as quantum turbulence. Such turbulence brings to light new and theoretically challenging problems, unknown in its classical counterpart.
This letter is concerned with a particular type of
quantum turbulence: that generated by a forced relative motion of the two fluids, such as exists in a heat
current; the superfluid component moves towards the
source of heat, while the normal fluid, carrying thermal energy, moves away from it, with no net mass
flow.
1 The article is published in the original.

That this counterf low can generate turbulence in
the superf luid component has long been known [2]
and understood [3]. The vortex lines lead to mutual
friction, which is observed as an increase in the
attenuation of second sound. The mutual friction can
lead to the expansion of vortex loops, and reconnections can then lead to a self-sustaining turbulence in
the superf luid component. The observation that the
vortex-line density (length of line per unit volume)
was related to the relative velocity between the two
fluids by
(1)
L ≅ γ 2(v s − v n ) 2,
was easily understood. Important refinements of this
early theory followed (e.g., [4]), but it was always
assumed that the flow was spatially uniform and that
the flow of the normal fluid remained laminar, in spite
of the fact that experiments always related to flow in a
channel of finite cross-section. According to these
theories the turbulence in the superfluid component
takes the form of a random tangle of vortex lines, so
that there is little turbulent energy on length scales significantly larger than the spacing,  = 1 / L , between
vortex lines. Polarization of these lines, leading to the
existence of turbulent energy on larger scales, is
absent.
However, the suspicion has long existed that this is
not the whole story. It seemed likely that flow of the
normal fluid would not remain laminar [5, 6], and the
observed decay of L was quite different from that pre-
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Fig. 1. (Color online) Observed decays of the vortex line
density for different values of the heat flux in the steady
state at 1.65 K [10]; the lines show our theoretical predictions.

dicted [2, 7]. In this letter we shall first review, or
report for the first time, very recent experimental
results that throw light on these problems, and then
present a simple theoretical model that accounts for
the form of the observed decays.
The development of metastable He2 excimer molecules as tracers of the motion of the normal fluid [8, 9]
has shown that transitions to turbulence in the normal
fluid do occur. Heat flow in a channel of square crosssection (D = 10 mm) displays three regimes of normal
fluid flow: laminar with a parabolic velocity profile for
heat fluxes W < Wc1; still laminar but with a distorted
velocity profile for Wc1 < W < Wc2; and turbulent for
W > Wc2. At T = 1.65 K Wc1 ~ 30 mW cm–2, and Wc2 ≈
60–65 mW cm–2 [10]. The second order structure
function for the turbulent normal fluid indicates an
energy spectrum associated with components of the
fluid velocity parallel to W that is proportional to k–2,
for k not too close to 2π/D or to 2π/ℓ; the turbulence
exists therefore on large scales, but differs from the
Kolmogorov form.
In discussing decays, we note first that the decay
with time of a random vortex tangle in the absence of
any mean flow is predicted to obey the equation [2, 3,
11]

dL / dt = −L2 / τ1,

so that

L = 1/(1 + t / τ1),

(2)

where L = L(t )/ L(0) , χ2 ~ 1 is the dimensionless
parameter, and τ1 = 2π/χ2κL(0). The forms of decay
that are usually observed are shown as the two upper
sets of experimental points in Fig. 1. These observations [10] relate to the channel used for the visualization, but similar decays have been observed in other
wide channels, most recently by Babuin et al. [12]. The
observed decays may obey Eq. (2) at very short times,
JETP LETTERS

Vol. 103

No. 10

2016

649

Fig. 2. (Color online) Decays at T = 1.65 K observed by
visualization. The upper graph shows how the rms velocity
fluctuations in the turbulent normal fluid decay with time.
The lower graph shows the time dependence of the index n
in the second order transverse structure function, S2(r) ~
rn. The corresponding energy spectra have the form E(k) ~
k–x, x = n + 1 [20].

although the distorting effect of the thermal RC time
constant, referred to later, makes it hard to be sure; but
subsequently there is a “bump,” followed by a t–3/2
regime. That the late decay goes as t–3/2 was first recognized by Skrbek et al. [7], who realized that it indicated a quasi-classical decay of coupled turbulence in
the two fluids, when the largest eddy size is limited by
the size of the channel, a type of decay that was studied
in quantum grid turbulence [13–15]. It was not clear
how such large-scale turbulence might be generated.
Various explanations of the bump have not been convincing [11, 16–19]. Recently it was realized that all
these anomalous decays related to steady-state heat
fluxes greater than Wc2; the consequent suspicion that
such decays might be associated with a turbulent normal fluid in the steady state led Gao et al. [10] to study
decays from steady-state heat currents less than Wc2.
An example of such a decay is shown for a heat flux of
50 mW cm–2 in Fig. 1. We see that this result is consistent with Eq. (2), confirming that the anomalous
decays are indeed associated with steady states in
which there is large-scale turbulence in the normal
fluid. The appearance of large-scale turbulence during
the decay is then no longer mysterious; it is already
present in the steady state.

Visualization of the normal fluid with He2 excimer
molecules is possible not only in the steady state but
also during the decay [10]. Figure 2 shows two results
obtained at 1.65 K; they are similar to the published
results at 1.83 K [8]. The upper graph shows how the
intensity of the turbulence (rms velocity fluctuation)
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decays in time.2 The lower graph relates to the change
with time of the turbulent energy spectrum E(k) ∝
k‒n – 1, and it shows how n changes gradually from
unity to 2/3, corresponding to a gradual change to a
Kolmogorov-41 spectrum [20], thus confirming that
the observed t–3/2 decay in line density is due to the
onset of this spectrum. This change occurs more rapidly as the steady-state heat flux is increased.
Immediately after the heater is turned off, the heat
flux decays in a time determined by a RC time constant formed from the product of the thermal resistance and thermal capacity of the helium [2, 21]; this
has a serious effect only for the highest heat fluxes, as
we shall see later. In a very short time after this thermal
decay, motion of the two fluids becomes completely
coupled by mutual friction on scales larger than ℓ [14].
If the large-scale turbulence in the steady state were to
involve the normal fluid only, we would expect the rms
turbulent velocity to fall by a factor ρn/ρ (~0.2 at
1.65 K), where ρn and ρ are the densities of the normal
fluid and the whole fluid respectively. It is evident
from Fig. 2 that in reality the fall at short times is by a
factor of not less than about 0.8. Thus even in the
steady state the large-scale turbulent motion observed
in the normal fluid must involve to a large extent the
coupled motion of both fluids; reference to simply
normal-fluid turbulence is misleading.
We turn now to a theoretical discussion. We begin
by commenting on the steady state, which is very interesting, but which remains hard to understand in detail.
However, we shall show that, given the experimental
observations about the steady state, a plausible explanation of the mysterious decay process can be developed.
In classical high Reynolds number (Re) homogeneous turbulence, turbulent energy is injected at a
large length scale and flows at a rate ϵ in a Richardson
cascade to smaller and smaller scales until it is dissipated by viscosity in eddies for which Re ≃ 1; the inertial (energy-conserving) range has an energy spectrum
of approximately the Kolmogorov-41 form [20]

E (k ) = C e 2 /3k −5/3.

(3)

In steady-state counterflow turbulence, energy is
always injected on the scale, ℓ, by the mechanism
identified by Schwarz [3]. For heat fluxes exceeding
Wc2, energy must be injected also at a large scale; this
large scale must be the width, D, of the channel, since
this is the only large scale in the problem. Energy
injected at the scale ℓ is confined, mostly, to the superfluid component and is dissipated on a similar scale by
mutual friction; it gives rise to a “quantum peak” in
the energy spectrum at k ≳ 2π/ℓ. Energy injected at
scale D must involve to a large degree both fluids, as
2 This

measurement relates only to components of the velocity
parallel to the original heat flux; if the turbulence is isotropic,
the total mean square velocity fluctuation is a factor of 3 larger.

we have shown, and experiment tells us that it gives
rise to a second component of the energy spectrum
E2(k) ∝ k–2. This energy will flow in a cascade to
smaller scales, but this flow will not be free from dissipation, as we now explain.
In the absence of a steady counterflow, energy
injected at D ≫ ℓ, will, because of coupling by mutual
friction, be divided between the two fluids in such a
way that the two velocity fields are essentially identical. There will be a quasi-classical, inertial range, until
either viscous dissipation occurs in the normal component or quantum-dominated flow of the superfluid
component on the scale ℓ leads to a breakdown of the
coupling and so to dissipation by mutual friction (in
practice both processes set in on a scale of order ℓ)
(see, e.g., [14]). In counterflow, coupling on all length
scales must, to some extent, break down, because similar eddies in the two components are continually
pulled apart, and this leads to dissipation on all length
scales. This effect was mentioned in [22], which
referred to unpublished calculations with toy eddies
that indicated that the corresponding dissipation
would decrease with increasing size of eddy. Recent
theory [23] extends and confirms this conclusion.
The quantitative effect of dissipation by mutual
friction on all length scales can be seen as follows. If we
write an energy spectrum (3) in the form

E (k ) = C[e(k )]2 / 3 k −5/3,

(4)

we can interpret ϵ(k) as a k-dependent energy flux.
Although we do not yet understand why the observed
steady-state spectrum goes as k–2, we see that such a
spectrum implies that ϵ(k) ∝ k–1/2, so that the energy
flux reaching the scale ℓ, instead of being equal to the
energy input at k ~ 2π/D, as in an inertial regime, has
fallen by a factor (ℓ/D)1/2, which is in practice significantly less than unity.
Very soon after the heat current is switched off, the
two fluids become more strongly coupled on scales
larger than ℓ, and dissipation ceases on these large
scales. This establishment of strong coupling has little
immediate effect on the energy spectrum of the largescale turbulence, as we see in Fig. 2. However, there is
a gradual evolution to a Kolmogorov-41 spectrum in a
time that we expect to be of order the turnover time of
the largest eddies, as can be verified by studying the
evolution with the Leith differential equation [24] or
with the Sabrashell model of superfluid turbulence
[25]. The observed evolution of the spectrum shown in
Fig. 2 for two values of the steady-state heat flux is
consistent with this expectation. As long as the k–2
spectrum persists the flux of energy from large scales
to the scale ℓ remains small. As the Kolmogorov spectrum becomes established, the flux of energy into
scales of order ℓ rises to a value equal to ϵ(2π/D),
which can, according to Kolmogorov scaling, be estimated as U3/2D, where U is the velocity characteristic
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of the largest (coupled) eddies. We see that U must
decay with time according to the equation

dU 2 / dt = −U 3 / D,

(5)

so that

U (0)
(6)
, and τ 2 = 2D ,
U (0)
(1 + t / τ 2 )
is the initial turnover time of the largest eddies. Thus,
the energy flux into a scale approaching ℓ is
U (t ) =

[U (0)]3 F (t )
(7)
,
2D(1 + t / τ 2 )3
where the function F(t) rises smoothly from essentially
zero to unity as t increases through the value D/U(0).
The energy in the quantum peak arising from
motion in the superfluid component is
e 2(t ) =

E Q = (ρ s / ρ)κ 2Λ L,

(8)

per unit mass of helium, where Λ = (1/4π) ln(/ ξ),
and ξ is the vortex core parameter. This energy is being
dissipated by mutual friction at a rate that is easily
derived from Eq. (2). At the same time there is an
input of energy to EQ from decay of the large scale
eddies, given by βe 2(t ),where the factor β allows for
the fact that, strictly speaking, some of the energy flux
ϵ2(t) is dissipated in the normal fluid on scales ≳ℓ. It
follows that

dL = − ν′ (κL(0)τ 2 )  2
L
κ
Λ
dt
2
βρ U (0)
−3
+
(
)(1 + t) F (t),
ρ s κ 2Λ L(0)

(9)

where t = t / τ 2 , and ν′ = χ 2 κΛ /2π can be shown to be
the effective kinematic viscosity that governs dissipation on the scale ℓ in quantum turbulence [10].
A discussion of the precise form of F(t) is outside
the scope of this paper. The results are not very sensitive to this precise form, provided that it serves in
effect to delay the transfer of energy from scale D to
scale ℓ by a time equal to the turnover time D/U(0). We
shall put
(10)
F (t) = [1 − exp(− 2t)]2,
a form that has the required property. We shall put
Λ = 1, which is good enough for our purposes. A rigorous evaluation of β requires a more detailed theory
than is presently available, and we shall therefore follow [14] and put β = ρ s / ρ . Equation (9) can then be
solved by numerical integration.
To compare the results with experiment we need
values of L(0), U(0), and ν′/ κ . L(0) is taken directly
from experiment, U(0) is obtained from the observed
fluctuations in the fluid velocity, and ν′/ κ = 0.48 has
been obtained by equating the directly measured rate
JETP LETTERS

Vol. 103

No. 10

2016

651

of decay of the total turbulent energy to ν′κ 2L2 [10].
With the suggested form of F(t) the predicted decay
L(t) is then obtained without adjustable parameters
and compared with experiment in Fig. 1.
We see that for a steady-state heat flux of
150 mW cm–2 the agreement is satisfactory, especially
in view of the simplicity of the model. We find similar
agreement for other relatively small steady-state heat
fluxes and at other temperatures. For the larger heat
flux of 426 mW cm–2 the predicted bump appears at a
little too early a time, and, more seriously, the predicted line densities at times less than 100 ms are too
small.
However, these discrepancies can be attributed to
an effect mentioned earlier: that the heat flux in the
experimental channel does not fall to zero immediately after the heater is turned off, but decays in a time
given by an effective thermal RC time constant. Thus,
the L(t) decay is effectively delayed by this time constant. In the present context, this effect is serious only
at the largest heat flux, where the (non-linear) thermal
resistivity is highest, and we are confident that it is
responsible for the discrepancies to which we have
drawn attention. For quantitative comparison of our
theory with experiment, we have used only the recent
measurements of Gao et al. [10], because it is only for
these measurements that we have corresponding visualization data.
No bump is predicted if the factor F(t) is omitted;
the decay is then monotonic and changes smoothly
from the form predicted by Eq. (2) to the form t–3/2 as
the decay proceeds. This situation would obtain if the
large-scale turbulence were to have a Kolmogorov
energy spectrum at all times; initially the decay would
then obey Eq. (2) because the line density would at
first be larger than is necessary to dissipate the flux of
energy in the Richardson cascade. We see then that the
physical origin of the bump lies in the fact that energy
from the decaying large-scale eddies reaches the dissipation scale of order ℓ at a time that is delayed,
through the factor F(t), by the turnover time of the
large-scale eddies. The time at which the bump
appears is therefore determined by this turnover time,
and this leads to the bump appearing at a time that
decreases with increasing steady-state heat flux, as is
observed.
Thermal counterflow is a special case of a more
general type of counterflow in which there is also a net
mass flow. Another special case, in which the mean
velocity of the normal fluid is zero, has been studied by
Babuin et al. [12, 26]. For a given relative velocity,
v s − v n , the vortex line density in the steady state is
hardly changed. Furthermore, within the range of initial velocities that was studied, the decays still exhibited the forms of Eq. (2) and t–3/2 at small and large
times, respectively, but the bump was absent except at
the largest initial rates of flow and was replaced by only
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a mild point of inflexion. No visualization is yet available for this type of flow, but the observations can be
accounted for within the framework of our theory, if
we assume that the large-scale turbulence is still present, but is much weaker than it is in the case of thermal
counterflow.
In summary, we have outlined the results of recent
important experiments on thermal counterflow turbulence in superfluid 4He, and we have presented a theoretical model that accounts in a reasonably convincing way for the observed decay of this type of quantum
turbulence. We cannot yet account for all aspects of
the steady state, relating particularly to the generation
and characteristics of large-scale turbulence, leaving
us with challenging problems for the future. However,
our model for the decay does serve to solve the longstanding problem presented by the anomalous forms
of decay and to illustrate interesting and unique features of an important form of quantum turbulence.
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