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We present novel, to our knowledge, methods for the analytical design and recording of planar holo-
graphic optical elements in thick materials. The recording of each planar holographic element is done
by interference of two aspherical waves that are derived from appropriately designed computer-generated
holograms such that the element has the desired grating function for minimizing aberrations and closely
fulfills the Bragg condition over its entire area. The design and recording methods are described, along
with calculated results of representative elements. © 1998 Optical Society of America
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1. Introduction

In recent years much effort has been directed to-
ward miniaturization of optical systems to dimen-
sions comparable with those that use electronics.1–4

One promising approach involves planar optics
configurations.5–8 A general planar configuration
comprises a planar transparent substrate that has
several holographic optical elements ~HOE’s! on ei-
ther one or both sides of the substrate. The holo-
graphic elements can function as conventional optical
elements such as lenses, beam splitters, polarizers,
and mirrors. The light between the HOE’s propa-
gates inside the substrate and exploits either total
internal reflection or reflective coatings on the sub-
strate surfaces. The alignment of several HOE’s
that are integrated on one substrate can be done with
relatively high accuracy during the fabrication stage.
The final planar configuration is rigid, and there is no
need for further alignment of the individual HOE’s,
as is usually necessary with free-space optical config-
urations.

There are two main approaches to recording HOE’s
upon planar substrates. One involves direct record-
ing and lithographic techniques, and the other, holo-
graphic interferometric recording. With direct
recording and lithographic techniques a computer-
generated mask is transferred to form elements as
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surface-relief gratings that can perform almost any
arbitrary wave-front transformations. Unfortu-
nately, for planar configurations the required grating
period of the relief grating is quite small. For exam-
ple, grating period L, which couples a normally inci-
dent wave into a transparent substrate so that the
diffracted beam will be trapped inside the substrate
by total internal reflection, is L 5 ly~n sin u!, where
l is the wavelength of the incident wave, n is the
index of refraction of the substrate, and u is the dif-
fraction angle inside the substrate. When u is equal
to the critical angle of the substrate, then L 5 l,
which leads to a grating with line widths of the order
of ly2. As a result, for visible radiation only grat-
ings that have binary profiles can be recorded by
currently available methods for electron-beam direct
writing. Such gratings have a relatively low diffrac-
tion efficiency, typically below 50%.

One way to improve the diffraction efficiency is to
design planar elements with a moderate off-axis an-
gle inside the substrate ~10°! so the needed gratings
have periods of the order of 4l. Such gratings can be
recorded with multilevel lithography to yield blazed
profiles, thereby improving the diffraction efficiency
significantly ~more than 90% for eight levels! over a
relatively wide range of incident angles. When such
planar elements are used the substrate surfaces must
be coated with reflective materials to trap the light
inside the substrate. Unfortunately, the reflective
materials are lossy, so after the many internal reflec-
tions the overall light efficiency is again relatively
low.

For planar optical configurations in which the ele-
ments are recorded as surface-profile gratings we
must impose certain geometrical conditions to ensure
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that undesirable interaction between internally re-
flected rays and the planar elements does not occur.
Specifically, we must choose the proper dimensions
and locations for the planar HOE’s as well as the
proper thicknesses for the substrates. The light
rays that are diffracted by the planar element into
the substrate must propagate a lateral distance that
is greater than the aperture D of the element to avoid
undesired outward diffraction from the same ele-
ment. The ratio between the aperture size of the
planar element and the substrate thickness T is thus
limited by DyT # 2 tan u, where u is greater than the
critical angle.

With holographic recording it is possible to record
volume phase gratings of high spatial frequencies, so
the incident beam will be diffracted into the substrate
with high diffraction efficiency at an internal angle
larger than the critical angle. Here there is no need
for any reflective coatings, so the substrate remains
transparent and there is little, if any, reflection loss.
Moreover, a planar holographic lens in volume phase
materials has a variable grating period, in which the
local Bragg condition varies along the area of the
grating. In such a case, unlike for surface-relief
gratings, the internally propagating light rays will
diffract outward from the substrate only at desired
locations where they satisfy the local Bragg condi-
tions.9

For ensuring that geometric and chromatic aber-
rations are minimized and the diffraction efficiencies
are maximized, several optimization design methods
for the grating function of HOE’s were developed,
both for low diffraction angles10 as well as for HOE’s
with high diffraction angles.11 In all these methods
it is usually necessary to resort to aspherical wave
fronts to record the desired grating functions. Such
wave fronts can be derived from interim holograms
designed in accordance with a recursive design tech-
nique12 as well as from computer-generated holo-
grams ~CGH’s!.13

With the recursive technique the final element is
recorded with predistorted aspherical waves that
originate from interim holograms that were recorded
and read out with either spherical or even predis-
torted aspherical waves. The technique can be ex-
tended to include predistorted waves that will
maximize the diffraction efficiency as well.14 Yet for
practical considerations the number of iterations
must be limited, so the recursive design technique is
usually confined to elements with relatively simple
grating functions.

When the aspherical wave fronts for recording a
HOE are derived from CGH’s,15 it is possible to obtain
more-general grating functions for which the geomet-
ric and chromatic aberrations are minimized. The
diffraction efficiency for such a computer-originated
holographic optical element, however, is typically
rather low. Some attempts to increase the diffrac-
tion efficiency were reported for relatively simple and
specific elements.14

In this paper we present a new design method and
simple configuration for recording generalized
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computer-generated holographic optical elements
that have both minimum aberrations and maximum
diffraction efficiencies. The design method exploits
a design in which the grating vector of the HOE is
optimized and a recording configuration in which the
CGH’s are both on the same substrate. It leads to a
final HOE that has the small grating periods needed
for planar configurations and arbitrary three-
dimensional grating functions. Such characteristics
are difficult, if not impossible, to obtain with the ear-
lier design methods.

2. Design Considerations

The recording configuration of our device, in which
the aspherical wave fronts are derived from two
CGH’s that are on one substrate, is shown in Fig. 1.
When both CGH’s are formed on the same substrate
it is possible to control the distance between them
with great accuracy. This substrate can be aligned
parallel to the final HOE plane so the wave fronts
impinging upon the holographic recording medium
can be controlled accurately. For planar optical el-
ements it is usually required that one of the recording
beams impinge upon the holographic recording me-
dium at a large off-axis angle. For example, if the
required off-axis angle of the reference beam is 60°
and the recording wavelength is 0.5 mm, the grating
period of the CGH is L 5 0.5y~sin 60! 5 0.577 mm.
Consequently, the CGH’s must be recorded with
electron-beam direct writing. With today’s avail-
able technology it is possible to record only binary
gratings with such fringe density. Fortunately, the
diffraction efficiencies of the CGH’s do not influence
the diffraction efficiency of the final element, so the
CGH’s can be recorded as binary gratings, usually a
much simpler procedure.

When one is dealing with HOE’s it is mainly the
phases of the recording waves that establish the rel-
evant diffraction relations, given by

fi~x, y! 5 fc~x, y! 6 fh~x, y!, (1)

Fig. 1. Geometry for recording the final HOE with recording wave
fronts derived from CGH’s.



where fi and fc denote the phases of the diffracted
image and reconstructing waves, respectively, the
plus or minus sign refers to the positive and negative
first diffraction orders from the hologram, and fh
denotes the holographic grating function, given by

fh~x, y! 5 fo~x, y! 2 fr~x, y!, (2)

where fo and fr denote the phases of the object and
the reference recording waves, respectively. Equa-
tion ~1! is the basic holographic equation, indicating
that a HOE acts as a wave-front transforming ele-
ment, i.e., it transforms the incoming wave front fc
into the output wave front fi. Usually, when there
is a range of possible input and output wave fronts
the grating function fh~x, y! must perform the de-
sired transformation with minimum aberrations16–18

by exploitation of some optimization method.12,19,20

Such methods can exploit the fact that fh~x, y! can be
an arbitrary two-dimensional function, so there is an
infinite set of two-dimensional functions fo~x, y! and
fr~x, y! that can generate it.

It is often more convenient to deal with light rays
instead of wave fronts, especially when one is calcu-
lating the diffraction efficiency from volume gratings
by the coupled-wave theory. The normalized prop-
agating vectors, which can be regarded as the direc-
tion cosines of the rays, can be written as

k̂q 5
lp

2p
=fq, (3)

where q 5 o, r, c, i and p 5 o, c, = is the gradient
operator with respect to the spatial coordinates x and
y, lo denotes the recording wavelength, and lc de-
notes the reconstructing wavelength. Equation ~3!
represents a two-dimensional projection of the prop-
agation vector upon a plane perpendicular to the di-
rection of propagation. The grating vector of the
hologram is defined as

kh 5
lo

2p
=fh~x, y! 5

lo

Lx~x, y!
x̂ 1

lo

Ly~x, y!
ŷ, (4)

where Lx~x, y! and Ly~x, y! are the grating spacings in
the x and the y directions, respectively.

When the HOE is recorded in thick materials, kh
has a three-dimensional grating vector distribution.
The lateral two-dimensional distribution influences
the optical wave-front transformation properties of
the HOE, whereas the third dimension z is related to
the mechanism of transferring energy from the inci-
dent wave to the diffracted wave. The grating spac-
ings Lx~x, y! and Ly~x, y! in the x and the y directions
have the forms

Lx~x, y!

5
lo

sin bo~x, y!cos ao~x, y! 2 sin br~x, y!cos ar~x, y!
,

Ly~x, y! 5
lo

sin ao~x, y! 2 sin ar~x, y!
, (5)
where bo and br are the angles between the projection
of the propagating vectors of the object and reference
waves, respectively, on meridional plane ~x, z! and
the z axis, and ao and ar are the angles between the
actual propagation vectors and the meridional plane,
respectively, as illustrated in Fig. 2. The diffraction
relations can now be written as

kxi
5 kxc

6 mkxh
,

kyi
5 kyc

6 mkyh,

kzi
5 6~1 2 kxi

2 2 kyi

2!1y2, (6)

where m 5 lcylo. The sign of kz is determined in
accordance with

sign~kzi
! 5 sign~kzc

!, ~transmission hologram!,

sign~kzi
! 5 2sign~kzc

!, ~reflection hologram!.

To obtain a high diffraction efficiency it is necessary
to satisfy the Bragg condition over the entire area of
the HOE. This is achieved when the three-
dimensional grating vector kh fulfills the condition

kh~x, y! 5 k̂i~x, y! 2 k̂c~x, y! 5
1
m

@k̂o~x, y! 2 k̂r~x, y!#.

(7)

In general, it is difficult to record a HOE that
simultaneously has low aberrations and high dif-
fraction efficiency over its entire area. Specifi-
cally, the aberrations and the image geometry
depend on the two-dimensional grating distribution
across the surface of the holographic element,16–18

whereas the diffraction efficiency is determined by
the three-dimensional grating distribution.9 In
other words, it is difficult to fulfill the condition set
forth in Eq. ~7!, i.e., to obtain a set of conserving
vectors from which we can find realizable phases for
the recording waves, fo and fr. There are two
situations when Eq. ~7! can be easily satisfied:
first, when m 5 1, i.e., there is no wavelength dif-
ference between recording and readout, and second,
when kh is a one-dimensional function, i.e., kh~x!.

In planar optical elements with the usual high off-
axis angle there is one direction in the hologram
plane where the grating spacing is much smaller
than that in the orthogonal direction. Typically, the

Fig. 2. Coordinate system for recording and readout of the HOE.
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off-axis angle is aligned with respect to the x axis, so
Lx , Ly, for example, in planar elements in which the
light is trapped inside the substrate by total internal
reflection, where u is approximately 45°, according to
Eq. ~5!, LxyLy , 0.025. In such elements the angu-
lar and wavelength selectivities because of the Bragg
condition are greater in the x direction than in the y
direction.9 Thus we can exploit the advantage that
kh is almost a one-dimensional function. Accord-
ingly, we develop a design procedure, assuming that
the recording setup is that illustrated in Fig. 1. Our
design method is appropriate for a situation in which
the final desired HOE is recorded as a volume grating
that can have a two-dimensional grating function.
In addition, its readout wavelength might be differ-
ent from that of the recording. Our design proce-
dure has two stages. First, we calculate the phases
of the object and the reference waves at the HOE
plane that form the desired grating function, which
simultaneously nearly fulfills the Bragg condition
over an area as large as possible. Second, we trace
these wave fronts to the CGH’s plane by an ordinary
ray-tracing approach.21

To calculate the needed object and reference waves
we begin with the desired grating function fhd

~x, y! of
the HOE and determine the desired grating vector
khd

~x, y! according to

khd
~x, y! 5

lc

2p
=fhd

~x, y!. (8)

The components of the desired grating vector that ful-
fill the relations for the first ~11! diffraction order are

kxhd
~x, y! 5 kxi

~x, y! 2 kxc
~x, y!,

kyhd
~x, y! 5 kyi

~x, y! 2 kyc
~x, y!,

kzhd
~x, y! 5 @1 2 kxhd

2~x, y! 2 kxhd

2~x, y!#1y2. (9)

Equation ~7! can be solved to yield k̂o and k̂r in the
presence of a wavelength shift when the grating vector
of the HOE is one dimensional. To obtain such a one-
dimensional vector we set kq~x, y! 5 kq~x, y 5 0!,
where q 5 i, c, o, r. Now we let kr~x, y! be

kr~x, y! 5 kr~x, y 5 0!. (10)

Because kr~x, y! depends on only the x coordinate it is
a conserving vector, so we can obtain a unique solu-
tion for frd

~x, y! by using

frd
~x, y! 5

2p

lo * kr~x, y!dx. (11)

Here the integration constant was set arbitrarily to 0.
Then, in accordance with Eq. ~2!, we calculate the
desired phase of the object wave fod

~x, y! as

fod
~x, y! 5 fhd

~x, y! 1 frd
~x, y!. (12)

When the object and reference waves that have the
phases given in Eqs. ~11! and ~12! interfere, the de-
sired grating distribution is obtained, and the Bragg

3034 APPLIED OPTICS y Vol. 37, No. 14 y 10 May 1998
condition is completely fulfilled along the line y 5 0.
The deviation from the Bragg condition over the rest
of the area is quite small because of the reasons men-
tioned above. Finally, these calculated wave fronts
are transferred to the CGH plane by one of the wave-
front transference methods.21

3. Calculated Results

To verify our design we calculated the diffraction
efficiencies of several planar HOE’s that were re-
corded with waves from CGH’s, i.e., computer-
originated HOE’s. These calculations exploited the
analytical coupled-wave theory.9 Initially we con-
sidered a planar holographic lens that operates in the
geometry depicted in Fig. 3. This lens transforms
an on-axis spherical wave that originated from a
point source located at coordinates ~0, 0, z! into an
off-axis plane wave that is trapped inside the sub-
strate by total internal reflection. The grating func-
tion fhd

spherical of the lens has the form

fhd

spherical~x, y! 5 2
2p

lc
@~x2 1 y2 1 z2!1y2 2 nx sin u#,

(13)

where z is the focal distance, n is the substrate’s index
of refraction, and u is the off-axis angle inside the
substrate.

To illustrate our design procedure we chose the
specific example of the spherical grating function
given in Eq. ~13!. To record such a grating function
we must solve Eq. ~7! explicitly to find frd

and fod
.

We begin with a reconstruction spherical wave whose
normalized propagation vectors inside the substrate
are

kxc
5 2

x
n~x2 1 y2 1 z2!1y2 ,

kyc
5 2

y
n~x2 1 y2 1 z2!1y2 ,

kzc
5 ~1 2 kxc

2 2 kyc

2!1y2. (14)

The normalized propagation vectors of the desired
diffracted beam inside the substrate are

kxi
5 sin u,

kyi
5 0,

kzi
5 ~1 2 kxi

2 2 kyi

2!1y2. (15)

Fig. 3. Computer-originated holographic optical element in a pla-
nar configuration.



Now we insert Eqs. ~14! and ~15! into Eq. ~7! and let
kyc

5 kyi
5 0 to calculate ko~x, y 5 0! and kr~x, y 5 0!.

For convenience, let us define

S ; 2m~kxi
2 kxc

!,

C ; 2m~kzi
2 kzc

!. (16)

Thus Eq. ~7! simplifies to a set of two equations with
four coupled variables, given by

kxo
2 kxr

5 S,

kzo
2 kzr

5 C. (17)

Using the relations kzo
5 =1 2 kxo

and kzr
5 =1 2 kxr

and performing some mathematical manipulations
yield

kxr
5

2b 1 Îb2 2 4ac
2a

, (18)

where

a 5 4S2 1 4C2,

b 5 4S3 1 4C2S,

c 5 S4 1 C4 2 4C2 1 2C2S2.

By inserting the result obtained in Eq. ~18! into Eq.
~11! we can find the phase of the reference recording
beam Frd

, and then by using Eq. ~12! we find the
phase of the object recording beam Fod

.
We now design a CGH such that the holographic

lens will be recorded with lo 5 514.5 nm and recon-
structed with lc 5 800 nm, the substrate index of
refraction is n 5 1.5, and the off-axis angle is u 5 45°.
We calculate the diffraction efficiency as a function of
the coordinates x and y, as illustrated in Fig. 4. In
the calculation we assume that the emulsion thick-
ness of the recording material is 10 mm and that the
focal distance z of the lens is 10 mm. The results
indicate that the relative diffraction efficiency is
100% along the line y 5 0, as expected, and it drops
to approximately 95% at the edges. These results

Fig. 4. Calculated diffraction efficiency for a spherical lens that
has a grating function fhd

spherical.
are calculated for an aperture for which the lens has
an f-number of 1.66, which is quite small.

Then we compare the results from two representa-
tive planar holographic cylindrical lenses. The first
has a grating function fhd

cylindrical,x of the form

fhd

cylindrical, x~x, y! 5 2
2p

lc
~Îx2 1 z2 2 nx sin u!. (19)

The second lens has a grating function fhd

cylindrical,y of
the form

fhd

cylindrical, y~x, y! 5 2
2p

lc
~Îy2 1 z2 2 nx sin u!. (20)

The first cylindrical lens transforms an on-axis cylin-
drical wave, emerging from a line source parallel to
the y axis along the line ~0, y, z 5 10!, into an off-axis
plane wave that is coupled inside the substrate by
means of total internal reflection. The second cylin-
drical lens transforms an on-axis cylindrical wave,
emerging from a line source parallel to the x axis
along the line ~x, 0, z 5 10!, into an off-axis plane
wave.

The diffraction efficiencies of the cylindrical lenses
are calculated with the same parameters that were

Fig. 5. Calculated diffraction efficiency for cylindrical lenses that
have grating functions ~a! fhd

cylindrical,x and ~b! fhd
cylindrical,y.
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used for the spherical lens above. The results of
these calculations are presented in Fig. 5. For the
grating function fhd

cylindrical,x, where all the optical
power is in the x direction, the relative diffraction
efficiency is 100% over the entire area of the lens, as
shown in Fig. 5~a!. On the other hand, for the grat-
ing function fhd

cylindrical,y, where the optical power is
only in the y direction, the relative diffraction effi-
ciency is 100% along only the y 5 0 line, and it drops
symmetrically with respect to the y axis to approxi-
mately 95% at the edges, as can be seen from Fig.
5~b!. This is so because the design method requires
that the final grating fulfill exactly the Bragg condi-
tion on the y 5 0 line. Thus, for the first cylindrical
lens whose grating function and grating vector do not
depend on the y coordinate, the Bragg condition is
fulfilled over the entire area, whereas for the second
lens whose grating function and grating vector de-
pend on x and y coordinates, the deviation from the
Bragg condition increases as a function of the dis-
tance from the y axis.

Now we consider a planar holographic imaging lens
whose grating function has the form

fhd

imaging~x, y! 5 2
2p

lc
$~x2 1 y2 1 z2!1y2

2 n@~x 2 xo!
2 1 y2 1 zo

2#1y2%. (21)

This lens transforms an on-axis spherical wave
emerging from a point source located at coordinates
~0, 0, z! into a spherical wave that converges to a
point inside the substrate at coordinates ~xo, 0, zo!.
For the calculations we use xo 5 zo 5 10 mm, so the
off-axis angle of the central diffracted ray is also 45°.
The calculated results of the relative diffraction effi-
ciency as a function of the lens aperture are shown in
Fig. 6. As is evident, the relative diffraction effi-
ciency along the y 5 0 line is 100%, and at the edges
it drops to 98.5%.

4. Concluding Remarks

We have presented a novel method for designing
computer-originated HOE’s that can be recorded with

Fig. 6. Calculated diffraction efficiency for an imaging lens with
a grating function fhd

imaging.
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a wavelength that is different from that used for
readout and still obtain exactly the desired grating
function that closely fulfills the Bragg condition over
the entire area of the HOE. This method is espe-
cially appropriate for recording HOE’s that must op-
erate at a wavelength for which there are no suitable
recording materials. Also, it is appropriate for pla-
nar HOE’s whose spatial frequencies are high and
must be recorded with a wavelength that it is shorter
than that of readout.

The CGH’s from which the recording waves for the
final HOE’s are derived are fabricated with the aid of
electron-beam direct writing and advanced litho-
graphic technology. The CGH for the reference
wave is fabricated as a one-dimensional grating, i.e.,
it contains only straight lines that have high spatial
frequencies. The CGH for the object wave front is
fabricated as a grating with curved lines and rela-
tively low spatial frequencies. Thus one can fabri-
cate CGH’s with relative ease by exploiting current
electron-beam and lithographic technologies.

This project was supported in part by the Israeli
Ministry of Science and Technology.
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