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1 Introduction plates and two dispersive lenses. More recently, Amdre

Optical information-processing and optical computing sys- €t al!#*3%%**developed an AFS having low chromatic ab-
tems benefit from high computational speed and a high de-€rrations with three elements_. Als_o, a general so_Iutlon and a
gree of inherent parallelism. Usually these systems employ SP&cial case for broadband imaging systems with a combi-
monochromatic coherent light sources such as lasers, sdiation of thre_elghspgrswe lenses gas been obtained by Fak-
they suffer from high sensitivity to optical setup noise S and Morris.™ Tajahuerce etdf presented an achro-
(dust, scratches, and fingerprints on optical surfaaed to matic opucal_pro_cessmg architecture wnh_broadband point-
alignment errors of the optical components. The use of Source illumination. Most of these design methods are
polychromatic light for optical signal processing, either Pased on either geometrical optics considerations or
spatially coherent or spatially incoherent, can reduce theseParaxial Fresnel diffraction theory. _
problemst~! Indeed, the use of polychromatic light has N this paper, we propose to design achromatic process-
been effectively exploited in a number of applicatidfi? ~ iNg systems by exploiting the Wigner algebra, namely,
Unfortunately, a basic problem arises with polychromatic Matrix-vector multiplication applied to the coordinates of
light, and that is chromatic dispersidgwavelength depen- ~ the Wigner distribution functiofWDF). The WDF was
dence at the output. introduced into information optics by Bastiadh$>and re-
Several design methods have been proposed to reducé&ently reviewed by Dragoméhand Lohmann et &f?°
the wavelength dependence of various optical processinglancis et af* have applied the WDF to achromatize self-
systems. Some, b¥ Leith and Swansomorris and imaging phenomenon. Here we develop a Wigner matrix
Georgle? and Collins! did so in the context of holography, formulation to achieve a variety of achromatization with
where the achromatization is achieved with either first-order and second-order approximations. The final re-
wavelength-compensating diffractive gratings or zone sults are obtained with simple matrix multiplication and
plates. Alternatively, a combination of diffractive zone direct operation on each element of the total matrix. They
plates and achromatic refractive lenses can be used. Fomare well suited for computer calculation and can provide a
example, Katyl proposed an achromatic Fourier transform clear physical insight and interpretation. Moreover, the
and spatial-filtering arrangement consisting of two zone WDF algebra is a valid tool for the analysis and synthesis
plates and a cemented achromat. Mdrtistudied theoreti-  of optical systems based on either wave optics or geometri-
cally an achromatic Fourier transform syste(AFS) cal optics.
formed by a cascade of three compound elements, each In Sec. 2, we briefly review the WDF matrix formalism
combining an adjacently spaced chromat and a zone lensfor monochromatic light and its relationship with linear ca-
Ferriere and Goedgebderand also Leon and Leith nonical transforms. In Sec. 3, we describe its generalization
achieved an achromatic Fourier transform with two zone to polychromatic light, and as a consequence, the statement
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of the design goalachromatizatiorin “Wigner language.”

whereB is identified as the scaling factor of the transfor-

In Sec. 4, the analysis and some design examples of achromation and we have ignored constant phase factors. Any
matic Fourier systems are presented. In Sec. 5, we demondinear canonical transform is completely specified by its

strate the design of a white-light spatial filtering system
with spatially coherent light. Finally, some concluding re-
marks are given in Sec. 6.

2 Wigner Algebra for Optical Systems with
Monochromatic Light

Every complex amplitude distributiam(x,y) or signalu(t)

can be described indirectly but uniquely by a Wigner dis-
tribution function. For the sake of simplicity, one-
dimensional notation is used fa(x), but generalization to
two dimensions is straightforward. The WDF is a math-
ematical operation applied to the input field distribution
u(x) in two equivalent forms, given by

W(x,v)=J':u x+X?, u*(x—%’ exp(—j2mux") dx’,
(1a)

W(X,v)=fmwﬁ v+%, U*(v—%’)exp(ijv’x) dv’,
(1b)

wherev is the spatial frequency, the asteriskneans com-
plex conjugation, and

’l](v)=£;u(x)exp(—j2wvx) dx. (2

The transformation fromu(x) to W(x,v) is reversible,
apart from an irrelevant constant phase factor, so

[E
Wz

Jf W(x,%)exq—jZm)X) dx=Ti(v)T* (0).

exp(j2mvXx) dv=u(x)u*(0), (33

(3b)

Consider now an input signal (xg) that is modified to
u,(x) by a first-order optical system. In the space domain,
this modification of the input signal by the optical system
can be described by a linear canonical transformatich
(sometimes called the “generalized Huygens” or “Fresnel
transformation’), written as

uz(x)zfi u4(Xg)h(X;Xq) dXg, 4)
where the kerneh(x;xg) is
iex;{j—W(szJrDx2—2xx0) B+#0
Jie B o
h(X;xo) =
1 ~7C 2| 5 X B=0
\/—KGX jTX Xo Z\' )
(5

parameterd\, B, G andD, which construct a 2 unimo-
dular transformation.

The relationship between the Wigner function
W1(Xg,v0) Of uy(Xq) and the Wigner functiohV,(x,v) of
u,(x) can be found by inserting the canonical transform
integral of Eq.(4) into the WDF representation, to yield

Wo(X,v)=W;(Dx—Bv,—Cx+Av). (6)

This equation suggests that the effect of modifyingx,)

to uy(x) by the linear canonical transformatio@) is
equivalent to a coordinate transformation b, (xq,vq)
into W»(x,v). This transformation can be described as a
vector-matrix product, which relates the input variables
(Xg,v0) to the output variablesx(v), as

o)

We refer to the X2 matrix in Eq.(7) as the Wigner ma-
trix. For analyzing and synthesizing optical systems, the
matrix approach of the Wigner representations is conve-
nient and has some advantageous properties. For example,
if several optical configurations are cascaded, the Wigner
matrix of the overall system can be found by multiplication
of the matrices of the individual transformation configura-
tions. In this way, the extensive use of complicated chirp
integrals is no longer needed in the optical design. Also,
both the field distribution and its spatial-frequency spec-
trum can be obtained immediately from the phase-space
presentatiodEgs.(3a) and (3b)].

More important is that with the help of Eq&l), (5), and
(7) it is possible to gain an insight into the role of each
element in a Wigner matrix. This insight can generally be
demonstrated for two cases whBr-0 andB=0:

A B
CcC D

Xo
Uo ’

)

1. WhenB+#0, the parameteA affects the quadratic
phase factor at the input plane, while affects the
guadratic phase factor at the output plane. ElerBent
is the total scaling factor of the overall system. If
now A=0, then the overall system serves as Fourier-
transformation system, whei@/B equals the qua-
dratic phase factor at the output Fourier plane. Fur-
thermore, if D=0 at the same time, the output
Fourier transform does not include any quadratic
phase factor.

2. WhenB=0, the overall system serves as an imaging
system. TherA represents the magnification of the
overall system, whileC/A corresponds to the qua-
dratic phase factor at the output plane.

For future reference, we list the correspondence between
some basic processes of physical optics and their Wigner
matrix counterparts. Assuming that the wavelength of the
illumination light is \, then free-space propagation over a
distancez corresponds to
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1 \z nated. Thus, we are mainly concerned to achieve one out-
0 1! (8) put at a fixed plane, which is an incoherent superposition of
many suboutputs each of a different wavelength but all of

the same lateral scale.

refractive achromatic lens with a focal lendtborresponds Since the Wigner matrix includes inherently the wave-

to length dependence of the transformation, it should, in prin-
1 0 ciple, be possible to design an achromatic optical system by

(9) requiring that the relevant elements in the matrix be
—1INf 1) wavelength-independent. Such a requirement can be ful-
filled by changing the optical and geometrical parameters
and a diffractive lengFresnel zone plajecorresponds to of the optical components in the system. As an example, for
an ideal achromatic Fourier transformation the relevant el-

1 0 ements of the Wigner matrix must B¢\)=D(\)=0 and
—1nofo 1) (10 dB/oN=0. The demand for exact chromatic correction will

lead to constraints on the dispersion characteristics of the

where\ofo=R?/2, R is the radius of the innermost ring of ~ Optical components, requiring all wavelengths to behave in
the diffractive lens, and, is the focal length at the de- the same specific manner. Sometimes these dispersion con-

signed wavelength,. In addition, the ideal Fourier trans- straints are impractical and approximations are required.

formation corresponds to 4 Achromatic Fourier Transformations

For monochromatic light, the Wigner matrix of an optical

, (11 system that can perform a perfect Fourier transformation is
characterized bpA=D=0. WhenA=0 andD #0, the Fou-

rier transformation is imperfect, in that additional quadratic
phase terms exist in the output distribution. Such an imper-
fect Fourier transformation is adequate in those applica-
tions where only the intensitpower spectrumis needed.

If, in addition, the scaling factoB is independent of wave-
length, at least to the first-order approximation, then the
(12) Fourier transformation is achromatized. Adjusting this co-

efficient B is the central task ahead of us.

0 b
—1b O

whereb is the total scaling factor. If the equivalent focal
length of the overall optical system fisthenb=\f. For a
zone plate, the scaling factdr is now R?/2. Finally, an
ideal magnifier corresponds to

M 0
0 1M

and a fractional Fourier transformation corresponds to 4.1 Imperfect Achromatic Fourier Transformations
An imperfect achromatic Fourier transformation could be

C?S¢ bsing (13) perf_ormed with two zone plates and one refractive achro-
—sing/b  cos¢ |’ matic lens®® So we will start from such a three-component
system of one refractive achromatic lens and two dispersive
whereb is the total scaling factor and the angpas related lenses.
to the fraction p of the Fourier transformation byp In order to obtain an achromatic Fourier transformation,
=pw/2. it is necessary to correct the chromatic dispersion of the
scaling factoB(\), while requiringA(\) =0. Usually, it is
3 Generalization to Polychromatic Light and impractical to satisfy these requirements completely. So we
Design Goal must consider the first-order and second-order approxima-

tions. There are two approaches to make approximations. In
one, the element&(\) andB(\) are directly approximated

in the total Wigner matrix of the transformation system. In
the other approach, first an ideal theoretical solution is ob-
tained by using the Wigner matrix, and then this theoretical
solution is approximated with practical optical components.
The second approach is computationally more convenient
for higher-order approximations.

In the preceding section we showed that each element of
the Wigner matrix signifies a different operation of the op-
tical system. Special significance ensues when one of the
elements is zero. Indeed, the aim of a particular system
design is often synonymous with forcing one of the four
Wigner matrix elements to be zero. That is the spirit of the
following two sections, which deal with the design of poly-
chromatic optical processing systems.

With polychromatic light, it is usually necessary to over- . L .
come three problems during the system design: a4'1'1 First-order approximation solution
wavelength-dependent lateral scaling factor at the outputLet us consider the optical setup shown in Fig. 1, where the
plane, wavelength-dependent longitudinal locati¢r) of two dispersive lenses ZRind ZR are simple zone plates,
the output, and a wavelength-dependent quadratic phaseand the refractive lens,lis an achromat. We call this kind
factor at the output. In general, the location of the output of optical setup a type-lI achromatic Fourier transformer.
plane is fixed, so we need only deal with wavelength- Assuming that the input object is illuminated by a parallel
dependent scaling factor and quadratic phase factor. Somebeam of spatially coherent white light, then the total
times, when we are interested only in the intensity at the Wigner matrix of the transformation system can be ob-
output, even the quadratic phase factor problem is elimi- tained, by cascading seven matrices, as
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Fig. 1 Setup (type I) for performing an imperfect achromatic Fourier
transform.
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wherefy; andf, are the focal lengths of ZRand ZR for
the wavelength\y, respectively, and, is the focal length
of L.

In a first-order approximation, the achromatic correction
of the scaling factor will be achieved if the derivative of the
function B(\) vanishes at a certain wavelength at the
center of the spectrum. Also, since the condition for Fourier
transformation is satisfied to first order if both the function
A(MN) and its derivative are equal to zero at the wavelength
No, then the values oB(\) andA(\) are almost station-
ary. In mathematical terms, we require

A(N)[x=x,=0, (153
aA()\)\ aB()\)]

= 15b)

AN |A=A0 AN |A=AO (150

After some algebraic manipulations, which can be done
easily by a personal computer, Eq45) lead to the con-
straints

z5=—fofo, (163

Z3= fl ' (16b)
7

Z4= (160

2,—23— 2

Equations(16) indicate that the focal lengths of ZRnd
ZP, must be of opposite signs and the focal lenfjttof the
refractive achromatic lens;Lmust be positive and equal to
the distance; between this lens and the second zone plate.

The distancez; depends only on the focal lengths of the
two zone plates. Furthermore, we must satisfy the geo-
metrical constraintsz;>0, z,>0, andz;>0 in order to
obtain the proper sequence of components in the optical
system. It is possible to predict the positions of the output
Fourier plane for two configurationgl) fy;<0 and fg,
>0, and(2) fy;>0 andfy,<0. In practice, it is desirable to
obtain a real, rather than virtual, achromatic Fourier trans-
formation, i.e.,z,>0. So, according to Eql60), if the
samez, andz; are used in the two configurations, then the
distancez, in the first configuration is much shorter than in
the second. This results in a more compact optical system
for the first configuration.

Under the constraints in Eq&l6), A(\) andB(\) be-
come

2, (A=Xp)?
A)== |fo1fod 1 A @
and
212, MA—\g)? for 2N (2No—\)
B(AN)=— P 7 Ty
|f01f o2l \g foo Ao

(18)

where the+ sign corresponds to the first configuration and
the — sign to the second configuration.

In order to assess the achromatic correction, we intro-
duce a relative scaling error 8§, defined as

_ 4
- N
[fodl No

— _ 2
si = BV B0 _ (1 w(

BONo) "2 1)' 19
where the— sign corresponds to the first configuration and
the + sign to the second configuration. Such a relative
scaling error is especially important in assessing the output
correlation of a Vander Lugt optical correlator, which re-
quires, as a rule of thumb, that it be less than 5%.

Now by substituting the total Wigner matrix of E¢.4)
into Eq. (7), the physical coordinate of the output plane
can be obtained as

x=A(N)Xo+B(\)vg, (20
wherex, is the coordinate in the input plane ang is the
spatial frequency coordinate of the input object. Ideally,
A(\) should be zero anB(\) should be constant, in order
to obtain an exact achromatic Fourier transformation. In
practice, however, there is transverse blurring at the Fourier
transform output plane. For a given input object, E2)
shows that the transverse blurring arises from two sources.
One isA(N), which is usually referred to as a defocus
chromatic aberration. Since it has a nonzero vdkeept

at wavelength\ ), the same spatial frequency components
at different parts of the input object will not coincide at the
same point in the output Fourier plane. ThHAG\) effec-
tively determines the highest resolution in the output Fou-
rier plane as a function of the input object size. The effect
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of defocusing byA(\) is uniform over the output plane. White
For a given wavelength, it is possible to define a maximum Light L, ZP, ZP,
transverse aberration, as v A
- P

Axrpa(N)=|AN)| Axg, (21) - | m ; E ’
where Axq is the size of the input object, whose center _>’ U ! ! ’
coincides with the optical axis. z, z, N oz, A/ z,

Another source of transverse blurringBg\), which is I‘—’I‘—’I‘—’I‘—>|
referred to as transverse chromatic aberration. For a given Input Output
spatial frequency, the maximum transverse chromatic aber- Plane Plane
ration is

Fig. 2 Setup (type Il) for performing an imperfect achromatic Fou-
rier transform.

Axtca=|B(No)| (SEnax— SEmin) [vol, (22

where Sk, and Sk, are the maximum and minimum
values of the relative scaling error 8 given in Eq.(19). same constraint fozz as in Eq.(169. Thus the focal
ThusB(\) effectively determines the maximum spatial fre- lengths of the two zone plates still must have opposite
quency component at the input object that can be trans-signs. But the distancg, and the focal lengtfi, are now
formed properly. In other words, the variations B{(\)

reduce the resolution at the higher spatial-frequency loca- foz

tions of the output plane. Accordingly, it is possible to 24:2; Ryl' (23
quantitatively assess the transverse blurring when the size
and the highest spatial-frequency component of the input,

fi=2,+25, (24)

object are given, and when the spectral distribution of the
source is specified.

A main goal of the design is to minimizZgA(\)| and
ISEN)| by properly selecting the parametexs, fo1, o,
z,, andz, (or z,). Yet, from a practical point of view, it is
desired that the optical setup be compact and that the scaldePeNds only on the focal lengths of the two zone plates.
ing factor B(\) of the Fourier transformation be large. Furthermqre, in the ,f'rSt cqnflguratlorho(l<0 andf02,>0)’
According to Eqs(17) to (19), these requirements cannot 24 IS Positive forR,, in the interval[0, 4], and negative for
be satisfied simultaneously. Specificaly(\) varies as\?, Ry greater than 4. In the other configuratiay,is always
but B(\) and SEMN) vary as\®. When the distance; to negative. Comparing Eqs24) W't.h Egs. (16b?' we find
the input object is very smalicompared with the focal that, m_t_)oth type-1 and type-Il optical setups, it is necessary
length foy), thenB(\) and SE\) display parabolic behav- to position the seqond zone plgte ZBt the back focal
ior around\. Indeed, wherz,=0, thenB(\) and SE\) plane of the refractive achromatic lens. L

are exact parabolas in. The designed wavelengtty is in ttllg)govr\:ﬁ (ij?‘:l;gjr?;vlirt]ﬁmgg ii?f'l tieotrﬁrr]]z\é?rtshz t():l(l;r:r_lng
usually chosen asy= (X min+Ama/2, Where i, andX ax 9 o1 02~

denote the two extreme wavelengths of the incident light. straints given in Eqs(16a), (23), and(24), A(X) andB(A)

where the— sign corresponds to a configuration witpy
<0 andfy,>0, the + sign to a configuration with ;>0
and f,<0, andR,, is the ratio|fq,/fy,|. We note thatz,

Typically, we deal with the full visible wavelength range, become
where\ i,=0.4um and\ ;,5,=0.7um, so\y=0.55um. ¢ 5
In this way, A(X i) =A(Amay). For the other parameters, A())= 1‘/322 ()‘_)2‘0) , (25)
some compromise must be made. f1(Rz1—2) A
Since a solution exists for any choice of the distarges
andz,, it is possible to let both distances be zére., z; 12 Zifgo| (N—Ng)?
=2z,=0) and interchange the order of the first zone plate B(M)= R_é’f—_z —faRar+ oo~ f, T
and the achromatic lens. Such an interchange leads to an-
other type of optical setup for performing the achromatic N(2No—N)
Fourier transformation. In this setup, a color-blurred Fou- +f1)\—0}' (26)
rier transform is formed at the back focal plane of the
achromatic lens L. This Fourier transform is then imaged  A|so, we obtain the relative scaling error as
by two zone plates ZPand ZB so as to have the same size
at the same plane for all wavelengths. The new optical AN —Xg)? foo 0
setup, which we call the type-Il achromatic Fourier trans- SE\)= 3 —R¥*+ = (f1—z)— —|. (27)
former, is shown in Fig. 2. The symbols have the same Ao f1 A

meanings as in Fig. 1. ) _ _ )

Following the procedure as for the type-l Fourier trans- Now even if the distance to the input objezt=0, the
former setup, we can obtain the total Wigner matrix. With functionsB(\) and SEN) no longer display parabolic be-
the same requirements as in E(¢ES), we then obtain the  havior in \. Also, largerf; will result in a smallefA(\)]
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Fig. 4 Setup (type 1) for performing an imperfect achromatic Fourier
SE(}) transformation to higher-order approximation. The required ideal op-
tical power of lens L, is ®jgea(N).

Plane Plane

0 /—1—\
-0.02 / \\
-0.04 _ .
/ \ persive element 4, andz;=0. If we let L, be an ideal
-0.06 dispersive component with a required exact optical power
0.08 / \‘ ®4ealN), and plgce it at the back focgl plane of' leng L
R R R N then the total Wigner matrix of the optical setup is
Wavelength A: pm 1 0
(b) {A()\) B()\)} {1 \Z4 Bu(V) [1 )\fl}
= idea
Fig. 3 (a) Defocus chromatic aberrations and (b) relative scaling C(A) D) 0 1 o N 1|10 &
error as a function of the wavelength under the first-order approxi-
mation. 1
1 Nz,
% ! 11|10 1
and a larger scaling factdB(\)|. Note, however, that if T,
z,<f4, any increase of; will increase|SE\)| as well. So
some compromise is necessary. 1 0
Finally we consider a specific design, wherehy- 0, so X 1 . (28
the input object is adjacent to the achromatic lens Ih - Nof o 1

such an optical setup, the input object is essentially illumi-

nated with a spherical wave converging to the center of the  For an imperfect achromatic Fourier transform, the ideal
second zone plate ZPWith the spherical-wave illumina-  theoretical solution could be obtainedA{\) andB(\) in
tion, it is possible to alter the scaling factor of the Fourier gq. (29) fulfilled the conditions

transform simply by moving the input object along the op-

tical axis. Such a setup has been recently studied bya(\)=0, (293
Tajahuerce et @f In our design, the focal length of ZP

was —55 cm and the focal length of ZRvas 10 cm, bothat ~ 9B(\)

the wavelength A=0.514um; and f,=30cm, 2z, a0 (29b)
=8.08cm, z3=21.92cm, andz,=5.94 cm. The resulting

defocus aberratio\(\) and relative scaling error $K) For the optical setup in Fig. 4, we only need solve @93
are shown in Fig. 3. As shown, the maximya(\)| is to obtain ®,4.,(\), and then Eq(29b) is satisfied auto-
0.0145, and the maximum relative scaling enSEN\)| is matically. The solution yields the ideal theoretical power

about 8%. The equivalent focal length of the overall optical ®,,..()\), as
transformation setup is about 19 cm at the wavelength

where its total length is 35.94 cm. It should be noted that 1 z, 1 Afppl

the maximur|A(\)| could be improved by a factor 2 ifwe ~ Pideal M) = e + Z T (30

tuned the parabol#®(\) to have two zero points. That ! !

would mean replacing the requirement in E§53 with Unfortunately, a general dispersive lens with the ideal

AN o) = —A(Nmin)- optical power of Eq(30) is not practical, so we must resort
. . to some approximation. A good approximation is to replace

4.1.2 Second-order approximation solution the general dispersive lens With a hybrid dispersive lens

For a second-order approximation, it is necessary to replaceconsisting of a zone plate Zih cascade with a single glass
at least one of the relatively simple zone plates with an lens. When the plate and the lens are thin, the optical power
element that has more general dispersive properties. This isof the hybrid lens is the sum of the powers of the individual
shown in the optical setup of Fig. 4, where ZBf the elements. The hybrid dispersive lens can be realized, to a
original type-| optical setup was replaced by a general dis- second-order approximation, by requiring that its optical
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power ®..(\) be equal to the ideal optical power White 7p oL
Di4ealN) at three different wavelengths;, \,, and \;. Light Li 1 V2 A
Specifically, let _>V\ /:" :{\ ‘

| |
(Didea()\m):q)rea()\m)v m=1,2,3, (31) — I I

| |
with —_ ‘ | ! U ’

\4

N Input | %o e % :1. 2, |
q)rea()\) =— CA[ n(>\) - 1], (32) Plane L fi | Output
)\0f02 | L Plane

wheren(\) denotes the index refraction of the glasg,is Fig. 5 Setup (type II) for performing an imperfect achromatic Fou-

a parameter associated with surface curvature of the thin"e" transformation to higher-order approximation.

glass leng(i.e., c,=1/R;— 1/R, with R; as the radius of

curvature of the left-hand surface of the lens &jdas the ) o )
radius of curvature of its right-hand surfacandfy,is the ~ functions of wavelength are presented in Fig. 6. As evident,
focal length of ZB at the wavelength,. Equation(31) is A(N) is bounded byA(\)|<0.003, and the re[atlve scaling
equivalent to requiringA(\) to have three zero points in  €ITor is bounded bYySE(\)|<0.5%. The equivalent focal
the visible range. The three wavelengths usually should be!e€ngth of the overall transformation system is 34 cm at the
determined by minimizing the mean squared error function Wavelength 0.514%m.

[A(\)]? or [SE(\) ]

In order to obtain a glass lens with practical geometrical 4.2 Perfect Achromatic Fourier Transformations
dimensions, it is best to use highly dispersive glass. We 14 mogify our earlier designs of imperfect achromatic Fou-
chose the glass of type SF6 from Schott, having a known yie transformers so they can perform perfect achromatic
n(1). Also, we chose the three relevant wavelengths as Fourier transformation, we need to remove the quadratic
0.41245, 0.67165, and 0.518@8n. Then, we solved Egs.  phase factor at the output plane. The quadratic phase factor
(31) simultaneously and determined uniquely, z3, and s characterized by the fourth eleme®f\) in the Wigner
the relations betweer, andz,. The results are matrix. Our approach is to add some lenses at the output

Fourier plane of an imperfect achromatic Fourier trans-

2.85294 former. This has the advantage that it does not change any-
Ca="— f ' (333 thing else but the quadratic phase factor at the output plane.
02
75=—0.638638,f(,, (33b
AR
22 0.003 = %
Z4= 3 . (330 0.002 VARN /
22_23_0.14361701 0.001 Z/ \ //
0
In accordance with Eq933), ca is completely deter- -0.001 [ N\ /
mined by the second zone plate, while the optical powers of -0.002 Ji N /
the additional dispersive glass lens and the second zone -0.003 [ N
plate must have opposite signs. Furthermore, comparing 0.4 0.45 0.5 0.55 0.6 0.65 0.7
Egs. (16b and (160 with Egs. (33b and (33¢), we find Wavelength A: um
differences that arise from many orders that are included in
the dispersion of the glass lens. For the same reason, when @
z,=0, it is almost always impractical to achieve a real Fou- SE(3)
rier transform patternz,>0). 1
It is important to note that the relations in E¢33) are 0.004 \ v =
representative of other optical setups, as long as the chosen 0.002 A
three wavelengths and the type of glass of the additional 0 X /
dispersive glass lens are same. Also, the tuning needed to X \
optimize this optical setup is the same as for the setup with -0.002 \ / \
first-order approximation. -0.004
Finally, we present a specific optical setup design with

0.4 0.45 0.5 0.55 0.6 0.65 0.7

second-order approximation, as shown in Fig. 5. For this
Wavelength A: pm

design, the relevant parameters are as follows: the focal

lengths of the two zone plates are 16 and6 cm at the (b)

wavelength A=0.633um; f;=30cm, cy,=+155m1 _ . . . .
Fig. 6 (a) Defocus chromatic aberrations and (b) relative scaling

z3=14.72cm, a.ndz4:. —12.47cm; _and we IezZ:O in error as functions of the wavelength under the second-order ap-
Eq. (330. For this optical setup desigA(\) and SEN) as proximation.
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White 1, 7P, ZPsL
Light 111 2 3L
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1 ] 1
a1l 1 1
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— |, ! !
A f, Vo oz, A |
Input Output
Plane Plane

Fig. 7 Compact setup for performing a perfect achromatic Fourier
transformation to first-order approximation.

Let us consider the optical setup shown in Fig. 7, which
is based on the compact imperfect achromatic Fourier
transformer shown in Fig. 1, witkh; =z,=0. We use the
combination of a refractive achromatic lengwith a focal
lengthf, and a zone plate ZRwvith a focal lengthf 45 at the
wavelength\ ; to compensate for the quadratic phase factor
at the output plane. The Wigner matrix for the perfect
achromatic Fourier transformation can be obtained by

a(\) uxq | X 11 O
C()\) d()\) perfect - )\_f2 ; )\0f03
Xr«x) BQ)} (34
C()\) D()\) imperfect

The two elementary matrices, which describe the diffrac-
tive and the refractive lens in close contact, can be com-
bined, with —1/\f,—1/M\fp; as lower left coefficient.
ThenA(\) andB(\) are unchanged, whem (\)=A(\)
andb(\)=B(\). Only C(\) andD(\) are affected.

Since the compensation is applied to the output of the
compact imperfect achromatic Fourier transformer, the re-
quirement ord(\), similar to that onA(MA), is now

ad(\)

DN

d()\)|>\:>\0: (39

After solving Eq.(35), we obtain the new constraints

f02

f2:z4:m1§, (36a
Z
02

Equationg36) indicate that the position of the second zone
plate ZB must be at the front focal plane of the compen-
sation achromatic lens,lL and the focal lengths of ZRind
ZP3; must have opposite signs. Nal(\) is also a parabola
in \, given by

dne|1- 2 | A2
(N)= 1_R_%’1§ Nz (37

Using Egs.(17) and(37), we find that in order to minimize
|A(N)| [alternatively|a(\)|] and|d(\)| simultaneously, it

is best to leffq,|=|fy,). Both|d(\)| and|a(\)| have the
same maximum, 0.0738, at the two ends of the visible
range.

The combination of a refractive achromatic lens and a
zone plate can also be used to correct directly the quadratic
phase factor at the output plane of the higher-order imper-
fect achromatic Fourier transformer, which is shown in Fig.
5. Here we requirel(\) to be equal to zero at three differ-
ent wavelengths, as
d(x)hzxm:o, m=1,2,3. (38
Solving Eq.(38), we find that the focal length of achro-
matic lens Ls is still equal to the distance,, but the focal
length of the third zone plate ZRs

1.5658%2

foo %9

fog=—

Equation(39) indicates that the focal length of ZRas the
opposite sign to that of ZP

5 Achromatic Optical Fourier Processors

By cascading two perfect achromatic Fourier transformers,
it is possible to obtain an achromatic optical Fourier pro-
cessor. With such a processor, we can perform optical cor-
relation and spatial filtering with a broadband light source.
Basically, the achromatic Fourier processor is a white-light
imaging system, whose Wigner matrix is characterized by
its elementB=C=0, while A represents the wavelength-
independent total imaging magnification. The filtering
plane is the output plane of the first achromatic Fourier
transformer. Since in most cases we only detect the inten-
sity at the output plane of an imaging system, the require-
ments reduce t8=0 andA(\) =constant. The coefficient

C only affects the quadratic phase factor at the image plane.
Then the second achromatic Fourier transformer could be
an imperfect achromatic Fourier transformer, which simpli-
fies the design constraints.

Another approach to obtain an achromatic Fourier pro-
cessor is an inverse procedure. First, we devise a
wavelength-independent imaging system. Then the filtering
plane is selected by requiring the Wigner matrix generated
by the components before the filtering plane to be of some
special form. Specifically, the coordinate transformation
represented by this Wigner matrix must be a rotation by 90
deg combined with arbitrary shear in thedirection only.

A possible optical processor setup in which a perfect
achromatic Fourier transformer is cascaded with an imper-
fect achromatic Fourier transforméwherez;=2z,=0) is
shown in Fig. 8. Figure @) is the direct expanded version,
where the incident beam is a plane wave and the needed
filter located between the two Fourier transformers. The
achromatic lensesjland L and the zone plates ZRand
ZP, are all located at the same plaffifter plane. In order
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White 75, L, ZP,  ZPs ZPs 7P, The same results as above can be derived by requiring
Light =, A LanVanLs v the elements of the Wigner matrix of the three-component
— :m ' m:{:\(\ ' setup to satisfy the exact imaging conditions as
I I i I
e | [ 1 1
> ‘:U I U:r/u : B(\)=0, (4239
| | z
—|; ! ot —
A z, vV oz, VA z, A JA(N)  ID(N\)
I > > > = =0, (42b
Input Filter Output 2N 2N
Plane Plane Plane
where the total Wigner matrix does not include the effects
f=z.f=2.6=2] of the lens |, and the zone plate ZP Then, solving Eq.
(a) (42) together with Eq(41) yields
Light <!+t 2 23 s =————=—M,,
+ —
I I I
- i I DOV = — 43b
|’U ! ‘U ) M= R0 (430)
— | ! -
A z, vV oz z, A f2
Z1133
Input Filt Output 1= — =—M,3Myzy, 43¢
Plane P;arire Plane 4 (Zo—T23)(Z1+Z,— T 29) e (439
(b) and the relation in Eq40), whereMj is the lateral mag-
Fig. 8 Setup of an achromatic Fourier processor by cascading two nification between the Input plane and the output image
achromatic Eourier transformers, to first-order approximation: (a) ex- plane by the lens 4.
panded version, (b) compact version. Equationg44) indicate that the total magnificatigk(\)

of the system and the final image positnare completely
wavelength-independent. Also, the relations in E@)
and(41) are valid independently of the position of the ob-
ject along the optical axis. Thus, by changing the object
distancez,, and correspondingly changing the focal length
f, of the lens L, and fy; of the zone plate ZP we can
move the filter plane from the plane adjacent to the leps L
to any position between ZRand Ly;. The relative scaling
error in the filter plane is fixed, according to E49), but
any change of,, f,, andfy; will also change the required
resolution of the filter, the total magnification, and the po-
sition of the final image plane. Furthermore, we note that,

to make the optical setup more compact, it is possible to
combine L, and Ls into one lens Lz with a focal length
fo3, and to let ZR and ZR, cancel each other, which means
foa= —fo3. Then, the setup evolves into the compact setup
shown in Fig. 8b), where the final output image is virtual.

It is possible to obtain the focal lengths of ZP; and the
focal lengthf,; of the combined lens 45, by using Egs.
(168 and(36b). The results are

fos= — (M23) %o, (40 for the compact setup in Fig.(I8), the achromatic Fourier
transformation at the filter plane is imperfect, containing a

1 1 1 quadratic phase factor. This may degrade the output results.

= —+ —, (41 In a similar way, we can cascade the second-order per-

23 %2 73 fect achromatic Fourier transformer with another second-
order imperfect achromatic Fourier transformer to achieve

where M ,3=25/z,. Equation(41) indicates that ZRPand an exact achromatic imaging system with a negligible rela-

ZPs are located at conjugate planes. tive scaling error at the filter plane.

Since the lens Land the zone plate ZPat the input Finally, we note that the optical setup in Figh8could

plane do not affect the imaging properties of the overall serve as an achromatic Fourier transform setup when the
setup in the sense of intensity, then the three remaininginput object is just a point obje¢very small pinholg As a
optical components ZP L,;, and ZR can be viewed to- rgsult, @t is possib_le to remove gll the Ienie@‘ractive anq
gether as the wavelength-independent imaging part of thediffractive) at the input plane without affecting the Fourier
setup. This imaging part of the setup is a particular case of transformation. The reason is that, if the complex amplitude
the general three-lens configuration proposed by Faklis andof the point objecti(x) is taken as the delta functio¥(x),
Morris!! and then studied by Tajahuerce etUnder the ~ then the complex amplitude at the input plane is not
constraints in Eqs(40) and (41), the action of ZRin this changed, regard_less of whether there are lenses at the input
three-component wavelength-independent imaging part of Plane or not. This can be written as

the setup is canceled by ZRnd the achromatic lens,}.
Thus, this imaging part of the setup is exactly equivalent to T ol T o)

the single achromatic lens g4 imaging setup. u(x)ex;{ INEX )_ 5(x)exp( INEX )_ 59, (44
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whereF is the equivalent focal length of the combination of 12.

all the lenses at the input plane. Then the Fourier transform
setup becomes simple; it was studied by Lancis &t pe-
cifically, the image at the output plane of the setup will be
the Fourier transform pattern of the filter. Such a Fourier

transform setup has the advantage that, for each wave-14-

length, the Fourier transform pattern is located exactly at a

plane that is the conjugate plane of the point-object plane ;g

but with a wavelength-dependent scaling factor and a
wavelength-dependent quadratic phase factor. In our nota-
tion, the scaling factor of the Fourier transformation is the

second element of the Wigner matrix which describes the
sub-setup between the filter plane and the output Fourier
transform plane.

6 Concluding Remarks

The conventional design of optical transformers and pro-
cessing systems that use polychromatic light usually in-
volves tedious and error-prone Fresnel diffraction calcula-
tions, in order to compensate for the inherent chromatic
dispersion. In this paper, we present a new design proce-

dure, based on Wigner matrix algebra, which provides a 20.

better insight into what is needed for achromatization. With

this design procedure, which is useful for geometrical as
well as physical optics, any wavelength-dependent transfor-
mations of the optical system are inherently included. Spe-

cific design examples of achromatic Fourier transformers 22.

and achromatic optical Fourier processors, to first-order and
second-order approximations, have been presented. The de-

sign procedure can, of cause, be extended to many otheng.

optical systems that exploit polychromatic light.
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