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Preface

Why study fluid mechanics? The primary reason is not even technical,
it is cultural: a physicist is defined as one who looks around and under-
stands at least part of the material world. One of the goals of this book
is to let you understand how the wind blows and how the water flows
so that swimming or flying you may appreciate what is actually going
on. The secondary reason is to do with applications: whether you are
to engage with astrophysics or biophysics theory or to build an appara-
tus for condensed matter research, you need the ability to make correct
fluid-mechanics estimates; some of the art for doing this will be taught
in the book. Yet another reason is conceptual: mechanics is the basis of
the whole of physics in terms of intuition and mathematical methods.
Concepts introduced in the mechanics of particles were subsequently
applied to optics, electromagnetism, quantum mechanics etc; here you
will see the ideas and methods developed for the mechanics of fluids,
which are used to analyze other systems with many degrees of freedom
in statistical physics and quantum field theory. And last but not least:
at present, fluid mechanics is one of the most actively developing fields
of physics, mathematics and engineering so you may wish to participate
in this exciting development.

Even for physicists who are not using fluid mechanics in their work
taking a one-semester course on the subject would be well worth their ef-
fort. This is one such course. It presumes no prior acquaintance with the
subject and requires only basic knowledge of vector calculus and analy-
sis. On the other hand, applied mathematicians and engineers working
on fluid mechanics may find in this book several new insights presented
from a physicist’s perspective. In choosing from the enormous wealth of
material produced by the last four centuries of ever-accelerating research,
preference was given to the ideas and concepts that teach lessons whose
importance transcends the confines of one specific subject as they prove
useful time and again across the whole spectrum of modern physics. To
much delight, it turned out to be possible to weave the subjects into
a single coherent narrative so that the book is a novel rather than a
collection of short stories.
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We approach every subject as physicists: start from qualitative con-
siderations (dimensional reasoning, symmetries and conservation laws),
then use back-of-the-envelope estimates and crown it with concise yet
consistent derivations. Fluid mechanics is an essentially experimental
science as any branch of physics. Experimental data guide us at each
step which is often far from trivial: for example, energy is not conserved
even in the frictionless limit and other symmetries can be unexpectedly
broken, which makes a profound impact on estimates and derivations.

Lecturers and students using the book for a course will find out that
its 12 sections comfortably fit into 12 lectures plus, if needed, problem-
solving sessions. Sections 2.3 and 3.1 each contain one extra subsection
treated at a problem-solving session (specifically, Sects. 2.3.5 and 3.1.2,
but the choice may be different). For 2nd year students, one can use
a shorter version, excluding Sects. 3.2-3.4 and two small-font parts in
Sects. 2.2.1 and 2.3.4. The lectures are supposed to be self-contained
so that no references are included in the text. Epilogue and endnotes
provide guidance for further reading; the references, that are cited there
more than once, are collected in the reference list at the end. Those using
the book for self-study will find out that in about two intense weeks one
is able to master the basic elements of fluid physics. Those reading for
amusement can disregard the endnotes, skip all the derivations and half
of the resulting formulas and still be able to learn a lot about fluids and
a bit about the world around us, helped by numerous pictures.

In many years of teaching this course at the Weizmann Institute, I have
benefitted from the generations of brilliant students who taught me never
stop looking for simpler explanations and deeper links between branches
of physics. I also learnt from V. Arnold, E. Balkovsky, E. Bodenschatz,
G. Boffetta, A. Celani, M. Chertkov, B. Chirikov, G. Eyink, U. Frisch, K.
Gawedzki, V. Geshkenbein, L. Kadanoff, K. Khanin, D. Khmelnitskii, I.
Kolokolov, G. Kotkin, R. Kraichnan, E. Kuznetsov, A. Larkin, V. Lebe-
dev, V. L’vov, B. Lugovtsov, S. Lukaschuk, K. Moffatt, A. Newell, A.
Polyakov, I. Procaccia, A. Pumir, A. Rubenchik, D. Ryutov, V. Serbo,
E. Siggia, A. Shafarenko, M. Shats, B. Shraiman, Ya. Sinai, M. Spek-
tor, K. Sreenivasan, V. Steinberg, S. Turitsyn, K. Turitsyn, G. Vek-
shtein, M. Vergassola, P. Wiegmann, V. Zakharov, A. Zamolodchikov,
Ya. Zeldovich. Special thanks to Itzhak Fouxon and Marija Vucelja who
were instructors in problem-solving sessions and wrote draft solutions
for some of the exercises. Errors, both of omission and of commission, is
my responsibility alone. The book is dedicated to my family.
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Prologue
”The water’s language was a wondrous one,
some narrative on a recurrent subject...”
A. Tarkovsky !

There are two protagonists in this story: inertia and friction. One
meets them first in the mechanics of particles and solids where their
interplay is not very complicated: inertia tries to keep the motion while
friction tries to stop it. Going from a finite to an infinite number of
degrees of freedom is always a game-changer. We will see in this book
how an infinitesimal viscous friction makes fluid motion infinitely more
complicated than inertia alone would ever manage to produce. Without
friction, most incompressible flows would stay potential i.e. essentially
trivial. At solid surfaces, friction produces vorticity which is carried away
by inertia and changes the flow in the bulk. Instabilities then bring about
turbulence, and statistics emerges from dynamics. Vorticity penetrating
the bulk makes life interesting in ideal fluids though in a way different
from superfluids and superconductors.

On the other hand, compressibility makes even potential flows non-
trivial as it allows inertia to develop a finite-time singularity (shock),
which friction manages to stop. Only in a wave motion, inertia is able
to have an interesting life in the absence of friction, when it is instead
partnered with medium anisotropy or inhomogeneity, which cause the
dispersion of waves. The soliton is a happy child of that partnership. Yet
even there, a modulational instability can bring a finite-time singularity
in the form of self-focussing or collapse. At the end we discuss how
inertia, friction and dispersion may act together.

On a formal level, inertia of a continuous medium is described by a
nonlinear term in the equation of motion. Friction and dispersion are de-
scribed by linear terms which, however, have the highest spatial deriva-
tives so that the limit of zero friction and zero dispersion is singular.
Friction is not only singular but also a symmetry-breaking perturba-
tion, which leads to an anomaly when the effect of symmetry breaking
remains finite even in the limit of vanishing viscosity.

The first chapter introduces basic notions and describes stationary
flows, inviscid and viscous. Time starts to run in the second chapter
where we discuss instabilities, turbulence and sound. The third chapter
is devoted to dispersive waves, it progresses from linear to nonlinear
waves, solitons, collapses and wave turbulence. Epilogue gives a guide to
further reading and briefly describes the present-day activities in fluid
mechanics. At the end, detailed solutions of the exercises are given.
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Basic equations and steady flows

In this Chapter, we define the subject, derive the equations of motion
and describe their fundamental symmetries. We start from hydrostatics
where all forces are normal. We then try to consider flows this way as
well, neglecting friction. That allows us to understand some features of
inertia, most important induced mass, but the overall result is a failure
to describe a fluid flow past a body. We then are forced to introduce
friction and learn how it interacts with inertia producing real flows. We
briefly describe an Aristotelean world where friction dominates. In an
opposite limit we discover that the world with a little friction is very
much different from the world with no friction at all.

1.1 Definitions and basic equations

Continuous media. Absence of oblique stresses in equilibrium. Pressure
and density as thermodynamic quantities. Continuous motion. Continu-
ity equation and Euler’s equation. Boundary conditions. Entropy equa-
tion. Isentropic flows. Steady flows. Bernoulli equation. Limiting velocity
for the efflux into vacuum. Vena contracta.

1.1.1 Definitions

We deal with continuous media where matter may be treated as homo-
geneous in structure down to the smallest portions. Term fluid embraces
both liquids and gases and relates to the fact that even though any
fluid may resist deformations, that resistance cannot prevent deforma-
tion from happening. The reason is that the resisting force vanishes with
the rate of deformation. Whether one treats the matter as a fluid or a
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solid may depend on the time available for observation. As prophetess
Deborah sang, “The mountains flowed before the Lord” (Judges 5:5).
The ratio of the relaxation time to the observation time is called the
Deborah number !. The smaller the number the more fluid the material.

A fluid can be in equilibrium only if all the mutual forces between two
adjacent parts are normal to the common surface. That ezperimental
observation is the basis of Hydrostatics. If one applies a force parallel
(tangential) to the common surface then the fluid layer on one side of
the surface start sliding over the layer on the other side. Such sliding
motion will lead to a friction between layers. For example, if you cease
to stir tea in a glass it could come to rest only because of such tangential
forces i.e. friction. Indeed, if the mutual action between the portions on
the same radius was wholly normal i.e. radial, then the conservation of
the moment of momentum about the rotation axis would cause the fluid
to rotate forever.

Since tangential forces are absent at rest or for a uniform flow, it is
natural to consider first the flows where such forces are small and can be
neglected. Therefore, a natural first step out of hydrostatics into hydro-
dynamics is to restrict ourselves with a purely normal forces, assuming
velocity gradients small (whether such step makes sense at all and how
long such approximation may last is to be seen). Moreover, the intensity
of a normal force per unit area does not depend on the direction in a
fluid, the statement called the Pascal law (see Exercise 1.1). We thus
characterize the internal force (or stress) in a fluid by a single scalar
function p(r,t) called pressure which is the force per unit area. From
the viewpoint of the internal state of the matter, pressure is a macro-
scopic (thermodynamic) variable. To describe completely the internal
state of the fluid, one needs the second thermodynamical quantity, e.g.
the density p(r,t), in addition to the pressure.

What analytic properties of the velocity field v(r,t) we need to pre-
sume? We suppose the velocity to be finite and a continuous function of
r. In addition, we suppose the first spatial derivatives to be everywhere
finite. That makes the motion continuous, i.e. trajectories of the fluid
particles do not cross. The equation for the distance dr between two close
fluid particles is dor/dt = dv so, mathematically speaking, finiteness of
Vv is Lipschitz condition for this equation to have a unique solution
[a simple example of non-unique solutions for non-Lipschitz equation is
dx/dt = |z|'~ with two solutions, z(t) = (at)'/* and z(t) = 0 starting
from zero for o > 0]. For a continuous motion, any surface moving with
the fluid completely separates matter on the two sides of it. We don’t
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yet know when exactly the continuity assumption is consistent with the
equations of the fluid motion. Whether velocity derivatives may turn
into infinity after a finite time is a subject of active research for an in-
compressible viscous fluid (and a subject of the one-million-dollar Clay
prize). We shall see below that a compressible inviscid flow generally
develops discontinuities called shocks.

1.1.2 Equations of motion for an ideal fluid

The Euler equation. The force acting on any fluid volume is equal to
the pressure integral over the surface: — § pdf. The surface area element
df is a vector directed as outward normal:

o

Let us transform the surface integral into the volume one: — ¢ pdf =
— [VpdV. The force acting on a unit volume is thus —Vp and it must
be equal to the product of the mass p and the acceleration dv/dt. The
latter is not the rate of change of the fluid velocity at a fixed point in
space but the rate of change of the velocity of a given fluid particle as it
moves about in space. One uses the chain rule differentiation to express
this (substantial or material) derivative in terms of quantities referring
to points fixed in space. During the time dt the fluid particle changes its
velocity by dv which is composed of two parts, temporal and spatial:
ov ov ov ov

— — —_—. 1.1
8t+dxax+dy8y+dzaz (1.1)

It is the change in the fixed point plus the difference at two points dr

ov
dv = dta + (dr-V)v=dt

apart where dr = vdt is the distance moved by the fluid particle during
dt. Dividing (1.1) by dt we obtain the substantial derivative as local
derivative plus convective derivative:

dv  Ov

— = -V)v.

i~ ot TV

Any function F(r(t),t) varies for a moving particle in the same way

according to the chain rule differentiation:

dF OF

E—E‘F(V'V)F.
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Writing now the second law of Newton for a unit mass of a fluid, we
come to the equation derived by Euler (Berlin, 1757; Petersburg, 1759):
ov Vp

— 4+ (v-V)v=

= ; (1.2)

Before Euler, the acceleration of a fluid had been considered as due to the
difference of the pressure exerted by the enclosing walls. Euler introduced
the pressure field inside the fluid. We see that even when the flow is
steady, 0v/0t = 0, the acceleration is nonzero as long as (v - V)v # 0,
that is if the velocity field changes in space along itself. For example,
for a steadily rotating fluid shown in Figure 1.1, the vector (v - V)v
has a nonzero radial component v?/r. The radial acceleration times the
density must be given by the radial pressure gradient: dp/dr = pv?/r.

Figure 1.1 Pressure p is normal to circular surfaces and cannot
change the moment of momentum of the fluid inside or outside the
surface; the radial pressure gradient changes the direction of velocity
v but does not change its modulus.

We can also add an external body force per unit mass (for gravity
f=g):
ov Vp
—— V)v=——+f. 1.3
T (v-V)v P + (1.3)
The term (v - V)v describes inertia and makes the equation (1.3) non-
linear.

Continuity equation expresses conservation of mass. If ) is the vol-
ume of a moving element then dp@/dt = 0 that is

dp aQ

The volume change can be expressed via v(r,t).
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oy Q

A 53X B

The horizontal velocity of the point B relative to the point A is
0xdv, /Ox. After the time interval dt, the length of the AB edge is
0z (1 + dtdv, /Ox). Overall, after dt, one has the volume change

dQ (3% v,  Ov,

dQ = dtﬁ = dxdydzdt B + En + R

) =Qdtdivv .

Substituting that into (1.4) and canceling (arbitrary) ) we obtain the
continuity equation
dp Op

. , ap
%erdwvf a+(v~V)p+pdwvf e

The last equation is almost obvious since for any fized volume of space
the decrease of the total mass inside, — [(9p/8t)dV, is equal to the flux
$ pv-df = [div(pv)dV.

+div(pv)=0. (1.5)

Entropy equation. We have now four equations (1.3,1.5) for five quan-
tities p, p, vz, vy, V2, S0 we need one extra equation. In deriving (1.3,1.5)
we have taken no account of energy dissipation neglecting thus internal
friction (viscosity) and heat exchange. Fluid without viscosity and ther-
mal conductivity is called ideal. The motion of an ideal fluid is adiabatic
that is the entropy of any fluid particle remains constant: ds/dt = 0,
where s is the entropy per unit mass. We can turn this equation into a
continuity equation for the entropy density in space
O(ps) + div(psv) =0 . (1.6)
ot
At the boundaries of the fluid, the continuity equation (1.5) is replaced
by the boundary conditions:
1) On a fixed boundary, v, = 0;
2) On a moving boundary between two immiscible fluids,
p1 = p2 and v,1 = Upa.
These are particular cases of the general surface condition. Let F(r,t) =
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0 be the equation of the bounding surface. Absence of any fluid flow
across the surface requires

dF  OF
Bl il V)F =
7 5 +(v-V) 0,
which means, as we now know, the zero rate of F' variation for a fluid

particle. For a stationary boundary, 0F/9t =0 and v L VF = v, = 0.

Eulerian and Lagrangian descriptions. We thus encountered two
alternative ways of description. The equations (1.3,1.6) use the coordi-
nate system fixed in space, like field theories describing electromagnetism
or gravity. That way of description is called Eulerian in fluid mechan-
ics. Another approach is called Lagrangian, it is a generalization of the
approach taken in particle mechanics. This way one follows fluid parti-
cles? and treats their current coordinates, r(R,t), as functions of time
and their initial positions R = r(R, 0). The substantial derivative is thus
the Lagrangian derivative since it sticks to a given fluid particle, that
is keeps R constant: d/dt = (0/0t)r. Conservation laws written for a
unit-mass quantity A have a Lagrangian form:

dA 0A

— =—+4+(VvV)A=0.

dt ot vv)
Every Lagrangian conservation law together with mass conservation gen-
erates an Eulerian conservation law for a unit-volume quantity p.A:

d(pA) . L lop ) 0A B
5 + div(pAv) = A {81& + div(pv)| +p e +(vV)A|l =0.
On the contrary, if the Eulerian conservation law has the form
d(pB) .
SAPP) F) —
N +div(F)=0

and the flux is not equal to the density times velocity, F # pBv, then
the respective Lagrangian conservation law does not exist. That means
that fluid particles can exchange B conserving the total space integral —
we shall see below that the conservation laws of energy and momentum
have that form.

1.1.3 Hydrostatics

A necessary and sufficient condition for fluid to be in a mechanical equi-
librium follows from (1.3):

Vp=pf . (1.7)
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Not any distribution of p(r) could be in equilibrium since p(r)f(r) is not
necessarily a gradient. If the force is potential, f = —V¢, then taking
curl of (1.7) we get

Vp x V¢ =0.
That means that the gradients of p and ¢ are parallel and their level

surfaces coincide in equilibrium. The best-known example is gravity with
¢ = gz and Op/0z = —pg. For an incompressible fluid, it gives

p(z) = p(0) — pgz .
For an ideal gas under a homogeneous temperature, which has p =
pT /m, one gets
dp _ _pgm
dz T

For air at 0°C, T'/mg ~ 8 km. The Earth atmosphere is described by
neither linear nor exponential law because of an inhomogeneous temper-

= p(2) = p(0) exp(-mgz/T) .

ature. Assuming a linear temperature decay, T'(z) = Ty — az, one gets a

p

isothermal
S - (exponential)
incompressible T
(linear) . real atmosphere 5

Figure 1.2 Pressure-height dependence for an incompressible fluid
(broken line), isothermal gas (dotted line) and the real atmosphere
(solid line).

better approximation:

p _ _ . __pmg
dz < To — oz’
p(2) = p(0)(1 — az/Tp)™9/™

which can be used not far from the surface with « ~ 6.5° /km.
In a (locally) homogeneous gravity field, the density depends only on
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vertical coordinate in a mechanical equilibrium. According to dp/dz =
—pg, the pressure also depends only on z. Pressure and density deter-
mine temperature, which then must also be independent of the horizon-
tal coordinates. Different temperatures at the same height necessarily
produce fluid motion, that is why winds blow in the atmosphere and
currents flow in the ocean. Another source of atmospheric flows is ther-
mal convection due to a negative vertical temperature gradient. Let us
derive the stability criterium for a fluid with a vertical profile T'(z). If
a fluid element is shifted up adiabatically from z by dz, it keeps its en-
tropy s(z) but acquires the pressure p’ = p(z + dz) so its new density
is p(s,p’). For stability, this density must exceed the density of the dis-
placed air at the height z+dz, which has the same pressure but different
entropy s’ = s(z + dz). The condition for stability of the stratification
is as follows:

ap\ ds

/ ’oot opy as
o(5l,5) > plp'ss) = (as>pdz<o.

Entropy usually increases under expansion, (0p/0s), < 0, and for sta-
bility we must require

e (D) AL () Bl () 0
dz oT pdz Op)rdz T dz oT »V
Here we used specific volume V = 1/p. For an ideal gas the coefficient
of the thermal expansion is as follows: (0V/9T), = V/T and we end up
with
T 9 (1.9)
dz ¢

For the Earth atmosphere, ¢, ~ 103.J/kg - Kelvin, and the convection
threshold is 10°/km, not far from the average gradient 6.5°/km, so that
the atmosphere is often unstable with respect to thermal convection?.
Human body always excites convection in a room-temperature air 4.

The convection stability argument applied to an incompressible fluid
rotating with the angular velocity Q(r) gives the Rayleigh’s stability
criterium, d(r?Q)?/dr > 0, which states that the angular momentum of
the fluid L = 72| must increase with the distance r from the rotation
axis °. Indeed, if a fluid element is shifted from = to r’ it keeps its angular
momentum L(r), so that the local pressure gradient dp/dr = pr'Q?(r")
must overcome the centrifugal force pr’(L2r*/r'%).
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1.1.4 Isentropic motion

The simplest motion corresponds to s =const and allows for a substantial
simplification of the Euler equation. Indeed, it would be convenient to
represent Vp/p as a gradient of some function. For this end, we need
a function which depends on p, s, so that at s =const its differential
is expressed solely via dp. There exists the thermodynamic potential
called enthalpy defined as W = E + pV per unit mass (F is the internal
energy of the fluid). For our purposes, it is enough to remember from
thermodynamics the single relation dE = Tds — pdV so that dW =
Tds+ Vdp [one can also show that W = 9(Ep)/dp)]. Since s =const for
an isentropic motion and V' = p~! for a unit mass then dW = dp/p and
without body forces one has

ov +(v-V)v=-VW. (1.10)

ot
Such a gradient form will be used extensively for obtaining conservation
laws, integral relations etc. For example, representing

(Vv -V)v=Vv?/2—vx(VxV),
we get
ov 9
EZVX(VXV)—V(W-FU/Q). (1.11)
The first term in the right-hand side is perpendicular to the veloc-
ity. To project (1.11) along the velocity and get rid of this term, we
define streamlines as the lines whose tangent is everywhere parallel to
the instantaneous velocity. The streamlines are then determined by the
relations
der  dy dz

Vg Uy Vs,

Note that for time-dependent flows streamlines are different from par-
ticle trajectories: tangents to streamlines give velocities at a given time
while tangents to trajectories give velocities at subsequent times. One
records streamlines experimentally by seeding fluids with light-scattering
particles; each particle produces a short trace on a short-exposure pho-
tograph, the length and orientation of the trace indicates the magnitude
and direction of the velocity. Streamlines can intersect only at a point
of zero velocity called stagnation point.

Let us now consider a steady flow assuming 0v/9t = 0 and take the
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component of (1.11) along the velocity at a point:

%(W—&—UQ/Q):O. (1.12)
We see that W +v2/2 = E + p/p + v?/2 is constant along any given
streamline, but may be different for different streamlines (Bernoulli,
1738). Why W rather than E enters the conservation law is discussed
after (1.16) below. In a gravity field, W + gz + v?/2 =const. Let us
consider several applications of this useful relation.

Incompressible fluid. Under a constant temperature and a constant
density and without external forces, the energy E is constant too. One
can obtain, for instance, the limiting velocity with which such a liquid
escapes from a large reservoir into vacuum:

v=1/2po/p -

For water (p = 103 kgm™—3) at atmospheric pressure (pg = 10° N m~2)
one gets v = /200 &~ 14m/s.

Adiabatic gas flow. The adiabatic law, p/po = (p/po)?, gives the

enthalpy as follows:
W / dp
p (y=1p

The limiting velocity for the escape into vacuum is

2vpo
(y—=1)p

that is y/7v/(y — 1) times larger than for an incompressible fluid (because
the internal energy of the gas decreases as it flows, thus increasing the
kinetic energy). In particular, a meteorite-damaged spaceship looses the
air from the cabin faster than the liquid fuel from the tank. We shall
see later that (OP/dp)s = vP/p is the sound velocity squared, 2, so
that v = ¢y/2/(y —1). For an ideal gas with n degrees of freedom,
W =FE+p/p=nT/2m+T/m so that v = (24 n)/n. For bi-atomic gas
at not very high temperature, n = 5.
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Efflux from a small orifice under the action of gravity. Supposing
the external pressure to be the same at the horizonal surface and at the
orifice, we apply the Bernoulli relation to the streamline which origi-
nates at the upper surface with almost zero velocity and exits with the
velocity v = v/2gh (Torricelli, 1643). The Torricelli formula is not of
much use practically to calculate the rate of discharge as the orifice area
times v/2gh (the fact known to wine merchants long before physicists).
Indeed, streamlines converge from all sides towards the orifice so that
the jet continues to converge for a while after coming out. Moreover, that
converging motion makes the pressure in the interior of the jet somewhat
greater that at the surface so that the velocity in the interior is some-
what less than /2gh. The experiment shows that contraction ceases and

Figure 1.3 Streamlines converge coming out of the orifice.

the jet becomes cylindrical at a short distance beyond the orifice. That
point is called “vena contracta” and the ratio of jet area there to the
orifice area is called the coefficient of contraction. The estimate for the
discharge rate is v/2gh times the orifice area times the coefficient of con-
traction. For a round hole in a thin wall, the coefficient of contraction is
experimentally found to be 0.62. The Exercise 1.3 presents a particular
case where the coefficient of contraction can be found exactly.

Bernoulli relation is also used in different devices that measure the
flow velocity. Probably, the simplest such device is the Pitot tube shown
in Figure 1.4. It is open at both ends with the horizontal arm facing up-
stream. Since the liquid does not move inside the tube than the velocity
is zero at the point labelled B. On the one hand, the pressure difference
at two pints on the same streamline can be expressed via the velocity at
A: Pg — P4 = pv?/2. On the other hand, it is expressed via the height
h by which liquid rises above the surface in the vertical arm of the tube:
P — Py = pgh. That gives v? = 2gh.
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Figure 1.4 Pitot tube that determines the velocity v at the point A
by measuring the height h.

1.2 Conservation laws and potential flows

Kinematics: Strain and Rotation. Kelvin’s theorem of conservation of
circulation. Energy and momentum fluxes. Irrotational flow as a poten-
tial one. Incompressible fluid. Conditions of incompressibility. Potential
flows in two dimensions.

1.2.1 Kinematics

The relative motion near a point is determined by the velocity difference
between neighbouring points:

(S’Ui = rjavi/axj .

It is convenient to analyze the tensor of the velocity derivatives by
decomposing it into symmetric and antisymmetric parts: dv;/dz; =
S;j + Aij. The symmetric tensor S;; = (Qv;/0x; + 0v;/0x;)/2 is called
strain, it can be always transformed into a diagonal form by an or-
thogonal transformation (i.e. by the rotation of the axes). The diagonal
components are the rates of stretching in different directions. Indeed, the
equation for the distance between two points along a principal direction
has a form: 7; = dv; = r;S;; (no summation over ¢). The solution is as
follows:

ri(t) = 14(0) exp [ /0 St dt’}

For a permanent strain, the growth/decay is exponential in time. One
recognizes that a purely straining motion converts a spherical material
element into an ellipsoid with the principal diameters that grow (or
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decay) in time, the diameters do not rotate. Indeed, consider a circle of
the radius R at ¢t = 0. The point that starts at zo, yo = \/R? — 23 goes
into

x(t) = etz
y(t) — eszztyo — S22t /R2 _ -T(% — eSQZt\/RQ _ .Z‘Q(t)e_QS“t,
22 (t)e 251t £ g2 (t)e 2522t = R2, (1.13)

The equation (1.13) describes how the initial fluid circle turns into the
ellipse whose eccentricity increases exponentially with the rate |S1; —
Saal.

The sum of the strain diagonal components is div v = S;; which deter-
mines the rate of the volume change: Q~1dQ/dt = —p~tdp/dt = divv =
S”.

exp(Sit) |

Figure 1.5 Deformation of a fluid element by a permanent strain.

The antisymmetric part A;; = (Ov;/0x; — Ov;/0x;)/2 has only three
independent components so it could be represented via some vector w:
A;j = —e€ijpwyi/2. The coefficient —1/2 is introduced to simplify the
relation between v and w:

w=Vxv.

The vector w is called vorticity as it describes the rotation of the fluid
element: v = [w x r]/2. It has a meaning of twice the effective local an-
gular velocity of the fluid. Plane shearing motion like v, (y) corresponds
to strain and vorticity being equal in magnitude.

1.2.2 Kelvin’s theorem

That theorem describes the conservation of velocity circulation for isen-
tropic flows. For a rotating cylinder of a fluid, the momentum of mo-
mentum is proportional to the velocity circulation around the cylinder
circumference. The momentum of momentum and circulation are both
conserved when there are only normal forces, as was already mentioned
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strain

shear
| ,
vorticity

Figure 1.6 Deformation and rotation of a fluid element in a shear
flow. Shearing motion is decomposed into a straining motion and
rotation.

shear

at the beginning of Sect. 1.1.1. Let us show that this is also true for
every "fluid” contour which is made of fluid particles. As fluid moves,
both the velocity and the contour shape change:

% v-dl = ?{v(dl/dt) +%(dv/dt)-d1: 0.

The first term here disappears because it is a contour integral of the
complete differential: since dl/d¢t = dv then § v(dl/dt) = §5(v?/2) =
0. In the second term we substitute the Euler equation for isentropic
motion, dv/dt = —VW, and use the Stokes formula which tells that
the circulation of a vector around the closed contour is equal to the flux
of the curl through any surface bounded by the contour: § VW - dl =
[V x VW df = 0.

Stokes formula also tells us that ¢ vdl = [ w-df. Therefore, the conser-
vation of the velocity circulation means the conservation of the vorticity
flux. To better appreciate this, consider an alternative derivation. Taking
curl of (1.11) we get

%—L::Vx(vxw). (1.14)
This is the same equation that describes the magnetic field in a perfect
conductor: substituting the condition for the absence of the electric field
in the frame moving with the velocity v, cE + v x H = 0, into the
Maxwell equation 0H /0t = —cV x E, one gets 0H /0t = Vx (vx H). The
magnetic flux is conserved in a perfect conductor and so is the vorticity
flux in an isentropic flow. One can visualize vector field introducing
field lines which give the direction of the field at any point while their
density is proportional to the magnitude of the field. Kelvin’s theorem
means that vortex lines move with material elements in an inviscid fluid
exactly like magnetic lines are frozen into a perfect conductor. One way
to prove that is to show that w/p (and H/p) satisfy the same equation
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as the distance r between two fluid particles: dr/dt = (r - V)v. This is
done using dp/dt = —pdivv and applying the general relation

VXx(AxB)=A(NV-B)—B(V-A)+(B-V)A—-(A-V)B (1.15)
to Vx (vxw)=(w-V)v—(v:-V)w—wdivv. We then obtain
dw ldw wdp 1 [&u

at—&-(v-V)w}—i—

divv

dtp pdt  p*dt  p

p p

Since r and w/p move together, then any two close fluid particles chosen
on the vorticity line always stay on it. Consequently any fluid particle

1 . divv w v
:;[(W-V)V—(V-V)w—wdlUV—l—(V-V)w]+ _< v) )

stays on the same vorticity line so that any fluid contour never crosses
vorticity lines and the flux is indeed conserved.

1.2.3 Energy and momentum fluxes

Let us now derive the equation that expresses the conservation law of
energy. The energy density (per unit volume) in the flow is p(E +v?%/2)].
For isentropic flows, one can use 9pE/0p = W and calculate the time
derivative
2

% <pE + p;}) = (W +v2/2)% +pv- % = —div [pp(W +0%/2)] .
Since the right-hand side is a total derivative then the integral of the
energy density over the whole space is conserved. The same Fulerian
conservation law in the form of a continuity equation can be obtained in
a general (non-isentropic) case as well. It is straightforward to calculate
the time derivative of the kinetic energy:
02

2
9 pv = fgdivpv —v-Vp—pv- (vV)v

at 2
2
= —%div pv —v(pVW — pT'Vs) — pv - Vo? /2 .

For calculating O(pE)/0t we use dE = Tds — pdV = Tds + pp~2dp so

that d(pE) = Edp + pdE = Wdp + pTds and
O(pE) p 0s .
w0 - w — oTv-Vs.
ot ot +e ot divpv = pTv-Vs

Adding everything together one gets

% (pE + /);]2) = —div [pp(W +0v?/2)] . (1.16)
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As usual, the rhs is the divergence of the flux, indeed:

gt/(pE+T)dV:—j{p(WJer/?)]V-df

Note the remarkable fact that the energy flux is
pv(W 402 /2) = pv(E +v%/2) + pv

which is not equal to the energy density times v but contains an extra
pressure term which describes the work done by pressure forces on the
fluid. In other terms, any unit mass of the fluid carries an amount of
energy W+wv?/2 rather than E+v?/2. That means, in particular, that for
energy there is no (Lagrangian) conservation law for unit mass d(-)/dt =
0 that is valid for passively transported quantities like entropy. This is
natural because different fluid elements exchange energy by doing work.
Momentum is also exchanged between different parts of fluid so that
the conservation law must have the form of a continuity equation written
for the momentum density. The momentum of the unit volume is the
vector pv whose every component is conserved so it should satisfy the
equation of the form
8p’0i 8Hik
ot 8xk

=0.

Let us find the momentum flux II;z; — the flux of the i-th component
of the momentum across the surface with the normal along k. Substi-
tute the mass continuity equation dp/0t = —9(pvy)/Oxy, and the Euler
equation Qv; /Ot = —v0v; /Oy, — p~10p/0x; into

3/)’01' o a’Uz’ @ - 8p _ 0

ot Poar "ot T oz, oz tR

that is
1L, = pdik + pv;v . (117)

Plainly speaking, along v there is only the flux of parallel momentum
p + pv? while perpendicular to v the momentum component is zero at
the given point and the flux is p. For example, if we direct the x-axis
along velocity at a given point then II,, = p + v2, Ily, = 1I,., = p and
all the off-diagonal components are zero.

We have finished the formulations of the equations and their general
properties and will discuss now the simplest case which allows for an
analytic study. This involves several assumptions.
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1.2.4 Irrotational and incompressible flows

Irrotational flows are defined as having zero vorticity: w = Vxv = 0.
In such flows, 55 v - dl = 0 round any closed contour, which means, in
particular, that there are no closed streamlines for a single-connected
domain. Note that the flow has to be isentropic to stay irrotational (i.e.
inhomogeneous heating can generate vortices). A zero-curl vector field
is potential, v = V¢, so that the Euler equation (1.11) takes the form

0¢p 02 B
V(at“v‘Q-i-W)—O.

After integration, one gets

dp  v? B
E+E+W—C(t)

and the space independent function C(t) can be included into the poten-
tial, ¢(r,t) — (r, )+ [ " C(t')dt’, without changing velocity. Eventually,
0 v?

— + — =0. 1.1
8t+2+W 0 (1.18)

For a steady flow, we thus obtained a more strong Bernoulli theorem
with v2/2 + W being the same constant along all the streamlines in
distinction from a general case where it may be a different constant
along different streamlines.

Absence of vorticity provides for a dramatic simplification which we
exploit in this Section and the next one. Unfortunately, irrotational flows
are much less frequent than Kelvin’s theorem suggests. The main reason
is that (even for isentropic flows) the viscous boundary layers near solid
boundaries generate vorticity as we shall see in Sect. 1.5. Yet we shall
also see there that large regions of the flow can be unaffected by the vor-
ticity generation and effectively described as irrotational. Another class
of potential flows is provided by small-amplitude oscillations (like waves
or motions due to oscillations of an immersed body). If the amplitude
of oscillations a is small comparatively to the velocity scale of change [
then dv/0t ~ v?/a while (vV)v ~ v?/l so that the nonlinear term can
be neglected and dv/0t = —VW. Taking curl of this equation we see
that w is conserved but its average is zero in oscillating motion so that
w=0.

Incompressible fluid can be considered as such if the density can
be considered constant. That means that in the continuity equation,
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Op/ot + (vV)p + pdivv = 0, the first two terms are much smaller than
the third one. Let the velocity v change over the scale [ and the time 7.
The density variation can be estimated as

8p = (9p/dp)sp =~ (Op/p)spv® =~ pv*/? (1.19)

where the pressure change was estimated from the Bernoulli relation.
Requiring

(vV)p ~vip/l < pdivv ~ pv/l,

we get the condition dp < p which, according to (1.19), is true as long
as the velocity is much less than the speed of sound. The second condi-
tion, dp/0t < pdivwv, is the requirement that the density changes slow
enough:

Op/0t ~ 5p/T ~ 6p/Tc* =~ pv? /Tc* < pv/l ~ pdivv .

That suggests 7 > (I/c)(v/c) — that condition is actually more strict
since the comparison of the first two terms in the Euler equation sug-
gests | ~ v7r which gives 7 > [/c . We see that the extra condition
of incompressibility is that the typical time of change 7 must be much
larger than the typical scale of change | divided by the sound velocity
c. Indeed, sound equilibrates densities in different points so that all flow
changes must be slow to let sound pass.

For an incompressible fluid, the continuity equation is thus reduced
to

divv=0. (1.20)

For isentropic motion of an incompressible fluid, the internal energy does
not change (dE = T'ds + pp~2dp) so that one can put everywhere W =
p/p. Since density is no more an independent variable, the equations can
be chosen that contain only velocity: one takes (1.14) and (1.20).

In two dimensions, incompressible flow can be characterized by a sin-
gle scalar function. Since Qv,/0xr = —dv, /0y then we can introduce the
stream function 1 defined by v, = 0¢/9y and v, = —99¥/0zx. Recall
that the streamlines are defined by v,dy — v,dz = 0 which now corre-
spond to diyp = 0 that is indeed the equation ¢ (z,y) =const determines
streamlines. Another important use of the stream function is that the
flux through any line is equal to the difference of 3 at the endpoints
(and is thus independent of the line form - an evident consequence of
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incompressibility):

2 2
/1 vpdl = /1 (vpdy — vyda) = /dl/) =)o — 1y . (1.21)

Here v, is the velocity projection on the normal that is the flux is equal
to the modulus of the vector product [ |v x dl|, see Figure 1.7. Solid
boundary at rest has to coincide with one of the streamlines.

2

Figure 1.7 The flux through the line element dl is the flux to the
right v.dy minus the flux up vydx in agreement with (1.21).

Potential flow of an incompressible fluid is described by a linear
equation. By virtue of (1.20) the potential satisfies the Laplace equation®

Ap=0,

with the condition d¢/0n = 0 on a solid boundary at rest.

y Vv

Particularly beautiful is the description of two-dimensional (2d) po-
tential incompressible flows. Both potential and stream function exist in
this case. The equations

_9%¢ _o _9_
Ux_(?m_@y’ Uy_(?y_ Ox’

could be recognized as the Cauchy-Riemann conditions for the complex

(1.22)
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potential w = ¢+11) to be an analytic function of the complex argument
z = x + 1y. That means that the rate of change of w does not depend
on the direction in the z,y-plane, so that one can define the complex
derivative dw/dz, which exists everywhere. For example, both choices
dz = dx and dz = 1dy give the same answer by virtue of (1.22):

dw % %— 8¢) %_Ua:_zvyzve_ley V:'Ua;—‘-l'vy:

W
dz Oz Zax_@ oy dz
Complex form allows one to describe many flows in a compact form and
find flows in a complex geometry by mapping a domain into a standard
one. Such transformation must be conformal i.e. done by an analytic
function so that the equations (1.22) preserve their form in the new
coordinates ”.

We thus get our first (infinite) family of flows: any complex func-
tion analytic in a domain and having a constant imaginary part on the
boundary describes a potential flow of an incompressible fluid in this
domain. Uniform flow is just w = (v, — wy)z. Few other examples:

1) Potential flow near a stagnation point v = 0 (inside the domain
or on a smooth boundary) is expressed via the rate-of-strain tensor S;;:
¢ = Sijxx/2 with divv = S;; = 0. In the principal axes of the tensor,
one has v, = kx, v, = —ky which corresponds to

¢ =k(x® —y*)/2, ¢Y=kay, w=ks/2

The streamlines are rectangular hyperbolae. This is applied, in partic-
ular, on the boundary which has to coincide with one of the principal
axes (x or y) or both. The Figure presents the flows near the boundary
along x and along x and y (half of the previous one):

I\

2) Consider the potential in the form w = Az" that is ¢ = Ar™ cosnf
and ¥ = Ar™ sinnf. Zero-flux boundaries should coincide with the stream-

lines so two straight lines # = 0 and 8 = 7/n could be seen as boundaries.
Choosing different n, one can have different interesting particular cases.
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Velocity modulus

v = 'Ccl;;} = n|Alr"1

at r — 0 either turns to 0 (n > 1) or to co (n < 1).

n<l

NI AN RN

Figure 1.8 Flows described by the complex potential w = Az".

One can think of those solutions as obtained by a conformal trans-
formation ¢ = z™ which maps z-domain into the full {-plane. The po-
tential w = Az"™ = A( describes a uniform flow in the (-plane. Re-
spective z and ¢ points have the same value of the potential so that
the transformation maps streamlines into streamlines. The velocity in
the transformed domain is as follows: dw/d{ = (dw/dz)(dz/d¢), that
is the velocity modulus is inversely proportional to the stretching fac-
tor of the transformation. That has two important consequences: First,
the energy of the potential flow is invariant with respect to conformal
transformations i.e. the energy inside every closed curve in z-plane is
the same as the energy inside the image of the curve in {-plane. Second,
flow dynamics is not conformal invariant even when it proceeds along
the conformal invariant streamlines (which coincide with particle trajec-
tories for a steady flow). Indeed, when the flow shifts the fluid particle
from z to z 4+ vdt = z + dt(dw/dz), the new image,

d¢ dw d¢
C(z 4+ vdt) =((z) + dtvi =((2) + dtﬁ%’
does not coincide with the new position of the old image,

dw _

dw dz
() +dt = t

z)+dt—— .
¢(2) + dz d¢

Despite the beauty of conformal flows, their applications are limited.
Real flow usually separates at discontinuities, it does not turn over the

corner for n < 1 and does not reach the inside of the corner for n > 1:
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" recirculating standing eddy

The phenomenon of separation is due to a combined action of fric-
tion and inertia and is discussed in detail in Section 1.5.2. Separation
produces vorticity, which makes it impossible to introduce the potential
¢ and use the complex potential w (rotational flows are not conformal
invariant).

1.3 Flow past a body

Here we go from two-dimensional to three-dimensional flows, starting
from the most symmetric case of a moving sphere and then consider
a moving body of an arbitrary shape. Our aim is to understand and
describe what we know from everyday experience: fluids apply forces
both when we try to set a body into motion and when we try to maintain
a motion with a constant speed. In addition to resistance forces, for non-
symmetric cases we expect to find a force perpendicular to the motion
(called lift), which is what keeps birds and planes from falling from the
skies. We consider the motion of a body in an ideal fluid and a body set
in motion by a moving fluid.

Flow is assumed to be four “i”: infinite, irrotational, incompressible
and ideal. The algorithm to describe such a flow is to solve the Laplace
equation

Ap=0. (1.23)

The boundary condition on the body surface is the requirement that the
normal components of the body and fluid velocities coincide, that is at
any given moment one has d¢/0n = u,, where u is body velocity. After
finding the potential, one calculates v.= V¢ and then finds pressure
from the Bernoulli equation:

p=—p(0p/ot +v*/2) . (1.24)

It is the distinctive property of an irrotational incompressible flow that
the velocity distribution is defined completely by a linear equation. Due
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to linearity, velocity potentials can be superimposed (but not pressure
distributions).

1.3.1 Incompressible potential flow past a body

Before going into calculations, one can formulate several general state-
ments. First, note that the Laplace equation is elliptic which means that
the solutions are smooth inside the domains, singularities could exist on
boundaries only, in contrast to hyperbolic (say, wave) equations®. Sec-
ond, integrating (1.23) over any volume one gets

/Aqsdvz/divwdvzjfw.df:o,

that is the flux is zero through any closed surface (as is expected for an
incompressible fluid). That means, in particular, that v = V¢ changes
sign on any closed surface so that extrema of ¢ could be on the boundary
only. The same can be shown for velocity components (e.g. for d¢/0z)
since they also satisfy the Laplace equation. That means that for any
point P inside one can find P’ having higher |v,|. If we choose the -
direction to coincide at P with V¢ we conclude that for any point inside
one can find another point in the immediate neighborhood where |v| is
greater. In other terms, v? cannot have a maximum inside (but can have
a minimum). Similarly for pressure, taking Laplacian of the Bernoulli
relation (1.24),

Ap = —pAv?/2 = —p(Vv)?,

and integrating it over volume, one obtains

pr-df:—p/(Vv)QdV<0,

that is a pressure minimum could be only on a boundary (although
a maximum can occur at an interior point). For steady flows, v?/2 +

2 coincide with those of minp

p/p =const so that the points of maxwv
and all are on a boundary?. The knowledge of points of minimal pres-
sure is important for cavitation which is a creation of gas bubbles when
the pressure falls below the vapour pressure; when such bubbles then ex-
perience higher pressure, they may collapse producing shock waves that
do severe damage to moving boundaries like turbine blades and ships’
propellers. Likewise, we shall see in Section 2.3.2 that when local fluid
velocity exceeds the velocity of sound, shock is created; this is again

must happen on the boundary of a potential flow.
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1.3.2 Moving sphere

Solutions of the equation A¢ = 0 that vanish at infinity are 1/r and its
derivatives, 9™ (1/r)/0z™. Due to the complete symmetry of the sphere,
its motion is characterized by a single vector of its velocity u. Linearity
requires ¢ o u so the flow potential could be only made as a scalar
product of the vectors u and the gradient, which is the dipole field:

¢p=a <u~Vi> = _a(u~2n)

r

where n = r/r. On the body, r = R and v-n = u-n = ucosf. Using
¢=—uacosf/r? and vg=2auR ™3 cos 0, this condition gives a= R?/2.

n

_R3(un)
2r2
3

V=3ya [3n(un)ul

. , ® (Stokes, 1843)

Now one can calculate the pressure
p=po—pv*/2 — pdp/ot,

having in mind that our solution moves with the sphere that is ¢(r —
ut,u) and

o . 0¢
o " u WYY
which gives
9cos2f — 5
p:p0+pu2%+p}zn.ﬁ_

The force is § pdf. For example,
F, = jfpcosedf = pR31'L7r/COSQ 0dcosd = 2mpR*0u/3 . (1.25)

If the radius depends on time too then F, o« 0¢/0t < O(R3u)/0t. For a
uniformly moving sphere with a constant radius, R = u = 0, the force is
zero: ¢ pdf = 0. This flies in the face of our common experience: fluids
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do resist attempts to move through them. Maybe we obtained zero force
in a steady case due to a symmetrical shape?

1.3.3 Moving body of an arbitrary shape

At large distances from the body, a solution of A¢ = 0 is again sought in
the form of the first non-vanishing multipole. The first (charge) term ¢ =
a/r cannot be present because it corresponds to the velocity v = —ar/r?
with the radial component v = a/R? providing for a non-vanishing flux
47 pa through a closed sphere of radius R; existence of a flux contradicts
incompressibility. So the first non-vanishing term is again a dipole:

p=A-V(1)r)=—(A-n)r 2,
v=[3(A-n)n—AJr3.

For the sphere above, A = uR3/2, but for nonsymmetric bodies the
vectors A and u are not collinear, though linearly related A; = a;puy,
where the tensor «;; (having the dimensionality of volume) depends on
the body shape.

What can one say about the force acting on the body if only flow
at large distances is known? That’s the main beauty of the potential
theory that one often can say something about “here” by considering
field “there”. Let us start by calculating the energy E = p [v?dV/2
of the moving fluid outside the body and inside the large sphere of the
radius R. We present v? = u? + (v — u)(v + u) and write v+ u =
V(¢ +u-r). Using divv =divu = 0 one can write

/ v dV = u*(V = Vp) + / div[(¢ +u-r)(v —u)]dV
r<R r<R

:uQ(V—Vo)—i—ﬁJrS (p+u-r)(v—u)df

:u2(V—Vo)+ﬁ(¢+u~r)(v—u)df :
Substituting
¢=—(A-n)R?, v=[3n(A -n) - AJR® .
and integrating over angles,
/(A ‘n)(u-n)dQ = A;ug /nmk dQ = A;uidig /COS2 0 sin 0 dfdp
— (47/3)(A - ),



28 Basic equations and steady flows
we obtain the energy in the form
E = pldn(A - u) — Vou?]/2 = miguiug /2 . (1.26)
Here we introduced the induced-mass tensor:
Mk = 4mpagy — pVodir -

For sphere, m;, = pVpdii/2 that is half the displaced fluid.

,,,,,,,,,,,,,,, S
/ E= p [2m (AU) - Vo u?/2]

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

We now have to pass from the energy to the force acting on the body
which is done by considering the change in the energy of the body (the
same as minus the change of the fluid energy dFE) being equal to the
work done by force F' on the path udt: dE = —F -udt. The change
of the momentum of the body is dP = —Fdt so that dE = u - dP.
That relation is true for changes caused by the velocity change by force
(not by the change in the body shape) so that the change of the body
momentum is dP; = m;,du;, and the force is

Fi=—mpay , (1.27)

i.e. the presence of potential flow means only an additional mass but not
resistance.

How to generalize (1.27) for the case when both m;; and u change?
Our consideration of the pressure for a sphere suggests that the proper
generalization is

d

F; = — Mk - (1.28)

It looks as if m;iug is the momentum of the fluid yet it is not (it is

quasi-momentum), as explained in the next section 0.
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Equation of motion for the body under the action of an external force
£,

d d
S Mus = fi 4+ Fo—= £ — —m.
di Uy fz + i fz dtmzkuk )
could be written in a form that makes the term induced mass clear:
d
2 (Mo + mir)ur = fi . (1.29)

This is one of the simplest examples of renormalization in physics: the
body moving through a fluid acquires additional mass. For example, a
spherical air bubble in a liquid has the mass which is half of the mass
of the displaced liquid; since the buoyancy force is the displaced mass
times g then the bubble acceleration is close to 2g when one can neglect
other forces and the mass of the air inside.

Body in a flow. Consider now an opposite situation when the fluid
moves in an oscillating way while a small body is immersed into the
fluid. For example, a long sound wave propagates in a fluid. We do not
consider here the external forces that move the fluid, we wish to relate
the body velocity u to the fluid velocity v, which is supposed to be
homogeneous on the scale of the body size. If the body moved with
the same velocity, u = v, then it would be under the action of force
that would act on the fluid in its place, pVyv. Relative motion gives the
reaction force dmy (v — ug)/dt. The sum of the forces gives the body
acceleration

d d
—_ .= ) . —_ . — .
dtM u; = pVou; + dtmzk(vk ug)

Integrating over time with the integration constant zero (since u = 0
when v = 0) we get the relation between the velocities of the body and
of the fluid:

(Mir, + mir)ur, = (Mg, + pVolix) vk -

For a sphere, u = v3p/(p + 2pp), where pg is the density of the body.
For a spherical air bubble in a liquid, pp < p and u ~ 3wv.

1.3.4 Quasi-momentum and induced mass

In the previous Section, we obtained the force acting on an accelerat-
ing body via the energy of the fluid and the momentum of the body
because the momentum of the fluid, M = p [ vdV, is not well-defined
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for a potential flow around the body. For example, the integral of v, =
D(3cos? 6 — 1)r=3 depends on the form of the volume chosen: it is zero
for a spherical volume and nonzero for a cylinder of the length L and
the radius R set around the body:

1
/ (3cos®H —1)dcosh =0,

1
L R 2 _ 2
2z —r dmpDL
M, —4wpD[Ldz/0 7"037‘(22 A T (2 R (1.30)

That dependence means that the momentum stored in the fluid depends
on the boundary conditions at infinity. For example, the motion by the
sphere in the fluid enclosed by rigid walls must be accompanied by the
displacement of an equal amount of fluid in the opposite direction, then
the momentum of the fluid must be —pVou = —4rpR3u/3 rather than
pVou/2. The negative momentum —3pVyu/2 delivered by the walls is
absorbed by the whole body of fluid and results in an infinitesimal back-
flow, while the momentum pVyu/2 delivered by the sphere results in a
finite localized flow. From (1.30) we can get a shape-independent an-
swer 4mpD only in the limit L/R — oo. To recover the answer 4wpD/3
(=pVou/2 = 27R3pu/3 for a sphere) that we expect from (1.28), one
needs to subtract the reflux 8mpD/3 = 47 R3pu/3 compensating the
body motion'!.

It is the quasi-momentum of the fluid particles which is independent
of the remote boundary conditions and whose time derivative gives the
inertial force (1.28) acting on the body. Conservation laws of the mo-
mentum and the quasi-momentum follow from different symmetries. The
momentum expresses invariance of the Hamiltonian H with respect to
the shift of coordinate system. If the space is filled by a medium (fluid
or solid), then the quasi-momentum expresses invariance of the Hamil-
tonian with respect to a space shift, keeping the medium fized. That
invariance follows from the identity of different elements of the medium.
In a crystal, such shifts are allowed only by the lattice spacing. In a
continuous medium, shifts are arbitrary. In this case, the system Hamil-
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tonian must be independent of the coordinates:

OH o OH aﬂ'j + OH 8q]‘ o
dx; N 87Tj ox; 8qj 0x; B
where the vectors w(x,t),q(x,t) are canonical momentum and coordi-
nate respectively. We need to define the quasi-momentum K whose con-

servation is due to invariance of the Hamiltonian: 0K, /0t = OH/dx; = 0.
Recall that the time derivative of any function of canonical variables is

0, (1.31)

given by the Poisson bracket of this function with the Hamiltonian:
oK; OK; OH  O0K,; 0H
ot dq; Om;  Omj dqj
_OH  OH Om;  OH Ogy
o (r“).’L‘z - 677(]6331 67(]]6171 ’

{K%H} =

That gives the partial differential equations on the quasi-momentum,
8K2 - 8qj 8Kl - aﬂ'j

(97'(']' B 67.231‘7 8(]j _8.1‘1' ’

whose solution is as follows:
0q;
Ky =— [ dxm—2~ .

’ / ’ O0x;
For isentropic (generally compressible) flow of an ideal fluid, the hamilto-
nian description can be done in Lagrangian coordinates, which describe
the current position of a fluid element (particle) r as a function of time
and its initial position R. The canonical coordinate is the displacement
q = r — R, which is the continuum limit of the variable that describes
lattice vibrations in the solid state physics. The canonical momentum is
m(R,t) = po(R)v(R,t) where the velocity is v = (9r/dt)r = . Here pg
is the density in the reference (initial) state, which can always be chosen
uniform. The Hamiltonian is as follows:

H= /po [(W(q) +v?/2] dR, (1.33)

(1.32)

where W = E + p/p is the enthalpy. Canonical equations of motion,
Gi = OH/0m; and 71; = —0H/0q;, give respectively 7, = v; and ©; =
—OW/0r; = —p~10p/Or;. The velocity v now is an independent variable
and not a function of the coordinates r. All the time derivatives are for
fixed R i.e. they are substantial derivatives. The quasi-momentum (1.32)
is as follows:

Ki=—po [ vj g]q%] dR = po/vj <5ij - gg) iR , (1.34)
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In plain words, only those particles contribute quasi-momentum whose
motion is disturbed by the body so that for them dr;/OR; # d;;. The
integral (1.34) converges for spatially localized flows since 0r;/0R; — d;;
when R — oo. Unlike (1.30), the quasi-momentum (1.34) is independent
of the form of a distant surface. Using pgdR = pdr one can also present

Ki = po/’Uj ((5” — gg) dR = /pvi dr — Po ’Uj% dR 5 (135)

i.e. indeed the quasi-momentum is the momentum minus what can be

interpreted as a reflux.
The conservation can now be established substituting the equation of
motion pv = —dp/dr into

. . 0q; ov;
Ki——p0/<vja;§+vjaé> dR
. [ Or; v,
:*Po/ {”j ((9};5ij) +vj6R]»] dR
B Op 0 v?

__[Op |
77/8ridr7j§pdfl'

In (1.36), the integral over the reference space R of the total derivative
in the second term is identically zero while the integral over r in the

first term excludes the volume of the body, so that the boundary term
remains which is minus the force acting on the body. Therefore, the sum
of the quasi-momentum of the fluid and the momentum of the body
is conserved in an ideal fluid. That means, in particular, a surprising
effect: when a moving body shrinks it accelerates. Indeed, when the
induced mass and the quasi-momentum of the fluid decrease then the
body momentum must increase.

This quasi-momentum is defined for any flow. For a potential flow, the
quasi-momentum can be obtained much easier than doing the volume
integration (1.34), one can just integrate the potential over the body
surface: K = [ p¢df. Indeed, consider very short and strong pulse of
pressure needed to bring the body from rest into motion, formally p
4(t). During the pulse, the body doesn’t move so its position and surface
are well-defined. In the Bernoulli relation (1.18) one can then neglect v2-
term:

dp v?

__v_pr
ot 2 p

~ —

)

p
p
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Integrating the relation pp = — [ p(t) dt over the body surface we get
minus the change of the body momentum i.e. the quasi-momentum of
the fluid. For example, integrating ¢ = R3u cos §/2r? over the sphere we
get
1
K, = /p¢cos€df = 27r,0R3u/ cos?@dcos® = 2mpR3u/3,

-1
as expected. The difference between momentum and quasi-momentum
can be related to the momentum flux across the infinite surface due to
pressure which decreases as 72 for a potential flow.

The quasi-momentum of the fluid is related to the body velocity via
the induced mass, K; = m;iug, so that one can use (1.34) to evaluate
the induced mass. For this, one needs to solve the Lagrangian equation
of motion = v(r,t), then one can show that the induced mass can be
associated with the displacement of the fluid after the body pass. Fluid
particles displaced by the body do not return to their previous positions
after the body pass but are shifted to the direction of the fluid motion as
shown in Figure 1.9. The permanently displaced mass enclosed between
the broken lines is in fact the induced mass itself (Darwin, 1953).

initial -~ -findl

Figure 1.9 Displacement of the fluid by the passing body. The dotted
line is the trajectory of the fluid particle. Two broken lines (chosen to
be symmetrical) show the initial and final positions of the particles
before and after the passage of the body.

Notice the loop made by every fluid particle; for a sphere, the horizon-
tal component of the fluid velocity changes sign when 3cos?6 = 1 i.e.
at the angle equal 30 degrees. Note also the striking difference between
the particle trajectories and instantaneous streamlines (see also Exercise
1.6) 12

Let us summarize: neglecting tangential forces (i.e. internal friction)
we were able to describe the inertial reaction of the fluid to the body
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acceleration (quantified by the induced mass). For a motion with a con-
stant speed, we failed to find any force, including the force perpendicular
to u called lift. If that was true, flying would be impossible. Physical in-
tuition also suggests that the resistance force opposite to u called drag
must be given by the amount of momentum transferred to the fluid in
front of the body per unit time:

F =CR?pu? | (1.37)

where C is some order-unity dimensionless constant (called drag coeffi-
cient) depending on the body shape'?. This is the correct estimate for the
resistance force in the limit of vanishing internal friction (called viscos-
ity). Unfortunately, I don’t know any other way to show its validity but
to introduce viscosity first and then consider the limit when it vanishes.
That limit is quite non-trivial: even an arbitrary small friction makes an
infinite region of the flow (called wake) very much different from the po-
tential flow described above. Introducing viscosity and describing wake
will take the next two Sections.

1.4 Viscosity

In this section we try to find our way out of paradoxes of ideal flows
towards a real world. This will require considering internal friction that
is viscosity.

1.4.1 Reversibility paradox

Let us discuss the absence of resistance in a more general way. We have
made five assumptions on the flow: incompressible, irrotational, invis-
cid (ideal), infinite, steady. The last can be always approached with
any precision by waiting enough time (after body passes a few its sizes
is usually enough). An irrotational flow of an incompressible fluid is
completely determined by the instantaneous body position and velocity.
When the body moves with a constant velocity, the flow pattern moves
along without changing its form, neither quasi-momentum nor kinetic
energy of the fluid change so there are no forces acting between the
body and the fluid. Let us also show that an account of compressibility
does not give the drag resistance for a steady flow. That follows from
reversibility of the continuity and Euler equations: the reverse of the flow
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[defined as w(r,t) = —v(r,—t)] is also a solution with the velocity at
infinity u instead of —u but with the same pressure and density fields.
For the steady flow, defined by the boundary problem

divpv =0, wv, =0 (on the body surface), v — —u at infinity

v? dp

— + | ——= = const ,

2 / p(p)
the reverse flow w(r) = —v(r) has the same pressure field so it must give
the same drag force on the body. Since the drag is supposed to change
sign when you reverse the direction of motion then the drag is zero in an
ideal irrotational flow. For the particular case of a body with a central
symmetry, reversibility gives D’Alembert paradox: the pressure on the
symmetrical surface elements is the same and the resulting force is a
pure couple 4.

If fluid is finite that is has a surface, a finite drag arises due to surface
waves. If surface is far away from the body, that drag is negligible.
Exhausting all the other possibilities, we conclude that without fric-

tion we cannot describe drag and lift acting on a body moving through
the fluid.

1.4.2 Viscous stress tensor

We define the stress tensor o;; as having ij entry equal to the ¢ compo-
nent of the force acting on a unit area perpendicular to j direction. The
diagonal components present normal stress, they are equal to each other
due to the Pascal law, we called this quantity pressure. Internal friction
in a fluid must lead to the appearance of the non-diagonal components
of the stress tensor: o, = —pd;r + O'z{k (here the stress is applied to the
fluid element under consideration so that the pressure is negative). That
changes the momentum flux, Il;; = pd;, — o}y + pv;vg, as well as the
Euler equation: dpv; /0t = =01l /Oxy.

To avoid infinite rotational accelerations, the stress tensor must be
symmetric: 0;; = 0j;. Indeed, consider the moment of force (with respect
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Figure 1.10 Diagonal and non-diagonal components of the stress ten-
Sor.

to the axis at the upper right corner) acting on an infinitesimal element
with the sizes dz, dy, z:

oz

o-ZX

Oy, Ox X

If the stress tensor was not symmetric, then the moment of force
(022 — 022) d20ydz is nonzero. That moment then must be equal to the
time derivative of the moment of momentum which is the moment of
inertia pdxzdydz [(6x)? + (62)?] times the angular velocity

o0
(Ous — 02) 620ySz = pdadydz [(0x)° + (62)°] ik
We see that to avoid 92/t — oo as (6z)% + (§z)? — 0 we must assume
that 0z, = 0,4

To connect the frictional part of the stress tensor ¢’ and the veloc-
ity v(r), note that ¢’ = 0 for a uniform flow, so ¢/ must depend on
the velocity spatial derivatives. Supposing these derivatives to be small
(comparatively to the velocity changes on a molecular level) one could
assume that the tensor ¢’ is linearly proportional to the tensor of ve-
locity derivatives (Newton, 1687). Fluids with that property are called
newtonian. Non-newtonian fluids are those of elaborate molecular struc-
ture (e.g. with long molecular chains like polymers), where the relation
may be nonlinear already for moderate strains, and rubber-like liquids,
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where the stress depends on history. For newtonian fluids, to relate lin-
early two second-rank tensors, ogj and Ov;/0xj, one generally needs a
tensor of the fourth rank. Yet another simplification comes from the fact
that vorticity (that is the antisymmetric part of dv;/dx;) gives no con-
tribution since it corresponds to a solid-body rotation where no sliding
of fluid layers occurs. We thus need to connect two symmetric tensors,
the stress o;; and the rate of strain S;; = (Jv;/dx; + Jv;/0z;)/2. In
the isotropic medium, the principal axes of Ugj have to coincide with
those of S;; so that just two constants,  and p, are left out of the scary
fourth-rank tensor:

o = 1n(0v; /0xj + Ov; /0x;) 4 pdijOvy /Oy . (1.38)

Dimensionally [n] = [u] = g/cm-sec. To establish the sign of 1, consider a
simple shear flow shown in the Figure and recall that the stress is applied
to the fluid. The stress component o,, = ndv,/dz is the z-component
of the force by which an upper layer of the fluid acts on the lower layer
so that it must be positive which requires n > 0.

V4

v(2)

JE———

o= nadv/dz

X

1.4.3 Navier-Stokes equation

Now we substitute o’ into the Euler equation

avi+ ov; __i 5o 6vi+3vk B 5‘%
P\ ot Uk@xk T Oag Posk =1 Oxp  Ox; M’kaml

(1.39)
The viscosity is determined by the thermodynamic state of the system
that is by p,p. When p, p depend on coordinates so must 7(p, p) and

wu(p, p). However, we consistently assume that the variations of p, p are
small and put 7, 4 constant. In this way we get the famous Navier-Stokes
equation (Navier, 1822; Stokes, 1845):

d
p% =—-Vp+nAv+ (n+p)Vdivy . (1.40)
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Apart from the case of rarefied gases we cannot derive this equation
consistently from kinetics. That means only that we generally cannot
quantitatively relate n and u to the properties of the material. One
can estimate the viscosity of the fluid saying that the flux of molecules
with the thermal velocity vr through the plane (perpendicular to the
velocity gradient) is nup, they come from a layer comparable to the
mean free path [, have velocity difference [Vu, which causes momen-
tum flux mnuplVu ~ nVu, where m is the molecule mass. Therefore,
n ~ mnorl = pvpl. We also define kinematic viscosity v = 7/p which
is estimated as v ~ wpl. The thermal velocity is determined by the
temperature while the mean free path by the strength of interaction be-
tween molecules: the stronger the interaction the shorter is [ and the
smaller is the viscosity. In other words, it is more difficult to transfer
momentum in a system with stronger interaction. For example, air has
v = 0.15cm?/sec so it is 15 times more viscous than water which has
v = 0.01 em?/sec. The Navier-Stokes equation is valid for liquids as well
as for gases as long as the typical scale of the flow is much larger than
the mean free path.

The Navier-Stokes equation has higher-order spatial derivatives (sec-
ond) than the Euler equation so that we need more boundary conditions.
Since we accounted (in the first non-vanishing approximation) for the
forces between fluid layers, we also have to account for the forces of
molecular attraction between a viscous fluid and a solid body surface.
Such force makes the layer of adjacent fluid to stick to the surface: v =10
on the surface (not only v, = 0 as for the Euler equation)!®. The solu-
tions of the Euler equation do not generally satisfy that no-slip boundary
condition. That means that even a very small viscosity must play a role
near a solid surface.

Viscosity adds an extra term to the momentum flux, but (1.39,1.40)
still have the form of a continuity equation which conserves total mo-
mentum. However, viscous friction between fluid layers necessarily leads
to some energy dissipation. Consider, for instance, a viscous incompress-
ible fluid with divv = 0 and calculate the time derivative of the energy
at a point:

!
o}y,

aitk-

. v p ’ , Ov;
= —div {pv <2 + p> —(v-o )} — O Tk (1.41)

—pv-(VV)v—v . -Vp+u;

The presence of viscosity results in the momentum flux ¢’ which is ac-
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companied by the energy transfer, v - ¢/, and the energy dissipation
described by the last term. Because of this last term, this equation does
not have the form of a continuity equation and the total energy integral
is not conserved. Indeed, after the integration over the whole volume,

dE [, v __g/ i dv;\?
dt /Jikaxkdv_ 2 <8xj+6a:i v

= —n/deV <0. (1.42)

The last equality here follows from w? = (€;10;vx)? = (9;vk)*— 0k (v;0;vk),
which is true by virtue of €;;x€i1m = 9;10km — djmOr and O;v; = 0.

The Navier-Stokes equation is a nonlinear partial differential equation
of the second order. Not many steady solutions are known. Particularly
easy is to find solutions in the geometry where (v - V)v = 0 and the
equation is effectively linear. In particular, symmetry may prescribe that
the velocity does not change along itself. One example is the flow along
an inclined plane as a model for a river.

i

p
=

river z

river-bed
a
X

Everything depends only on z. The stationary Navier-Stokes equation

takes a form
—Vp+nAv+pg =0
with z and z projections respectively

dp
dz

d?v
)

+ pgcosa =0,
+ pgsina =0 .
The boundary condition on the bottom is v(0) = 0. On the surface, the

boundary condition is that the stress should be normal and balance the
pressure: 0,,(h) = ndv(h)/dz = 0 and o,,(h) = —p(h) = —po. The
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solution is simple:

_ pgsina
2n

Let us see how it corresponds to reality. Take water with the kinematic

p(z) = po + pg(h — z) cos v(z) z(2h —z) . (1.43)

viscosity v = n/p = 1072 em?/sec. For a rain puddle with the thick-
ness h = Imm on a slope a ~ 1072 we get a reasonable estimate
v ~ 5em/sec. For slow plain rivers (like Nile or Volga) with h ~ 10m
and a ~ 0.3km/3000km ~ 10~* one gets v(h) ~ 100 km/sec which
is evidently impossible (the resolution of that dramatic discrepancy is
that real rivers are turbulent as discussed in Sect. 2.2.2 below). What
distinguishes puddle and river, why they are not similar? To answer this
question, we need to characterize flows by a dimensionless parameter.

1.4.4 Law of similarity

One can obtain some important conclusions about flows from a dimen-
sional analysis. Consider a steady flow past a body described by the
equation

(v-V)v=-V(p/p) + vAv

and by the boundary conditions v(co) = u and v = 0 on the surface
of the body of the size L. For a given body shape, both v and p/p
are functions of coordinates r and three variables, u,v, L. Out of the
latter, one can form only one dimensionless quantity, called the Reynolds
number

Re=uL/v . (1.44)

This is the most important parameter in this book since it determines
the ratio of the nonlinear (inertial) term (v - V)v to the viscous friction
term vAv. Since the kinematic viscosity is the thermal velocity times
the mean free path then the Reynolds number is

Re = uL/vpl .

We see that within the hydrodynamic limit (L > [), Re can be both
large and small depending on the ratio u/vr ~ u/c.

Dimensionless velocity must be a function of dimensionless variables:
v = uf(r/L, Re) - it is a unit-free relation. Flows that correspond to
the same Re can be obtained from one another by simply changing
the units of v and 7, such flows are called similar (Reynolds, 1883).
In the same way, p/p = u?¢(r/L, Re). For a quantity independent of
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coordinates, only some function of Re is unknown - the drag or lift
force, for instance, must be F' = pu?L?f(Re). This law of similarity is
exploited in modelling: to measure, say, a drag on the ship one designs,
one can build a smaller model yet pull it faster through the fluid (or use
a less viscous fluid).

Reynolds number, as a ratio of inertia to friction, makes sense for all
types of flows as long as u is some characteristic velocity and L is a scale
of the velocity change. For the inclined plane flow (1.43), the nonlinear
term (and the Reynolds number) is identically zero since v L Vv. How
much one needs to perturb this alignment to make Re ~ 17 Denoting
m/2 — B the angle between v and Vv we get Re(8) = v(h)hf/v ~
gaBh?®/v?. For a puddle, Re() ~ 508 while for a river Re(3) ~ 10'23.
It is then clear that the (so-called laminar) solution (1.43) may make
sense for a puddle, but for a river it must be distorted by even tiny
violations of this symmetry (say, due to a non-flat bottom).

. river
river—bed

Figure 1.11 Non-flat bottom makes the velocity changing along itself,
which leads to a nonzero inertial term (v - V)v in the Navier-Stokes
equation.

Gravity brings another dimensionless parameter, the Froude number
Fr = u?/Lg; the flows are similar for the same Re and Fr. Such pa-
rameters (whose change brings qualitative changes in the regime even
for fixed geometry and boundary conditions) are called control parame-

ters 16,

The law of similarity is a particular case of the so-called m-theorem:
Assume that among all m variables {by,...,b;,} we have only k < m
dimensionally independent quantities - that means that the dimension-
alities [bg41],...[bm] could be expressed via [bi],...[bs] like [bpy;] =

Elf [b;)%t. Then all dimensionless quantities can be expressed in terms

. . ) 1=k
of m — k dimensionless variables m1 = bpy1/]][,—] blﬂ“, ..

I=k 1 B
b/ 111Z1 blﬁ "

- Tm—k =
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1.5 Stokes flow and wake

We now return to the flow past a body armed by the knowledge of in-
ternal friction. Unfortunately, the Navier-Stokes equation is a nonlinear
partial differential equation which we cannot solve in a closed analytical
form even for a flow around a sphere. We therefore shall proceed the way
physicists often do: solve a limiting case of very small Reynolds num-
bers and then try to move towards high-Re flow. Remind that we failed
spectacularly in Section 1.3 trying to describe high-Re flow as an ideal
fluid. This time we shall realize, with the help of qualitative arguments
and experimental data, that when viscosity is getting very small its ef-
fect stays finite. On the way we shall learn new notions of a boundary
layer and a separation phenomenon. The reward will be the resolution
of paradoxes and the formulas for the drag and the lift.

1.5.1 Slow motion

Consider such a slow motion of a body through the fluid that the
Reynolds number, Re = uR/v, is small. That means that we can ne-
glect inertia. Indeed, if we stop pushing the body, friction stops it after
a time of order R?/v, so that inertia moves it by the distance of order
uR?/v = R - Re, which is much less than the body size R. Formally,
neglecting inertia means omitting the nonlinear term (v - V)v in the
Navier-Stokes equation. That makes our problem linear so that the fluid
velocity is proportional to the body velocity: v o< u. The viscous stress
(1.38) and the pressure are also linear in w and so must be the drag
force:

F= /Udf: /dfnu/R’:47rR2nu/R:47r77uR.

That crude estimate coincides with the true answer given below by (1.49)
up to the dimensionless factor 3/2. Linear proportionality between the
force and the velocity makes the low-Reynolds flows an Aristotelean
world.

Now, if you wish to know what force would move a body with Re ~ 1
(or 1/6m for a sphere), you find amazingly that such force, F' ~ n?/p,
does not depend on the body size (that is the same for a bacteria and a
ship). For water, n?/p ~ 10~* dyn.

Swimming means changing shape in a periodic way to move. Motion on
micro and nano scales in fluids usually correspond to very low Reynolds
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numbers when
ov/ot ~ (vV)v ~u?/L < vAv ~ vu/L*.

Such swimming is very different from pushing water backwards as we
do at finite Re. First, there is no inertia so that momentum diffuses
instantly through the fluid. Therefore, it does not matter how fast or
slow we change the shape. What matters is the shape change itself i.e.
low-Re swimming is purely geometrical. Second, linearity means that
simply retracing the changes back (by inverting the forces i.e. the pres-
sure gradients) we just retrace the motion. One thus needs to change
a shape periodically but in a time-irreversible way that is to have a
cycle in a configuration space. Microorganisms do that by sending pro-
gressive waves along their surfaces. Every point of a surface may move
time-reversibly (even by straight lines), time direction is encoded in the
phase shift between different points. For example, spermatozoid swims
by sending helical waves down its tail !7. See Exercise 1.10 for another
example.

Creeping flow. Consider the steady Navier-Stokes equation without a
nonlinear term:

nAv = Vp . (1.45)

Let us find the flow around a sphere. In the reference frame of the sphere,
the flow at infinity is assumed to have the velocity u. Denote v = u+v'.

We wish to repeat the trick we made in considering the potential flow by
reducing a vector problem to a scalar one. We do it now by exploiting
linearity of the problem. The continuity equation, divv = 0, means
that the velocity field can be presented in the form v/ = curl A (note
that the flow is not assumed potential). The axial vector A(r,u) has
to be linear in u. The only way to make an axial vector from r and
u is r X u so that it has to be A = f/(r)n x u. We just reduced our
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problem from finding a vector field v(r) to finding a scalar function of
a single variable, f(r). The vector f/(r)n can be represented as Vf(r)
so v = curl A = curl[Vf x u]. Since u = const, one can take V out:
v/ = curl curl (fu). If we now apply curl to the equation nAv = Vp we
get the equation to solve

Acurlv=0.
Express now v via f:
curlv =V xVxVfxu=(graddiv—A)Vfxu=—-AVf xu.
So our final equation to solve is
AVfxu=0.
Since Vf || n so A2V f cannot always be parallel to u and we get
A*Vf=0. (1.46)

Integrating it once and remembering that the velocity derivatives vanish
at infinity we obtain A?f = 0. In spherical coordinates A = r=29,120,
so that Af = 2a/r - here again one constant of integration has to be
zero because velocity v’ itself vanishes at infinity. Eventually,

f=ar+b/r.
Taking curl of A = f/(r)n x u= (a — br~2)n x u we get
: 3n(u-n)—
V:u_au+n(u n)+b n(u ?) 2 (1.47)
r r

The last term is the potential part. Boundary condition v(R) = 0 gives
u-component 1 —a/R —b/R3 = 0 and n-component —a/R + 3b/R® = 0
so that @ = 3R/4 and b = R®/4. In spherical components

o = ucosd (1— 3B 4 B
" 2r 213 )7

. 3R R
UG——USIHG(].—ZLT—M) (148)

The pressure can be found from nAv = Vp, but it is easier to note
that Ap = 0. We need the solution of this equation with a dipole source
since equal positive and negative pressure changes are generated on the
surface of the sphere:

¢(u-n)
pP=po+ D) ’
r
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where ¢ = —3nR/2 from p—py = nuVAf. Fluid flows down the pressure
gradient. The vorticity is a dipole field too:

,[u x n]

Acurlv=Aw=0 = w=-=c
,

with ¢/ = —=3R/2 from Vp = nAv = —ncurl w.
Stokes formula for the drag. The force acting on a unit surface is the

momentum flux through it. On a solid surface v =0 and F; = —o;pni =
pn; — oj,ny. In our case, the only nonzero component is along u:

F, = /(—p cos® + ol cosh — o, sin0) df

= (SUU/QR)/ df = 6w Rnu . (1.49)

Here, we substituted ... = 2ndv,/0r = 0 at r = R and

org(R) =1 <71«%1Z + % — 7;") = Smy
The viscous force is tangential while the pressure force is normal to
the surface. The vertical components of the forces cancel each other at
every point since the sphere pushes fluid strictly forward so the force is
purely horizontal. The viscous and pressure contributions sum into the
horizontal force 3nu/2R, which is independent of 6, i.e. the same for
all points on the sphere. The viscous force and the pressure contribute
equally into the total force (1.49). That formula is called Stokes law, it
works well until Re ~ 0.5.

1.5.2 Boundary layer and separation phenomenon

It is clear that the law of decay v o< 1/r from (1.47) cannot be realized
at arbitrary large distances. Indeed, our assumption of small Reynolds
number requires

vVo ~u?R/r* < vAv ~ vuR? /1,

so that (1.47) is valid for » < v/u. One can call v/u the width of the
viscous boundary layer. The Stokes flow is realized inside the boundary
layer under the assumption that the size of the body is much less than
the width of the layer. So what is the flow outside the viscous boundary
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layer, that is for » > v/u? Is it potential? The answer is “yes” only for
very small Re. For finite Re, there is an infinite region (called wake)
behind the body where it is impossible to neglect viscosity whatever the
distance from the body. The reason for that is that viscosity produces
vorticity in the boundary layer:

z

At small Re, the process that dominates the flow is vorticity diffu-
sion away from the body. The Stokes approximation, w oc [u x n]/r?,
corresponds to symmetrical diffusion of vorticity in all directions. In
particular, the flow has a left-right (fore -and-aft) symmetry. For finite
Re, it is intuitively clear that the flow upstream and downstream from
the body must be different since body leaves vorticity behind it. There
should exist some downstream region reached by fluid particles which
move along streamlines passing close to the body. The flow in this re-
gion (wake) is essentially rotational. On the other hand, streamlines that
do not pass through the boundary layer correspond to almost potential
motion.

Figure 1.12 Symmetric streamlines for an ideal flow (left) and ap-
pearance of separation and a recirculating vortex in a viscous fluid
(right).

Let us describe qualitatively how the wake arises. The phenomenon
called separation is responsible for wake creation (Prandtl, 1905). Con-
sider, for instance, a flow around a cylinder shown in Figure 1.12. The
ideal fluid flow is symmetrical with respect to the plane AB. The point
D is a stagnation point. On the upstream half DA, the fluid particles ac-
celerate and the pressure decreases according to the Bernoulli theorem.
On the downstream part AC, the reverse happens, that is every particle
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moves against the pressure gradient. Small viscosity changes pressure
only slightly across the boundary layer. Indeed, if the viscosity is small,
the boundary layer is thin and can be considered as locally flat. In the
boundary layer v & v, and the pressure gradient, Vp = —p(vV)v —nAv,
has only x component that is 9p/0z ~ 0. In other words, the pressure
inside the boundary layer is almost equal to that in the main stream,
that is the pressure of the ideal fluid flow. But the velocities of the fluid
particles that reach the points A and B are lower in a viscous fluid than
in an ideal fluid because of viscous friction in the boundary layer. Then
those particles have insufficient energy to overcome the pressure gradient
downstream. The particle motion in the boundary layer is stopped by
the pressure gradient before the point C is reached. The pressure gradi-
ent then becomes the force that accelerates the particles from the point
C upwards producing separation '® and a recirculating vortex. A similar
mechanism is responsible for recirculating eddies in the corners !9 shown
at the end of Sect. 1.2.4.

Reversing the flow pattern of separation one obtains attachment: jets
tend to attach to walls and merge with each other. Consider first a jet in
an infinite fluid and denote the velocity along the jet u. The momentum
flux through any section is the same: f u?df = const. On the other
hand, the energy flux, f u? df, decreases along the jet due to viscous
friction. That means that the mass flux of the fluid, f wdf, must grow
— a phenomenon known as entrainment?°. When the jet has a wall (or
another jet) on one side, it draws less fluid into itself from this side and
so inclines until it is getting attached as shown in the Figure:

NN
O —

wall-attaching jet

In particular, jet merging explains a cumulative effect of arm-piercing
shells which contain a conical void covered by a metal and surrounded
by explosives. Explosion turns metal into a fluid which moves towards
the axis where it creates a cumulative jet with a high momentum den-
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sity (Lavrent’ev 1947, Taylor 1948), see Figure 1.13 and Exercise 1.14.
Similarly, if one creates a void in a liquid by, say, a raindrop or other
falling object then the vertical momentum of the liquid that rushes to
fill the void creates a jet seen in Figure 1.14.

cone
\ j

Figure 1.13 Scheme of the flow of a cumulative jet in the reference
frame moving with the cone.

Figure 1.14 Jet shooting out after the droplet fall. Upper image -
beginning of the jet formation, lower image - jet formed.
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1.5.3 Flow transformations

Let us now use the case of the flow past a cylinder to describe briefly
how the flow pattern changes as the Reynolds number goes from small
to large. The flow is most symmetric for Re < 1 when it is steady and
has an exact up-down symmetry and approximate (order Re) left-right
symmetry. Separation and occurrence of eddies is a change of the flow
topology, it occurs around Re ~ 5. The first loss of exact symmetries
happens around Re ~ 40 when the flow is getting periodic in time.
This happens because the recirculating eddies don’t have enough time to
spread, they are getting detached from the body and carried away by the
flow as the new eddies are generated. Periodic flow with shedding eddies
has up-down and continuous time shift symmetries broken and replaced
by a combined symmetry of up-down reflection and time shift for half a
period. Shedding of eddies explains many surprising symmetry-breaking
phenomena like, for instance, an air bubble rising through water (or
champaign) in a zigzag or a spiral rather than a straight path 2. For the
flow past a body, it results in a double train of vortices called Karman
vortex street 22 behind the body as shown in Figure 1.15.

Figure 1.15 Karmén vortex street behind a cylinder at Re = 105.

As the Reynolds number increases further, the vortices are getting un-
stable and produce an irregular turbulent motion downstream as seen in
Figure 1.16 2. That turbulence is three-dimensional i.e. the translational
invariance along the cylinder is broken as well. The higher Re the closer
to the body turbulence starts. At Re ~ 10°, the turbulence reaches the
body which brings so-called drag crisis: since a turbulent boundary layer
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is separated later than a laminar one, then the wake area gets smaller

and the drag is lower 4.

Figure 1.16 Flow past a cylinder at Re = 10,

1.5.4 Drag and lift with a wake

We can now describe the way Nature resolves reversibility and D’Alembert
paradoxes. Like in Sect.1.3, we again consider the steady flow far from
the body and relate it to the force acting on the body. The new exper-
imental wisdom we now have is the existence of the wake. The flow is
irrotational outside the boundary layer and the wake. First, we consider
a laminar wake i.e. assume v < u and dv/0t = 0; we shall show that the
wake is always laminar far enough from the body. For a steady flow, it
is convenient to relate the force to the momentum flux through a closed
surface. For a dipole potential flow v oc 72 from Section 1.3, that flux
was zero for a distant surface. Now wake gives a finite contribution. The
total momentum flux transported by the fluid through any closed sur-
face is equal to the rate of momentum change which is equal to the force
acting on the body:

F; = %Hikdfk = ]{[(po +p")0ik + p(u; +v;)(u + o) dfis . (1.50)

Mass conservation means that p § vy, df, = 0. Far from the body v < u

and
F;, = (/ /XO —//}() (p' 6z + puv;) dydz . (1.51)
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Figure 1.17 Scheme of the wake.

Drag with a wake. Consider the z-component of the force (1.51):

F, = (//X//X) (o + puvy) dydz .

Outside the wake we have potential flow where the Bernoulli relation,
p+ plu+v|?/2 = py + pu?/2, gives p' ~ —puv, so that the integral
outside the wake vanishes. Inside the wake, the pressure is about the
same (since it does not change across the almost straight streamlines
like we argued in Section 1.5.2) but v, is shown below to be much larger

than outside so that
F, = fpu// vy dydz . (1.52)
wake

Force is positive (directed to the right) since v, is negative. Note that
the integral in (1.52) is equal to the deficit of fluid flux @ through the
wake area (i.e. the difference between the flux with and without the
body). That deficit is z-independent which has dramatic consequences
for the potential flow outside the wake, because it has to compensate
for the deficit. That means that the integral [ vdf outside the wake
is also r-independent which requires v o r~2. That corresponds to the
potential flow with the source equal to the flow deficit: ¢ = Q/r. We
have thrown away this source flow in Sect. 1.3 but now we see that it
exceeds the dipole flow ¢ = A -V(1/r) (which we had without the wake)
and dominates sufficiently far from the body.

The wake breaks the fore-and-aft symmetry and thus resolves the
paradoxes providing for a nonzero drag in the limit of vanishing viscosity.
It is important that the wake has an infinite length, otherwise the body
and the finite wake could be treated as a single entity and we are back
to paradoxes. The behavior of the drag coefficient C(Re) = F/pu?R? is
shown in Fig. 1.18. Notice the drag crisis which gives the lowest C. To
understand why C' — const as Re — oo and prove (1.37), one ought to
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C

Stokes | wake
flow |

Re

Figure 1.18 Sketch of the drag dependence on the Reynolds number.

pass a long way developing the theory of turbulence briefly described in
the next Chapter.

The lift is the force component of (1.51) perpendicular to u:

F, = pu (/X - /X> vy dydz . (1.53)

It is also determined by the wake — without the wake the flow is poten-
tial with v, = d¢/dy and v, = d¢/9dz so that [v,dydz = [v.dydz =0
since the potential is zero at infinities. We have seen in (1.28) that purely
potential flow produces no lift. Without the friction-caused separation,
birds and planes would not be able to fly. Let us discuss the lift of the
wings which can be considered as slender bodies long in z-direction. The
lift force per unit length of the wing can be related to the velocity cir-
culation around the wing. Indeed, adding and subtracting (vanishing)
integrals of v, over two y = & const lines we turn (1.53) into

F, = pu%v -dl. (1.54)

Circulation over the contour is equal to the vorticity flux through the
contour, which is again due to wake. One can often hear a simple expla-
nation of the lift of the wing as being the result of vo > v; = P < P;.
This is basically true and does not contradict the above argument.

P 1

’;DC

P L

The point is that the circulation over the closed contour ACDB is non-
zero: vels > v1ly. That would be wrong, however, to argue that vo > vy
because ls > I3 — neighboring fluid elements A,B do not meet again at
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the trailing edge; C is shifted relative to D. Nonzero circulation around
the body in translational motion requires wake. For a slender wing, the
wake is very thin like a cut and a nonzero circulation means a jump of
the potential ¢ across the wake?®. Note that for having lift one needs
to break up-down symmetry. Momentum conservation suggests that one
can also relate the lift to the downward deflection of the flow by the
body.

One can have a nonzero circulation without a wake simply by rotation.
When there is a nonzero circulation, then there is a deflecting (Magnus)
force acting on a rotating moving sphere. That force is well known to all
ball players from soccer to tennis. The air travels faster relative to the
center of the ball where the ball surface is moving in the same direction
as the air. This reduces the pressure, while on the other side of the
ball the pressure increases. The result is the lift force, perpendicular
to the motion (As J J Thomson put it, "the ball follows its nose”).
One can roughly estimate the magnitude of the Magnus force by the

F\

Figure 1.19 Streamlines around a rotating body.

pressure difference between the two sides?®, which is proportional to the
translation velocity u times the rotation frequency €:

Ap ~ p[(u+ QR)* — (u — QR)?]/2 = 2puQR . (1.55)

Magnus force is exploited by winged seeds who travel away from the
parent tree superimposing rotation on their descent 2’
quantum vortices moving in superfluids or superconductors. See Exercise
1.11.

Moral: wake existence teaches us that small viscosity changes the flow
not only in the boundary layer but also in the whole space, both inside

and outside the wake. Physically, this is because vorticity is produced in

, it also acts on
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the boundary layer and is transported outside 28. Formally, viscosity is a
singular perturbation that introduces the highest spatial derivative and
changes the boundary conditions. On the other hand, even for a very
large viscosity, inertia dominates sufficiently far from the body 2°.

Exercises

1.1 Proceeding from the fact that the force exerted across any plane
surface is wholly normal, prove that its intensity (per unit area) is
the same for all aspects of the plane (Pascal Law).

1.2 Consider self-gravitating fluid with the gravitational potential ¢
related to the density by

A¢ = 4nGp,

G being the constant of gravitation. Assume spherical symmetry
and static equilibrium. Describe the radial distribution of pressure
for an incompressible liquid.

1.3 Find the discharge rate from a small orifice with a cylindrical
tube, projecting inward. Assume h, S and the gravity acceleration
g given. Whether such a hole corresponds to the limiting (smallest
or largest) value of the “coefficient of contraction” S’/S? Here S
is the orifice area and S’ is the area of the jet where contraction
ceases (vena contracta).

Figure 1.20 Borda mouthpiece

1.4 Prove that if you put a little solid particle — not an infinitesimal
point — at any place in the liquid it will rotate with the angular
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velocity €2 equal to the half of the local vorticity w = curlv: Q =
w/2.

There is a permanent source of water on the bottom of a large
reservoir. Find the maximal elevation of the water surface for two
cases:

i) a straight narrow slit with the constant influx ¢ (g/cm- sec) per
unit length;

ii) a point-like source with the influx @ (g/sec) The fluid density
is p, the depth of the fluid far away from the source is h. Gravity
acceleration is g. Assume that the flow is potential.

Sketch streamlines for the potential inviscid flow and for the viscous
Stokes flow in two reference systems, in which: i) fluid at infinity
is at rest; ii) sphere is at rest. Hint: Since the flow past a sphere is
actually a set of plane flows, one can introduce the stream function
analogous to that in two dimensions. If one defines a vector whose
only component is perpendicular to the plane and equal to the
stream function then the velocity is the curl of that vector and the
streamlines are level lines of the stream function.

A small heavy ball with the density pg connected to a spring has
the oscillation frequency w,. The same ball attached to a rope
makes a pendulum with the oscillation frequency w,. How those
frequencies change if such oscillators are placed into an ideal fluid
with the density p? What change brings an account of a small
viscosity of the fluid (v <« o.)a’ba2 where a is the ball radius and v
is the kinematic viscosity).

Underwater explosion released the energy E and produced a gas
bubble oscillating with the period T', which is known to be com-
pletely determined by FE, the static pressure p in the water and the
water density p. Find the form of the dependence T'(E, p, p) (with-
out numerical factors). If the initial radius a is known instead of
E, can we determine the form of the dependence T'(a,p, p)?

At t = 0 a straight vortex line exists in a viscous fluid. In cylindrical
coordinates, it is described as follows: v, = v, = 0, vy = ['/27r,
where T is some constant. Find the vorticity w(r,t) as a function
of time and the time behavior of the total vorticity [ w(r)rdr.

To appreciate how one swims in a syrup, consider the so-called
Purcell swimmer shown in Figure 1.22. It can change its shape by
changing separately the angles between the middle link and the
arms. Assume that the angle 6 is small. Numbers correspond to
consecutive shapes. In a position 5 it has the same shape as in



56

1.11

1.12

Basic equations and steady flows

Figure 1.21 Subsequent shapes of the swimmer.

1 but moved in space. Which direction? What distinguishes this
direction? How the displacement depends on 67

In making a free kick, good soccer players are able to utilize the
Magnus force to send the ball around the wall of defenders. Ne-
glecting vertical motion, estimate the horizontal deflection of the
ball (with the radius R = 11 cm and the weight m = 450 g ac-
cording to FIFA rules) sent with the speed vg = 30 m/s and the
side-spin 2 = 10 revolutions per second towards the goal which is
L = 30 m away. Take the air density p = 102 g/cm3.

,,,,,,,,,,,,

,,,,,,,,,,,,

,,,,,,,,,,,,

Figure 1.22 Left panel: the sailor holds the sail against the wind
which is thus coming from behind her back. Right panel: scheme of
the position of the board and its sail with respect to the wind.

Like flying, sailing also utilizes the lift (perpendicular) force acting
on the sails and the keel. The fact that wind provides a force per-
pendicular to the sail allows one even to move against the wind.
But most optimal for starting and reaching maximal speed, as all
windsurfers know, is to orient the board perpendicular to the wind
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and set the sail at about 45 degrees, see Figure 1.22. Why? Draw
the forces acting on the board. Does the board move exactly in the
direction at which the keel is pointed? Can one move faster than
wind?

Find the fall velocity of a liquid water droplet with the radius
0.0l mm in the air. Air and water viscosities and densities are re-
spectively 1, = 1.8 -10"%g/s-cm, 1, = 0.01 g/s-cm and p =
1.2-1073g/cm?, p,, = 1 g/cm3.

Describe the motion of an initially small spherical water droplet
falling in a saturated cloud and absorbing the vapor in a swept
volume so that its volume grows proportionally to its velocity and
its cross-section. Consider quasi-steady approximation when the
droplet acceleration is much less than the gravity acceleration g.
Consider plane free jets in an ideal fluid in the geometry shown in
the Figure. Find how the widths of the outgoing jets depend on
the angle 26y between the impinging jets.




2
Unsteady flows

Fluid flows can be kept steady only for very low Reynolds numbers
and for velocities much less than sound velocity. Otherwise, either flow
undergoes instabilities and is getting turbulent or sound and shock waves
are excited. Both sets of phenomena are described in this Chapter.

A formal reason for instabilities is nonlinearity of the equations of fluid
mechanics. For incompressible flows, the only nonlinearity is due to fluid
inertia. We shall see below how a perturbation of a steady flow can grow
due to inertia, thus causing an instability. For large Reynolds numbers,
development of instabilities leads to a strongly fluctuating state of tur-
bulence.

An account of compressibility, on the other hand, leads to another
type of unsteady phenomena: sound waves. When density perturbation
is small, velocity perturbation is much less than the speed of sound and
the waves can be treated within the framework of linear acoustics. We
first consider linear acoustics and discuss what phenomena appear as
long as one accounts for a finiteness of the speed of sound. We then
consider nonlinear acoustic phenomena, creation of shocks and acoustic
turbulence.

2.1 Instabilities

At large Re most of the steady solutions of the Navier-Stokes equation
are unstable and generate an unsteady flow called turbulence.
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2.1.1 Kelvin-Helmholtz instability

Apart from a uniform flow in the whole space, the simplest steady flow
of an ideal fluid is a uniform flow in a semi-infinite domain with the
velocity parallel to the boundary. Physically, it corresponds to one fluid
layer sliding along another. Mathematically, it is a tangential velocity
discontinuity, which is a formal steady solution of the Euler equation.
It is a crude approximation to the description of wakes and shear flows.
This simple solution is unstable with respect to arguably the simplest
instability described by Helmholtz (1868) and Kelvin (1871). The dy-
namics of the Kelvin-Helmholtz instability is easy to see from Figure 2.1
where + and — denote respectively increase and decrease in velocity
and pressure brought by surface modulation. Velocity over the convex

velocity pressure
VEV P + =

v2=0 P,

Figure 2.1 Tangential velocity discontinuity (left) and the physics of
Kelvin-Helmholtz instability (right).

part is higher and the pressure is lower than over the concave part. Such
pressure distribution further increases the modulation of the surface.
The perturbations v/ and p’ satisfy the following system of equations
ov’ ov’ \%4

divv’' = —_—=— .
ivv' =0, BN Jrvax P

Applying divergence operator to the second equation we get Ap’ = 0.
That means that the elementary perturbations have the following form

py = expli(kx — Qt) — k2],
o, = —ikpl (ko — )

Indeed, the solutions of the Laplace equation which are periodic in one
direction must be exponential in another direction.

To relate the upper side (indexed 1) to the lower side (indexed 2)
we introduce ((z,t), the elevation of the surface, its time derivative is
z-component of the velocity:

¢ _o¢ o¢C

%—a+v%—vz, (21)

that is v/ = i¢(kv — Q) and p} = —Cp1(kv — Q)?/k. On the other side,
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we express in a similar way p) = (p2Q?/k. The pressure is continuous
across the surface:

pr(kv — Q)2 = —pQ? = Q= kv% Ve (2.2)
p1+ p2

Positive Im{) means an exponential growth of perturbations i.e. insta-
bility '. The largest growth rate corresponds to the largest admissible
wavenumber. In reality the layer, where velocity increases from zero to
v, has some finite thickness § and our approach is valid only for ké < 1. It
is not difficult to show that in the opposite limit, k6 > 1 when the flow
can be locally considered as a linear profile, it is stable (see Rayleigh
criterium below). Therefore, the maximal growth rate corresponds to
kd ~ 1, i.e. the wavelength of the most unstable perturbation is compa-
rable to the layer thickness.

Q ,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Q ,,,,,,,,,,,,,,,

Figure 2.2 Array of vortex lines is instable with respect to the dis-
placements shown by straight arrows.

A complementary insight into the physics of the Kelvin-Helmholtz in-
stability can be obtained from considering vorticity. In the unperturbed
flow, vorticity dv,/0z is concentrated in the transitional layer which is
thus called vortex layer (or vortex sheet when 6 — 0). One can consider a
discrete version of the vortex layer as a chain of identical vortices shown
in Figure 2.2. Due to symmetry, such infinite array of vortex lines is
stationary since the velocities imparted to any given vortex by all others
cancel. Small displacements shown by straight arrows in Figure 2.2 lead
to an instability with the vortex chain breaking into pairs of vortices
circling round one another. That circling motion makes an initially sinu-
soidal perturbation to grow into spiral rolls during the nonlinear stage of
the evolution as shown in Figure 2.3 taken from the experiment. Kelvin-
Helmholtz instability in the atmosphere is often made visible by corru-
gated cloud patterns as seen in Figure 2.4, similar patterns are seen on
sand dunes. It is also believed to be partially responsible for clear air tur-
bulence (that is atmospheric turbulence unrelated to moist convection).
Numerous manifestations of this instability are found in astrophysics,
from the interface between the solar wind and the Earth magnetosphere
to the boundaries of galactic jets.
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Figure 2.3 Spiral vortices generated by the Kelvin-Helmholtz insta-
bility.

Vortex view of the Kelvin-Helmholtz instability suggests that a uni-
directional flow depending on a single transverse coordinate, like v, (z),
can only be unstable if it has vorticity maximum on some surface. Such
vorticity maximum is an inflection point of the velocity since dw/dx =
d*v, /dz*. That explains why flows without inflection points are linearly
stable (Rayleigh, 1880). Examples of such flows are plane linear profile,
flows in a pipe or between two planes driven by the pressure gradients,
flow between two planes moving with different velocities etc 2.

Our consideration of the Kelvin-Helmholtz instability was completely
inviscid which presumes that the effective Reynolds number was large:
Re = vd/v > 1. In the opposite limit when the friction is very strong,
the velocity profile is not stationary but rather evolves according to the
equation dv,(z,t)/0t = v0%v,(z,t)/02% which describes the thickness
growing as 6 o< v/vt. Such diffusing vortex layer is stable because the
friction damps all the perturbations. It is thus clear that there must
exist a threshold Reynolds number above which instability is possible.
We now consider this threshold from a general energetic perspective.

2.1.2 Energetic estimate of the stability threshold

Energy balance between the unperturbed steady flow vo(r) and the su-
perimposed perturbation vi(r,t) helps one to understand the role of
viscosity in imposing an instability threshold. Consider the flow v(r)
which is a steady solution of the the Navier-Stokes equation (vo-V)vg =
—Vpo/p + vAvg. The perturbed flow vo(r) 4+ vi(r,t) satisfies the equa-
tion:

0
i + (vi-V)vop+ (vo-V)vi + (v1-V)vy
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Figure 2.4 Lower cloud shows the pattern of breaking waves gener-
ated by the Kelvin-Helmholtz instability.

Making a scalar product of (2.3) with v and using incompressibility one
gets:

1 8’1)1 — v 8v0i . 1 61)11‘ 6v1i
2 0t Yok e Re Oxp 0T

o [o? v1; Ovy;
_G_:Ck [3(”% + v1k) + P1VLK Re Dxr

The last term disappears after the integration over the volume:

d D
2 =T o . 2.4
dt d (24)

31}01‘ Ovy;
T=-— V1) —— D =
/Ulzvlk ka I‘, / 8l‘k
The term T is due to inertial forces and the term D is due to viscous

friction. We see that for stability (i.e. for decay of the energy of the
perturbation) one needs friction dominating over inertia:

Re < Rep = min D . (2.5)
v T
The minimum is taken over different perturbation flows. Since both T
and D are quadratic in the perturbation velocity then their ratio de-
pends on the orientation and spatial dependence of vi(r) but not on
its magnitude. For nonzero energy input 7' one must have dvg/dr # 0
(uniform flow is stable) and the perturbation velocity oriented in such
a way as to have both the component vy; along the mean flow and the
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component v along the gradient of the mean flow. One may have pos-
itive T' if the perturbation velocity is oriented relative to the mean flow
gradient as, for instance, in the geometry shown in Fig. 2.5. While the

Vo
_— =

dv
—_— T~_V1xvlz > >0
\V dz
1
e

Figure 2.5 Orientation of the perturbation velocity vi with respect
to the steady shear v that provides for an energy flux from the shear
to the perturbation.

flow is always stable for Re < Reg, it is not necessary unstable when
one can find a perturbation that breaks (2.5); for instability to develop,
the perturbation must also evolve in such a way as to keep T' > D. As a
consequence, the critical Reynolds numbers are usually somewhat higher
than those given by the energetic estimate.

2.1.3 Landau law

When the control parameter passes a critical value the system undergoes
an instability and goes into a new state. Generally, one cannot say much
about this new state except for the case when it is not very much different
from the old one. That may happen when the control parameter is not
far from critical. Consider Re > Re., but Re — Re., < Re.,. Just above
the instability threshold, there is usually only one unstable mode. Let
us linearize the equation (2.3) with respect to the perturbation vy (r,t)
i.e. omit the term (vq - V)vy. The resulting linear differential equation
with time-independent coefficients has the solution in the form v; =
f1(r) exp(71t —ww1t). The exponential growth has to be restricted by the
terms nonlinear in v1. The solution of a weakly nonlinear equation can be
sought in the form vy = f;(r)A(t). The equation for the amplitude A(t)
has to have generally the following form: d|A|?/dt = 2v,|A|*+ third-
order terms +.... The fourth-order terms are obtained by expanding
further v = v + vi + vy and accounting for vo & v# in the equation
on vi. The growth rate turns into zero at Re = Re. and generally
v1 x Re — Re. while the frequency is usually finite at Re — Reg,.
We can thus average the amplitude equation over the time larger than
27 /wy but smaller than 1/+;. Since the time of averaging contains many
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periods, then among the terms of the third and fourth order only |A[*
gives nonzero contribution:
d|AJ?

L =2y AP — alAlL . 2.
i 71|A|" = alA] (2.6)

Since the time of averaging is much less than the time of the modulus
change, then one can remove the overbar in the left-hand side of (2.6)
and solve it as a usual ordinary differential equation. This equation has
the solution

|A|7% = /2, + const - exp(—271t) — a /271 .

The saturated value changes with the control parameter according to
the so-called Landau law:

2

|A‘$na.r = l x Re — Regy .
o

If o < 0 then one needs —f3|A| term in (2.6) to stabilize the instability

d|A[?
dt

=2y |A]? — o|A|* - B|A|° . (2.7)

The saturated value is now

« a2 2y
ARre =~ 2 +
| |m,(m? 26 452+ 6

Stability with respect to the variation of |A|? within the framework of
(2.7) is determined by the factor 2v; — 2a|A|?,,, — 38|A|%, ... Between

max max*

B and C, the steady flow is metastable. Broken curve is unstable.
Al

a>0

The above description is based on the assumption that at Re— Re., <
Re,, the only important dependence is v; (Re) very much like in the Lan-
dau’s theory of phase transitions (which also treats loss of stability). The
amplitude A, which is non-zero on one side of the transition, is an analog
of the order parameter. Cases of positive and negative « correspond to
the phase transitions of the second and first order respectively.
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2.2 Turbulence

As Reynolds number increases beyond the threshold of the first instabil-
ity, it eventually reaches a value where the new periodic flow is getting
unstable in its own turn with respect to another type of perturbation,
usually with smaller scale and consequently higher frequency. Every new
instability brings about an extra degree of freedom, characterized by the
amplitude and the phase of the new periodic motion. The phases are de-
termined by (usually uncontrolled) initial perturbations. At very large
Re, a sequence of instabilities produces turbulence as a superposition of
motions of different scales. The resulting flow is irregular both spatially
and temporally so we need to describe it statistically.

Figure 2.6 Instabilities in three almost identical convective jets lead
to completely different flow patterns. Notice also appearance of pro-
gressively smaller scales as the instabilities develop.

Flows that undergo instabilities are usually getting temporally chaotic
already at moderate Re because motion in the phase space of more than
three interacting degrees of freedom may tend to sets (called attrac-
tors) more complicated than points (steady states) or cycles (periodic
motions). Namely, there exist attractors, called strange or chaotic, that
consist of saddle-point trajectories. Such trajectories have stable direc-
tions by which the system approaches attractor and unstable directions
lying within the attractor. Because all trajectories are unstable on the
attractor, any two initially close trajectories separate exponentially with
the mean rate called the Lyapunov exponent. To intuitively appreciate
how the mean stretching rate can be positive in a random flow, note that
around a saddle-point more vectors undergo stretching than contraction
(Exercise 2.1). Exponential separation of trajectories means instability
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and unpredictability of the flow patterns. The resulting fluid flow that
corresponds to a strange attractor is regular in space and random in
time, it is called dynamical chaos?3. One can estimate the Lyapunov ex-
ponent for the Earth atmosphere by dividing the typical wind velocity
20m/sec by the global scale 10000 km. The inverse Lyapunov exponent
gives the time one can reasonably hope to predict weather, which is
10" m/(20m/sec) = 5 - 10° sec, i.e. about a week.

When the laminar flow is linearly stable at large Re (like uni-directional
flows without inflection points), its basin of attraction shrinks when Re
grows so that small fluctuations are able to excite turbulence which then
sustains itself. In this case, between the laminar flow and turbulence
there is no state with simple spatial or temporal structures.

2.2.1 Cascade

Here we discuss turbulence at very large Re. It is a flow random in space
and in time. Such flows require statistical description that is an ability
to predict mean (expectation) values of different quantities. Despite five
centuries of an effort (since Leonardo Da Vinci) a complete description
is still lacking but some important elements are established. The most
revealing insight into the nature of turbulence presents a cascade picture,
which we present in this section. It is a useful phenomenology both from
a fundamental viewpoint of understanding a state with many degrees
of freedom deviated from equilibrium and from a practical viewpoint of
explaining the empirical fact that the drag force is finite in the inviscid
limit. The finiteness of the drag coefficient, C(Re) = F/pu?L? — const
at Re — oo (see Figure 1.18), means that the rate of the kinetic energy
input per unit mass, ¢ = Fu/pL® = Cu3/2L, stays finite when v —
0. Where all this energy goes if consider not an infinite wake but a
bounded flows, say, generated by a permanently acting fan in a room?
Experiments (and everyday experience) tells us that a fan generates some
air flow whose magnitude stabilizes after a while which means that the
input is balanced by the viscous dissipation. That means that the energy
dissipation rate e = v [w?dV/V stays finite when v — 0 (if the fluid
temperature is kept constant).

Historically, understanding of turbulence started from an empirical
law established by Richardson (observing seeds and balloons released in
the wind): the mean squared distance between two particles in turbu-
lence increases in a super-diffusive way: (R%(t)) o t3. Here the average
is over different pairs of particles. The parameter that can relate (R?(t))
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and t3 must have dimensionality em?s~2 which is that of the dissipation
rate e: (R?(t)) ~ et3. Richardson law can be interpreted as the increase
of the typical velocity difference dv(R) with the distance R: since there
are vortices of different scales in a turbulent flow, the velocity differ-
ence at a given distance is due to vortices with comparable scales and
smaller; as the distance increases, more (and larger) vortices contribute
the relative velocity, which makes separation faster than diffusive (when
the velocity is independent of the distance). Richardson law suggests
the law of the relative velocity increase with the distance in turbulence.
Indeed, R(t) ~ €'/2t3/2 is a solution of the equation dR/dt ~ (eR)"/3;
since dR/dt = 6v(R) then

(6v)®

Sv(R) ~ (eR)'/? = 7

~e. (2.8)

The last relation brings the idea of the energy cascade over scales, which
goes from the scale L with dv(L) ~ u down to the viscous scale | de-
fined by dv(l)l ~ v. The energy flux through the given scale R can be
estimated as the energy (dv)? divided by the time R/§v. For the so-
called inertial interval of scales, L > R > [, there is neither force nor
dissipation so that the energy flux e(R) = (§v*(R))/R may be expected
to be R-independent, as suggested by (2.8). When v — 0, the viscous
scale [ decreases, that is cascade is getting longer, but the amount of the
flux and the dissipation rate stay the same. In other words, finiteness
of € in the limit of vanishing viscosity can be interpreted as locality of
the energy transfer in R-space (or equivalently, in Fourier space). By
using an analogy, one may say that turbulence is supposed to work as
a pipe with a flux through its cross-section independent of the length of
the pipe?. Note that the velocity difference (2.8) is expected to increase
with the distance slower than linearly, i.e. the velocity in turbulence is
non-Lipschitz on average, see Sect. 1.1, so that fluid trajectories are not
well-defined in the inviscid limit ®.

The cascade picture is a nice phenomenology but can one support it
with any derivation? That support has been obtained by Kolmogorov in
1941 who derived the exact relation that quantifies the flux constancy.
Let us derive the equation for the correlation function of the velocity at
different points for an idealized turbulence whose statistics is presumed
isotropic and homogeneous in space. We assume no external forces so
that the turbulence must decay with time. Let us find the time derivative
of the correlation function of the components of the velocity difference
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Figure 2.7 Cascade.

between the points 1 and 2,

2(v?)
3

((v15 — v2i)(V1g — V2g)) = dir — 2(va;v1g) -

The time derivative of the kinetic energy is minus the dissipation rate:
e = —d(v?)/2dt. To get the time derivative of the two-point velocity
correlation function, take the Navier-Stokes equation at some point ry,
multiply it by the velocity ve at another point ro and average it over
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time intervals® larger than |r; — ra|/|vi — vo| and smaller than L /u:

9 )
5@1“}2’@) = _aTll(UllUliU2k> - 872l<’111i’02kv2l>
1 0 1
 p Oz (prvak) — ;E@QUW + V(A1 + Ag)(viivar) -

Statistical isotropy means that the vector (p;vs) has nowhere to look
but to r = r; — ro, the only divergence-less such vector, r/r3, does not
satisfy the finiteness at » = 0 so that (p;ve) = 0. Due to the space
homogeneity, all the correlation functions depend only on r = r; — rs.

0 0
—(v1v2k) = —5— (<U1w1iv2k> + <U2ivlkvll>) + 2vA(v1v28) - (2.9)
ot &rl

We have used here (v1;v95v9;) = —(vg;v1,v1;) since under 1 <> 2 both

r and a third-rank tensor change sign (the tensor turns into zero when
1 — 2). By straightforward yet lengthy derivation " one can rewrite (2.9)
for the moments of the longitudinal velocity difference called structure
functions,

Sn(r,t) = ([r- (vi = va)]"/r") .

It gives the so-called Karmén-Howarth relation

0859 1 0/, de 2v 0 [ 4,05
P2 _ @ e I a2 2.1
ot 3rd Or (T SB) 3 + rd Or (T Oor (2.10)

The average quantity Sy changes only together with a large-scale motion

SO
652 ~ SQU S3

ot L
at 7 < L. On the other hand, we consider r > [, or more formally
we consider finite r and take the limit v — 0 so that the last term
disappears. We assume now that € has a finite limit at v — 0 and obtain
Kolmogorov’s 4/5-law:

S3(r) = —4der/5 . (2.11)

That remarkable relation tells that turbulence is irreversible since Ss
does not change sign when ¢t — —t and v — —v. If one screens a movie
of turbulence backwards, we can tell that something is indeed wrong!
That is what is called “anomaly” in modern field-theoretical language:
a symmetry of the inviscid equation (here, time-reversal invariance) is
broken by the viscous term even though the latter might have been
expected to become negligible in the limit v — 0.
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Here the good news end. There is no analytic theory to give us other struc-
ture functions. One may assume following Kolmogorov (1941) that € is the only
quantity determining the statistics in the inertial interval, then on dimensional
grounds S, ~ (er)"/g. Experiment give the power laws, S, (r) o< 75" but with
the exponents (,, deviating from n/3 for n # 3. Moments of the velocity dif-
ference can be obtained from the probability density function (PDF) which
describes the probability to measure the velocity difference dv = u at the dis-
tance r: Sn(r) = [u"P(u,r)du. Deviations of ¢, from n/3 means that the
PDF P(6v,r) is not scale invariant i.e. cannot be presented as (§v)~! times
the dimensionless function of the single variable §v/(er)}/3. Apparently, there
is more to turbulence than just cascade, and € is not all one must know to pre-
dict the statistics of the velocity. We do not really understand the breakdown
of scale invariance for three-dimensional turbulence yet we understand it for
a simpler one-dimensional case of Burgers turbulence described in Sect. 2.3.4
below 8. Both symmetries, one broken by pumping (scale invariance) and an-
other by friction (time reversibility) are not restored even when r/L — 0 and
l/r—0.

To appreciate difficulties in turbulence theory, one can cast turbulence prob-
lem into that of quantum field theory. Consider the Navier-Stokes equation
driven by a random force f with the Gaussian probability distribution P(f)
defined by the variance (f;(0,0)f;(r,t)) = D;j(r,t). Then the probability of
any flow v(r,t) is given by the Feynman path integral over velocities satisfying
the Navier-Stokes equation with different force histories:

/Dva(S(@tv + (v-V)v+VP/p—vAv —f)P(f)
= /Dva eXp[fDi]-pip]- + ipi (8,51)1' + v Vivs + ViP/p — Z/Av,-)](2.12)

Here we presented the delta-function as an integral over an extra field p and
explicitly made Gaussian integration over the force. One can thus see that
turbulence is equivalent to the field theory of two interacting fields (v and
p) with large Re corresponding to a strong coupling limit (for incompressible
turbulence the pressure is recovered from div(v - V)v = AP). For fans of
field theory, add that the convective derivative d/dt = 9/0t + (v - V) can be
identified as a covariant derivative in the framework of a gauge theory, here

the velocity of the reference frame fixes the gauge.

2.2.2 Turbulent river and wake

With the new knowledge of turbulence as a multi-scale flow, let us now
return to the large-Reynolds flows down an inclined plane and past the
body.

River. Now that we know that turbulence makes the drag at large Re
much larger than the viscous drag, we can understand why the behavior
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of real rivers is so distinct from a laminar solution from Sect. 1.4.3.
At small Re, the gravity force (per unit mass) ga was balanced by the
viscous drag vv/h?. At large Re, the drag is v?/h which balances ga so

that
v~/ agh . (2.13)

Indeed, as long as viscosity does not enter, this is the only combination
with the velocity dimensionality that one can get from h and the effective
gravity ag. For slow plain rivers (the inclination angle o ~ 10~* and the
depth h ~ 10m), the new estimate (2.13) gives reasonable v ~ 10 cm/s.
Another way to describe the drag is to say that molecular viscosity
v is replaced by turbulent viscosity vp ~ vh ~ vRe and the drag is
still given by viscous formula vv/h? but with v — vp. Intuitively, one
imagines turbulent eddies transferring momentum between fluid layers.

Figure 2.8 Sketch of the wake behind a body.

Wake. Let us now describe the entire wake behind a body at Re =
uL/v > 1. Since Re is large then Kelvin’s theorem holds outside the
boundary layer — every streamline keeps its vorticity. Streamlines are
thus divided into those of zero and nonzero vorticity. A separated region
of rotational flow (wake) can exist only if streamlines don’t go out of
it (yet they may come in so the wake grows as one goes away from the
body). Instability of the Kelvin-Helmholtz type make the boundary of
the wake wavy. Oscillations then must be also present in the velocity
field in the immediate outside vicinity of the wake. Still, only large-scale
harmonics of turbulence are present in the outside region, because the
flow is potential (A¢ = 0) so when it changes periodically along the wake
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it decays exponentially with the distance from the wake boundary. The
smaller the scale the faster it decays away from the wake. Therefore, all
the small-scale motions and all the dissipation are inside the turbulent
wake. The boundary of the turbulent wake fluctuates in time. On the
snapshot sketch in Figure 2.8 the wake is dark, broken lines with arrows
are streamlines, see Figure 1.16 for a real wake photo.

Let us describe the time-averaged position of the wake boundary Y (z).
The average angle between the streamlines and z-direction is v(z)/u
where v(z) is the rms turbulent velocity, which can be obtained from
the condition that the momentum flux through the wake must be z-
independent since it is equal to the drag force F' ~ puvY? like in (1.52).
Then

dy  u(x) F

_ = =~

dr pu?Y?’

One can substitute here F ~ pu?L? and get

Y (x) ~ L2323 v(z) ~ u(L/z)?? .

so that

Note that Y is independent on u for a turbulent wake. Current Reynolds
number, Re(z) = v(x)Y (z)/v ~ (L/x)"/*uL/v = (L/x)"/?Re, decreases
with 2 and a turbulent wake turns into a laminar one at z > LRe? =
L(uL/v)? — the transition distance apparently depends on u.

Inside the laminar wake, under the assumption v < v we can neglect
p~10p/0x ~ v?/x in the steady Navier-Stokes equation which then turns
into the (parabolic) diffusion equation with x playing the role of time:

Ovy 0? 0?

At z > v/u, the solution of this equation acquires the universal form

F, { u(z2+y2)}
exp [————= |,

Uz(xay7z):_4ﬂ_nx Avr

where we have used (1.52) in deriving the coefficient. A prudent thing
to ask now is why we accounted for the viscosity in (2.14) but not in the
stress tensor (1.50). The answer is that o, o Ov,/0x o< 1/x? decays
fast while [ dyoy, = [ dydv, /Oy vanishes identically.

We see that the laminar wake width is Y ~ /vz/u that is the wake
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is parabolic. The Reynolds number further decreases in the wake by the
law v, Y /v oc 27/2. Recall that in the Stokes flow v oc 1/r only for r <
v/u, while in the wake v, o 1/ ad infinitum. Comparing laminar and
turbulent estimates, we see that for © < LRe?, the turbulent estimate
gives a larger width: Y ~ L?/32/3 > (v /u)'/2. On the other hand, in a
turbulent wake the width grows and the velocity perturbation decreases
with the distance slower than in a laminar wake.

Y laminar
U3
turbulent_~
L :
x12 3 X
L LRe®

Figure 2.9 Wake width Y versus distance from the body =z.

2.3 Acoustics
2.3.1 Sound

Small perturbations of density in an ideal fluid propagate as sound waves
that are described by the continuity and FEuler equations linearized with
respect to the perturbations p’ < po, p’ < po:

op' ov Vp

o divv =0 ad
or Troevv=0 gt

0. (2.15)

To close the system we need to relate the variations of the pressure and
density i.e. specify the equation of state. If we denote the derivative of
the pressure with respect to the density as ¢? then p’ = ¢?p’. Small
oscillations are potential so we introduce v = V¢ and get from (2.15)

Gr — AP =0 (2.16)

We see that indeed c is the velocity of sound. What is left to establish
is what kind of the derivative Op/9p one uses, isothermal or adiabatic.
For a gas, isothermal derivative gives ¢ = P/p while the adiabatic law
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P o p7 gives:

dp P
02 = () = — . 217
o)y P @17)

One uses an adiabatic equation of state when one can neglect the heat
exchange between compressed (warmer) and expanded (colder) regions.
That means that the thermal diffusivity (estimated as thermal velocity
times the mean free path) must be less than the sound velocity times
the wavelength. Since the sound velocity is of the order of the thermal
velocity, it requires the wavelength to be longer than the mean free path,
which is always so. Newton already knew that ¢ = dp/dp. Experimen-
tal data from Boyle showed p o« p (i.e. they were isothermal) which
suggested for air ¢? = p/p ~ 290 m/s, well off the observed value 340
m/s at 20 C. Only hundred years later Laplace got the true (adiabatic)
value with v = 7/5.

All velocity components, pressure and density perturbations also sat-
isfy the wave equation (2.16). A particular solution of this equation is
a monochromatic plane wave, ¢(r,t) = cos(ikr — iwt). The relation be-
tween the frequency w and the wavevector k is called dispersion relation;
for acoustic waves it is linear: w = ck. In one dimension, the general so-
lution of the wave equation is particularly simple:

P(x,t) = fi(z — ct) + fa(z + ct),

where f1, fo are given by two initial conditions, for instance, ¢(x,0) and
¢¢(x,0). Note that only v, = d¢/Jx is nonzero so that sound waves in
fluids are longitudinal. Any localized 1d initial perturbation (of density,
pressure or velocity along x) thus breaks into two plane wave packets
moving in opposite directions without changing their shape. In every
such packet, 0/0t = +cd/dz so that the second equation (2.15) gives
v = p'/pc = ¢p’/p. The wave amplitude is small when p’ < p which
requires v < ¢. The (fast) pressure variation in a sound wave, p’ ~ pue,
is much larger than the (slow) variation pv?/2 one estimates from the
Bernoulli theorem.

Luckily, one can also find the general solution in the spherically sym-
metric case since the equation

29 [ ,0
bu = ffzg (r26f> (2.18)

turns into hy = c20%h/0r? by the substitution ¢ = h/r. Therefore, the
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general solution of (2.18) is

p(r,t) =r [ fi(r —ct) + folr +ct)] .

The energy density of sound waves can be obtained by expanding
pE + pv?/2 up to the second-order terms in perturbations. We neglect
the zero-order term pgEj because it is constant and the first-order term
P O(pE)/dp = wop’ because it is related to the mass change in a given
unit volume and disappears after the integration over the whole volume.
We are left with the quadratic terms:

pov? P2 O%pE)  po?  p? <8w0>  pov? . 022
S

Ew: _— = —_—
2 T o 2 T 2 20

dp

The energy flux with the same accuracy is
q=pv(w +v%/2) = pvw = w' pev + wep'v .

Again we disregard wop’v which corresponds to wgp’ in the energy and
disappears after the integration over the whole volume. The enthalpy
variation is w’ = p/(Ow/0p)s = p'/p = p'/po and we obtain

q=pv.

The energy and the flux are related by F,, /0t + divp’'v = 0. In a plane
wave, E,, = pov? and ¢ = cE,,. The energy flux is also called acoustic
intensity. To amplify weak sounds and damp strong ones, our ear senses
loudness as the logarithm of the intensity for a given frequency. This
is why the acoustic intensity is traditionally measured not in watts per
square meter but in the units of the intensity logarithm called decibels:
q(dB) = 120 + 10log; o ¢(W /m?).
The momentum density is

j=pv=rpov+p'v=pov+aq/c.

Acoustic perturbation that exists in a finite volume not restricted by
walls has a nonzero total momentum f qdV/c?, which corresponds to
the mass transfer. Comment briefly on the momentum of a phonon in
solids, which is defined as a sinusoidal perturbation of atom displace-
ments. Monochromatic wave in these (Lagrangian) coordinates has zero
momentum ?. A perturbation, which is sinusoidal in Eulerian coordi-
nates, has a nonzero momentum at second order (where Eulerian and
Lagrangian differ). Indeed, let us consider the Eulerian velocity field
as a monochromatic wave with a given frequency and a wavenumber:
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v(x,t) = vosin(kx — wt). The Lagrangian coordinate X (t) of a fluid
particle satisfies the following equation:

X =v(X,t) = usin(kX — wt) . (2.19)
This is a nonlinear equation, which can be solved by iterations, X (t) =
Xo + X1(t) + Xo(t) assuming v < w/k. The assumption that the fluid
velocity is much smaller than the wave phase velocity is equivalent to
the assumption that the fluid particle displacement during the wave
period is much smaller than the wavelength. Such iterative solution gives
oscillations at first order and a mean drift at second order:

U
Xi(t) = — kXo — wt
1(t) wcos( 0 —wt),
ku?t  ku® |

=5 + 22 sm2(k:X0 — wt) . (2.20)

We see that at first order in wave amplitude the perturbation propagates
while at second order the fluid itself flows.

Xo(t)

2.3.2 Riemann wave

As we have seen, an infinitesimally small one-dimensional acoustic per-
turbation splits into two simple waves which then propagate without
changing their forms. Let us show that such purely adiabatic waves of a
permanent shape are impossible for finite amplitudes (Earnshaw para-
dox): In the reference frame moving with the speed ¢ one would have a
steady motion with the continuity equation pv =const= C' and the Eu-
ler equation vdv = dp/p giving dp/dp = (C/p)? i.e. d®p/dp? < 0 which
contradicts the second law of thermodynamics. It is thus clear that a
simple plane wave must change under the action of a small factor of
nonlinearity.

Consider 1d adiabatic motion of a compressible fluid with p = po(p/po)”.
Let us look for a simple wave where one can express any two of v, p, p via
the remaining one. This is a generalization for a nonlinear case of what
we did for a linear wave. Say, we assume everything to be determined by
v that is p(v) and p(v). Euler and continuity equations take the form:

dv 1 5 dp0dv dpdv — Ov
dt pc (v)dv ox’ dwdt  Por
Here c¢?(v) = dp/dp. Excluding dp/dv one gets
dv  Ov v ov

=—+ —:ic(v)a—x .
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Two signs correspond to waves propagating in the opposite directions.
In a linear approximation we had u; + cu, = 0 where ¢ = \/vpo/po.

Now, we find
C(U) = E = 'ypio + 6p
V » po + op
op

~1
:c(1+5p—>:c+ﬂ (2.22)

2p0  2po 2

since dp/po = v/c. The local sound velocity increases with the amplitude
since v > 1, that is the positive effect of the pressure increase overcomes
the negative effect of the density increase.

Taking a plus sign in (2.21) we get the equation for the simple wave
propagating rightwards 19

ov y+1\0v

This equation describes the simple fact that the higher the amplitude
of the perturbation the faster it propagates, both because of higher ve-
locity and of higher pressure gradient (J S Russel in 1885 remarked that
“the sound of a cannon travels faster than the command to fire it”).
That means that the fluid particle with faster velocity propagates faster
and will catch up slower moving particles. Indeed, if we have the initial
distribution v(z,0) = f(x) then the solution of (2.23) is given by an
implicit relation

vz, t) = f[a: (chv’y;rl)t} : (2.24)

which can be useful for particular f but is not of much help in a general
case. Explicit solution can be written in terms of characteristics (the
lines in & — ¢ plane that correspond to constant v):

0 1 1
(8?) :c+v7—2’— ﬁx:xo—i—ct—i—ryg v(xo)t (2.25)

where 2o = f~1(v). The solution (2.25) is called simple or Riemann
wave.
In the variables £ = x — ¢t and u = v(y 4+ 1)/2 the equation takes the
form
ou ou du

a“rua*g:azo
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v(x,O)§

Figure 2.10 Characteristics (upper panel) and the initial velocity dis-
tribution (lower panel).

which describes freely moving particles. Indeed, we see that the charac-
teristics are straight lines with the slopes given by the initial distribution
v(x,0), that is every fluid particle propagates with a constant velocity.
It is seen that the parts where initially dv(x,0)/0x were positive will
decrease their slope while the negative slopes in duv(z,0)/0x are getting
steeper.

v V(0 v(x.t)

L= .
Figure 2.11 Evolution of the velocity distribution towards wave-
breaking.

The characteristics are actually Lagrangian coordinates: z(xg,t). The
characteristics cross in « — ¢ plane (and particles hit each other) when
(0x/0x0)s turns into zero that is

v+1 dv
1+ ——t=0
+ 2 d.’EO ’

which first happens with particles that corresponds to dv/dzg = f(x0)
maximal negative that is f”(xg) = 0. When characteristics cross, we
have different velocities at the same point in space which corresponds to
a shock.

General remark: Notice the qualitative difference between the prop-
erties of the solutions of the hyperbolic equation wuy — c?uz, = 0 and
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the elliptic equations, say, Laplace equation. As was mentioned in Sec-
tion 1.3.1, elliptic equations have solutions and its derivatives regular
everywhere inside the domain of existence. On the contrary, hyperbolic
equations propagate perturbations along the characteristics and charac-
teristics can cross (when ¢ depends on u or z,t) leading to singularities.

2.3.3 Burgers equation

Nonlinearity makes the propagation velocity depending on the ampli-
tude, which leads to crossing of characteristics and thus to wave break-
ing: any acoustic perturbation tends to create a singularity (shock) in
a finite time. Account of higher spatial derivatives is necessary near a
shock. In this lecture, we account for the next derivative, (the second
one) which corresponds to viscosity:

ou ou  9%u

e + ua—5 = Va—gz .
This is the Burgers equation, the first representative of the small fam-
ily of universal nonlinear equations (two other equally famous mem-
bers, Korteveg-de-Vries and Nonlinear Schrédinger Equations are con-
sidered in the next Chapter where we account, in particular, for the
third derivative in acoustic-like perturbations). Burgers equation is a
minimal model of fluid mechanics: a single scalar field u(x,t) changes

(2.26)

in one dimension under the action of inertia and friction. This equation
describes wide classes of systems with hydrodynamic-type nonlinearity,
(uV)u, and viscous dissipation. It can be written in a potential form
u = V¢ then ¢; = —(V)?/2 + vA¢; in such a form it can be consid-
ered in 1 and 2 dimensions where it describes in particular the surface
growth under uniform deposition and diffusion *': the deposition contri-
bution into the time derivative of the surface height ¢(r) is proportional
to the flux per unit area, which is inversely proportional to the area:
[1+(Vo)?]~Y2 ~1— (V$)?/2, as shown in Figure 2.12.

Burgers equation can be linearized by the Hopf substitution u =
—2vpe/p:

0 o1 — Ve ,
% o = o1 — vpge = 9C'(t)

which by the change ¢ — wexp C (not changing w) is brought to the
linear diffusion equation:

ot —vpee =0 .
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df

Figure 2.12 If the z-axis is along the direction of the local sur-
face change then the local area element is df = /(dz)? + (d¢)? =
dx/1+ (Ve)2.

The initial value problem for the diffusion equation is solved as follows:

(=92
gr ]d{ (2.27)

6 f) 1 5’ 1" 1 !

Despite the fact that the Burgers equation describes a dissipative
system, it conserves momentum (as any viscous equation does), M =
[ u(x) dz. If the momentum is finite, then any perturbation evolves into
a universal form depending only on M and not on the form of u(¢,0).
At t — o0, (2.27) gives p(&,t) — 7~ /2 F[€(4vt)~1/?] where

o) (y—n)vViavt , ,
F(y):/ exp | —1° —5 u(n', 0) diy’ | dn
Yy 2 > 2
~ efM/4V/ e M d’f] + eM/4V/ e N dn . (228)
—oo Y

Solutions with positive and negative M are related by the transform
u — —u and £ — —¢&.

Note that M /v is the Reynolds number and it does not change while
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the perturbation spreads. This is a consequence of momentum conser-
vation in one dimension. In a free viscous decay of a d-dimensional flow,
usually velocity decays as t~%2 while the scale grows as t'/2 so that the
Reynolds number evolves as t(!=9/2_ For example, we have seen that
the Reynolds number decreases in a wake behind the body.

When M /v > 1 the solution looks particularly simple, as it acquires
a sawtooth form. In the interval 0 < y < M/2v (i.e. 0 < £ < V2Mt) the
first integral in (2.28) is negligible and F ~ exp(—y?) so that u(¢,t) =
&/t. For both € < 0 and ¢ > v2Mt we have F ~ const + exp(—?) so
that u is exponentially small there.

An example of the solution with an infinite momentum is a steady
propagating shock. Let us look for a traveling wave solution w(§ — wt).
Integrating the Burgers equation once and assuming u — 0 at least at
one of the infinities, we get —uw + u?/2 = vue. Integrating again:

2w
~ 1+ Cexplw(é —wt)/v]

u(&,t) (2.29)
We see that this is a shock having the width v/w and propagating with
the velocity which is half the velocity difference on its sides. A simple
explanation is that the shock front is the place where a moving fluid
particle hits a standing fluid particle, they stick together and continue
with half velocity due to momentum conservation. The form of the shock

front is steady since nonlinearity is balanced by viscosity.
u

2w

Burgers equation is Galilean invariant, that is if u(¢,¢) denotes a so-
lution so does u(§{ — wt) + w for an arbitrary w. In particular, one can
transform (2.29) into a standing shock, u(£,t) = w tanh(w&/2v).

2.3.4 Acoustic turbulence

The shock wave (2.29) dissipates energy with the rate v [ u2 dz indepen-
dent of viscosity, see (2.30) below. In compressible flows, shock creation
is a way to dissipate finite energy in the inviscid limit (in incompress-
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ible flows, that was achieved by turbulent cascade). The solution (2.29)
shows how it works: velocity derivative goes to infinity as the viscosity
goes to zero. In the inviscid limit, the shock is a velocity discontinuity.

Consider now acoustic turbulence produced by a pumping correlated
on much larger scales, for example, pumping a pipe from one end by
frequencies 2 much less than cw/v, so that the Reynolds number is
large. Upon propagation along the pipe, such turbulence evolves into a
set of shocks at random positions with the mean distance between shocks
L ~ ¢/Q far exceeding the shock width v/w which is a dissipative scale.
For every shock (2.29),

L/2
S3(x) = l/ [u(z 4+ 2') — u(z)]? da’ ~ —8wz/L,
L) 1,
1 [E2 ,
€= — / vu? dx ~ 2w3 /3L, (2.30)
L) 1),

which gives:
S = —12ex . (2.31)

This formula is a direct analog of the flux law (2.11). As well as in
Sect. 2.2.1, that would be wrong to assume S,, ~ (ex)"/3, since shocks
give much larger contribution for n > 1: S, ~ w™x /L, here x/L is the
probability to find a shock in the interval z.

Generally, S,(z) ~ Cyl|z|™ + C},|x| where the first term comes from the
smooth parts of the velocity (the right z-interval in Figure 2.13) while the
second comes from O(x) probability to have a shock in the interval z.

Figure 2.13 Typical velocity profile in Burgers turbulence.

The scaling exponents, &, = dIn S, /dInz, thus behave as follows: &, = n
for 0 < n < 1and & = 1 for n > 1. Like for incompressible (vortex)
turbulence in Sect. 2.2.1, that means that the probability distribution of
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the velocity difference P(du,z) is not scale-invariant in the inertial inter-
val, that is the function of the re-scaled velocity difference du/z® cannot be
made scale-independent for any a. Simple bi-modal nature of Burgers tur-
bulence (shocks and smooth parts) means that the PDF is actually deter-
mined by two (non-universal) functions, each depending on a single argu-
ment: P(du,x) = 6u™' f1(du/z) + zf2(0u/urms). Breakdown of scale invari-
ance means that the low-order moments decrease faster than the high-order
ones as one goes to smaller scales. That means that the level of fluctuations
increases with the resolution: the smaller the scale the more probable are
large fluctuations. When the scaling exponents &,, do not lie on a straight line,
this is called an anomalous scaling since it is related again to the symmetry
(scale invariance) of the PDF broken by pumping and not restored even when
z/L — 0.

Alternatively, one can derive the equation on the structure functions similar
to (2.10):

0S2  0S3 0?8,

Bt 300 tVae

Here € = v{u2). Equation (2.32) describes both a free decay (then e depends on

(2.32)

t) and the case of a permanently acting pumping which generates turbulence
statistically steady for scales less than the pumping length. In the first case,
082 /0t ~ Sau/L < € ~ u®/L (where L is a typical distance between shocks)
while in the second case 952/9t = 0. In both cases, S5 = —12ex + 3v9S2 /0.
Consider now limit v — 0 at fixed z (and ¢ for decaying turbulence). Shock
dissipation provides for a finite limit of € at ¥ — 0 which gives (2.31). Again,
a flux constancy fixes Ss(x) which is universal that is determined solely by e
and depends neither on the initial statistics for decay nor on the pumping for
steady turbulence. Higher moments can be related to the additional integrals
of motion, E, = [ u®™ dx/2, which are all conserved by the inviscid Burgers
equation. Any shock dissipates the finite amount €, of E, in the limit v —
0 so that one can express Sa,+1 via these dissipation rates for integer mn:
Sont1 X €xx (see the exercise 2.5). That means that the statistics of velocity
differences in the inertial interval depends on the infinitely many pumping-
related parameters, the fluxes of all dynamical integrals of motion.

For incompressible (vortex) turbulence described in Sect. 2.2.1, we
have neither understanding of structures nor classification of the conser-
vation laws responsible for an anomalous scaling.

2.3.5 Mach number

Compressibility leads to finiteness of the propagation speed of pertur-
bations. Here we consider the motions (of the fluid or bodies) with the
velocity exceeding the sound velocity. The propagation of perturbations
in more than 1 dimension is peculiar for supersonic velocities. Indeed,
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consider fluid moving uniformly with the velocity v. If there is a small
disturbance at some place O, it will propagate with respect to the fluid
with the sound velocity c. All possible velocities of propagation in the
rest frame are given by v 4+ cn for all possible directions of the unit
vector n. That means that in a subsonic case (v < ¢) the perturbation

Figure 2.14 Perturbation generated at O in a fluid that moves with
a subsonic (left) and supersonic (right) speed v. No perturbation can
reach the outside of the Mach cone shown by broken lines.

propagates in all directions around the source O and eventually spreads
to the whole fluid. This is seen from Figure 2.14 where the left circle
contains O inside. However, in a supersonic case, vectors v + cn all lie
within a 2a-cone with sin @ = ¢/v called the Mach angle. Outside the
Mach cone shown in Figure 2.14 by broken lines, the fluid stays undis-
turbed. Dimensionless ratio v/c = M is called the Mach number, which
is a control parameter like Reynolds number, flows are similar for the
same Re and M.

Figure 2.15 Circles are constant-phase surfaces of an acoustic pertur-
bation generated in a fluid that moves to the right with a subsonic
(left) and supersonic (right) speed. Alternatively, that may be seen
as sound generated by a source moving to the left.

If sound is generated in a moving fluid (by, say, periodic pulsations),
the circles in Figure 2.15 correspond to the lines of a constant phase. The
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figure shows that the wavelength (the distance between the constant-
phase surfaces) is smaller to the left of the source. For the case of a
moving source this means that the wavelength is shorter in front of the
source and longer behind it. For the case of a moving fluid that means the
wavelength is shorter upwind. The frequencies registered by the observer
are however different in these two cases:
i) When the emitter and receiver are at rest while the fluid moves, then
the frequencies emitted and received are the same; the wavelength up-
wind is smaller by the factor 1 —v/c because the propagation speed ¢ —wv
is smaller in a moving fluid.
ii) When the source moves towards the receiver while the fluid is still,
then the propagation speed is ¢ and the smaller wavelength corresponds
to the frequency received being larger by the factor 1/(1 — v/c). This
frequency change due to a relative motion of source and receiver is called
Doppler effect. This effect is used to determine experimentally the fluid
velocity by scattering sound or light on particles carried by the flow !2.
When receiver moves relative to the fluid, it registers the frequency
which is different from the frequency ck measured in the fluid frame. Let
us find the relation between the frequency and the wavenumber of the
sound propagating in a moving fluid and registered in the rest frame.
The monochromatic wave is exp(ik - r’ —ckt) in a reference frame moving
with the fluid. The coordinates in moving and rest frames are related
as ' = r — vt so in the rest frame we have exp(ik -r — ckt — k- vt) =
exp(ik - r — wyt), which means that the frequency measured in the rest
frame is as follows:

wp=ck+ (k-v). (2.33)

This change of the frequency, (k - v), is called Doppler shift. When sound
propagates upwind, one has (k- v) < 0, so that a standing person hears
a lower tone than those gone with the wind. Another way to put it is
that the wave period is larger since more time is needed for a wavelength
to pass our ear as the wind sweeps it.

Consider now a wave source that oscillates with the frequency wg and
moves with the velocity u. The wave in a still air has the frequency
w = ck. To relate w and wq, pass to the reference frame moving with the
source where wy = wp and the fluid moves with —u so that (2.33) gives
wo = ck — (k-u) = w[l — (u/c)cosb], where 0 is the angle between u
and k.

Let us now look at (2.33) for v > ¢. We see that the frequency
of sound in the rest frame turns into zero on the Mach cone (also
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called the characteristic surface). Condition wy = 0 defines the cone
surface ¢k = —k - v or in any plane the relation between the compo-
nents: v2k2 = c?(k2 + k;) The propagation of perturbation in x-y plane
is determined by the constant-phase condition k;dx + kydy = 0 and
dy/dx = —k; [k, = £c¢/vv? — ¢ which again correspond to the broken
straight lines in Figure 2.15 with the same Mach angle o = arcsin(¢/v) =
arctan(c/v/v? — ¢2). We thus see that there is a stationary perturbation
along the Mach surface, acoustic waves inside it and undisturbed fluid
outside.

Let us discuss now a flow past a body in a compressible fluid. For a
slender body like a wing, flow perturbation can be considered small like
we did in Sect. 1.5.4, only now including density: u+v, pg+p’, Po+ P'.
For small perturbations, P’ = ¢2p’. Linearization of the steady Euler
and continuity equations gives '3

/

poug—l = _VP = -Vp, ug—f; = —podivv . (2.34)

Taking curl of the Euler equation, we get dw/dz = 0 i.e. z-independent
vorticity. Since vorticity is zero far upstream it is zero everywhere (in a
linear approximation) '*. We thus have a potential flow, v = V¢, which
satisfies

(1—M2)if+@=o. (2.35)

i s

M<1 M>1

Figure 2.16 Subsonic (left) and supersonic (right) flow around a slen-
der wing.

Here the Mach number, M = wu/¢, determines whether the equation
is elliptic (when M < 1 and the streamlines are smooth) or hyperbolic
(when M > 1 and the streamlines are curved only between the Mach
planes extending from the ends of the wing and straight outside).

In the elliptic case, the change of variables z — (1 — M?)~1/2
(2.35) into Laplace equation, divv = A¢ = 0, which we had for an
incompressible case. To put it simply, at subsonic speeds, compressibility
of the fluid is equivalent to a longer body. Since the lift is proportional

turns



2.8 Acoustics 87

to the velocity circulation i.e. to the wing length then we conclude that
compressibility increases the lift by (1 — M?)~1/2,
In the hyperbolic case, the solution is

¢=F(x—By), B=M>-1)"12,

The boundary condition on the body having the shape y = f(z) is
vy = 0¢/0y = uf’(x), which gives FF = —Uf/B. That means that
the streamlines repeat the body shape and turn straight behind the rear
Mach surface (in the linear approximation). We see that passing through
the Mach surface the velocity and density have a jump proportional to
£7(0). That means that Mach surfaces (like planes or cones described
here) are actually shocks.One can relate the flow properties before and
after the shock by the conservation laws of mass, energy and momentum
called in this case Rankine-Hugoniot relations. That means that if w is
the velocity component normal to the front then the fluxes pw, pw(W +
w?/2) = pw[yP/(y — 1)p + w?/2] and P + pw? must be continuous
through the shock. That gives three three relations that can be solved
for the pressure, velocity and density after the shock (Exercise 2.4). In
particular, for a slender body when the streamlines deflect by a small
angle 06 = f/(0) after passing through the shock, we get the pressure
change due to the velocity decrease:

AP u? = (u+v,)? — 02 ) ) S
26 M?
~ m . (2.36)

The compressibility contribution to the drag is proportional to the pres-
sure drop and thus the drag jumps when M crosses unity due to appear-
ance of shock and the loss of acoustic energy radiated away between the
Mach planes. Drag and lift singularity at M — 1 is sometimes referred to
as ”"sound barrier”. Apparently, our assumption on small perturbations
does not work at M — 1. For comparison, recall that the wake contri-
bution into the drag is proportional to pu?, while the shock contribution
is proportional to PM? /v M? — 1 ~ pu?/\/M? — 1.

We see that in a linear approximation, the steady-state flow pertur-
bation does not decay with distance. Account of nonlinearity leads to
the conclusion that the shock amplitude decreases away from the body.
We have learnt in Sect. 2.3.2 that the propagation speed depends on the
amplitude and so must the angle o, which means that the Mach surfaces
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are straight only where the amplitude is small, which is usually far away
from the body. Weak shocks are described by (2.28) with ¢ being coor-
dinate perpendicular to the Mach surface. Generally, Burgers equation
can be used only for M — 1 <« 1. Indeed, according to (2.28,2.29), the

front width is
v v lvr

u—c cM-1 cM-1)’
which exceeds the mean free path [ only for M — 1 <« 1 since the
molecular thermal velocity vy and the sound velocity ¢ are comparable
(see also Sect. 1.4.4). To be consistent in the framework of continuous
media, strong shocks must be considered as discontinuities.

Exercises

2.1 i) Consider two-dimensional incompressible saddle-point flow (pure

strain): v, = Az, v, = —Ay and the fluid particle with the coordi-
nates x,y that satisfy the equations # = v, and y = v,. Whether
the vector r = (z,y) is stretched or contracted after some time T
depends on its orientation and on 7. Find which fraction of the
vectors is stretched.
ii) Consider two-dimensional incompressible flow having both per-
manent strain A and vorticity w: v, = Az4+wy/2, v, = —Ay—wz/2.
Describe the motion of the particle, z(t), y(t), for different relations
between A and w.

2.2 Consider a fluid layer between two horizontal parallel plates kept
at the distance h at temperatures that differ by ©. The fluid has
kinematic viscosity v, thermal conductivity y (both measured in
em? /sec) and the coefficient of thermal expansion 3 = —91n p/dT,
such that the relative density change due to the temperature dif-
ference, O, far exceeds the change due to hydrostatic pressure
difference, gh/c?, where c is sound velocity. Find the control pa-
rameter(s) for the appearance of the convective (Rayleigh-Bénard)
instability.

2.3 Consider a shock wave with the velocity w; normal to the front in
a polytropic gas having the enthalpy

2

W:cpT:PvL:BL: <.

y-1 py-1 ~-1

where v = ¢,/c,. Write Rankine-Hugoniot relations for this case.
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Express the ratio of densities ps/p; via the pressure ratio Py/ Py,
where the subscripts 1,2 denote the values before/after the shock.
Express Py/P1, p2/p1 and My = wy/cs via the pre-shock Mach
number My = wy /¢;. Consider limits of strong and weak shocks.
For Burgers turbulence, express the fifth structure function S via
the dissipation rate e; = 6v[(u?u2) + (u?)(u2)].

In a standing sound wave, fluid locally moves as follows: v =
asin(wt). Assuming small amplitude, ka < w, describe how a
small spherical particle with the density py moves in the fluid
with the density p (find how the particle velocity changes with
time). Consider the case when the particle material is dissolved
into the fluid so that its volume decreases with the constant rate
a: V(t) = V(0) — at. The particle is initially at rest.

There is an anecdotal evidence that early missiles suffered from an
interesting malfunction of the fuel gauge. The gauge was a simple
floater (small air-filled rubber balloon) whose position was sup-
posed to signal the level of liquid fuel during the ascending stage.
However, when the engine was warming up before the start, the
gauge unexpectedly sank to the bottom, signalling zero level of fuel
and shutting out the engine. How do engine-reduced vibrations re-
verse the sign of effective gravity for the floater?

el
i

Consider an air bubble in the vessel filled up to the depth h by
a liquid with density p. The vessel vertically vibrates according to
2(t) = (Ag/w?)sin(wt), where g is the static gravity acceleration.
Find the threshold amplitude A necessary to keep the bubble near
the bottom. The pressure on the free surface is Fp.
It is a common experience that acoustic intensity drops fast with
the distance when the sound propagates upwind. Why it is so dif-
ficult to hear somebody shouting against the wind?
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Dispersive Waves

In this Chapter, we consider systems that support small-amplitude waves
whose speed depends on wavelength. This is in distinction from acoustic
waves (or light in the vacuum) that all move with the same speed so
that a small-amplitude one-dimensional perturbation propagates with-
out changing its shape. When the speeds of different Fourier harmonics
are different then the shape of a perturbation generally changes as it
propagates. In particular, initially localized perturbation spreads. That
is dispersion of wave speed leads to packet dispersion in space. This is
why such waves are called dispersive. Since different harmonics move
with different speeds, then they separate with time and can be found
subsequently in different places. As a result, for quite arbitrary exci-
tation mechanisms one often finds perturbation locally sinusoidal, the
property well known to everybody who observed waves on water sur-
face. Surface waves is the main subject of analysis in this section but
the ideas and results apply equally well to numerous other dispersive
waves that exist in bulk fluids, plasma and solids (where dispersion usu-
ally results from some anisotropy or inhomogeneity of the medium). We
shall try to keep our description universal when we turn to consideration
of nonlinear dispersive waves having finite amplitudes. We shall consider
weak nonlinearity assuming amplitudes to be small and weak dispersion
which is possible in two distinct cases: i) when the dispersion relation
is close to acoustic and ii) when waves are excited in a narrow spectral
interval. These two cases correspond respectively to the Korteveg - de
Vries Equation and the Nonlinear Schrodinger Equation, which are as
universal for dispersive waves as the Burgers equation for non-dispersive
waves. In particular, the results of this Chapter are as applicable to
nonlinear optics and quantum physics, as to fluid mechanics.
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3.1 Linear waves

To have waves, one either needs inhomogeneity of fluid properties or
compressibility. Here we consider an incompressible fluid with an ex-
treme form of inhomogeneity - open surface. In this Section, we shall
consider surface waves as an example of dispersive wave systems, ac-
count for gravity and surface tension as restoring forces and for viscous
friction. We then introduce general notions of phase and group velocities,
which are generally different for dispersive waves. We discuss physical
phenomena that appear because of that difference.

Linear waves can be presented as superposition of plane waves exp(ikr—
iwt). Therefore, linear waves of every type are completely character-
ized by their so called dispersion relation between wave frequency w
and wavelength \. Before doing formal derivations for surface waves, we
show a simple way to estimate w(\) by using either the Newton’s second
law or the virial theorem which states that for small oscillations mean
kinetic energy is equal to the mean potential energy.

Consider vertical oscillations of a fluid with the elevation amplitude
a and the frequency w. The fluid velocity can be estimated as wa and
the acceleration as w?a. When the fluid depth is much larger than the
wavelength then we may assume that the fluid layer of the order A is
involved into motions. Newton’s second law for a unit area then requires
that the mass pA times the acceleration w?a must be equal to the gravity

force pAag:
pwial ~ pag = w? ~ g\~ (3.1)

The same result one obtains using the virial theorem. The kinetic energy
per unit area of the surface can be estimated as the mass in motion pA
times the velocity squared w?a?. The gravitational potential energy per
unit area can be estimated as the elevated mass pa times g times the
elevation a.

Curved surface has extra potential energy which is the product of the
coefficient of surface tension « and the surface curvature (a/\)?. Taking
potential energy as a sum of gravitational and capillary contributions
we obtain the dispersion relation for gravitational-capillary waves on a
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deep water:

wWwegh et (3.2)

When the depth h is much smaller than A then fluid mostly moves
horizontally with the vertical velocity suppressed by the geometric factor
h/A. That makes the kinetic energy pw?a?A2h~! while the potential
energy does not change. The virial theorem then gives the dispersion
relation for waves on a shallow water:

w? >~ ghA\™2 ahA"4pt . (3.3)

3.1.1 Surface gravity waves

Let us now formally describe fluid motion in a surface wave. As we
argued in Sect. 1.2.4, small-amplitude oscillations are irrotational flows.
Then, one can introduce the velocity potential which satisfies the Laplace
equation A¢ = 0 while the pressure is

p=—p(d/0t + gz +v*/2) = —p(d¢ /It + g2),

neglecting quadratic terms because the amplitude is small. As in con-
sidering Kelvin-Helmholtz instability in Section. 2.1, we describe the
surface form by the elevation ((x,t). We can include the atmospheric
pressure on the surface into ¢ — ¢ + pot/p which does not change the
velocity field. We then have on the surface

a¢ o¢ d¢

o T e T
The first equation here is the linearized kinematic boundary condition
(2.1) which states that the vertical velocity on the surface is equal to the
time derivative of the surface height. The second one is the linearized
dynamic boundary condition on the pressure being constant on the sur-
face, it can be also obtained writing the equation for the acceleration
due to gravity: dv/dt = —gd(/0x. To solve (3.4) together with A¢ = 0,
one needs the boundary condition at the bottom: 0¢/0z = 0 at z = —h.
The solution of the Laplace equation periodic in one direction must be
exponential in another direction:

06 0%

o(z, z,t) = acos(kx — wt) cosh[k(z + h)], (3.5)
w? = gktanh kh .
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The respective velocities are

v, = —aksin(kx — wt) cosh[k(z + h)], (3.7)

v, = ak cos(kx — wt) sinh[k(z + h)]. (3.8)
The condition of weak nonlinearity is dv/0t > vOv/0x which requires
w > ak? = kv or g > kv2.

The trajectories of fluid particles can be obtained by integrating the
equation I = v assuming small oscillations near some ro = (z9, 29) like
it was done in solving (2.19). Fluid displacement during the period can
be estimated as velocity ka times 27 /w, this is supposed to be much

smaller than the wavelength 27/k. At first order in the small parameter
ak? Jw, we find

k
r=x0— % cos(kxg — wt) cosh[k(zg + h)], (3.9)
ak . .
z=20- sin(kxzo — wt) sinh[k(zo + )] .
The trajectories are ellipses described by

(h[k(ﬂ ; h>1)2 " <smhfk(_zf ¥ h>1)2 - (D '

We see that as one goes down away from the surface, the amplitude

of the oscillations decreases and the ellipses get more elongated as one
approaches the bottom.

At second order, one obtains the mean (Stokes) drift with the velocity
a’k3 /2w in x-direction exactly like in (2.20).

One can distinguish two limits, depending on the ratio of water depth
to the wavelength. For gravity waves on a deep water (kh > 1), fluid
particles move in perfect circles whose radius exponentially decays with
the depth with the rate equal to the horizontal wavenumber. This is
again the property of the Laplace equation mentioned in Section 2.2.2:
if solution oscillated in one direction, it decays exponentially in the other
direction. That supports our assumption that for a deep fluid the layer
comparable to wavelength is involved into motion, fact known to divers.
The frequency, w = +/gk, which is like formula for the period of the
pendulum 7 = 27/w = 27+/L/g. Indeed, a standing surface wave is
like a pendulum made of water as seen in the bottom Figure 3.1. On
a shallow water (kh < 1), the oscillations are almost one-dimensional:
v, /v,y o< kh. The dispersion relation is sound-like: w = \/ghk (that
formula is all one needs to answer the question in Exercise 3.1).
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Figure 3.1 White particles suspended in the water are photographed
during one period. Top figure shows a wave propagating to the right,
some open loops indicate a Stokes drift to the right near the surface
and compensating re-flux to the left near the bottom. Bottom figure
shows a standing wave, where the particle trajectories are streamlines.
In both cases, the wave amplitude is 4% and the depth is 22% of the
wavelength.

3.1.2 Viscous dissipation

The moment we account for viscosity, our solution (3.5) does not satisfy
the boundary condition on the free surface,

_ ! L R
oijng = o;ng —pn; =0

(see Section 1.4.3), because both the tangential stress 0., = —2n¢,. and
the oscillating part of the normal stress o, = —2n¢,, are nonzero. Note
also that (3.7) gives v, nonzero on the bottom. A true viscous solution
has to be rotational but when viscosity is small, vorticity appears only
in narrow boundary layers near the surface and the bottom. A standard
derivation® of the rate of a weak decay is to calculate the viscous stresses
from the solution (3.5):

2 2
dE dv;  Oug B 0%
dt o _2 / 8xk + 8951 v = _27’/ 3:1:;{8951 v

“o [(6 4 2 420 ) v = s [ o2 av .

This means neglecting the narrow viscous boundary layers near the sur-
face and the bottom (assuming that there is not much motion there i.e.
kh > 1). Assuming the decay to be weak (that requires vk? < w which
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also guarantees that the boundary layer is smaller than the wavelength)
we consider the energy averaged over the period (which is twice the
averaged kinetic energy for small oscillations by the virial theorem):

B 27w - o
FE = / Edtw/QW:p/UQdV: 2pk2/¢2dv :
0
The dissipation averaged over the period is related to the average energy:

= 27w — _
& _ & dtw/2m = —8nk4/¢2 dV = —4vk’E . (3.10)
a — Jo  dt

Still, something seems strange in this derivation. Notice that our so-
lution (3.5) satisfies the Navier-Stokes equation (but not the bound-
ary conditions) since the viscous term is zero for the potential flow:
Av = 0. How then it can give nonzero viscous dissipation? The point
is that the viscous stress o}, is nonzero but its divergence, which con-
tribute pdv; /0t = ...+ 0o}, /Oxy, is zero. In other words, the net viscous
force on any fluid element is zero, but viscous forces around an element
are nonzero as it deforms. These forces bring the energy dissipation
0}, 0v; /O, which has a nonzero mean so that viscosity causes waves to
decay. To appreciate how the bulk integration can present the boundary
layer distortion, consider a function U(x) on = € [0,1] which is almost
linear but curves in a narrow vicinity near x = 1 to have U'(1) = 0,
as shown in Fig. 3.2. Then the integral fol vv"dz = ffol(U’)de is
nonzero, and the main contribution is from the bulk.

0 1

Figure 3.2 Function whose U’ is small everywhere except a small
vicinity of z = 1 yet fol vU"dx = — fol(U/)de is due to the bulk.

However, the first derivation of the viscous dissipation (3.10) was done
by Stokes in quite an ingenious way, that did not involve any boundary
layers. Since the potential solution satisfies the Navier-Stokes equation,
he suggested to imagine how one may also satisfy the boundary condi-
tions (so that no boundary layers appear). First, we need an extensible
bottom to move with v,(—h) = —ksin(kx — wt). Since o’ ,(—h) = 0
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then such bottom movements do no work. In addition, we must apply
extra forces to the fluid surface to compensate for ¢,.(0) and o,.(0).
Such forces do work (per unit area per unit time) v,0.. + v,0,. =
20(pptr + G2022). After averaging over the period of the monochro-
matic wave, it turns into 4nk?¢¢., which is 8vk? times the average ki-
netic energy per unit surface area, po,/2 — to obtain this, one writes

o [(Vorav =p [V vo)av = [oo.ds .

Since we have introduced forces that make our solution steady (it sat-
isfies equations and boundary conditions) then the work of those forces
exactly equals the rate of the bulk viscous dissipation which is thus 4vk?
times the total energy 2.

3.1.3 Capillary waves

Surface tension makes for extra pressure difference proportional to the
curvature of the surface:

Y

0 ¢
0 XX X

This changes the second equation of (3.4),
dp « 0%¢

— == 3.11
96+ ot pox?’ (3.11)

and adds an extra term to the dispersion relation
w? = (gk + ozk:3/,0> tanh kh . (3.12)

That two restoring factors enter additively into w? is due to the virial

theorem as explained at the beginning of Section 3.1.

We see that there is the wavenumber k, = \/pg/a which separates
gravity-dominated long waves from short waves dominated by surface
tension. In general, both gravity and surface tension provide a restor-
ing force for the surface perturbations. For water, o ~ 70 erg/cm? and
A = 27/ky ~ 1.6cm. Now we can answer why water spills out of an
overturned glass. The question seems bizarre only to a non-physicist,
since physicists usually know that atmospheric pressure at normal con-
ditions is of order of Py ~ 10° Newton per square meter which is enough
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to hold up to Py/pg ~ 10 meters of water column 3. That is if fluid sur-
face remained plane then the atmospheric pressure would keep the water
from spilling. The relation (3.12) tells us that with a negative gravity,
the plane surface is unstable:

w20<—gk—|—ozk3<0 for k<k,.

On the contrary, water can be kept in an upside-down capillary with
the diameter smaller than A, since the unstable modes cannot fit in (see
Exercise 3.9 for the consideration of a more general case).

3.1.4 Phase and group velocity

Let us discuss now general properties of one-dimensional propagation of
linear dispersive waves. To describe the propagation, we use the Fourier
representation since every harmonics exp(ikx — iwgt) propagates in a
simple way completely determined by the frequency-wavenumber rela-
tion wg. It is convenient to consider the perturbation in the Gaussian
form,

¢(z,0) = (o exp(ikox — x2/12) ,
for which the distribution in k-space is Gaussian as well:

X

¢(k,0) = /dxgo exp [i(ko —k)x — ;} = (oly/Texp [—i(ko — k)ﬂ .

That distribution has the width 1/I. Consider first quasi-monochromatic
wave with kol > 1 so that we can expand

w(k) = wo + (k — ko)w' + (k — ko)?w” /2 (3.13)
and substitute it into
dk . .
C(z,t) = / 2—@“(167 0) explikz — iwgt] (3.14)
by

(r — w't)?
exp | ——5——"~
P 2itw)
We see that the perturbation ((x,t) = exp(ikor — iwot)¥(x,t) is a
monochromatic wave with a complex envelope having the modulus

()| ~ @% exp [~(z — W12/ L2(1)] ,

L2(t) = 1* + (2t")?172 .

Lo -
~ %ezkowfzwot :| [12/4 + itw”/Q)] 1/2 (315)
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The phase propagates with the phase velocity wo/ko while the envelope
(and the energy determined by |¥|?) propagate with the group velocity
w’. For sound waves, wy, = ck, the group and the phase velocities are
equal and are the same for all wavenumbers, the wave packet does not
spread since w” = 0. On the contrary, when w” # 0, the waves are called
dispersive since different harmonics move with different velocities and
disperse in space; the wave packet spreads with time and its amplitude
decreases since L(t) grows. For wy « k% w' = awy/k. In particular,
the group velocity for gravity waves on deep water is twice less than
the phase velocity so that individual crests can be seen appearing out
of nowhere at the back of the packet and disappearing at the front. For
capillary waves on deep water, the group velocity is 1.5 times more so
that crests appear at the front.

If one considers a localized perturbation in space, which corresponds
to a wide distribution in k-space, then in the integral (3.14) for given
x,t the main contribution is given by the wavenumber determined by
the stationary phase condition w’(k) = x/t i.e. waves of wavenumber k
are found at positions moving forward with the group velocity w'(k) —
see Exercise 3.3.

phase velocity
group velocity

wavelength A

Obstacle to the stream or wave source moving with respect to wa-
ter can generate a steady wave pattern if the projection of the source
relative velocity V' on the direction of wave propagation is equal to the
phase velocity ¢(k). For example, if the source creates an elevation of the
water surface then it must stay on the wave crest, which moves with the
phase velocity. The condition V cos@ = ¢ for generation of stationary
wave pattern is a direct analog of the Landau criterium for generat-
ing excitations in superfluid and the resonance condition for Vavilov-
Cherenkov radiation by particles moving faster than light in a medium.
For gravity-capillary surface waves on a deep water, the requirement for
the Vavilov-Cherenkov resonance means that V must exceed the minimal
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phase velocity, which is

ey = ) _ (4‘;?)1/4 ~ 923em)s .

Consider first a source which is long in the direction perpendicular to the

motion, say a tree fallen across the stream. Then a one-dimensional pat-
tern of surface waves is generated with two wavenumbers that correspond
to ¢(k) = V. These two wavenumbers correspond to the same phase ve-
locity but different group velocities. The waves transfer energy from the
source with the group velocity. Since the longer (gravity) wave has its
group velocity lower, w’ < V', then it is found behind the source (down-
stream), while the shorter (capillary) wave can be found upstream . Of
course, capillary waves can only be generated by a really thin object
(much smaller than \,), like a fishing line or a small tree branch.

Figure 3.3 Pattern of waves generated by a ship that moves along
z-axis to the left. Circle is the locus of points reached by waves gen-
erated at A when the ship arrives at B. Broken lines show the Kelvin
wedge. Bold lines are wave crests.

Ships generate an interesting pattern of gravity waves that can be
understood as follows. The wave generated at the angle 6 to the ship
motion has its wavelength determined by the condition V cosf = c(k),
necessary for ship’s bow to stay on the wave crest. That condition means
that different wavelengths are generated at different angles in the interval
0 < 6 < 7/2. Similar to our consideration in Sect. 2.3.5, let us find the
locus of points reached by the waves generated at A during the time
it takes for the ship to reach B, see Figure 3.3. The waves propagate
away from the source with the group velocity w’ = ¢(k)/2. The fastest
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is the wave generated in the direction of the ship propagation (6 = 0)
which moves with the group velocity equal to half the ship speed and
reaches A’ such that AA’” = AB/2. The wave generated at the angle
0 reaches E such that AE = AA’cosf which means that AFA" is a
right angle. We conclude that the waves generated at different angles
reach the circle with the diameter AA’. Since OB = 30C, all the waves
generated before the ship reached B are within the Kelvin wedge with
the angle ¢ = arcsin(1/3) ~ 19.5°, compare with the Mach cone shown
in Fig. 2.14. Note the remarkable fact that the angle of the Kelvin wedge
is completely universal i.e. independent of the ship speed.

Figure 3.4 Wave pattern of a ship consists of the breaking wave from
the bow with its turbulent wake (distinguished by a short trace of
white foam) and the Kelvin pattern.

Let us describe now the form of the wave crests, which are neither
straight nor parallel since they are produced by the waves emitted at
different moments at different angles. The wave propagating at the angle
0 makes a crest at the angle 7/2 — 6. Consider point F on a crest with
the coordinates

r=AB(2—cos’0)/2, y=(AB/2)sinfcosf .

The crest slope must satisfy the equation dy/dx = cotf, which gives
dAB/df = —ABtan. Solution of this equation, AB = Xj cosf, de-
scribes how the source point A is related to the angle 6 of the wave that
creates the given crest. Different integration constants X7 correspond to
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different crests. Crest shape is given parametrically by
r=Xjcos0(2—cos?0)/2, y=(X1/4)cosfsin26 (3.16)

and it is shown in Figure 3.3 by the bold solid lines, see also Figure 3.4.
As expected, longer (faster) waves propagate at smaller angles. Note that
for every point inside the Kelvin wedge one can find two different source
points. That means that two constant-phase lines cross at every point
like crossing of crests seen at the point F. There are no waves outside
the Kelvin wedge whose boundary is thus a caustic®, where every crest
has a cusp like at the point D in Fig. 3.3, determined by the condition
that both 2(6) and y(#) have maxima. Differentiating (3.16) and solving
dx/df = dy/d0 = 0 we obtain the propagation angle cos®fy = 2/3,
which is actually the angle CAB since it corresponds to the wave that
reached the wedge. We can express the angle COA alternatively as 7/2+
¢ and ™ — 26, and relate: 8y = 7/4 — ¢/2 &~ 35°.

3.2 Weakly nonlinear waves

3.2.1 Hamiltonian description

The law of linear wave propagation is completely characterized by the
dispersion relation wy. It does not matter what physical quantity oscil-
lates in the wave (fluid velocity, density, electromagnetic field, surface
elevation etc), waves with the same dispersion relation propagate in the
same way. Can we achieve the same level of universality in describing
nonlinear waves? As we shall see in this and the next sections, some
universality classes can be distinguished but the level of universality
naturally decreases as nonlinearity increases.

What else, apart from wy, must we know to describe weakly nonlinear
waves? Since every wave is determined by two dynamic variables, ampli-
tude and phase, then it is natural to employ the Hamiltonian formalism
for waves in conservative medium. Indeed, the Hamiltonian formalism
is the most general way to describe systems that satisfy the least action
principle, as most closed physical systems do. The main advantage of
the Hamiltonian formalism (comparing, say, to its particular case, the
Lagrangian formalism) is an ability to use canonical transformations.
Those transformations involve both coordinates and momenta and thus
are more general than coordinate transformations one uses within the
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Lagrangian formalism, which employs coordinates and their time deriva-
tives (do not confuse Lagrangian formalism in mechanics and Lagrangian
description in fluid mechanics). Canonical transformations is a powerful
tool that allows one to reduce the variety of problems into a few univer-
sal problems. So let us try to understand what is a general form of the
Hamiltonian of a weakly nonlinear wave system.

As we have seen in Section 1.3.4, Hamiltonian mechanics of continuous
systems lives in an even-dimensional space of coordinates ¢(r,t) and
7(r,t) that satisfy the equations

dq(r,t)  oH or(r,t)  O0H
ot én(r,t)’ ot dq(r,t)

Here the Hamiltonian H{q(r,t), 7 (r,t)} is a functional (simply speaking,

function presents a number for every number, while functional presents a
number for every function; for example, definite integral is a functional).
Variational derivative §/6 f(r) is a generalization of the partial derivative
0/0f(ry) from discrete to continuous set of variables. The variational
derivative of a linear functional of the form I{f} = [ (') f(r")dr' is

calculated by
5= [ = [ ota ' = o).

For thlS, one mentally substltute 0/0f(r) by 8/0f(r,) and integration
by summation.
For example, the Euler and continuity equations for potential flows
(in particular, acoustic waves) can be written in a Hamiltonian form:
dp O0H 09  OH
G A oy

ot~ oo
"= /[W ()]dr.

‘We shall use the canonical variables even more symmetrical than 7, g,

(3.17)

analogous to what is called creation-annihilation operators in quantum
theory. In our case, they are just functions, not operators. Assuming p
and ¢ to be of the same dimensionality (which can be always achieved
multiplying them by factors) we introduce

a=(qg+im)/V2, a* = (q—im)/V2.
Instead of two real equations for p, ¢ we now have one complex equation

Oa(r,t)  OH
ot dar(nt)

(3.18)
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The equation for a* is complex conjugated.

In the linear approximation, waves with different wavevectors do not
interact. Normal canonical coordinates in the infinite space are the com-
plex Fourier amplitudes aj which satisfy the equation

0ak

ot
Comparing this to (3.18) we conclude that the Hamiltonian of a linear
wave system is quadratic in the amplitudes:

= —ilWiak -

Ho = /wk|ak|2 dk . (3.19)

It is the energy density per unit volume. Terms of higher orders describe
wave interaction due to nonlinearity, the lowest terms are cubic:

Hs = /[(Vlggaiagag + C.C.)(S(kl — ko — kg)
+ (Ulggafa;ag + C.C.)(;(kl + k2 + kg)} dkldkgdkg . (320)

Here c.c. means the complex conjugated terms and we use shorthand
notations a; = a(ky) etc. Delta functions express momentum conserva-
tion and appear because of space homogeneity. Indeed, (3.19) and (3.20)
are respectively the Fourier representation of the integrals like

/Q(I‘l — rg)a(rl)a(rg) drldrg
and
/V(r1 —ro,r1 — r3)a(ry)a(re)a(rs) dridradrs .

The Hamiltonian is real and its coefficients have obvious symmetries
Uias = Ujzs = Usiz and Vigy = Vize. We presume that every next
term in the Hamiltonian expansion is smaller than the previous one, in
particular, Ho > Hs, which requires

wi > Vl]ag|k®, Ulagk? (3.21)

where d is space dimensionality (2 for surface waves and 3 for sound, for
instance).

In a perverse way of people who learn quantum mechanics before
fluid mechanics, we may use analogy between a,a* and the quantum
creation-annihilation operators a,a™ and suggest that the V-term must
describe the confluence 2 + 3 — 1 and the reverse process of decay
1 — 2 4 3. Similarly, the U-term must describe the creation of three
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waves from vacuum and the opposite process of annihilation. We shall
use quantum analogies quite often in this Chapter since the quantum
physics is to a large extent a wave physics. To support this quantum-
mechanical interpretation and make explicit the physical meaning of
different terms in the Hamiltonian, we write a general equation of motion
for weakly nonlinear waves:

0
% = -3 / Uklga“fa;é(kl + k2 + k) dkldkg (322)

—i/Vklgalag(S(kl + ko — k) dkidks
—27 / ‘/1*]@&1(13(5(1(1 — ko — k) dkidky — (’}/k + iwk)ak R

where we also included the linear damping v; (as one always does when
resonances are possible). Delta-functions in the integrals suggest that
each respective term describes the interaction between three different
waves. To see it explicitly, consider a particular initial condition with
two waves, having respectively wavenumbers ki, ks, frequencies wy, ws
and finite amplitudes A1, As. Then the last nonlinear term in (3.22),
—2iei(w2_“1)tV1*k2A1A§6(k1 — ks — k), provides the wave k = k; — ko
with the periodic forcing having frequency w; — we, and similarly other
terms. The forced solution of (3.22) is then as follows:
)t Uk12A1A36 (k1 + ko + k)
Y+ i(wr + wa + wy)

yt V2 A1 A26(ki + ko — k)

Vi + (w1 + wo — wi)
Vi5aA1A56(k + ko — kq)

Y Fi(wg Fwe —wr)

a(k,t) = —3jetlwrtw:

_ie_i(w1+w2

i(Lu'Q —w1 )t

—2ie

Here and below, w; s = w(ky2). Because of (3.21) the amplitudes of
the secondary waves are small except for the cases of resonances that
is when the driving frequency coincides with the eigenfrequency of the
wave with the respective k. The amplitude a(k; + ko) is not small if
w(ky + ko) + w(ky) + w(ks) = 0 — this usually happens in the non-
equilibrium medium where negative-frequency waves are possible. Neg-
ative energy means that excitation of the wave decreases the energy
of the medium. That may be the case, for instance, when there are
currents in the medium and the wave moves against the current. In
such cases, already Ho can be different from (3.19) — see Exercise
3.4. Two other resonances require w(k; + ko) = w(ky) + w(ky) and
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w(k; —ka) = w(ky) — w(ky) — the dispersion relations that allow for
that are called dispersion relations of decay type. For example, the power
dispersion relation wy o< k% is of decay type if « > 1 and of non-decay
type (that is does not allow for the three-wave resonance) if o < 1, see
Exercise 3.5.

3.2.2 Hamiltonian normal forms

Intuitively, it is clear that non-resonant processes are unimportant for
weak nonlinearity. Technically, one can use the canonical transformations
to eliminate the non-resonant terms from the Hamiltonian. Because the
terms that we want to eliminate are small, the transformation should
be close to identical. Consider some continuous distribution of ag. If one
wants to get rid of the U-term in H3 one makes the following transfor-
mation

Uklga’{ag
bp=ar —3 | ——————0(k1 + ko + k)| dkidks . 3.23
pmon-s [ U g ) dkidke . (329

It is possible when the denominator does not turn into zero in the in-
tegration domain, which is the case for most media. The Hamiltonian
H{b,b*} = Ha + Hs does not contain the U-term. The elimination of
the V-terms is made by a similar transformation

bk:ak+/

+ VQ*klaTagé(kg — kl — k)
W2 — W1 — Wg

Vklgalagé(kl -+ kQ — k) + Vl*k2a1a§5(k1 — k2 — k)
w1 + wo — wg W1 — W — Wk

dkdks (3.24)

possible only for non-decay dispersion relation. One can check that both
transformations (3.23,3.24) are canonical that is iby = dH{b,b*}/db}.
The procedure described here was invented for excluding non-resonant
terms in celestial mechanics and later generalized for continuous sys-
tems 6.

We may thus conclude that (3.20) is the proper Hamiltonian of in-
teraction only when all three-wave processes are resonant. When there
are no negative-energy waves but the dispersion relation is of decay
type (like for capillary waves on a deep water), the proper interaction
Hamiltonian contains only V-term. When the dispersion relation is of
non-decay type (like for gravity waves on a deep water), all the cu-
bic terms can be excluded and the interaction Hamiltonian must be of
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the fourth order in wave amplitudes. Moreover, if the dispersion rela-
tion does not allow w(k; + ko) = w(k;) + w(ks) then it does not allow
w(ky +ko+ks) = w(ky) +w(ks) +w(ks) as well. That means that when
decays of the type 1 — 2 4 3 are non-resonant, the four-wave decays
like 1 — 2 + 3 + 4 are non-resonant too. So the proper Hamiltonian in
this case describes four-wave scattering 1 + 2 — 3 + 4 which is always
resonant:

H4 = /T1234a1a2a§a26(k1 + k2 — k3 — k4) dkldkgdkgdk4 . (325)

3.2.3 Wave instabilities.

Wave motion can be unstable as well as steady flow. Let us show that
if the dispersion relation is of decay type, then a monochromatic wave
of sufficiently high amplitude is subject to a decay instability. Consider
the medium that contains a finite-amplitude wave A exp[i(kr —wyt)] and
two small-amplitude waves (initial perturbations) with a1, as such that
ki + ko = k. We leave only resonant terms in (3.22):

a1 + (71 +iw1)ar + 2iVi12Aal exp(—iwgt) =0,
as + (y2 —iwg)al + 2iVi9A%ar exp(iwgt) = 0.
The solution can be sought of in the form
a1 (t) < exp(T't — it), a5(t) x exp(T't + iQat) .

The resonance condition is €1 + Q9 = wg. The amplitudes of the waves
will be determined by the mismatches between their frequencies and the
dispersion relation, 2 — w; and €5 — wy. The sum of the mismatches is
Aw = w1 + ws —wg. We have to choose such 2-s that give maximal real
I'. We expect it to be when 1 and 2 are symmetrical, so that 1 —w; =
Qo — wo = Aw/2. We consider for simplicity 1 = 72, then

I'= v+ /4Vi2 A2 — (Aw)2/4 . (3.26)

If the dispersion relation is of non-decay type, then Aw ~ wy > |V A|
and there is no instability. On the contrary, for decay dispersion rela-
tions, the resonance is possible Aw = w; +ws —wy, = 0 so that the growth
rate of instability, I' = 2|Vi12A| — 7, is positive when the amplitude is
larger than the threshold: A > 7/2|V12], i.e. when the nonlinearity over-
comes dissipation. The instability first starts for those a1, as that are in
resonance (i.e. Aw = 0) and have minimal (1 +72)/|Vk12|- In the partic-
ular case k = 0, wg # 0, decay instability is called parametric instability
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since it corresponds to a periodic change in some system parameter. For
example, Faraday discovered that a vertical vibration of the container
with a fluid leads to the parametric excitation of a standing surface
wave (k1 = —ko) with half the vibration frequency (the parameter be-
ing changed periodically is the gravity acceleration). In a simple case of
an oscillator it is called a parametric resonance, known to any kid on a
swing who stretches and folds his legs with twice the frequency of the
swing.

As with any instability, the usual question is what stops the exponen-
tial growth and the usual answer is that further nonlinearity does that.
When the amplitude is not far from the threshold, those nonlinear effects
can be described in the mean-field approximation as the renormalization
of the linear parameters wy,yx and of the pumping Vi12A. The renor-
malization should be such as to put the wave system back to threshold
that is to turn the renormalized I' into zero. The frequency renormal-
ization @ = wy, + [ Thwkkr law|* dk’ (see the next Section) appears due
to the four-wave processes and can take waves out of resonance if the
set of wavevectors is discrete due to a finite box size (it is a mechanism
of instability restriction for finite-dimensional systems like oscillator —
swing frequency decreases with amplitude, for instance). If however the
box is large enough then frequency spectrum is close to continuous and
there are waves to be in resonance for any nonlinearity. In this case, the
saturation of instability is due to renormalization of the damping and
pumping. The renormalization (increase) of v appears because of the
waves of the third generation that take energy from aj,as. The pump-
ing renormalization appears because of the four-wave interaction, for
example, (3.25) adds —ia} [ Tiazsazasd(k — ks — ka) dksdky to a;.

3.3 Nonlinear Schrédinger Equation (NSE)

This section is devoted to a nonlinear spectrally narrow wave packet.
Consideration of a linear propagation of such packet in Sect. 3.1.4 taught
us the notions of phase and group velocities. In this section, the account
of nonlinearity brings equally fundamental notions of the Bogolyubov
spectrum of condensate fluctuations, modulational instability, solitons,
self-focusing, collapse and wave turbulence.
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3.3.1 Derivation of NSE

Consider a quasi-monochromatic wave packet in an isotropic nonlinear
medium. Quasi-monochromatic means spectrally narrow that is the wave
amplitudes are nonzero in a narrow region Ak of k-space around some
ko. In this case the processes changing the number of waves (like 1 —
2+ 3 and 1 — 24 3 4+ 4) are non-resonant because the frequencies of
all waves are close. Therefore, all the nonlinear terms can be eliminated
from the interaction Hamiltonian except H4 and the equation of motion
has the form
8ak

W—I—iwkak = —Z'/Tklgga;agag(s(k%—kl —kg—kg) dkldkgdkg . (327)

Consider now k = ko + q with ¢ < ko and expand similar to (3.13)

1 0w
w(k) =wo + (qv) + 5%‘%‘ <M>O )

where v = 0w/0k at k = ko. In an isotropic medium w depends only on
modulus k£ and

PO ko Rk e ki | v
19 o0k, ~ "ok, & ok — TV | T g2 02 )%

2
v
= qﬁw" + —qz .

Let us introduce the temporal envelope ax(t) = exp(—iwot)®(q,t) into
(3.27):

[‘ ; (qV)*Lﬁw” g

“or 2 ok

ET ]% = T/¢T¢27/)35(Q+Q1*Q2*Q3) dqi1dqadqs .

We assumed the nonlinear term to be small, T'|ax|?(Ak)*? < wy, and
took it at k = kg. This result is usually represented in the r-space for
(r) = [, exp(igr) dq. The nonlinear term is local in r-space:

/dI‘1dI‘2dI‘3¢*(I‘l)w(m)wrs) / dqdqidqzdqsd(q + a1 — gz — q3)
X exp [i(ﬁhrl) —i(qar2) — i(qsr3) + i(qr)}

- / diydeydes )y (v Y(ra) i (rs)8(r1 — 1)6(rs — 1)3(rs — 1) = 624,
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and the equation takes the form

oY oY W' o* v . 9
ot PV T o g = Tl

Here the term v0, is responsible for propagation with the group velocity,
w9, for dispersion and (v/k)A_ for diffraction. One may ask why in
the expansion of wiiq we kept the terms both linear and quadratic in
small g. This is because the linear term (that gives 0v¥/0z in the last
equation) can be eliminated by the transition to the moving reference
frame z — z — vt. We also renormalize the transversal coordinate by
the factor /kow” /v and obtain the celebrated Nonlinear Schrodinger
Equation

1"
20 LY Ap — TPy = 0. (3.28)

ot 2
Sometimes (particularly for T' < 0) it is called Gross-Pitaevsky equa-
tion who derived it to describe a quantum condensate. This equation is
meaningful at different dimensionalities. It may describe the evolution
of three-dimensional packet like in Bose-Einstein condensation of cold
atoms. When r is two-dimensional, it may correspond either to the evo-
lution of the packet in 2d medium (say, for surface waves) or to steady
propagation in 3d described by vy, + (v/2k)A ¢ = T|yp|*h, which
turns into (3.28) upon re-labelling z — vt. In a steady case one neglects
1, since this term is much less than v,. In a non-steady case, this is not
necessary so since 0; and vd, might be about to annihilate each other
and one is interested in the next terms. And, finishing with dimensional-
ities, one-dimensional NSE corresponds to a stationary two-dimensional

case.

w(r)

a(r)

Different media provide for different signs of the coefficients. Apart
from hydrodynamic applications, NSE also describes nonlinear optics.
Indeed, Maxwell equation for waves takes the form [w? —(c?/n)A]E = 0.
Refraction index depends on the wave intensity: n = 1 + 2a|E|?. There
are different reasons for that dependence (and so different signs of « may
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be realized in different materials), for example: electrostriction, heating
and Kerr effect (orientation of non-isotropic molecules by the wave field).
We consider waves moving mainly in one direction and pass into the
reference frame moving with the velocity ¢ i.e. change w — w — ck.
Expanding

ck/v/n = ck.(1 — a|E|?) + ck? /2k,
substituting it into
(w—ck —ck/v/n)(w—ck+ck/v/n)E =0,

retaining only the first non-vanishing terms in diffraction and nonlin-
earity we obtain NSE after the inverse Fourier transform. In particular,
one-dimensional NSE describes light in optical fibers.

3.3.2 Modulational instability

The simplest effect of the four-wave scattering is the frequency renor-
malization. Indeed, NSE has a stationary solution as a plane wave with
a renormalized frequency g (t) = Ag exp(—iT A%t) (in quantum physics,
this state, coherent across the whole system, corresponds to Bose-Einstein
condensate). Let us describe small perturbations of the condensate. We
write the perturbed solution as ¢ = Ae*® and assume the perturbation
one-dimensional (along the direction which we denote £). Then,

ng = (Ag + ’iA(pg)eiw , Q/JEE = (Agg + 2iA5905 + iA(ng — Awg)ei#’ .

Introduce the current wavenumber K = ¢¢. The real and imaginary
parts of the linearized NSE take the form

" "

~ w ~ W’ o~
A + onKg =0, K;= —2TA0A§ + 714&“5 .
2 24,

We look for the solution in the form where both the amplitude and the
phase of the perturbation are modulated:
A=A— Ay xexp(iké —iQt), K o exp(iké — iQt) .
The dispersion relation for the perturbations then takes the form:
02 = T A2k + Wk /4 (3.29)

When Tw” > 0, it is called Bogolyubov formula for the spectrum of con-
densate perturbations. We have an instability when Tw” < 0 (Lighthill
criterium). We first explain this criterium using the language of classical
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waves and at the end of the Section we give an alternative explanation
in terms of quantum (quasi)-particles. Classically, define the frequency
as minus the time derivative of the phase: p; = —w. For a nonlinear
wave, the frequency is generally dependent on both the amplitude and
the wave number. Factors w” and T are the second derivatives of the
frequency with respect to the amplitude and the wave number respec-
tively. Intuitively, one can explain the modulational instability in the
following way: Consider, for instance, w” > 0 and T < 0. If the am-
plitude acquires a local minimum as a result of perturbation then the
frequency has a maximum there because 7" < 0. The time derivative
of the current wavenumber is as follows: K; = g = —we. The local
maximum in w means that K; changes sign that is K will grow to the
right of the omega maximum and decrease to the left of it. The group
velocity w’ grows with K since w” > 0. Then the group velocity grows
to the right and decreases to the left so the parts separate (as arrows
show) and the perturbation deepens as shown in the Figure 3.5.

Figure 3.5 Space dependencies of the wave amplitude, frequency and
the time derivative of the wavenumber, which demonstrate the mech-
anism of the modulational instability for w” > 0 and T < 0.

The result of this instability you all can see on the beach where
waves coming to the shore are modulated. Indeed, for long water waves
wr o Vk so that w” < 0. As opposite to pendulum and somewhat
counterintuitive, the frequency grows with the amplitude and T > 0; it
is related to the change of wave shape from sinusoidal to that forming
a sharpened crest which reaches 120° for sufficiently high amplitudes.
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Long water wave is thus unstable with respect to longitudinal modula-
tions (Benjamin-Feir instability, 1967). The growth rate is maximal for
k = Agy/—2T/w” which depends on the amplitude. Still, folklore keeps
it that approximately every ninth wave is the largest.

Figure 3.6 Disintegration of the periodic wave due to modulational
instability as demonstrated experimentally by Benjamin and Feir
(1967). The upper photograph shows a regular wave pattern close
to a wavemaker. The lower photograph is made some 60 meters (28
wavelengths) away, where the wave amplitude is comparable, but spa-
tial periodicity is lost. The instability was triggered by imposing on
the periodic motion of the wavemaker a slight modulation at the un-
stable side-band frequency; the same disintegration occurs naturally
over longer distances.

For transverse propagation of perturbations, one has to replace w” by
v/k which is generally positive so the criterium of instability is 7' < 0
or Qw/d|a|? < 0, which also means that for instability the wave velocity
has to decrease with the amplitude. That can be easily visualized: if
the wave is transversely modulated then the parts of the front where



3.3 Nonlinear Schridinger Equation (NSE) 113

amplitude is larger will move slower and further increase the amplitude
because of focusing from neighboring parts, as shown in Figure 3.7

Figure 3.7 Transverse instability for the velocity decreasing with the
amplitude.

Let us now give a quantum explanation for the modulational instabil-
ity. Remind that NSE (3.28) is a Hamiltonian system (i) = 6H /™)
with

1

H=3 /(w"|w}|2 + T|¢|4) dr . (3.30)

The Lighthill criterium means that the modulational instability happens
when the Hamiltonian is not sign-definite. The overall sign of the Hamil-
tonian is unimportant as one can always change H — —H, t — —t, it is
important whether the Hamiltonian can have different signs for differ-
ent configuration of ¥ (r). Consider w” > 0. Using the quantum language
one can interpret the first term in the Hamiltonian as the kinetic energy
of (quasi)-particles and the second term as their potential energy. For
T < 0, the interaction is attractive, which leads to the instability: For
the condensate, the kinetic energy (or pressure) is balanced by the in-
teraction; local perturbation with more particles (higher [¢)|?) will make
interaction stronger which leads to the contraction of perturbation and
further growth of [|?.

3.3.3 Soliton, collapse and turbulence

The outcome of the modulational instability depends on space dimen-
sionality. Breakdown of a homogeneous state may lead all the way to
small-scale fragmentation or creation of singularities. Alternatively, sta-
ble finite-size objects may appear as an outcome of instability. As it often
happens, the analysis of conservation laws helps to understand the desti-
nation of a complicated process. Since the equation NSE (3.28) describes
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wave propagation and four-wave scattering, apart from the Hamiltonian
(3.30), it conserves also the wave action N = [ [4|> dr which one may
call the number of waves. The conservation follows from the continuity
equation

2i0,|Y|> = W'V (Vi — YVy*) = —2div ] . (3.31)

Note also conservation of the momentum or total current, f J dr, which
does not play any role in this Section but is important for Exercise 3.7.

Consider a wave packet characterized by the generally time-dependent
size | and the constant value of N.

W

Since one can estimate the typical value of the envelope in the packet
as [1|? =~ N/I?, then H ~ 0" N1=2 +TN?~% — remind that the second
term is negative here. We consider the conservative system so the total
energy is conserved yet we expect the radiation from the wave packet
to bring it to the minimum of energy. In the process of weak radiation,
wave action is conserved since it is an adiabatic invariant. This is par-
ticularly clear for a quantum system like a cloud of cold atoms where
N is their number. Whether this minimum corresponds to I — 0 (which
is called self-focusing or collapse) is determined by the balance between
|V9|? and |[¢|*. The Hamiltonian H as a function of [ in three different
dimensionalities is shown in the Figure 3.8.

d=1 d=2 d=3

H

1\

Figure 3.8 The Hamiltonian H as a function of the packet size [ under
the fixed N.

i) d = 1. At small [ repulsion dominates with H =~ w”NI[~2 while
attraction dominates at large | with H ~ —TN2]~!. It is thus clear that
a stationary solution must exist with | ~ w” /TN which minimizes the
energy. Physically, the pressure of the waves balances attraction force.
Such a stationary solution is called soliton, short for solitary wave. It is a
traveling-wave solution of (3.28) with the amplitude function just mov-
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ing, A(z,t) = A(x — ut), and the phase having both a space-dependent
traveling part and a uniform nonlinear part linearly growing with time:
o(z,t) = f(x —ut) — TA3t. Here Ay and u are soliton parameters. We
substitute travel solution into (3.28) and separate real and imaginary
parts:

"

A = §<A3 — A3A) + Af (f’ = iff) R (A’f' + A;) — A’

(3.32)
For the simple case of the standing wave (u = 0) the second equation
gives f = const which can be put zero. The first equation can be con-
sidered as a Newton equation A” = —dU/dA for the particle with the
coordinate A in the potential U(A) = —(T/2w")(A* — 242 A2) and the
space coordinate x playing particle’s time. The soliton is a separatrix
that is a solution which requires for particle an infinite time to reach
zero, or in original terms where A — 0 as x — t+oo. The upper part of
Figure 3.9 presumes T'/w” < 0 that is the case of modulational instabil-
ity. Mention in passing that the separatrix exists also for T//w” > 0 but
in this case the running wave is a kink that is a transition between two
different values of the stable condensate (the lower part of the Figure).
Kink is seen as a dip in intensity [t|?.

U A
soliton A
Tw'<0
soliton X
U
__kink__
" Kink
Tw'>0
X
A

Figure 3.9 Energy as a function of the amplitude of a running wave
and the profile of the wave. Upper part corresponds to the case of an
unstable condensate where a steady solution is a soliton, lower part
to a stable condensate where it is a kink.

Considering a general case of a traveling soliton (at Tw” < 0), one



116 Dispersive Waves

can multiply the second equation by A and then integrate: w” A2f’ =
u(A? — A2) where by choosing the constant of integration we defined Ag
as A at the point where f' = 0. We can now substitute f’ into the first
equation and get the closed equation for A. The soliton solution has the
form:

P(z,t) = V24, cosh™!

"

1/2
<_2T> A (l‘ _ ut)] ei(2m—ut)u/2w”—iTAgt )
w

Note that the Galilean transformation for the solutions of the NSE looks
as follows: ¥(z,t) — Y(x — ut,t) expliu(2x — ut)/2w”]. In the original
variable a(r), our envelope solitons look as shown in Figure 3.10.

standing soliton

moving soliton

Figure 3.10 Standing and traveling solitons of the envelope of an
almost monochromatic wave.

ii) d = 2,3. When the condensate is stable, there exist stable solitons
analogous to kinks which are localized minima in the condensate inten-
sity. In optics they can be seen as grey and dark filaments in a laser
beam propagating through a nonlinear medium. The wave (condensate)
amplitude turns into zero in a dark filament which means that it is a
vortex i.e. a singularity of the wave phase, see Exercise 3.6.

When the condensate is unstable, there are no stable stationary so-
lutions for d = 2,3. From the dependence H(l) shown in Figure 3.8
we expect that the character of evolution is completely determined by
the sign of the Hamiltonian at d = 2: the wave packets with positive
Hamiltonian spread because the wave dispersion (kinetic energy or pres-
sure, in other words) dominates while the wave packets with negative



3.3 Nonlinear Schridinger Equation (NSE) 117

Hamiltonian shrink and collapse. Let us stress that the way of arguing
based on the dependence H(l) is non-rigorous and suggestive at best. A
rigorous proof of the fact that the Hamiltonian sign determines whether
the wave packet spreads or collapses in 2d is called Talanov’s theorem
which is the expression for the second time derivative of the packet size
squared, (?(t) = [ ||?r? dr. To obtain that expression, differentiate over
time using (3.31) then integrate by parts then differentiate again:
d?? W

=5 at/ﬂv(zzj*w—ww*)dr

= iw"@t/ra (V*Vath — pVap*) dr = 20" / |V |? dr

+dw//T/|¢|4dr:4H+2(d72)w"T/|1/’|4dr'

Consider an unstable case with Tw” < 0. We see that indeed for d > 2
one has an inequality 91> < 4w” H so that

12(t) < 2W"Ht* + Oyt + Cy

and for w”H < 0 the packet shrinks to singularity in a finite time (this
is the singularity in the framework of NSE which is itself valid only for
the scales much larger than the wavelength of the carrier wave 27 /ko).
This, in particular, describes self-focusing of light in nonlinear media.
For d = 2 and w”’H > 0, on the contrary, one has dispersive expansion
and decay.

Turbulence with two cascades. As mentioned, any equation (3.27)
that describes only four-wave scattering necessarily conserves two inte-
grals of motion, the energy H and the number of waves (or wave action)
N. For waves of small amplitude, the energy is approximately quadratic
in wave amplitudes, H =~ [wy|aix|? dk, as well as N = [ |a;|? dk. The
existence of two quadratic positive integrals of motion in a closed system
means that if such system is subject to external pumping and dissipa-
tion, it may develop turbulence that consists of two cascades.

Q €
1 2

/Nl NZIAQIZ N&

Indeed, imagine that the source at some w, pumps Ny waves per unit

time. It is then clear that for a steady state one needs two dissipation



118 Dispersive Waves

regions in w-space (at some wy and ws) to absorb inputs of both N and E.
Conservation laws allow one to determine the numbers of waves, N7 and
N3, absorbed per unit time respectively in the regions of lower and high
frequencies. Schematically, solving N1 + N3 = Ny and w1 Ny + w3N3 =
wo Ny we get

w3 — W2 Wz — w1
Ny = Nog—= | N3 = Ng——— .

(3.33)
w3 — W1 w3 — w1

We see that for a sufficiently large left interval (when w; < we < w3)
most of the energy is absorbed by the right sink: wy Ny &~ w3 N3. Similarly
at w1 < ws < ws most of the wave action is absorbed at small w:
Ny =~ Ni. When w; < wy < w3 we have two cascades with the fluxes
of energy e and wave action (). The @Q-cascade towards large scales is
called inverse cascade (Kraichnan 1967, Zakharov 1967), it corresponds
(somewhat counter-intuitively) to a kind of self-organization i.e. creation
of larger and slower modes out of small-scale fast fluctuations”. The
limit w; — 0 is well-defined, in this case the role of the left sink can
be actually played by a condensate which absorbs an inverse cascade.
Note in passing that consideration of thermal equilibrium in a finite-
size system with two integrals of motion leads to the notion of negative
temperature 8.

An important hydrodynamic system with two quadratic integrals of
motion is two-dimensional ideal fluid. In two dimensions, the velocity
u is perpendicular to the vorticity w = V X u so that the vorticity of
any fluid element is conserved by virtue of the Kelvin theorem. That
means that the space integral of any function of vorticity is conserved,
including [ w? dr called enstrophy. We can write the densities of the two
quadratic integrals of motion, energy and enstrophy, in terms of velocity
spectral density: E = [ |vk|[?dk and Q = [ |k x vi|>dk. Assume now
that we excite turbulence with a force having a wavenumber ko, while
dissipation regions are at ki, k3. Applying the consideration similar to
(3.33) we obtain

K2 — k2 k2 — k2
E) = FEs Rk E3 = Fs R (3.34)
We see that for k1 < ko < k3, most of the energy is absorbed by the left
sink, E1 &~ Fs, and most of the enstrophy is absorbed by the right one,
Oy = k%Eg ~ Q3 = k§E3. We conclude that conservation of both energy
and enstrophy in two-dimensional flows requires two cascades: that of
the enstrophy towards small scales and that of the energy towards large
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scales (opposite to the direction of the energy cascade in three dimen-
sions). Large-scale motions of the ocean and planetary atmospheres can
be considered approximately two-dimensional; creation and persistence
of large-scale flow patterns in these systems is likely related to inverse
cascades .

3.4 Korteveg - de Vries Equation (KdV)

Shallow-water waves and KdV equation. Soliton. Evolution of arbitrary
initial distribution in the framework of KdV equation. Elastic scattering
of solitons.

3.4.1 Weakly nonlinear waves in shallow water

Linear gravity-capillary waves have w? = (gk + ak®/p)tanhkh, see
(3.12). That is for sufficiently long waves (when the wavelength is larger
than both h and y/«a/pg) their dispersion relation is close to linear:

B 3 Vb (B«
wr = \/ghk — Bk® , 6—2(3—/)9) : (3.35)

Therefore, one can expect a quasi-simple plane wave propagating in one
direction like that described in Sections 2.3.2 and 2.3.3. Let us derive the
equation satisfied by such a wave. From the dispersion relation, we get
the linear part of the equation: u; ++/ght; = —Bugzs or in the reference
frame moving with the velocity v/gh one has u; = —fBug.,. To derive
the nonlinear part of the equation in the long-wave limit, it is enough
to consider the first non-vanishing derivative (i.e. first). The motion is
close to one-dimensional so that v = v; > v,. The z-component of the
Euler equation gives dp/0z = —pg and p = po + pg({ — z) which we
substitute into the z-component

ou ou 10p %

E_Fu% - pOr oz
In the continuity equation, h + ¢ now plays the role of density:

¢ 0 _
E‘Fafx(h-f—C)U—O.
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We differentiate it with respect to time, substitute the Euler equation
and neglect the cubic term:

0%¢
o = 0x(h+ Quts + 9G) + Ozuda(h + Qu
2
~ —i ; (ghc +2¢7+ hu2> : (3.36)

Apparently, the right-hand-side of this equation contains terms of dif-
ferent orders. The first term describes the linear propagation with the
velocity v/gh while the rest describe small nonlinear effect. Such equa-
tions are usually treated by the method which is called multiple time (or
multiple scale) expansion. We actually applied this method in deriving
Burgers and Nonlinear Schrodinger equations. We assume that v and ¢
depend on two arguments, namely u(x — /ght,t), {(x — \/ght,t) and
the dependence of the second argument is slow, that is derivative with
respect to it is small. In what follows, we write the equation for u. Then
at the main order &yu = —/ghu, = —g(, that is ( = u\/m which is
a direct analog of dp/p = u/c for acoustics. From now on, u; denotes
the derivative with respect to the slow time (or simply speaking, in the
reference frame moving with the velocity ,/gh). We obtain now from
(3.36):

(D — \/gh) (0 + /ghde)u ~ =27/ ghus = (3/2)v/gh(u?)ss

that is nonlinear contribution into u; is —3uu, /2 — comparing this with
the general acoustic expression (2.23), which is —(y + 1)uu, /2, we see
that shallow-water waves correspond to v = 2. This is also clear from the
fact that the local "sound” velocity is \/g(h + ) ~ V/gh+u/2 = c+(y—
1)u/2, see (2.22). In nineteenth century, J. S. Russel used this formula
to estimate the atmosphere height observing propagation of weather
changes that is of pressure waves. Analogy between shallow-water waves
and sound means that there exist shallow-water shocks called bores '°
and hydraulic jumps. The Froude number u?/gh plays the role of the
(squared) March number in this case.

Hydraulic jumps can be readily observed in the kitchen sink when
water from the tap spreads radially with the speed exceeding the linear
"sound” velocity /gh: fluid layer thickness suddenly increases, which
corresponds to a shock, see Figure 3.11 and Exercise 3.8. That shock
is sent back by the sink sides that stop the flow; the jump position is
where the shock speed is equal to the flow velocity !!. For a weak shock,
the shock speed is the speed of "sound” so that the flow is ”supersonic”
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inside and ”subsonic” outside. Long surface waves cannot propagate into
the interior region which thus can be called a white hole (as opposite
to a black hole in general relativity) with the hydraulic jump playing
the role of a horizon. In Figure 3.11 one sees circular capillary ripples
propagating inside; they are to be distinguished from the jump itself
which is non-circular.

Figure 3.11 Hydraulic jump in a kitchen sink.

3.4.2 KdV equation and soliton

Now we are ready to combine both the linear term from the dispersion
relation and the nonlinear term just derived. Making a change u — 2u/3
we turn the coefficient at the nonlinear term into unity. The equation

U + Uy + Bugg, =0 (3.37)

has been derived by Korteveg and de Vries equation in 1895 and is called
KdV. Together with the nonlinear Schrodinger and Burgers equations,
it is a member of an exclusive family of universal nonlinear models. It
is one-dimensional as Burgers and has the same degree of universality.
Indeed, most of the systems (namely those with a continuous symme-
try spontaneously broken) allow for what is called Goldstone mode that
is having w — 0 when & — 0. Most of such systems have an acoustic
branch of excitations — this can be simply argued that in conservative
time-reversible center-symmetrical systems one has to have w?(k?) and
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the expansion of this function in the small-k limit generally starts from
the first term that is w? o< k2. The next term is k* that is for long waves
moving in one direction one has wy, = ck[1+ C(klg)?] where C' is dimen-
sionless coefficient of order unity and [y is some typical internal scale in
the system. For gravity water waves, [y is the water depth; for capillary
waves, it is y/a/pg. We see from (3.35) that, depending on which scale
is larger, 8 can be either positive or negative, which corresponds to the
waves with finite k& moving respectively slower or faster than “sound”
velocity v/gh. Adding surface tension to the restoring force, one increases
the frequency. On the other hand, finite depth-to-wavelength ratio means
that fluid particles move in ellipses (rather than in straight lines) which
decreases the frequency. Quadratic nonlinearity 9,u? (which stands both
in Burgers and KdV and means simply the renormalization of the speed
of sound) is also pretty general, indeed, it has to be zero for a uniform
velocity so it contains a derivative. An incomplete list of the excitations
described by KdV contains acoustic perturbations in plasma (then [ is
either the Debye radius of charge screening or Larmor cyclotron radius
in the magnetized plasma), phonons in solids (then [ is the distance be-
tween atoms) and phonons in helium (in this case, amazingly, the sign
of § depends on pressure).

KdV has a symmetry § — —3, ©u = —u and * — —x which makes
it enough to consider only positive 5. Let us first look for the traveling
waves, that is substitute u(x — vt) into (3.37):

5ua:a::v = VUg — UlUy .

This equation has a symmetry v — u+w, v — v 4w so that integrating
it once we can put the integration constant zero choosing an appropriate
constant w (this is the trivial renormalization of sound velocity due to
uniformly moving fluid). We thus get the equation

87U w2

Puar =%, V=%

A general solution of this ordinary differential equations can be written
in elliptic functions. We don’t need it though to understand the general
properties of the solutions and to pick up the special one (i.e. soliton).
Just like in Sect. 3.3.3, we can treat this equation as a Newton equation
for a particle in a potential. We consider positive v since it is a matter of
choosing proper reference frame. We are interested in the solution with
finite |u(z)|; unrestricted growth would violate the assumption on weak
nonlinearity. Such finite solutions have u in the interval (0, 3v).
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We see that linear periodic waves exist near the bottom at u =~ 2v.
Their amplitude is small in the reference frame moving with —2v — in
that reference frame they have negative velocity as it must be for positive
B. Indeed, the sign of § is minus the sign of the dispersive correction
—3Bk? to the group velocity dwy/dk. Soliton, on the contrary, moves
with positive velocity in the reference frame where there is no pertur-
bation at infinity (it is precisely the reference frame used in the above
picture). In physical terms, solitons are supersonic if the periodic waves
are subsonic and vise versa (the physical reason for this is that soliton
should not be able to radiate linear waves by Cherenkov radiation).

As usual, the soliton solution is a separatrix:

u(x,t) = 3vcosh ™2 [\/Z (x — vt)] . (3.38)

The higher the amplitude, the faster it moves (for 5 > 0) and the more
narrow is. Similarly to the argument at the end of (3.3.2), one can re-
alize that 1d KdV soliton is unstable with respect to the perpendicular
perturbations if its speed decreases with the amplitude that is for 5 < 0
when linear waves are supersonic and soliton is subsonic.

Without friction or dispersion, nonlinearity breaks acoustic perturba-
tion. We see that wave dispersion stabilizes the wave similar to the way
the viscous friction stabilizes shock front, but the waveform is, of course,
different. The ratio of nonlinearity to dispersion, o = uuy/Buzzs ~
ul?/f, is an intrinsic nonlinearity parameter within KdV (in addition
to the original “external” nonlinearity parameter, Mach number u/c,
assumed to be always small). For soliton, o ~ 1 that is nonlinearity
balances dispersion as that was the case with the NSE soliton from
Sect. 3.3.3. That also shows that soliton is a non-perturbative object,
one cannot derive it starting from a linear traveling waves and treating
nonlinearity perturbatively. For Burgers equation, both finite-M and
traveling wave solutions depended smoothly on the respective intrinsic
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parameter Re and existed for any Re. What can one say about the evo-
lution of a perturbation with ¢ > 1 within KdV? Can we assert that
any perturbation with o < 1 corresponds to linear waves?

3.4.3 Inverse scattering transform

It is truly remarkable that the evolution of arbitrary initial perturba-
tion can be studied analytically within KdV. It is done in somewhat
unexpected way by considering a linear stationary Schrodinger equation
with the function —u(x,t)/6 as a potential depending on time as a
parameter:

>  u(z,t)

dx? 63

U =FET. (3.39)

Positive u(x) could create bound states that is a discrete spectrum. As
has been noticed by Gardner, Green, Kruskal and Miura in 1967, the
spectrum E does not depend on time if u(x, t) evolves according to KAV
equation. In other words, KdV describes the iso-spectral transformation
of the quantum potential. To show that, express u via ¥

u_—65<E+ . ) . (3.40)

Notice similarity to the Hopf substitution one uses for Burgers, v =

—2v¢¢ /P, one more derivative in (3.40) because there is one more deriva-
tive in KdV — despite the seemingly naive and heuristic way of such
thinking, it is precisely the way Miura came to suggest (3.40). Now,
substitute (3.40) into KdV and derive

\1/2% = 680, [(V0y — W) (Vs + Vppo — Up(u+ E)/2)] . (3.41)

Integrating it over = we get dE/dt = 0 since ffooo U2 dx is finite for
bound state. The eigenfunctions evolve according to the equation that
can be obtained twice integrating (3.41) and setting integration constant
zero because of the normalization:
u+E
5 =
From the viewpoint of (3.39), soliton is the well with exactly one level,
E = v/83, which could be checked directly. For distant solitons, one can
define energy levels independently. For different solitons, velocities are
different and they generally will have collisions. Since the spectrum is

‘l/t + \IJa:wx - \I,w

0. (3.42)
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conserved, after all the collisions we have to have the same solitons. Since
the velocity is proportional to the amplitude the final state of the pertur-
bation with ¢ > 1 must look like a linearly ordered sequence of solitons:
The quasi-linear waves that correspond to a continuous spectrum are

u

Figure 3.12 Asymptotic form of a localized perturbation.

left behind and eventually spread. One can prove that and analyze the
evolution of an arbitrary initial perturbation by the method of Inverse
Scattering Transform (IST):

u(z,0) — \Il(x,O):Zanllln(m,O)—i—/ak\Ilk(x,O) dk
— U(x,t) = Zanllln(x,t)+/ak\11k(a:,0)e_i“”"tdk — u(z,t) .

The first step is to find the eigenfunctions and eigenvalues in the poten-
tial u(x,0). The second (trivial) step is to evolve the discrete eigenfunc-
tions according to (3.42) and continuous according to frequencies. The
third (nontrivial) step is to solve an inverse scattering problem that is to
restore potential u(z,t) from it’s known spectrum and the set of (new)
eigenfunctions 2.

Considering weakly nonlinear initial data (o < 1), one can treat the
potential energy as perturbation in (3.39) and use the results from the
quantum mechanics of shallow wells. Remind that the bound state ex-
ists in 1d if the integral of the potential is negative, that is in our case
when the momentum [ u(z)dz > 0 is positive i.e. the perturbation is
supersonic. The subsonic small perturbation (with a negative momen-
tum) do not produce solitons, it produces subsonic quasi-linear waves.
On the other hand, however small is the nonlinearity o of the initial per-
turbation with positive momentum, the soliton (an object with o ~ 1)
will necessarily appear in the course of evolution. The amplitude of the
soliton is proportional to the energy of the bound state which is known
to be proportional to ([ udz)? in the shallow well.

The same IST method was applied to the 1d Nonlinear Schrodinger
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Equation by Zakharov and Shabat in 1971. Now, the eigenvalues E of
the system

1041 + Yip = Ey
—i0yho — ™1 = Erpo

are conserved when v evolves according to 1d NSE. Similarly to KdV,
one can show that within NSE arbitrary localized perturbation evolves
into a set of solitons and diffusing quasi-linear wave packet.

The reason why universal dynamic equations in one space dimension
happen to be integrable may be related to their universality. Indeed,
in many different classes of systems, weakly-nonlinear long-wave per-
turbations are described by Burgers or KdV and quasi-monochromatic
perturbations by NSE. Those classes may happen to contain degenerate
integrable cases, then integrability exists for the limiting equations as
well. These systems are actually two-dimensional (space plus time) and
their integrability can be related to a unique role of the conformal group
(which is infinite in 2d). From potential flows described in Section 1.2.4
to nonlinear waves described in this Chapter, it seems that the complex
analysis and the idea of analyticity is behind most of the solvable cases
in fluid mechanics, as well as in other fields of physics.

Exercises

3.1 Why beachcomber (a long water wave rolling upon the beach) usu-
ally comes to the coast being almost parallel to the coastline even
while the wind blows at an angle?

3.2 The quasi-monochromatic packet of waves contains N crests and
wells propagating along the fluid surface. How many ”up and down”
motions undergoes a light float while the packet passes? Consider
two cases: 1) gravity waves on deep water, ii) capillary waves on a
deep water.

3.3 Dropping stone into the deep water, one could see, after a little
while, waves propagating outside an expanding circle of a rest fluid.
Sketch a snapshot of the wave crests. What is the velocity of the
boundary of quiescent fluid circle?

3.4 The existence of the stable small-amplitude waves that are de-
scribed by (3.19) cannot be taken for granted. Consider a general
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form of the quadratic Hamiltonian
Hy = /[A(lc)|bk|2 + B(k) (bib_ + bib" )| dk . (3.43)

la. Find the linear transformation (Bogolyubov u-v transforma-
tion) by = upar + via® ,, that turns (3.43) into (3.19).

1b. Consider the case when the even part A(k) + A(—k) changes
sign on some surface (or line) in k-space while B(k) # 0 there.
What does it mean physically? In this case, what simplest form
the quadratic Hamiltonian Hy can be turned into?

Show that the power dispersion relation wy o< k% is of decay type
if & > 1, i.e. it is possible to find such ki, ko that w(k; + ka) =
w1 + wy. Consider two-dimensional space k = {k;, k, }. Hint: wy, is
a concave surface and the resonance condition can be thought of
as an intersection of some two surfaces.

Consider the case of a stable condensate in 3d and describe a so-
lution of the NSE equation (3.28) having the form

1/} — AeiiTA2t+ig0f(7'/T0) ,

where 7 is the distance from the vortex axis and ¢ is a polar angle.
Are the parameters A and ry independent? Describe the asymp-
totics of f for small and large distances. Why it is called a vortex?
Consider a discrete spectral representation of the Hamiltonian of
the 1d NSE in a finite medium:

H= Zﬁm2|am|2 + (T/2) Zaiakaf+k_ma:,l .
m ikm

Take only three modes m = 0,1, —1. Describe dynamics of such
3-mode system.

Calculate the energy dissipation rate per unit length of the hy-
draulic jump. Fluid flows with the velocity u; in a thin layer of
the height hq such that the Froude number slightly exceeds unity:
u?/gh1 =1+¢ e < 1.

hy hs
7 _

If one ought to take into account both dissipation and dispersion
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of sound wave, then the so-called KdV-Burgers equation arises:
U + Uy + Blpgpr — Pz = 0. (3.44)

For example, it allows to describe the influence of dispersion on
the structure of weak shock wave. Consider a traveling solution
ug(x — vt) of this equation, assuming zero conditions at +oo :
Uy = Upz = Upzz = 0. Sketch the form of ug(x) for p < +/Bv and
for p > \/Bv.

Find the dispersion relation of the waves on the boundary between
two fluids, one flowing and one still, at the presence of gravity g and
the surface tension «. Describe possible instabilities. Consider, in
particular, the cases p1 > p2, v = 0 (inverted gravity) and p; < po
(wind upon water).

V=V Py

v2=0 P,

a |9



4
Epilogue

Now that we have learnt basic mechanisms and elementary interplay be-
tween nonlinearity, dissipation and dispersion in fluid mechanics, where
one can go from here? It is important to recognize that this book de-
scribes only few basic types of flows and leaves whole sets of physical
phenomena outside of its scope. It is yet impossible to fit all of fluid
mechanics into the format of a single story with few memorable protag-
onists. Here is the brief guide to further reading, more details can be
found in Endnotes.

Comparable elementary textbook (which is about twice larger in size)
is that of Acheson [1], it provides extra material and some alternative
explanations on the subjects described in our Chapters 1 and 2. On the
subjects of Chapter 3, timeless classics is the book by Lighthill [11].
For a deep and comprehensive study of fluid mechanics as a branch of
theoretical physics one cannot do better than using another timeless clas-
sics, volume VI of the Landau-Lifshits course [10]. Apart from a more
detailed treatment of the subjects covered here, it contains variety of
different flows, the detailed presentation of the boundary layer theory,
the theory of diffusion and thermal conductivity in fluids, relativistic
and superfluid hydrodynamics etc. In addition to reading about fluids,
it is worth looking at flows, which is as appealing aesthetically as it is in-
structive and helpful in developing physicist’s intuition. Plenty of visual
material, both images and videos, can be found in [9, 19] and Galleries
at http://www.efluids.com/. And last but not least: the beauty of fluid
mechanics can be revealed by simply looking at the world around us and
doing simple experiments in a kitchen sink, bath tube, swimming pool
etc. It is likely that fluid mechanics is the last frontier where fundamental
discoveries in physics can still be made in such a way.

After learning what fluid mechanics can do for you, some of you may
be interested to know what you can do for fluid mechanics. Let me briefly
mention several directions of the present-day action in the physics of flu-
ids. Considerable analytical and numerical work continues to be devoted
to the fundamental properties of the equations of fluid mechanics, par-
ticularly to the existence and uniqueness of solutions. The subject of
a finite-time singularity in incompressible flows particularly stands out.
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Those are not arcane subtleties of mathematical description but the
questions whose answers determine important physical properties, for
instance, statistics of large fluctuations in turbulent flows. On the one
hand, turbulence is a paradigmatic far-from-equilibrium state where we
hope to learn general laws governing non-equilibrium systems; on the
other hand, its ubiquity in nature and industry requires knowledge of
many specific features. Therefore, experimental and numerical studies of
turbulence continue towards both deeper understanding and wider ap-
plications in geophysics, astrophysics and industry, see e.g. [4, 8, 21]. At
the other extreme, we have seen that flows at very low Reynolds num-
ber are far from being trivial; needs of biology and industry triggered
an explosive development of micro-fluidics bringing new fundamental
phenomena and amazing devices. Despite a natural tendency of theo-
reticians towards limits (of low and high Re, F'r, M), experimentalists,
observers and engineers continue to discover fascinating phenomena for
the whole range of flow control parameters.

The domain of quantum fluids continues to expand including now su-
perfluid liquids, cold gases, superconductors, electron droplets and other
systems. Quantization of vorticity and a novel factor of disorder add to
the interplay of nonlinearity, dispersion, dissipation. Many phenomena
in plasma physics also belong to a domain of fluid mechanics. Quantum
fluids and plasma can often be described by two interconnected fluids
(normal and superfluid, electron and ion) which allows for rich set of
phenomena.

Another booming subject is the studies of complex fluids. One im-
portant example is a liquid containing long polymer molecules that are
able to store elastic stresses providing fluid with a memory. That elastic
memory provides for inertia (and nonlinearity) of its own and introduces
the new dimensionless control parameter, Weissenberg number, which is
the product of fluid strain and the polymer response time. When the
Weissenberg number increases, instabilities takes place (even at very
low Reynolds number) culminating in so-called elastic turbulence [17].
Another example is a two-phase flow with numerous applications, from
clouds to internal combustion engines; here a lot of interesting physics
is related to relative inertia of two phases and very inhomogeneous dis-
tribution of droplets, particles or bubbles in a flow.

And coming back to basics: our present understanding of how fish
and microorganisms swim and how birds and insects fly is so poor that
further research is bound to bring new fundamental discoveries and new
engineering ideas.
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Solutions of exercises

”... a lucky guess is never merely luck.”
Jane Austen
1.1.
Consider a prism inside the fluid.

Forces must sum into zero in equilibrium which means that after being
rotated by m/2 force vectors form a closed triangle similar to that of
the prism. Therefore, the forces are proportional to the areas of the
respective faces and the pressures are equal.

1.2.

The force —V1 must balance the gradient of pressure
d (r3dp 2
a — _4rGr? = 21GpA(R% —r?) . 1
dr(pdr) "Gr%p,  p= xGRR ). ()

1.3.

The discharge rate is S’v/2gh. Energy conservation gives us v = v/gh
at the vena contracta. This velocity squared times density times area
S’ gives the momentum flux which must be determined by the force
exerted by the walls on the fluid. The difference between the orifice,
drilled directly in the wall as in Fig. 1.3, and the tube, projecting inward
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(called Borda’s mouthpiece), is that in the latter case one can neglect
the motion near the walls so that the force imbalance is the pressure
p = pgh times the hole area S. We thus get pv2S’ = pghS and S’ = S/2.
Generally, the motion near the walls diminishes the pressure near the
exit and makes the force imbalance larger. The reaction force is therefore
greater and so is the momentum flux. Since the jet exits with the same
velocity it must have a larger cross-section, so that S’/S > 1/2 (for a
round hole in a thin wall it is empirically known that S’/S ~ 0.62).

The above general argument based on the conservation laws of energy
and momentum works in any dimension. For Borda’s mouthpiece in
two dimensions, one can describe the whole flow neglecting gravity and
assuming the (plane) tube infinite, both assumptions valid for a flow not
far from the corner. This is a flow along the tube wall on the one side
and detached from it on the other side in distinction from a symmetric
flow shown in Figure 1.8 with n = 1/2. Flow description can be done
using conformal maps shown in the following figure:

z—plane w-plane

(—plane
. Y=S'v
<\d>—8, -1 | 1

P

The tube walls coincide with the streamlines and must be cuts in (-
plane because of jumps in the potential. That corresponds to w o In(,
the details can be found in Section 11.51 of [13]. For a slit in a thin wall,
2d solution can be found in Section 11.53 of [13] or Section 10 of [10],
which gives the coefficient of contraction 7/(m + 2) ~ 0.61.

1.4.

Simply speaking, vorticity is the velocity circulation (=vorticity flux)
divided by the area while the angular velocity (2 is the velocity circula-
tion (around the particle) divided by the radius a and the circumference
2ra:

Q:/udl/27ra2 = /wdf/27ra2 =w/2.

A bit more formally, place the origin inside the particle and consider the
velocity of a point of the piece with radius vector r. Since the particle
is small we use Taylor expansion v;(r) = S;;r; + A;jr; where S;; =
(0irj+0;r;)/2 and A;; = (0;r;—0;7;)/2. Rigid body can not be deformed
thus S;; = 0. The only isometries that do not deform the body and do not
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shift its center of mass are the rotations. The rotation with the angular
velocity €2 gives Ajrrr = €;6827,. On the other hand, the vorticity
component

1
W; = [V X V]i = Eijkajvk = ieijk(ajvk - 8ij) .
Using the identity €;x€imn = 0jmOkn — 0jndmi and
1
EimnWi = 5(5]m6kn - 5jn5mk)(aj'uk - akvj) = OmUn — OnUm s

we derive A1y = €;5w;Tk/2 and Q = w/2.

1.5.
Use Bernoulli equation, written for the point of maximal elevation
(when v = 0 and the height is H) and at infinity: 2gH = 2gh + v2..

/\
ﬁ[f;

i) Flow is two-dimensional and far from the slit has only a horizontal
velocity which does not depend on the vertical coordinate because of
potentiality. Conservation of mass requires vo, = ¢/2pg and the elevation
H — h=q?/8gp*h>.

ii) There is no elevation for a potential flow in this case since the velocity

goes to zero at large distances (as an inverse distance from the source).
A fountain with an underwater source is surely due to a non-potential
flow.

1.6.
In the reference frame of the sphere, the velocity of the inviscid po-
tential flow is as follows:

v = ucosf (1 — (R/r)3> ,

vp = —usinf (1 + (R*/2r?)) .
Streamlines by definition are the lines where

v x df = (vrf‘ + ’Ugé) X (drf' + d99> = rv,.df — vedr =0,



134 Solutions of exercises

which gives the equation

d—e = —7%3 + R tan @
dr— 2r(r3 — R3) ’

whose integration gives the streamlines

02 ra 3., p3
2 2

_/ do—=— — / dri
9, tan6 o T(r3—R3)

(sin91)2 _ ro(ri— R) (r} + 1R+ R?)
o T1(7’2 — R) (T% + T2R+ RQ) '

sin 92

It corresponds to the the stream function in the sphere reference frame
as follows: 1) = —ur?sin? §(1/2 — R?/r3). The streamlines relative to the
sphere are in the right part of Figure 5.1.

Figure 5.1 Streamlines of the potential flow around a sphere in the
reference frame where the fluid is at rest at infinity (left) and in the
reference frame moving with the sphere (right).

In the reference frame where the fluid is at rest at infinity,

v, = —ucosf (R/r)*, wp=—(1/2)usind (R/r)* .

Integrating
dg  tan@
dr— 2r '’
one obtains the stream function 1 = —uR?sin? §/2r whose streamlines

are shown in the left part of Figure 5.1.

From the velocity of the viscous Stokes flow given by (1.48), one can
obtain the stream function. In the reference frame where the fluid is at
rest at infinity, 1) = ur Rsin? 6(3/4 — R?/3r?), the streamlines are shown
in the figure below.
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Apparently, the main difference is that inviscid streamlines are loops
(compare with the loops made by trajectories as shown in Fig. 1.9),
while viscous flow is one-way.

In the sphere reference frame, the Stokes stream function is ¢ =
—ur?sin® 0(1/2 — 3R/4r + R®/4r3) and the streamlines are qualitatively
similar to those in the right part of Figure 5.1 .

1.7.
The equation of motion for the ball on a spring is m# = —kx and the
corresponding frequency is w, = y/k/m. In a fluid,

mi = —kx —ma, (5.2)

where m = pV/2 is the induced mass of a sphere. The frequency of
oscillations in an ideal fluid is

2
Wa,fluid = Way/ 2pf—?—p ; (53)

here p is fluid density and pg is the ball’s density.
The equation of motion for the pendulum is mlf = —mg6. In a fluid,
it is

mlh = —mgh + pV g — mlf (5.4)

where pV g0 is the Archimedes force, —mlf inertial force. From milf =
—mgf we get wp, = /g/l, while when placed in the fluid we have that
frequency of oscillations is

2(po—p
Wh,fuid = Wh égﬁﬂ)) (5.5)

Fluid viscosity would lead to some damping. When the viscosity is
small, v < w, pa?, then the width of the boundary layer is much less then
the size of the body: v/w,,a < a. We then can consider the boundary
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layer as locally flat and for a small piece near a flat surface we derive

vy _ O,
o~ Va2
v (y,t) = uexp{—[(1 +14)y/d +iwt]}, &=+/2n/pow . (5.6)

Such fluid motion provides for the viscous stress on the body body sur-
face

v, (0, ¢ .
- n”a(y) — (i = Dual0, ) Jonp 2,

which leads to the energy dissipation rate per unit area

~ayaty = u /8

An estimate of the energy loss one obtains multiplying it by the surface
area. To get an exact answer for the viscous dissipation by the oscillating
sphere, one needs to find the velocity distribution around the surface,
see e.g. Sect. 24 of [10].

1.8.

Dimensional analysis and simple estimates. In the expression
T o« E“pPp7, three unknowns a, 3,7 can be found from considering
three dimensionalities (grams, meters and seconds), which gives

T E1/3p—5/6p1/2 )

Analogously, T' oc ap~'/2p'/2. Note that here ¢ ox /p/p is the sound
velocity so that the period is a/c. The energy is pressure times volume:
E = 4ma®p/3. That way people measure the energy of the explosions
underwater: wait until the bubble is formed and then relate the bubble
size, obtained by measuring bubble oscillations, to the energy of the
explosion.

Sketch of a theory. The radius of the bubble varies like: 7g = a +
bexp(—iwt), where a is the initial radius and b < a is a small amplitude
of oscillations with the period T' = 27 /w. The induced fluid flow is radial,
if we neglect gravity, v = v,(r,t). Incompressibility requires v(r,t) =
Aexp(—iwt)/r?. On the surface of the bubble, dro/dt = v(r,t), which
gives A = —iba’w. So the velocity is as follows

v(r,t) = —ib(a/r)?w exp(—iwt) (5.7)

Note that (v-V)v ~ b2w?/a < 9;v ~ bw?, since it corresponds to the
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assumption b < a (|(v-V)v| ). Now we use the linearized Navier-Stokes
equations and spherical symmetry and get:

2 )
DPwater = Pstatic — puJQb (%) et (58)

where pgtatic is the static pressure of water - unperturbed by oscillations.
Since Pair/ Pwater = 1073, then the bubble compressions and expansions
can be considered quasi-static, Prubbieo>? = Pstatica’”, which gives:

Pbubble = Dstatic (1 — 37(b/a)e™™") (5.9)
Now use the boundary condition for the bubble-water interface at r = a
—Pbubbledik = —PwaterOik + N(Okvi + Oivg) (5.10)

where 1) is the water dynamic viscosity. The component o,.,. gives p(aw)?+
4in — 3yp = 0 with the solution

o A2
P (- Uy el e i I (5.11)
pa?  adp?

For large viscosity, it describes aperiodic decay; for n? < 3yppa?/4 the
frequency of oscillations is as follows:

3vyp  Anp?

=21/T =, /25 - .

(5.12)

Viscosity increases the period which may be relevant for small bubbles,
see [20] for more details.

1.9.
The Navier-Stokes equation for the vorticity in an incompressible fluid,

Ow~+ (v-Vw— (w-V)v=rvAw
in the cylindrically symmetric case is reduced to the diffusion equation,
Oyw = vAw,

since (v - V)w = (w- V)v = 0. The diffusion equation with the delta-
function initial condition has the solution

I 72
wirt) = g eel =7 )

which conserves the total vorticity:

e} T [ee} ,,,,2
(t) 77/0 w(r, t)rdr 2Vt/0 exp ( 41/t> rdr
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Generally, for any two-dimensional incompressible flow, the Navier-
Stokes equation takes the form dyw + (v - V)w = vAw, which conserves
the vorticity integral as long as it is finite.

1.10.

The shape of the swimmer is characterized by the angles between the
arms and the middle link. Therefore, the configuration space is two-
dimensional. Our swimmer goes around a loop in this space with the
displacement proportional to the loop area which is 62. Transformation
y — —y, 0 = —01, 5 — —05 produces the same loop, therefore y-
displacement must be zero. Since it is easier to move when the non-
moving arm is aligned with the body (i.e. either 6; or 6 is zero), then
it is clear that during 1 — 2 and 4 — 5 the swimmer shifts to the left
less than it shifts to the right during 2 — 3 and 3 — 4, at least when
0 < 1. Therefore the total displacement is to the right or generally in the
direction of the arm that moved first. Further reading: Sect. 7.5 of [1];
Purcell, E. M. (1977) Life at low Reynolds number, American Journal
of Physics, vol 45, p. 3; Childress, S. (1981) Mechanics of swimming and
flying (Cambridge Univ. Press).

Anchoring the swimmer one gets a pump. Geometrical nature of swim-
ming and pumping by micro-organisms makes them a subject of a non-
Abelian gauge field theory with rich connections to many other phenom-
ena, see Wilczek, F. and Shapere, A. (1989) Geometry of self-propulsion
at low Reynolds number, Journal of Fluid Mechanics, vol 198, p. 557.

6 61

1.11.

Simple estimate. The lift force can be estimated as pvQRR? ~ 3
N. The rough estimate of the deflection can be done by neglecting the
ball deceleration and estimating the time of flight as T' ~ L/vy ~ 1 s.
Further, neglecting the drag in the perpendicular direction we estimate
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2

that the acceleration pvoQ2R3/m ~ 6.7m -s~2 causes the deflection

_ pwQRMT? pQRPL QR pR’L

T ~
y(T) 2m 2muyg v 2m

~335m. (5.13)

Sketch of a theory. It is straightforward to account for the drag
force, Cpv?mR?/2, which leads to the logarithmic law of displacement:

2

p— - Y%
U= Lo ’ U(t) 1+ Uot/LO ’

Here Ly = 2m/CprR? ~ 100 m with C' ~ 0.25 for Re = voR/v ~ 2-10°.
The meaning of the parameter Ly is that this is the distance at which
drag substantially affects the speed; non-surprisingly, it corresponds to
the mass of the air displaced, pm R?L, being of the order of the ball mass.
We get the travel time T from (5.14): voT'/Lo = exp(L/Lo) —1 > L/Ly.
We can now account for the time-dependence v(t) in the deflection.
Assuming that the deflection in y-direction is small comparing to the
path travelled in = direction, we get

d?y(t)  pQR3(t)  pQR3u
2 m  m(l+wvt/Ly)’
y(0) = 4(0) =0,
y(t) = Lo%% (1 +vot/Lo) In(1 +vot/Lo) — vot/Lo] . (5.15)

It turns into (5.13) in the limit L <« Ly (works well for a penalty kick).
For longer L one also needs to account for the drag in the y-direction
which leads to the saturation of § at the value ~ +/QRwv. Still, such
detailed consideration does not make much sense because we took a
very crude estimate of the lift force and neglected vertical displacement
gT?/2, which is comparable with the deflection.

Remark. Great soccer players are able also to utilize the drag crisis
which is a sharp increase of the drag coefficient C' from 0.15 to 0.5 when
Re decreases from 2.5-10° to 1.5-10° (ball velocity drops from 37.5 m/s to
22.5 m/s). As a result, some way into its path the ball sharply decelerates
and the Magnus force comes even more into effect. The phenomenon of
drag crisis is also used for making a long shot over the goalkeeper who
came out too far from the goal; in this case, the ball smoothly rises up
and then falls down steeply (see Figure). A topspin adds Magnus force
which enhances this effect.
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1.12.

Lift force on the keel exists only if the board moves not exactly in
the direction in which it is pointed. The direction of the force acting
on the keel can be understood considering the deflection of water in the
reference frame of the keel — water comes from the direction of motion
and leaves along the keel. The direction of the force acting on the keel is
opposite to the direction of deflection of water by the keel. That force,
Feel, acting mainly to the side (left in the Figure), must be counteracted
by the force acting by the wind on the sail. Wind leaves along the sail
and its deflection determines F,;;. For a board in a steady motion, the
vector Freer + Fgqir points in the direction of motion and it is balanced
by the drag force. Decreasing the drag one can in principle move faster
than the wind since F4; does not depend on the board speed (as long
as one keeps the wind perpendicular in the reference frame of the board).
On the contrary, when the board moves downwind, it cannot move faster
than the wind.

direction of motion

77777777777 ] sa”

Fait [
wind . ' deflection of
”””””” > - water flow in
,,,,,,,,,,, - R \ - the board frame
keel N /

For details, see B.D. Anderson, The physics of sailing, Physics Today,
February 2008, 38-43.
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1.13.
Simple answer. If droplet was a solid sphere, one uses the Stokes
force and gets the steady fall velocity from the force balance

_ 2pwgR?
Ma

Justification and correction. The Reynolds number is Re ~ 0.008,
which justifies our approach and guarantees that we can neglect finite-
Re corrections. Note that Re oc vR o< R3, so that Re ~ 1 already for
R = 0.05 mm. Sphericity is maintained by surface tension, the relevant
parameter is the ratio of the viscous stress n,,u/R to the surface tension
stress /R, that ratio is n,u/a ~ 0.00017 for a = 70g/s?. Another
unaccounted phenomenon is an internal circulation in a liquid droplet.
Viscous stress tensor 0,9 must be continuous through the droplet surface,

6mRn,u=mg, u ~1.2lem/s . (5.16)

so that the velocity inside can be estimated as the velocity outside times
the small factor n,/n, =~ 0.018 < 1, which is expected to give 2%
correction to the force and to the fall velocity. Let us calculate this.
The equation for the motion of the fluid inside is the same as outside:
A2V f = 0, see (1.46). The solution regular at infinity is (1.47) i.e.

Va:u_&u—l—n(u~n) +b3n(u~n—u)

r r3

while the solution regular at zero is f = Ar?/4 + Br*/8, which gives
Vw = —Au+ Br?(ii(u-h) — 2u .

Four boundary conditions on the surface (zero normal velocities and con-
tinuous tangential velocities and stresses) fix the four constants A, A, a, b
and gives the drag force

+ 3w

21,
F = 8manu = 2mun, R L

5.17)
Na + Nw (

which leads to

2pR?g (314 + 31w\ _ 2pR%g 11, cm
w— ~ Ja) ~1220
S

1+ -
3Na 214 + 3N 94 3 N

Inside circulation acts as a lubricant decreasing drag and increasing fall
velocity. In reality, however, water droplets often fall as solid spheres
because of a dense ”coat” of dust particles accumulated on the surface.

1.14.
Basic Solution. Denote the droplet radius r and its velocity v. We
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need to write conservation of mass 7 = Av and the equation of motion,
dr3v/dt = gr® — Bur, where we assumed a low Reynolds number and
used the Stokes expression for the friction force. Here A, B are some
constants. One can exclude v from here but the resulting second-order
differential equation is complicated. To simplify, we assume that the
motion is quasi-steady so that gravity and friction almost balance each
other. That requires ¥ < g and gives v ~ gr?/B. Substituting that
into the mass conservation gives dr/dt = Agr?/B. The solution of this
equation gives an explosive growth of the particle radius and velocity:
and r(t) = ro/(1 —r9Agt/B). This solution is true as long as v < g and
Re=vr/v < 1.

Detailed Solution. Denote p,,, p, p, respectively densities of the lig-
uid water, air and water vapor. Assume p,, > p > p,. Mass conser-
vation gives dm = p,mrivdt = pydnr?dr so that dr/dt = vp,/4p.,.
Initially, we may consider low-Re motion so that the equation of mo-
tion is as follows: drdv/dt = gr® — 9upvr/2pg. Quasi-static approxima-
tion is v & 2gr2p,/9vp according to (5.16), which gives the equation
dr/dt = gr®p,/18vp independent of p,. The solution of this equation
gives an explosive growth of the particle radius and velocity:

—1 2 -2
t 2 t
r(t) =9 (1 Lo Togt ) Loty = 2o 20 (1 _ PoTost )

p 18v p p 18v

This solution is true as long as © = 4gripg/9vp = 2¢°r°p,po /8102 p? <
g. Also, when r(t)v(t) ~ v the regime changes so that mg = Cpnr?v?,

v o< /T and r o t?, vt

1.15

Pressure is constant along the free jet boundaries and so the velocity
is constant as well. Therefore, the asymptotic velocities in the outgoing
jets are the same as in the incoming jets. Conservation of mass, energy
and horizontal momentum give for the left/right jets respectively

hy = h(l+cosby), h,=h(1l—cosby),

where h is the width of the incoming jet. Therefore, a fraction (1 —
cos fy)/2 of the metal cone is injected into the forward jet.

One can describe the whole flow field in terms of the complex velocity
v which changes inside a circle whose radius is the velocity at infinity,
u (see, e.g. Chapter XI of [13]). On the circle, the stream function is



Solutions of exercises 143

piecewise constant with the jumps equal to the jet fluxes:

Pp=0 for 0<0<80y, Y=—hu for 6y<O<m,
Y= _h—hu for 7<0<21r—0y, etc.

We can now find the complex potential everywhere in the circle by using
the Schwartz formula:

o 2 wexp(if) + v
wlv) = 27 J, w(e)uexp(iﬁ) -V

:Z{hrln<1—z> —I—hlln(l—i—%)

(i) (-] |

To relate the space coordinate z and the velocity v we use v = —dw/dz
so that one needs to differentiate w(v) and then integrate once the re-
lation dz/dv = —v~ldw/dv using z = 0 at v = 0:

de

Tz

= (1 —cosbp)In (1 — %) — (1 +cosbp)In <1+ %)

+ e n (1 — Xewo) +e Wl (1 — Xe_w”) .
U U

2.1.

We have seen in Sect. 1.2.1 that in a locally smooth flow, fluid ele-
ments either stretch/contract exponentially in a strain-dominated flow
or rotate in a vorticity-dominated flow. This is true also for the flows in
phase space, discussed at the beginning of Sect. 2.2.

i) Since z(t) = zgexp(At) and y(t) = yoexp(—At) = xoyo/xz(t) then
every streamline (and trajectory) is a hyperbole. A vector initially form-
ing an angle ¢ with the x axis will be stretched after time T if cosp >
[1+exp(2AT)] /2, i.e. the fraction of stretched directions is larger than
half. That means, in particular, that if one randomly changes directions
after some times, still the net effect is stretching.
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y
Yo \_hyperbole

: X(OY(®)=xe o
\¢ ):(O X

ii) The eigenvectors of this problem evolve according to exp(=+iQt)
where

0 = 4w? - \?. (5.18)

We see that fluid rotates inside vorticity-dominated (elliptic) regions
and is monotonically deformed in strain-dominated (hyperbolic) regions.
The marginal case is a shear flow (see Figure 1.6) where A\ = 2w and the
distances grow linearly with time.

In a random flow (either in real space or in phase space), a fluid el-
ement visits on its way many different elliptic and hyperbolic regions.
After a long random sequence of deformations and rotations, we find
it stretched into a thin strip. Of course, this is a statistical statement
meaning that the probability to find a ball turning into an exponentially
stretching ellipse goes to unity as time increases. The physical reason
for it is that substantial deformation appears sooner or later. To reverse
it, one needs to meet an orientation of stretching/contraction directions
in a narrow angle (defined by the ellipse eccentricity), which is unlikely.
Randomly oriented deformations on average continue to increase the ec-
centricity. After the strip length reaches the scale of the velocity change
(when one already cannot approximate the velocity by a linear profile),
strip starts to fold continuing locally the exponential stretching. Even-
tually, one can find the points from the initial ball everywhere which
means that the flow is mixing.

2.2.

Dimensional reasoning. With six parameters, g¢,5,0,h,v, x and
three independent dimensions, cm, sec and Kelvin degree, one can com-
bine three different dimensionless parameters, according to the w-theorem
of Sect. 1.4.4. That is too many parameters for any meaningful study.

Basic physical reasoning suggests that the first three parameters
can come up only as a product, ¢80, which is a buoyancy force per
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unit mass (the density cannot enter because there is no other parameter
having mass units). We now have four parameters, Sg©, h, v, x and two
independent dimensions, ¢m, sec, so that we can make two dimensionless
parameters. The first one characterizes the medium and is called the
Prandtl number:

Pr=v/x. (5.19)

The same molecular motion is responsible for the diffusion of momentum
by viscosity and the diffusion of heat by thermal conductivity. Never-
theless, the Prandtl number varies greatly from substance to substance.
For gases, one can estimate x as the thermal velocity times the mean
free path, exactly like for viscosity in Section 1.4.3, so that the Prandtl
number is always of order unity. For liquids, Pr varies from 0.044 for
mercury to 6.75 for water and 7250 for glycerol.

The second parameter can be constructed in infinitely many ways as it
can contain an arbitrary function of the first parameter. One may settle
on any such parameter claiming that it is a good control parameter for a
given medium (for fixed Pr). However, one can do better than that and
find the control parameter which is the same for all media (i.e. all Pr).
The physical reasoning helps one to choose the right parameter. It is
clear that convection can occur when the buoyancy force, 590, is larger
than the friction force, vv/h?. It may seem that taking velocity v small
enough, one can always satisfy that criterium. However, one must not
forget that as the hotter fluid rises it looses heat by thermal conduction
and gets more dense. Our estimate of the buoyancy force is valid as
long as the conduction time, h?/y, exceeds the convection time, h/v,
so that the minimal velocity is v ~ x/h. Substituting that velocity into
the friction force, we obtain the correct dimensionless parameter as the
force ratio which is called the Rayleigh number:

3
Ra = gﬂy(?(h . (5.20)

Sketch of a theory. The temperature T satisfies the linear convection-

conduction equation

or
S+ (V- V)T =xAT. (5.21)
For the perturbation 7 = (T — Ty)/To relative to the steady profile
To(z) = ©z/h, we obtain
or

5 v,0/h = xAT . (5.22)
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Since the velocity is itself a perturbation, so that it satisfies the in-
compressibility condition, V - v = 0, and the linearized Navier-Stokes
equation with the buoyancy force:

g—‘; =-VW +vAv + fp7g , (5.23)

where W is the enthalpy perturbation. Of course, the properties of the
convection above the threshold depend on both parameters, Ra and Pr,
so that one cannot eliminate one of them from the system of equations. If,
however, one considers the convection threshold where dv /9t = 01/0t =
0, then one can choose the dimensionless variables u = vh/x and w =
Wh? /vy such that the system contains only Ra:

ow ow
5 = Au, +7Ra v Au, . (5.24)

Solving this with proper boundary conditions, for eigenmodes built out
of sin(kx),cos(kz) and sinh(gz), cosh(gz) (which describe rectangular
cells or rolls), one obtains Ra., as the lowest eigenvalue, see e.g. [10],
Sect. 57.

Note the difference between the sufficient condition for convection on-
set, Ra > Ra,, formulated in terms of the control parameter Ra, which
is global (a characteristics of the whole system), and a local necessary
condition (1.9) found in Sect. 1.1.3.

—u, =A1r, V-v=0,

2.3.
Consider the continuity of the fluxes of mass, normal momentum and
energy:
prwis = pows, Pi+ piwi = P+ powj, (5.25)
w
Wy +w?/2 = ZQwQ (Wa+w3/2) = Wa+wd/2.  (5.26)
1W1

Excluding wy, wy from (5.25),
P, — P P, — P
w% = @g s w% — ﬁg R
P1 P2 — P1 P2 P2 — P1
and substituting it into the Bernoulli relation (5.26) we derive the rela-
tion called the shock adiabate:

(5.27)

1
Wy — Wy = 5(Pl —P) (Vi +Va) . (5.28)

For given pre-shock values of P;, V7, it determines the relation between
P, and V5. Shock adiabate is determined by two parameters, Pp, V7,
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as distinct from the constant-entropy (Poisson) adiabate PV =const,
which is determined by a single parameter, entropy. Of course, the after-
shock parameters are completely determined if all the three pre-shock
parameters, P;, V7, wy, are given.

Substituting W = vP/p(y — 1) into (5.28) we obtain the shock adia-
bate for a polytropic gas in two equivalent forms:

p2_PPL+P P p1—Bp2 v—1

p1 Pi+BP,’ Pi pa—fp1] o+l
Since pressures must be positive, the density ratio p2/p; must not exceed
1/ (4 and 6 for monatomic and diatomic gases respectively). If the pre-
shock velocity wy is given, the dimensionless ratios p2/p1, P2/P1 and
Ms = wa/co = way/p2/vP> can be expressed via the dimensionless
Mach number My = wy /¢y = wi+/p1/vP1 by combining (5.27,5.29):

(5.29)

g 2P M e 200 DM
p2 (y+D)M2' P y+1 ’ 2oy Mi 41—y
(5.30)

To have a subsonic flow after the shock, My < 1, one needs a supersonic
flow before the shock, My > 1.

Thermodynamic inequality v > 1 guarantees the regularity of all
the above relations. The entropy is determined by the ratio P/p?, it
is actually proportional to log(P/p?). Using (5.30) one can show that
S9 — 8] X ln(ngIY /P p;) > 0 which corresponds to an irreversible con-
version of the mechanical energy of the fluid motion into the thermal
energy of the fluid.

See Sects. 85,89 of [10] for more details.

2.4.

Simple estimate. We use a single shock, which has the form v =
—vtanh(va/2v) in the reference frame with the zero mean velocity. We
then simply get (u?u2) = 2v5/15L so that

€4 = 6v[(u®u?) + (u?)(u?)] = 240° /5L .
Substituting v®/L = 5¢,/24 into S5 = —32v°z/L we get
S5 = —20e42/3 = —40vz[(u*u?) + (u?)(u2)] . (5.31)

Sketch of a theory. One can also derive the evolution equation for
the structure function, analogous to (2.10) and (2.32). Consider

018y = —(3/5)0,S5 —24v[(u*u2) +(utu3, )] +48v (usugus ) +8v {utug.s) -
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Since the distance x5 is in the inertial interval then we can neglect
(uuge) and (ujugu?,), and we can put (ufu3,) ~ (u?)(u2). Assuming
that

OpSy ~ Squ/L < €4 =~ u5/L7
we neglect the lhs and obtain (5.31). Generally, one can derive

2n+1
2n —1

S2n+1 = —depx

2.5.
We write the equation of motion (1.29):

d d v—u
— tu = )+ — t .32
ooV (O = gV (0 + oV (1) (5.32)
The solution is
. 3p a 2p «a
t) = t — t—1 . 5.33
u(t) = asinw p+2p0+w(cosw )p+2po V{0) —at (5.33)

It shows that the volume change causes the phase shift and amplitude
increase in oscillations and a negative drift. The solution (5.33) looses
validity when wu increases to the point where ku ~ w.

2.6.

Rough estimate can be obtained even without proper understand-
ing the phenomenon. The effect must be independent of the phase of
oscillations i.e. of the sign of A, therefore, the dimensionless parameter
A? must be expressed via the dimensionless parameter Py/pgh. When
the ratio Py/pgh is small we expect the answer to be independent of
it, i.e. the threshold to be of order unity. When Py/pgh > 1 then the
threshold must be large as well since large P, decreases any effect of
bubble oscillations, so one may expect the threshold at A% ~ Py/pgh.
One can make a simple interpolation between the limits

2 ~ —_

A® 1+ o (5.34)

Qualitative explanation of the effect invokes compressibility of the
bubble (Bleich, 1956). Vertical oscillations of the vessel cause periodic
variations of the gravity acceleration. Upward acceleration of the vessel
causes downward gravity which provides for the buoyancy force directed
up and vice versa for another half period. It is important that related
variations of the buoyancy force do not average to zero since the volume
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of the bubble oscillates too because of oscillations of pressure due to col-
umn of liquid above. The volume is smaller when the vessel accelerates
upward since the effective gravity and pressure are larger then. As a re-
sult, buoyancy force is lower when the vessel and the bubble accelerate
up. The net result of symmetric up-down oscillations is thus downward
force acting on the bubble. When that force exceeds the upward buoy-
ancy force provided by the static gravity g, the bubble sinks.

Theory. Consider an ideal fluid where there is no drag. The equation
of motion in the vessel reference frame is obtained from (1.29,5.32) by
adding buoyancy and neglecting the mass of the air in the bubble:

a
2dt

Here V(t) is the time-dependent bubble volume. Denote z the bubble
vertical displacement with respect to the vessel, so that u = 2, positive
upward . Assume compressions and expansions of the bubble to be adia-
batic, which requires the frequency to be larger than thermal diffusivity
k divided by the bubble size a. If, on the other hand, the vibration fre-
quency is much smaller than the eigenfrequency (5.12) (sound velocity
divided by the bubble radius) then one can relate the volume V'(¢) to
the pressure and the coordinate at the same instant of time:

Viu=VHGE), Git)=g+i. (5.35)

PV(t) = [Py + pG(h = )]V = (Po + pgh)Vy) .
Assuming small variations in z and V' = V + dV sin(wt) we get
Apgh
v(Po + pgh) |

The net change of the bubble momentum during the period can be ob-
tained by integrating (5.35):

sV =V, (5.36)

2”7%9(1 —6VA/2Vp) +o(A?) . (5.37)

27w
/ V(G dt' =
0
The threshold corresponds to zero momentum transfer, which requires
0V =2V, /A. According to (5.36), that gives the following answer:

FPo
A2 =2y (1 + ) : 5.38
ool (5.38)
At this value of A, the equation (5.35) has an oscillatory solution z(¢) ~
—(2Ag/w?) sin(wt) valid when Ag/w? < h. Another way to interpret
(5.38) is to say that it gives the depth h where small oscillations are
possible for a given amplitude of vibrations A. Moment reflection tells
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that these oscillations are unstable i.e. bubbles below h has their down-
ward momentum transfer stronger and will sink while bubbles above
rise.

Notice that the threshold value does not depend on the frequency
and the bubble radius (under an implicit assumption a < h). However,
neglecting viscous friction is justified only when the Reynolds number
of the flow around the bubble is large: az/v ~ aAg/wv > 1, where v
is the kinematic viscosity of the liquid. Different treatment is needed
for small bubbles where inertia can be neglected comparing to viscous
friction and (5.35) is replaced by

drva(t): = V(t)G(t) = 4ra®(t)G/3 . (5.39)

Here we used the expression (5.17) for the viscous friction of fluid
sphere with the interchange water <» air. Dividing by a(t) and integrat-
ing over period we get the velocity change proportional to 1 —daA/a =
1— 0V A/3Vy. Another difference is that a? < r/w for small bubbles, so
that heat exchange is fast and we must use isothermal rather than adia-
batic equation of state i.e. put v = 1 in (5.36). That gives the threshold
which is again independent of the bubble size:

Py
A2=3(1+> ) 5.40
ool (5.40)

2.7.

“The answer is blowing in the wind”. The first that comes to mind is
that for upwind propagation the distance is larger by the factor 1+ v/c
where v is the wind speed. Viscous dissipation in the air decreases the
intensity ¢ with the distance r according to ¢ oc exp(—vw?r/c?). Another
factor is spreading of the acoustic energy flux over the half-sphere of an
increasing radius: ¢ oc 7~2. Note however that near the ground (where
most of our shouting happens), the wind speed is generally less than
30m/sec so that v/c < 0.1 and can be treated as a small factor. There-
fore, the difference between upwind and downwind intensities would be
of order v/c i.e. small. The real reason for the fast intensity drop upwind
is the inhomogeneous wind speed profile near the ground. That bends
sound rays which encounter stronger winds when they are further from
the ground. As shown in the figure, that refraction makes the spreading
of acoustic rays near the ground much faster upwind than downwind.
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wind s

- Sound source
\

Similar upward curvature of sound rays (now isotropic in the horizon-
tal plane) is caused by the temperature gradient in the atmosphere. For
sound propagating at some angle to the ground, the part of the constant-
phase surface which is higher moves slower which turns the surface up.
The speed of sound is proportional to the square root of temperature in
Kelvin degrees. When temperature drops by 6.5 degrees per kilometer
(see Section 1.1.3) the speed of sound decreases by about 5m/sec. Such
refraction creates so-called ”zone of silence” around the source on the
ground; similar phenomenon is also known from optics where rays bend
towards more optically dense medium.

sound source

temperature

3.1.

Wave velocity, v, = v/gh, grows with the depth. Depth usually de-
creases as one approaches the shore. Therefore, even if the wave comes
from the deep at an angle, the parts of the wave fronts that are in deeper

water move faster changing the orientation of the fronts (like in Exercise
2.7).

Linear bottom profile, side view Wave fronts and their velocities, top view
3.2.

The length of the wave packet is L = NA = 27 N/k. The wave packet
propagates with vgroup. The float will be disturbed by the wave packet
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during the time: 7 = L/vgroup = 27 N/kvgroup. For a quasi monochro-
matic wave packet T' = 27 /w(k), the number of ”up and down” motions
of the wave packet is n = 7/T = NUphase/Vgroup- FOr gravity waves on
deep water w = \/gk we have n = 2N. For gravity-capillary waves on

deep water w = +/(gk + ok3/p) we have

(gk + ok*/p)
k(gk + 30k?/p)

and for purely capillary waves w = \/ok3/p, n = 2N/3.

Remark. That was linear consideration (due to [20]). Nonlinear Stokes
drift causes the float to move with the wave so that the relative speed
is less: Vgroup — Vgroup[l — (ak)?.

3.3.

Qualitative analysis and simple estimate. The group velocity of
surface waves depends on their wavelength non-monotonically as shown
in the Figure:

group velocity

A wavelength A

The stone excites waves with the wavelengths exceeding its size. In-
deed, a Fourier image of a bump with the width [ is nonzero for wavenum-
bers less that 1/1. Therefore, the wave pattern on a water surface depends
on the relation between the size of the initial perturbation and A,. If we
drop a large stone (with a size far exceeding \,) it will mostly generate
gravity waves which are the longer the faster. As a result, the wavelength
increases with the distance from the origin that is the larger circles are
progressively sparser. On the contrary, small stones and raindrops can
generate also capillary waves with shortest being fastest so that the dis-
tance between circles decreases with the radius. Since there is a minimal
wave speed v, ~ (ga/p)/4
circle with the radius w.t, this circle is a caustic. General consideration

~ 17 cm/s, then there are no waves inside the

of caustics including stone-generated surface wave can be found in [11],
Sect. 4.11.
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Wave patterns produced by

gravity waves capillary waves

Both gravity and capillary waves can be seen in Figure 5.2. For a given
speed exceeding v, there are two distinct wavelengths that propagate
together.

N

Figure 5.2 Long gravity waves and short capillary ripples propagating
together.

Sketch of a theory for gravity waves is based on Sections 3.1.1 and
3.1.4. The perturbation can be considered as a force localized both in
space and in time. Since we aim to describe time intervals far exceeding
the time of stone sinking and wavelengths far exceeding its size we model
this force by the product of delta functions §(¢)d(r). Adding such force
to the equation of motion (3.4) we get

ov, 0%¢ ¢

o~ op - 9. T
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which gives (, = iexp(—iy/gkt)/v/gk and

C(r,t) = 8W2\f/fdkdeexp(zkrcosa—z\ﬁt (5.41)
47r2\f/ dkVEJo(kr) exp(—in/gkt) = 27rgzt3q><g;> ,
) :/ dz2%Jo(y2?) exp(—iz) . (5.42)

0

Here Jy is the Bessel function. One can see that the crests accelerate
with the gravity acceleration g. Before the leading crest, for » > gt2,
the surface is steady:

C(T) o gzt73(gt2/T)3/2 x 971/27,73/2 )

Behind the leading crest, for r < gt?, the main contribution into (5.41)
is given by 0 = 0, r = ' (k)t = t\/g/k/2, that is by k = gt?/4r2, so that
C(r,t) o sin(gt? /4r) .

The crests are at the following radial positions:
gt*
Ty = .
2n(dn + 1)

For details, see http://www.tcm.phy.cam.ac.uk/”~ dek12/, Tale 8 by D
Khmelnitskii. General consideration that accounts for a finite stone size
and capillary waves can be found in Sect. 17.09 of Jeffreys, H. and
Swirles, B. (1966) Methods of Mathematical Physics (Cambridge Univ.
Press, Cambridge).

3.4.

Hamiltonian is real therefore A(k) is real, we denote Aj, As respec-
tively its symmetric and antisymmetric parts. Also, B(k) = B(—k) and
we can consider B(k) real, absorbing its phase into b(k). The same is true
for the transformation coefficients u, v which also could be chosen real
(as is also clear below). The canonicity of u-v transformation requires

u?(k) —v3(k) =1, wu(k)v(=k) = u(—k)v(k)
and suggests the substitution
u(k) = cosh[¢(k)], wv(k)=sinh[((k)] .
In this terms, the transformation equations take the form

wr = Ay + A1/ cosh(2¢), A;sinh(2¢) = Blcosh?(¢) + sinh?(¢)] .
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That gives
wr = Aa(k) + sign Ay (k)\/ A3(k) — B2(k) .

If A;(k) turns into zero when B(k) # 0, we have complex frequency
which describes exponential growth of waves i.e. instability. The quadratic
Hamiltonian can be reduced to the form

Ho = /C(k)[a(k)a(—k) +a*(k)a*(—k)] dk,

which describes the creation of the pair of quasi-particles from vacuum
and the inverse process, see [21], Sec. 1.1.

3.5

For two-dimensional wave vectors, k = {k;,k,}, the function w(k)
determines a surface in the three-dimensional space w,ks,ky. In an
isotropic case, w(k) determines a surface of revolution. Consider two
such surfaces: S determined by w(k) and Sy by w(k;1). The possibility
to find such ki, k that w(k; + k) = w(k1) + w(k) means that the second
surface must be shifted up by w(k) and right by k and that the two
surfaces must intersect:

All three points with the coordinates {w,k}, {w1,k1} and {w(k +
ki), k+k; } must lie on the intersection line Oy A. For example, OD = k,
OB = w, BC' = w;. For intersection, w(k) must define a convex surface.
For power laws, w(k) o« k%, that requires a > 1. For a = 1, only waves
with collinear wave vectors can interact resonantly.

3.6.



156 Solutions of exercises

The equation for the standing soliton analogous to (3.32) is now
W'AA=2T(A® — A3A) .

In polar coordinates, A = r~19,rd, + 7”*2835. It is thus clear that the
dependence on the angle ¢ makes the condensate amplitude turning into
zero on the axis: A < r as r — 0. Denote f(r/rg) = A/Ap. Considering
r — 0o one concludes that 73 = w” /(2T A?) i.e. the amplitude and the
size are inversely related as in 1d. The resulting equation in the variable
& = r/rg has the following form:

1d df 1 3
—— £>+<1—>f—f =0, 5.43
cie (€t Z (543
It can be solved numerically. When £ — 0 then f o £ for € — 0. When
£ — 00, f=1+46f and in a linear approximation we get

1d dsf 1 1

—— 5)——25f—5f—0, 5.44

cie (%) = e (549
which has a solution §f = —1/2¢2. The solution is a vortex because

there is a line in space, » = 0, where || = 0. Going around the vortex

line, the phase acquires 27. That this is a vortex is also clear from the
fact that there is a current J (and the velocity) around it:

o™ oY A?

Jp X @ -t = —

¢ <¢ ro¢ 7"8(;5) r

so that the circulation is independent of the distance from the vortex.

b

Note that the kinetic energy of a single vortex diverges logarithmically
with the system size (or with the distance to another parallel vortex line
with an opposite circulation): [ v2rdr o« [ dr/r. That has many conse-
quences in different fields of physics, in particularly in two dimensions
(like Berezinski-Kosterlitz-Thouless phase transition).

3.7

Qualitative answer. To integrate a general system of 2n first-order
differential equations one needs to know 2n conserved quantities. For
Hamiltonian system though, Liouville theorem tells us that n indepen-
dent integrals of motion is enough to make the system integrable and
its motion equivalent to n oscillators. For three modes, the number of
degrees of freedom is exactly equal to the number of the general integrals
of motion: Hamiltonian H, total number of waves P = Y |a,,|? and the
momentum M = Y m|a,,|?. That means that the system is integrable:
in the six-dimensional space of ag, a1,a_1, every trajectory is a 3-torus.
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Quantitative solution. The full system,

;a0

i = T(|ao|* + 2|a1* + 2|a—1|*)ao + 2Taya_1af) (5.45)
.da N

zd—tl = Baq + T(|a1|2 + 2|ao|? + 2|a_1|2)a1 +Ta* a3, (5.46)
da_ x

i dtl = Ba_1 + T(\a_l\Q + 2|ao|?® + 2|a1|2)a0 +Tala? , (5.47)

can be reduced explicitly to a single degree of freedom using the integrals
of motion. Consider for simplicity M = 0 and put ag = Agexp(if),
ay = Ayexp(ify) and a_; = Ajexp(if_1), where Ay,01,0_1 are real.
Introducing 0 = 26y — 61 — 6_1, the system can be written as follows:

ddy  dA; 5 .
el 2 el 2T ApA7sind , (5.48)
%f =23+ 2T (A2 — A?) + 2T (A% — 24%) cos 6 . (5.49)

This system conserves the Hamiltonian H = 23A% + T A} /2+ 3T A} +
ATAZA? + 2T A3 A3 cos and P = A3 + 2A%. Introducing B = A? one
can write H = (28 + TP/2)B +TB(P — 2B)(2cosf + 3/2) and

dB 0H

dé OH
5 =28+ 20(P ~3B) + 2T (P ~4B)cost = =z . (5.51)

Expressing 6 via H, B and substituting into (5.50), one can find the
solution in terms of an elliptic integral. To understand the qualitative
nature of the motion, it helps to draw the contours of constant H in
coordinates B, cosf. The evolution proceeds along those contours. The
phase space is restricted by two straight lines B = 0 (which corresponds
to H =0) and B = P/2 (which corresponds to Ag =0 and H = P +
TP?/4). Tt is instructive, in particular, to compare the phase portraits
with and without the modulational instability. Indeed, exactly like in
Sect. 3.3.2, we can consider |ag| > |a1],|a—1| and |ag|* ~ P, linearize
(5.46,5.47) and for aj,a_1 o< exp(iQt — iT Pt) obtain Q? = 3(8 + 2T P)
in agreement with (3.5). When Q2 = B(8 + 2T'P) < 0, there is an
instability, while in the phase portrait of (5.50,5.51) there exist two fixed
points at B =0, cosfy = —1 — 3/T P, which are saddles connected by a
separatrix. Even for trajectories that start infinitesimally close to B = 0,
the separatrix makes it necessary to deviate to finite B, as seen from the
right panel of Figure 5.3.
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Figure 5.3 Sketch of the phase-space trajectories for large positive 8
(left, stable case) and —2T'P < 8 < 0 (right, unstable case).

In the Hamiltonian integrable case, the separatrix is an unstable man-
ifold for one fixed point and a stable manifold for another. When the
system is perturbed (say, by small pumping and damping) and looses its
Hamiltonian structure and integrability, the stable and unstable man-
ifolds do not coincide anymore but have an infinite number of inter-
sections. That separatrix splitting is responsible for creating a chaotic
attractor.

3.8
As in any shock, mass and momentum are conserved but the mechan-
ical energy is not.

h1 h2

’ 7 ﬁ

Mass flux is puh so that the flux constancy gives u1h; = ushs. The
momentum flux (1.17) includes the pressure which must be integrated
over the vertical coordinate. Where the flow is uniform, the pressure can
be taken hydrostatic, P(z) = pg(h — z), which gives the momentum flux
as follows:

h
/ [p(z) + pu2] dz = pgh®/2 + phu?® .
0

The momentum flux constancy gives gh? + 2hju? = gh3 + 2hau3. Sub-
stituting here uy = u1hy/hy we find gh? — gh3 = g(hy — ho)(h1 + ho) =
2u?h? /hy — 2hyu? = 2u?hy(hy — ha)/ho. That gives the height after the
jump:
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This is actually the first Rankine-Hugoniot relation (5.30) taken for v =
2, M2 =1+e
The flux of mechanical energy is as follows

h
/ [p(z) + pu?/2 + pgz} udz = pguh® + phu®/2 .
0

Here the first term is the work done by the pressure forces, the second
term is the flux of the kinetic energy and the third term is the flux of
the potential energy. The difference in energy fluxes is then the energy
dissipation rate:

pgurhi + phyut /2 — pguahi — phous /2 = pguih (hy — hy)
(7 u
+ 50 2haed + g(13 — W)] = B2 2k + g(F — B3)]

4
U+ u
= pgurhi(hy — h2) + p(%ﬁg(hg —hi)
= pgui(ho — h1)3/4hy = 263 pu’ /279 . (5.52)

The reader is advised to make observations in his/her kitchen sink to
appreciate how complicated and turbulent the real hydraulic jump is.
It is amazing then that the dissipation is completely determined by the
pre-shock flow via the conservation laws of the mass and momentum.

Comparing (5.52) with the Rankine-Hugoniot energy-continuity rela-
tion (5.26) from Exercise 2.3, the difference is that for a gas we wrote the
total energy which is, of course, conserved. Another difference is that the
pressure is determined by height (analog of density) for a shallow fluid,
so that two conservation laws of mass and momentum are sufficient in
this case to determine the velocity and height after the shock.

3.9.
For a running wave of the form u(z — vt) the equation
Ut + Uty + Blger — PUgey =0
takes the form
—ou + u2/2 + Buzy — puy = const .

Integrate it using the boundary conditions and introduce 7 = z+/v/j3
and ¢(7) = u/v:

§=-2M+q—¢*/2 2X=u/\/PBuv. (5.53)

It is a Newton equation for a particle in the potential U = ¢3/6 — ¢*/2
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under the action of the friction force (we assume S > 0). The initial
conditions in the distant past are ¢(—o0) = ¢(—00) = G(—o0) = 0 so
that the particle has zero energy: E = ¢/2 + ¢°/6 — ¢*/2. We consider
g > 0 since negative ¢ goes to g(oco) = —oo, which gives non-physical u.
Friction eventually bring particle to the minimum of the potential: ¢ — 2
as 7 — 00. Near the minimum we can use the harmonic approximation,

G~ 20— (¢ 2), (5.54)

which gives the law of decay: ¢ — 2 x exp(rt) with 2 = —A£ VA2 — L.
We see that for A < 1 the asymptotic decay is accompanied by oscilla-
tions while for A > 1 it is monotonic. For A <« 1, an initial evolution is
described by the (soliton) solution without friction,

3

it brings the particle almost to ¢ = 3, after which it goes back almost to
q =~ 0, and then approach minimum oscillating. On the other hand, for
very large friction, A < 1, the particle goes to the minimum monotoni-
cally and the solution is close to the Burgers shock wave. It is clear that
there exists an interval of A > 1 where the solution (called collision-less
shock) has a finite number of oscillations. It is an interesting question
how large must be A that no oscillations were present.

u
2v
A>>1
X
u
2v
A<<1
X

Note that adding small dispersion does not change the shock much
while adding even small dissipation turns the soliton into the (collision-
less) shock i.e. strongly changes the whole x — —oo asymptotics; this is
because friction is a symmetry-breaking perturbation as it breaks time-
reversal symmetry.
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3.10.

Simple estimate. Let us first use the virial theorem to estimate the
dispersion relation for v = 0. This is done following (3.1,3.2). Both fluids
are involved into the motion so that the kinetic energy per unit area can
be estimated as (p; + p2)w?a®), where a is the surface elevation. Under
such elevation, the gravitational potential energy increases for the lower
fluid and decreases for the upper fluid so that the net potential energy
per unit area is (p2 — p1)ga®. Potential energy of surface tension is the
same «(a/M\)2. Virial theorem then generalizes (3.2) into

(p1+ pa)w? =~ (pa — p1)gA ™ +ar™3 . (5.55)

Complete solution. We need to combine the approach of Section 2.1
with that of Section 3.1. We introduce the velocity potentials ¢, and ¢o
on both sides of the surface. Then the respective values of the pressure
in the approximation linear with respect to the potentials ¢1, @2 and the
elevation ( are as follows:

Pr=p <9C+¢1+ %qil), P2=P2(9C+ ¢2>- (5.56)

The pressure difference between the two sides is balanced by the surface
tension as in (3.11):

P2 I | I\ 9%
(g+ 8t> <g+ +v 8x>_a8:c2' (5.57)

We express the potential ¢1, @2 via the elevation ( using the kinematic
boundary conditions:

b _0C o0 o oc
0z Ot 9z ot o

For ((x,t) o exp(ikx — iQt) we obtain from (5.57,5.58) the dispersion
relation

(5.58)

02 -2

ok + —LL 2 — 2k =0, (5.59)
p1+ p2 p1+ p2

p2—p1yg ok
p1+p2k  prtp2

= (5.60)
Here £ > 0 and ¢ is the phase velocity of the gravity-capillary waves
in the case v = 0. In this case, we see that when p; > py the phase
velocity and the frequency are imaginary for sufficiently long waves with
k? < (p1 — p2)g/a. That signals so-called Rayleigh-Taylor instability,
which is responsible, in particular, for water spilling out of an overturned
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glass. In this case, inverted gravity causes the instability while surface
tension stabilizes it.

Consider now a bottom-heavy configuration, p; < p2, which is sta-
ble for v = 0 since ¢z > 0. For sufficiently high v, we have Kelvin-
Helmholtz instability when one can find such & that the determinant of
the quadratic equation (5.59) is negative:

2
v? > (ot p2)” min c3 (k) = m\%(pg —p1)go . (5.61)

pP1p2 k P1p2

Again, like in the Landau criterium for generating excitations in super-
fluid, the criterium for generating surface waves is the possibility that
the flow moves faster than the minimal phase velocity of the waves. In
this case, both gravity and surface tension are needed to provide for a
nonzero minimal velocity; in other words, their interplay makes the flow
stable for lower speeds. Application of (5.61) to wind upon water where
p1/p2 ~ 1073 gives the threshold value

dga

1/4
vth%SO( > ~ 7Tm/sec .

P2

This is unrealistically high. By blowing air over the cup of tea, it is
easy to observe that one can ruffle the surface with much smaller air
velocity. Realistic theory of wave generation by wind not only requires
an account of viscosity but also of the fact that the wind is practically
always turbulent; strong coupling between water waves and air vortices
makes such theory non-trivial.
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Contents
Translated by A. Shafarenko

Chapter 1

The Deborah number was introduced by M. Reiner. All real solids
contain dislocations which make them flow. Whether perfect crystals can
flow under an infinitesimal shear is a delicate question, which is the
subject of ongoing research.

To go with a flow, using Lagrangian description, may be more difficult
yet it is often more rewarding than staying on a shore. Like sport and
some other activities, fluid mechanics is better doing (Lagrangian) than
watching (Eulerian), according to J-F. Pinton.

Temperature decays with height only in the troposphere that is until
about —50° at 10-12 km, then it grows in the stratosphere until about 0°
at 50 km

Convection excited by a human body at room temperature is always
turbulent, as can be seen in a movie in [9], Section 605.

More details on the stability of rotating fluids can be found in Sect. 9.4 of
[1] and Sect. 66 of [5] for details.

Actually, the Laplace equation was first derived by Euler for the velocity
potential.

Conformal transformations stretch uniformly in all directions at every
point but the magnitude of stretching generally depends on a point. As a
result, conformal maps preserve angles but not the distances. These
properties had been first made useful in naval cartography (Mercator,
1569) well before the invention of the complex analysis. Indeed, to
discover a new continent it is preferable to know the direction rather
than the distance ahead.

Second-order linear differential operator a;0? is called elliptic if all a;
are of the same sign, hyperbolic if their signs are different and parabolic
if at least one coefficient is zero. The names come from the fact that a
real quadratic curve az? + 2bzy + cy® = 0 is a hyperbola, an ellipse or a
parabola depending on whether ac — b? is negative, positive or zero. For
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hyperbolic equations, one can introduce characteristics where solution
stays constant; if different characteristics cross then a singularity may
appear inside the domain. Solutions of elliptic equations are smooth,
their stationary points are saddles rather than maxima or minima. See
also Sects. 2.3.2 and 2.3.5.

Detailed discussion of minima and maxima of irrotational flows is in [3],
p- 385

Presentation in Sect. 11 of [10] is misleading in not distinguishing
between momentum and quasi-momentum.

That one can use the conservation of momentum inside an elongated
cylindrical surface around the solid body follows from the consideration
of the momentum flux through this surface. The contribution of the
pressure, m fOR [p(Lv T) - p(va T)}drz =Tp fOR [qb(*La 71) - ¢(L7 T)]dTZ =
mpu[l — (1 — R/L)~'/?] vanishes in the limit L/R — co. The pressure
contribution does not vanish for other surfaces, see Sect. 7.1 of [15].
Further reading on induced mass and quasi-momentum: [12] and Sects.
2.4-2.6. of [15].

The argument that the momentum transfer requires the resistance force
to be proportional to the velocity squared goes back to Newton.

The general statement on a zero resistance force acting on a body
steadily moving in an ideal fluid sometimes is called D’Alembert paradox,
even though D’Alembert established it only for a body with a central
symmetry.

No-slip can be seen in a movie in [9], Section 605. The no-slip condition is
a useful idealization in many but not in all cases. Depending on the
structure of a liquid and a solid and the shape of the boundary, slip can
occur which can change flow pattern and reduce drag. Rich physics, and
also numerical and experimental methods used in studying this
phenomenon are described in Sect. 19 of [18].

One can see liquid jets with different Reynolds numbers in Sect. 199 of [9].
Movies of propulsion at low Reynolds numbers can be found in Sect. 237
of [9].

Photographs of boundary layer separation can be found in [19] and
movies in [9], Sects. 638-675.

Another familiar example of a secondary circulation due to pressure
mismatch is the flow that carries the tea leaves to the center of a teacup
when the tea is rotated, see e.g. Sect. 7.13 of [6].

More details on jets can be found in Sects. 11,12,21 of D.J. Tritton,
Physical Fluid Dynamics (Oxford Science Publications, 1988).

Shedding of eddies and resulting effects can be seen in movies in

Sects. 210,216,722,725 of [9].

Elementary discussion and a simple analytic model of the vortex street
can be found in Sect. 5.7 of [1], including an amusing story told by von
Kérmdn about the doctoral candidate (in Prandtl’s laboratory) who tried
in vain to polish the cylinder to make the flow non-oscillating. Karmén
vortex street is responsible for many acoustic phenomena like the roar of
propeller or sound caused by a wind rushing past a tree.

Words and Figs 1.15,1.16, don’t do justice to the remarkable
transformations of the flow with the change of the Reynolds number, full
set of photographs can be found in [19] and movies in [9],

Sects. 196,216,659. See also Galleries at http://www.efluids.com/
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One can check that for Re < 10° a stick encounters more drag when
moving through a still fluid than when kept still in a moving fluid (in the
latter case the flow is usually turbulent before the stick so that the
boundary layer is turbulent as well). Generations of scientists, starting
from Leonardo Da Vinci, believed that the drag must be the same
(despite experience telling otherwise) because of Galilean invariance,
which, of course, is applicable only to an infinite uniform flow, not to real
streams.

One can generalize the method of complex potential from Sect. 1.2.4 for
describing flows with circulation, which involves logarithmic terms. A
detailed yet still compact presentation is in Sect. 6.5 of [3].

Newton argued that a rotating ball curves because the side that moves
faster meets more resistance. Since he considered the resistance force
proportional to the velocity squared that is to the pressure, this gives the
same estimate (1.55) for the Magnus force.

Lively book on the interface between biology and fluid mechanics is S.
Vogel, Life in moving fluids (Princeton Univ. Press, 1981).

It is instructive to think about similarities and differences in the ways
that vorticity penetrating the bulk makes life interesting in ideal fluids
and superconductors. An evident difference is that vorticity is continuous
in a classical fluid while vortices are quantized in quantum fluids

Further reading on flow past a body, drag and lift: Sect. 6.4 of [3] and
Sect. 38 of [10].

Chapter 2

Description of numerous instabilities can be found in [5] and in Chapters
8 of [6, 16].

Stability analysis for pipe and plane shear flows with the account of
viscosity can be found in Sect. 28 of [10] and Sect. 9 of [1].

For a brief introduction into the theory of dynamical chaos see e.g.
Sects. 30-32 of [10], full exposure can be found in E. Ott, Chaos in
dynamical systems (Cambridge Univ. Press, 1992). See also Exercise 3.7.
Compact lucid presentation of the phenomenology of turbulence can be
found in Sreenivasan’s Chapter 7 of [16]. Detailed discussion of flux in
turbulence and further references can be found in [4, 8].

While deterministic Lagrangian description of individual trajectories is
inapplicable in turbulence, statistical description is possible and can be
found in [4, 7].

It is presumed that the temporal average is equivalent to the spatial
average, property called ergodicity.

Detailed derivation of the Kdarman-Howarth relation and Kolmogorov’s
4/5-law can be found in Sect. 34 of [10] or Sect. 6.2 of [8].

We also understand the breakdown of scale invariance for the statistics of
passive fields carried by random flows, see [7].

Momentum and quasi-momentum of a phonon are discussed in Sect. 4.2
of [14]. For fluids, wave propagation is always accompanied by a (Stokes)
drift quadratic in wave amplitude.

More detailed derivation of the velocity of Riemann wave can be found in
Sect. 101 of [10].

Burgers equation describes also directed polymers with ¢ being the
coordinate along polymer and many other systems.
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On experimental uses of the Doppler effect see [18].

Our presentation of a compressible flow past a body follows Sect. 3.7 of
[1], more details on supersonic aerodynamics can be found in Chapter 6
of [16].

Passing through the shock, potential flow generally acquires vorticity
except when all the streamlines cross the shock at the same angle as is
the case in the linear approximation, see [10], Sects. 112-114.

Chapter 3

Derivation of the viscous decay rate of gravity waves via stresses
calculated from an ideal flow can be found in Sect. 25 of [10].

For details on Stokes derivation of viscous dissipation of gravity surface
waves see Sect. 3.5 of [11].

Galileo was the first to determine experimentally the air density. He then
related the old-known practical fact that no suction pump can lift water
higher than 10 meters to the atmospheric pressure. His pupils, Torricelli
and Viviani, tested this idea with a heavier liquid, such as mercury, thus
creating the first barometer (in 1643). See e.g. H.S. Lipson, The Great
Experiments in Physics (Oliver and Boyd, Edinburgh 1968).

On the standing wave pattern, an enjoyable reading is Sect. 3.9 of [11]
which contains a poem by Robert Frost with a rare combination of
correct physics and beautiful metaphysics.

The details on Kelvin ship-wave pattern can be found in Sect. 3.10 and
on caustics in Sect. 4.11 of [11]. Group velocity is stationary on caustics
whose consideration thus requires further expansion of w(k) up to cubic
terms, with the Airy integral playing the same role as the Gaussian
integral (3.15) at a general point.

The procedure for excluding non-resonant terms is a part of the theory of
Poincare normal forms for Hamiltonians near fixed points and closed
trajectories [2, 21].

More expanded exposition of two-cascade turbulence can be found in [4],
detailed presentation is in [21].

Negative temperature can be seen in the simplest case of two groups of
modes: for fixed £ = w1 N1 + waNa2, N = N1 + Ns, the entropy
S=InN; +InNy x In(E — wiN) +In(ws N — E) gives the temperature
T~!' =0S/0F o (w1 +w2)N — 2F, which is negative for sufficiently high
E. For a condensate, w1 =0 so T < 0 when 2F = 2wy N2 > waN i.e. less
than half of the particles are in the condensate. Such arguments go back
to Onsager who considered 2d incompressible flows in finite domains
where negative-temperature states correspond to clustering of vorticity
into large coherent vortices.

Inverse cascades and persistent large-scale flow patterns exist also in
rotating fluids and magnetized plasma.

A photo of a bore can be seen in [19].

Elementary discussion of hydraulic jumps can be found in Sect. 3.9 of [1],
Sect. 2.12 of [11] or Sect. 2.16 of [6].

Detailed presentation of the Inverse Scattering Transform can be found
e.g. in Ablowitz, M. and Segur, H. Solitons and the inverse scattering
transform.
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group velocity, 98, 152

Hamiltonian, 30, 102, 108, 113
Hopf substitution, 79
hydraulic jump, 120
hydrostatics, 8

incompressibility, 20

incompressible fluid, 9, 12, 19, 25, 38, 91
inertia, 2, 6, 24, 41

inertial interval, 67

instability, 59, 88, 106, 110

inverse cascade, 118

inviscid limit, 66, 81

irrotational flow, 19

jet, b7

jet attachment, 47

jet merging, 47

Karmén vortex street, 49
Karmén-Howarth relation, 69
Kelvin wedge, 100

Kelvin’s theorem, 15
Kelvin-Helmholtz instability, 59, 162
kinematic boundary condition, 92
kinematic viscosity, 38

kink, 115

Lagrangian coordinates, 31, 75
Lagrangian description, 8
Landau law, 63

lift, 34, 52, 53, 86

Lipschitz condition, 4, 67

Mach cone, 84

Mach number, 84

Magnus force, 53, 56, 139
modulational instability, 110, 113
momentum flux, 38, 50



negative temperature, 118
no-slip, 38
non-newtonian fluids, 36

parametric instability, 106
parametric resonance, 107
Pascal law, 4

path integral, 70

phase velocity, 98

Pitot tube, 13

potential flow, 21

Prandtl number, 145
Purcell swimmer, 55

Rankine-Hugoniot relations, 87, 88
Rayleigh criterium, 61
Rayleigh-Bénard instability, 88
Rayleigh-Taylor instability, 161
recirculating vortex, 47

refraction, 150

reversibility, 34, 69

Reynolds number, 40, 80
Richardson law, 66

scale invariance, 70

scale invariant, 83

scaling exponents, 82
separation, 46

separatrix, 115

ship waves, 99

shock, 79, 81, 83

simple wave, 76

singular perturbation, 2, 54
soliton, 114, 122
stagnation point, 22
Stokes flow, 134

strain, 14

stream function, 20, 21, 55
streamlines, 11, 19, 20
stress, 4, 35, 39, 42, 72, 94, 136, 141
stress tensor, 35
stretching rate, 14
structure function, 69, 83
subsonic flow, 84
supersonic flow, 83

surface tension, 91, 96
swimming, 42

symmetry, 49

Talanov’s theorem, 117
thermal convection, 10
trajectories, 11, 33, 65, 93
turbulence, 49, 65, 83
turbulent viscosity, 71

velocity circulation, 15, 16, 52, 87, 132

velocity potential, 19, 92

virial theorem, 91, 96

viscosity, 38

viscous energy dissipation, 38, 94

Index

vortex, 156
vortex sheet, 60
vorticity, 15
vorticity flux, 16

wake, 46, 71

wave action, 114

wave breaking, 79

wave dispersion, 2, 90, 98, 116, 123
wave equation, 74

Weissenberg number, 130

white hole, 121

wind wave generation, 162

wing, 52, 86
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