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Preface 

Since the human organism is itself an open system, we are naturally curious about 
the behavior of other open systems with fluxes of matter, energy or information. 
Of the possible open systems, it is those endowed with many degrees of freedom 
and strongly deviating from equilibrium that are most challenging. A simple but 
very significant example of such a system is given by developed turbulence in a 
continuous medium, where we can discern astonishing features of universality. 

This two-volume monograph deals with the theory of turbulence viewed as 
a general physical phenomenon. In addition to vortex hydrodynamic turbulence, 
it considers various cases of wave turbulence in plasmas, magnets, atmosphere, 
ocean and space. A sound basis for discussion is provided by the concept of 
cascade turbulence with relay energy transfer over different scales and modes. 

We shall show how the initial cascade hypothesis turns into an elegant 
theory yielding the Kolmogorov spectra of turbulence as exact solutions. We 
shall describe the further development of the theory discussing stability prob­
lems and modes of Kolmogorov spectra formation, as well as their matching 
with sources and sinks. 

This volume is dedicated to developed wave turbulence in different media. 
It contains a detailed exposition so that the reader can use it as an introductory 
textbook on wave turbulence theory. Moreover, it also provides an introduction 
to the general theory of developed turbulence, since wave turbulence at low ex­
citation level is closely related to the Richardson-Kolmogorov-Obukhov cascade 
picture. In the second volume developed turbulence of incompressible fluids will 
be described. 

This text is based on lecture courses given at the Arizona, Chicago and 
Novosibirsk Universities, at the Moscow Institute of Space Researches, and the 
Weizmann Institute of Science in Rehovot 

The book is useful for specialists in hydrodynamics, plasma and solid-state 
physics, meteorology, and astrophysics. We also hope it will prove instructive 
for students and young researchers starting their academic careers with studies 
of the problem of turbulence. 

June 1992 Vladimir Zakharov 
Victor L'vov 

Gregory Falkovich 
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O. Introduction 

A central problem of theoretical physics is the construction of a theory of turbu­
lence. This book is the outcome of our continued efforts to solve this problem. 
The aim of this book is to present several major ideas, which we shall outline in 
this Introduction. 

The basic idea of the book is that turbulence is a general physics problem 
which requires a comprehensive approach. The problem of turbulence goes far 
beyond the limits of hydrodynamics and the Navier-Stokes equation. In our view, 
turbulence is a highly excited state of a system with many degrees of freedom 
(in most cases a continuous medium) to be described statistically. This excited 
state is extremely far away from thermodynamic equilibrium and is accompanied 
by intensive energy dissipation. Such states can be found or created in plasmas, 
magnets, or nonlinear dielectrics by applying strong electromagnetic fields to 
them. Quite a few types of turbulence can be observed in hydrodynamics. 

Our book is devoted to developed turbulence, i.e., to situations with turbu­
lence involving many degrees of freedom. In hydrodynamics this corresponds 
to extremely large Reynolds numbers. We will not elaborate on the genesis of 
turbulence and about turbulence described by a low-dimensional attractor. We 
believe that these topics have already been extensively covered in the literature. 

Developed turbulence in general refers to a system where the scales of pump­
ing and effectively damping motions (modes) differ dramatically. The nonlinear 
interaction allows for an energy redistribution between different modes. The fun­
damental problem of the theory is therefore to find the stationary spectrum of the 
turbulence, i.e., the law of energy distribution over the different scales. Since the­
oretical physics is mainly concerned with universal distributions, the stationary 
spectrum is sought inbetween the scales of pumping and damping modes (source 
and sink). In this range (the so-called inertial interval), one can expect the for­
mation of a universal distribution independent of the specific characteristics of 
the source and sink. 

One can figure out two qualitatively different pictures of universal turbulence. 
The first one, usually associated with the names of Richardson, Kolmogorov and 
Obukhov, presupposes that the major physical process is a continuing fragmen­
tation that provides a relay energy transfer from the source to the sink. As a 
result of the large number of fragmentation acts, the distribution "forgets" the 
details of the energy source. Hence, the turbulence spectrum depends on a single 
characteristic of pumping: the energy dissipated per unit time and unit volume 
P. Another picture of universal turbulence, called the structural one, appeared 
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more recently. It is based on the concept of the generation of spatio-temporal 
structures of universal form (solitons, collapses, etc.) 

The main part of this book deals with the first of these two pictures of 
turbulence. The central idea is the locality of the interaction, as proposed by 
Kolmogorov in describing turbulence of incompressible fluids: only vortices of 
spatial extensions of the same order strongly interact with each other. This pre­
sumes a constant energy flux P in k-space coinciding with the rate with which 
the turbulent system dissipates energy. The locality ensures that the stationary 
spectrum of the energy Ek in the inertial interval may be expressed in terms of 
the flux P and the current wave vector k only. Dimensional analysis yields 

(0.1) 

where). is a constant. Expression (0.1) is called the Kolmogorov-Obukhov spec­
trum of turbulence of an incompressible fluid [0.1]. 

Kolmogorov's hypothesis lead to a lot of activities and to an immense scien­
tific literature. Experimenters essentially confirm the validity of (0.1). A rigorous 
theoretical substantiation of the Kolmogorov spectrum is not 'Yet available. This 
is mainly due to the absence of a small parameter in the theory of hydrodynamic 
turbulence. Vortex interaction in incompressible fluids is strong and there exists 
no small parameter in the hydrodynamic equations. So if one tries to obtain the 
equations for correlation functions, then some of the mathematical objects in the 
theory lead not just to asymptotic series, but even to divergent ones. This is 
reflected for by the fact that it is impossible to perform a consistent linearization 
of the hydrodynamic equations for an incompressible fluid against a stationary 
homogeneous background (it yields only the trivial result zero). Except for the 
free boundary case, there are no homogeneous-background waves in hydrody­
namics, whose amplitudes may be taken to be sufficiently small. This is not the 
case with other media: neither in plasma turbulence and waves on a fluid surface, 
nor with intensive laser pulses propagating in a nonlinear dielectric, i.e., in all 
cases in which the system has a consistent linear approximation that describes 
small-amplitude waves with dispersion. In that case one can consider a situa­
tion in which the level of wave excitation is small and effects of the nonlinear 
interaction are smaller than the linear effects caused by the wave propagation 
velocity dispersion. Such a turbulence is called a weak turbulence and allows a 
quite efficient theoretical description. 

Thus, this book is divided into two volumes. The first volume - which you 
are reading just now - describes weak wave turbulence; the second is dedicated 
to strong turbulence, essentially to the vortex turbulence of incompressible fluids. 

The first volume contains a consistent description of the theory of the devel­
oped weak turbulence in different media: fluids, gases, plasmas, and magnets. In 
this volume we use the terms "wave" and "weak" turbulence as synonyms. 

In the theory of weak turbulence, the series that yield the equations for 
correlation functions contain a small parameter (the nonlinearity level) and are 
asymptotic, which substantiates the theory sufficiently well. In particular, it may 
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be reliably established that at a low nonlinearity level, turbulence is a set of 
waves whose phases are close to random. This makes it possible to express 
higher correia tors in terms of lower ones and to ignore higher equations in 
the chain of equations for correlation functions. As a result, weak turbulence 
may be described in terms of a closed kinetic equation for the pair correlator, 
which is the mean square of the wave amplitude. Having established an effective 
language for describing the phenomenon, Kolmogorov's ideas are very efficiently 
applied to construct a theory of weak turbulence. For stationary kinetic equations 
V.E. Zakharov found exact power-type solutions identified with the Kolmogorov 
spectra [0.2]. These solutions correspond to a constant k-space flux of one of 
the integrals of motion of the system, which often turns out to be the energy. 
The theory of such spectra including the problems of their stability, formation 
and matching with sources is quite comprehensive and well advanced. It has not 
been systematically presented (except for the outline contained in the review by 
Zakharov [0.3]). It has already been applied to the theory of wave turbulence on 
fluid surfaces, the theory of "optical" turbulence and is expected to find many 
more physical applications. We believe that acquaintance with this theory is 
indispensable to everyone who is seriously interested in the theory of turbulence. 

In the limit of small nonlinearity, formation of the dynamic structures of the 
soliton or collapse type is impossible. Therefore universal weak turbulence is 
most frequently of the Kolmogorov type, and most of its manifestations may be 
explained in terms of macroscopic characteristics, i.e., fluxes of the integrals of 
motion. Such an approach has the same relation to the "microscopic" description 
(in terms of pair correlators) as thermodynamics has to statistical physics. The 
very possibility of a quasi-thermodynamic description in terms of mean values 
arises from the fact that the statistics of a weakly turbulent wave field is close to 
a Gaussian, the major contribution to the average characteristics stemming from 
the set of most probable events. 

The theory of weak turbulence involves a large variety of specific types of 
turbulence. In order to study this variety from a unified viewpoint, one should 
adopt a general approach to the description of various nonlinear media. Indeed, 
according to the aforementioned principle of considering developed turbulence 
as a universal phenomenon, we ought to invent a universal "language" for its 
description. Such a language, in our opinion, is the Hamiltonian formalism, which 
reveals the Hamiltonian structure concealed in the equations of the medium 
[0.4]. The Hamiltonian theory of equations describing continuous media is an 
interesting topic of modern mathematical physics. 

Chapter 1 of this book can be treated as an elementary introduction to the 
theory and addresses in particular physicists: our approach being rather pragmatic 
we intend to show that the dynamic equations for very different media written 
in normal variables (complex wave amplitudes) acquire a standard form which 
is quite convenient for application of statistical averaging methods. 

Chapter 2 is devoted to the derivation of the averaged kinetic equations. 
There are several averaging methods. In this volume we shall use only elementary 
ones based on the hypothesis of phase randomness and on euristically decoupling 
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correlators. [In the second volume we shall describe a more sophisticated diagram 
technique; we shall pay much attention to substantiating the kinetic equation and 
shall give two different derivations. We shall treat carefully the question of the 
range of applicability of the kinetic equation, bearing in mind that it is easy 
to make an error there. In particular, we shall discuss in detail the problem 
of acoustic turbulence, i.e., of the statistical description of waves with a linear 
dispersion law, and clarify the rather sophisticated applicability conditions of the 
kinetic equation in this case. The derivation of the kinetic equation demonstrates 
most convincingly the advantages of the Hamiltonian: the kinetic equation has 
a standard form, the structural functions entering it are simply expressed via the 
Hamiltonian coefficients.] Classical and quantum kinetic equations are the main 
mathematical objects of study in the first volume, their general properties being 
discussed in Chap. 2. 

Chapter 3 is the central one of this volume. The exact stationary solutions 
of the kinetic equations are obtained and shown to be just the Kolmogorov­
like spectra referred to in the title of the book. Thus, the Kolmogorov-Obukhov 
hypothesis is converted into a strict theorem in the theory of weak turbulence. 
The aforementioned property of interaction locality can be easily verified in that 
theory for every specific case by calculating a single integral. A general locality 
criterion (which is the condition for the existence of the Kolmogorov spectrum) 
is obtained. Solutions of the Kolmogorov type are obtained, not only for scale­
invariant isotropic media, but also for anisotropic media and for those close to 
scale-invariant ones. Boundary conditions for Kolmogorov solutions, i.e., for the 
matching with sources and sinks are also given. 

Chapter 4 deals with the stability problem and the formation of the Kol­
mogorov spectra. It is interesting that two absolutely different types of instabil­
ities can be dealt with. First, usual instability results in the exponential growth 
of perturbations; all known spectra are stable with respect to such an instabil­
ity. Second, there may be a "structural instability" first predicted by L'vov and 
Falkovich [0.5]. In the structurally unstable case, a small anisotropy of the pump­
ing caused the stationary spectrum to be substantially anisotropic in the inertial 
interval. Such an instability can be treated as a manifestation of self-organization 
in the nonlinear systems. Thus the hypothesis about the local isotropy of the 
developed-turbulence spectrum (suggested by Taylor [0.6] for hydrodynamics) 
may be incorrect in the case of wave turbulence while the Kolmogorov hypoth­
esis about interaction locality may still be valid. We elaborate in detail on the 
general stability theory for Kolmogorov spectra of weak turbulence as developed 
by Balk and Zakharov [0.7]. A substantial part of Sect. 4.2 is a translation of the 
Russian paper [0.7]. We also discuss the different regimes of the nonstationary 
behavior of wave turbulence systems. 

Chapter 5 deals with physical applications of the general theory developed in 
the preceding chapters. Due to the large variety of such applications it is impos­
sible to discuss every physical system with satisfactory completeness. However, 
we give answers to the main questions: 
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- existence of stationary spectra, 
- connection between the flux and pump characteristics, 
- behavior in the damping region, 
- spectrum stability, 
- nonstationary regimes. 

Throughout this first volume the material is developed in detail since it is 
addresses students and junior researchers. Some issues which we considered to be 
rather specialized are printed in small letters. In a first reading these places may be 
ignored. The first volume is to serve as a simple, yet comprehensive introduction 
to the general theory of developed turbulence. As far as wave turbulence itself 
is concerned, we briefly summarize the derivation of the theory in Chap. 6, the 
Conclusion, by giving the recipe of investigation of any new wave system. The 
reader will see that the recipe is fairly simple. By now the theory has been 
elaborated to such an extent that answers to most questions may be expressed in 
terms of the characteristics of a wave system obtained from dimensional analysis 
or simple asymptotic estimates. Thus, the Conclusion contains a methodological 
guide for the first volume. 

Coming to the end of the Introduction of this first volume, we briefly expose 
the prospective contents of the second volume of our monograph. 

Volume 2 will be devoted to strong turbulence and will be a natural contin­
uation of the first volume, yet containing a new formalism and new ideas. It 
consistently elaborates on the necessary diagram technique (in doing so, it gives 
a sufficiently rigorous derivation of the kinetic equation). For hydrodynamics, 
this technique is developed both in the canonical Clebsch variables and in "nat­
ural" variables. The major part of the second volume is devoted to a consistent 
statistical theory of turbulence of incompressible fluids. This theory proceeds 
from the Navier-Stokes equation and the diagram approach to perturbations, in 
which every term of an infinite series is matched with a certain diagram. Thus, 
two essentially different types of vortex interaction are identified. 

The first one is the sweeping interaction corresponding to the transfer of a 
small k-vortex (with dimension 11k) as a whole by the spatially homogeneous 
part of the field of large vortex velocities. This interaction is characterized by 
the Doppler frequency kvt. where Vt is the mean-square velocity of turbulent 
pulsations associated with the spectrum (0.1) 

(0.2) 

Here ko = 1 I L is an "external" boundary of the inertial interval; L, the "energy­
containing" or external scale of turbulence coinciding in order of magnitude with 
the characteristic dimension of the flown-over body. At k ;:; ko, the spectrum 
E(k) is nonuniversal. 
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The second type is the dynamic interaction of vortices of about the same 
scale which leads to energy exchange between them and which is responsible 
for the formation of the turbulence spectrum. This interaction is characterized by 
the frequency 

(0.3) 

which we shall call the Kolmogorov frequency. This frequency, as well as the 
spectrwn (0.1), may be determined from dimensional analysis. In the inertial 
interval the Doppler frequency kVt is seen to be larger than the Kolmogorov 
frequency ,),(k): 

kVt ~ ,),(k)(kL)1/3 . 

The existence of two types of interaction with different k-dependences implies 
that the theory of turbulence is not scale-invariant; not even in the inertial interval 
with kL ~ 1. The theory explicitly contains the external scale L. The presence 
of a large kL-parameter does not simplify the theory, since the weaker dynamic 
,),(k)-interaction cannot be discarded. Indeed, it is exactly this interaction that 
determines the turbulence spectrum. At the same time, the stronger sweeping 
interaction, which manifests itself as a real physical effect, is of purely kinematic 
character and bears no relationship to the problem of energy distribution over 
the scales. This makes the search for scale-invariant energy spectra in the inertial 
interval rather difficult Thus, to construct a consistent theory of hydrodynamic 
turbulence, one has to overcome two major difficulties. The first is associated 
with the strong interaction and the absence of a small parameter in the theory. 
The second is due to the existence of two types of interaction and the absence 
of scale invariance. 

To our understanding the second difficulty was overcome by Belinicher and 
L'vov [0.8]. They constructed the statistical theory of developed homogeneous 
turbulence of incompressible fluids in a coordinate system moving with the ve­
locity of the fluid (in a spatial point r). The transition to this new variable, the 
so-called quasi-Lagrangian velocity, eliminates any transfer of k-vortices in the 
region of Ijk scale around the reference point r. Elimination of sweeping in a 
limited region only, turns out to suffice to completely eliminate from the theory 
its "masking" effect on the dynamic interaction of vortices in the cascade process 
of energy transfer to small scales. We shall present an analysis of expressions for 
diagrams of the perturbation theory to an arbitrary order and shall show that the 
integrals converge both in the infrared and the ultraviolet regions. This proves 
the Kolmogorov-Obukhov hypothesis about the locality of the dynamic interac­
tion of vortices: the main contribution to the change in the k-vortex energy is 
made by kl-vortices of the same scale (kl of the order of k) and localized in 
the 11k-region in the vicinity of the given vortex [0.8]. In the limit kL -t 00, 

one can obtain the scale-invariant solution of the Dyson-Wyld diagram equations 
which corresponds to the known Richardson-Kolmogorov-Obukhov picture of 
developed universal turbulence. 
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As far as the first difficulty is concerned it has not yet been overcome. For this 
reason, the mathematical objects of the diagram perturbation theory are formal 
series depending on an external parameter. 

The problem of the unambiguous correspondence of the observed physical 
values to the formal series in the theory of developed hydrodynamic turbulence 
is, however, open for discussion. Many important problems remain uninvesti­
gated, such as uniqueness and stability of the obtained solution, transition of a 
nonuniversal solution in the energy-containing interval to the scale-invariant so­
lution in the inertial interval, etc. Thus, there are ample opportunities for further 
research. 

It should be noted, however, that the traditional descriptions of turbulence, 
including the diagram technique, suggest that the statistics of strong turbulence 
does not differ much from Gaussian statistics. By now we know that even weak 
turbulence can contain a non-Gaussian component. Strong turbulence may be 
essentially non-Gaussian which implies that some rather specific spatio-temporal 
configurations may contribute unproportionally large to various mean values. This 
property of turbulence has to do with the known "intermittency" phenomenon. 
Thus, the energy dissipation density at each moment in time may be distributed 
in space in a rather inhomogeneous manner, in contrast to the implicit assump­
tion of dissipation homogeneity made in the Richardson-Kolmogorov-Obukhov 
picture. Numerical and laboratory experiments show that in many physical sit­
uations (both in hydrodynamics and in the strong turbulence of plasmas), there 
are clear-cut short-living zones of dissipation. We associate these zones of higher 
energy emission with collapses, i.e., the points where the solutions of the original 
equations describing the medium have singularities. 

Let us illustrate this by an example. Quite a universal physical model is the 
nonlinear SchrOdinger equation 

(0.4) 

which describes, in particular, the propagation of intensive quasi-monochromatic 
wave packets in nonlinear dielectrics and the resulting "optical" turbulence. So­
lutions of (0.4) at T > 0 (implying mutual wave attraction) may become singular 
with time. This corresponds to self-focusing of light in a nonlinear dielectric. 

It should be noted that in the case of repulsion (T < 0), no singularities can evolve, and 
the qualitative picture of turbulence must be absolutely different. Meanwhile, in weak turbulence 
deSCription in the low nonlinearity limit, one can obtain from (0.4) the kinetic equation which 
contains the quantity ITll. Thus, in the weak turbulence limit, the sign of the interaction coefficient 
is inSignificant. 

The high-frequency part of the spectrum is determined just by the structure 
of the singularities formed. Therefore the theory of structure turbulence should 
obviously be built up in an absolutely different way rather than in terms of cor­
relation functions in k-space. In that case, it seems natural to return to treating 
the different dynamic processes in r-space. From a set of realizations one should 
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choose those making the major contribution to the mean characteristics, and aver­
age over this subset of spatio-temporal structures to obtain the wanted statistical 
characteristics. We shall present a sketch of such a theory using acoustic turbu­
lence as an example. The question which remains open is, how relevant are the 
collapsing structures to the classical turbulence of incompressible fluids? 



1. Equations of Motion 
and the Hamiltonian Formalism 

1.1 The Hamiltonian Formalism for Waves 
in Continuous Media 

Equations describing waves in different media and written in natural variables 
are diverse. For example, the Bloch equations defining the motion of a mag­
netic moment are totally different from the Maxwell equations for nonlinear 
dielectrics. The latter radically differ from the Euler equations for compressible 
fluids. However all of them as well as many other equations describing nondis­
sipative media, possess an implicit or explicit Hamiltonian structure. This was 
established empirically and is reflected by the fact that all these models may be 
derived from initial microscopic Hamiltonian equations of motion. 

The Hamiltonian method is applicable to a wide class of weakly dissipative 
wave systems; it clearly manifests general properties of small-amplitude waves. 
For example, spin, electromagnetic and sound waves are just waves, i.e., medium 
oscillations, transferred from one point to another. If we are interested only in 
small-amplitude wave propagation phenomena, such as diffraction, we do not 
really need to know what it is that oscillates: magnetic moment, electrical field 
or density. Their respective dispersion law w(k) contains all the information 
about the medium properties that is necessary and sufficient for studying the 
propagation of noninteracting waves. As we shall see now, the w(k)-function is 
a coefficient in the term of the Hamiltonian which is quadratic with respect to 
wave amplitudes, i.e., to complex normal variables. The actual Hamiltonian is a 
power series in these variables that contains all the information about nonlinear 
wave interactions. Let us consider the transition to such variables using a simple 
yet very important example. 

1.1.1 The Hamiltonian in Normal Variables 

A continuous medium of dimensionality d may be defined in the simplest case 
by a pair of canonical variables p(r, t) and q(r, t). The canonical equations of 
motion are expressed as -

aq(r, t) 8'H 
at = 8p(r, t) , 

(1.1.1) 
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op(r, t) bH 
at = - Dq(r, t) . 

(1.1.2) 

The Hamiltonian H depends on p(r, t) and q(r, t) as a functional. The symbols 
b I 5q and 51 5p designate variational derivatives which are extensions of partial 
derivatives for the continuous case (Sect. A.1). The formal advantage of the 
Hamiltonian method is that its equations are symmetric in coordinate q and 
momentum p. To illustrate this advantage, let us first go over to new canonical 
variables Q = >"q, P = pi>", choosing the dimensional factor>.. in such a way 
that P and Q have the same dimension. Then we introduce complex variables 

a=(Q+iP)/J2 , 

a* = (Q - iP)/J2 

to obtain 

J20a = bH _ .5H 
at 5P Z 5Q' 

Substituting for H, P and Q. we obtain 

.oa(r,t) 5H .oa*(r, t) bH 
Z at = ba*(r, t)' Z at = 5a(r,t) . 

(1.1.3) 

(1.1.4) 

(1.1.5) 

(1.1.6) 

The second equation follows from the first by complex conjugation. Hence. 
we have obtained one complex equation instead of two real ones (1.1.1.2). In 
quantum mechanics such a substitution of variables corresponds to a transition 
from the coordinate-momentum representation to a representation using creation 
and annihilation Bose operators. Their classical analogues are complex canonical 
variables. Obviously, the canonical variables (1.1.3,4) are by no means the only 
possible variables to choose. A large choice of transformations from one set of 
variables to another a, a* -t b, b* exists. such that the equations of motion retain 
their canonical form (1.1.6). For a given set of explicit variables the canonicity 
condition is expressed through the Poisson brackets of two functions 

, J d " [ D f(q) 5g(q') 5 f(q) 59(q')] 
{j(q) , g(q )} = r 5a*(rll) ba(rll) - ba(rll) ba*(r") 

(see Sect. A.2) and has the simple form 

{b(q), b(q')} = 0, {b(q), b*(q')} = 5(q - q') . (1.1.7) 

To ensure that this is a one-ta-one transformation the index q should cover a 
"complete set" of values, for example. the space Rd. It should be noted that this 
wide range of possibilities in selecting canonical variables is an important advan­
tage of the Hamiltonian method. It ensures the choice of the most adequate vari­
ables for a specific problem. We shall define the canonical variables a(p) in such 
a way that they determine wave amplitudes and become zero for vanishing waves. 
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Let us expand the Hamiltonian 1-f. in a power series of variables a( r) and 
a*(r) assuming these to be small. The zeroth order term is of no interest for us, 
since it does not occur in the equation of motion. There are no first-order terms 
as the medium is assumed to be in equilibrium if the amplitudes of the waves 
were zero, and, consequently, the Hamiltonian to be minimal at a = a* = O. Thus 
the 1-f. expansion starts from the second-order terms: 

1-f. = 1-f.2 + 1-f.int • (1.1.8) 

The most general form of 1-f.2 is: 

1-f.2 = J drdr'{A(r,r')a(r)a*(r') 
(1.1.9) 

+ (1/2)[B*(r, r')a(r)a(r') + c.cn . 

Here "c.c." means the complex conjugate of the preceding term. 
The 1-f.2 value is real (the Hamiltonian is Hermitian). Therefore 

A(r,r') = A*(r',r), B(r,r') = B(r',r) . (1.1.10) 

Below we shall consider the medium to be spatially homogeneous. This very 
important assumption is the basis of all following discussions. Because of space 
homogeneity, the functions A(r, r') and B(r, r') depend only on the difference 
of the arguments R = r - r'. Now 

A(R) = A*(-R), B(R) = B(-R) . (1.1.11) 

The Hamiltonian can be significantly simplified using the Fourier transform: 

a(k) =ak = (l/V) J a(r)exp(-ikr) dr, 

a(r) = L ak exp(ikr) . 
(1.1.12) 

k 

Here V is the volume of a sample (the propagation medium). We consider the 
wave vector k to be a discrete variable. This corresponds to imposing periodic 
space boundary conditions on the wave field a(r+L) = a(r), V = Ld. If required, 
one can pass in any conventional manner from the summation over k to the 
integration 

(271')d L = V J dk. 
k 

(1.1.13) 

The Fourier transform (1.1.12) is canonical but not unimodaL This means that 
the canonical equation of motion (1.1.6) retains its canonical form, but the new 
Hamiltonian differs from the old one by a factor, which is the inverse sample 
volume 

V1t(ak,ak) = 1-f.{a(r),a*(r)} , (1.1.14) 
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.8a(k, t) 
Z at = oa*(k, t) . 

It is essential that in the new variables a(k) the quadratic part of the Hamiltonian 
represents a single integral over dk 

1-£2 = f {A(k)a(k, t)a*(k, t) + l[B(k)a(k, t)a( -k, t) 

+ B*(k)a*(k, t)a*( -k, t)J} dk , 

A(k) = f A(R) exp(ikR) dR, B(k) = J B(R) exp(ikR) dR . 

(1.1.15) 

In view of (1.1.10), A(k) = A *(k) is a real function and B(k) = B( -k) is an 
even function. The latter means that we can consider B(k) to be real as well. 
Indeed, if B(k) = IB(k)1 exp[itJ1(k)], then tJ1(k) = tJ1( -k) and one can dispose 
of tJ1(k) by substitution a(k) -+ a(k) exp[ -itJ1(k)/2]. Let us pose a question: in 
which case may the Hamiltonian (1.1.15) be diagonalized with respect to the 
wave vector using a linear transformation 

a(k, t) = u(k)b(k, t) + v(k)b*( -k, t) ; (1.1.16) 

in other words, is there a way to represent it as 

1-£2 = f w(k)b(k, t)b"(k, t) dk ? (1.1.17) 

First, let us derive the canonicity conditions for this transformation. On the one 
hand, 

8a(k, t) = (k) 8b(k, t) (k)8b*( -k, t) =' 01-£ 
at u at + v at Z oa*(k, t) . 

On the other hand, one should require 8b/at to equal io1-£/ob" and 

01-f. 01-f. 01-f. 
oa*(k) = u(k)ob*(k) -v(k)obC_k) 

= u(k) [o:~) u*(k) + v( -k) Oa~~k)] 
[ 01-£ * 81-£ ] 

- v(k) oa*(k) v (k) + u( -k) oat -k) . 

Thus, the canonicity conditions take the following form 

lu(k)12 -lv(k)12 = 1, u(k)v(-k) = u(-k)v(k) . (1.1.18) 

The parameter u(k) may be chosen to be real without loss in generality, which 
simply implies a choice of phase for complex variable b(k). Since the value of 
v(k) may also be chosen to be real [see (1.1.19)] it is convenient to set 
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u(k) = cosh[(k)], v(k) =sinh[(k)]. 

According to (1.1.18), (k) is a real even function. Substituting (1.1.16) into 
(1.1.15) and comparing to (1.1.17) we obtain after symmetrization with respect 
to k and -k: 

w(k) = A(k)cosh2[(k)] + A( -k)sinh2[(k)] 

+ 2B(k)sinh[(k)]cosh[(k)] , 

0= [A(k) + A( -k)]sinh[(k)]cosh[(k)] 

+ B(k) [cosh2[(k)] + sinb2[(k)]] . 

Dividing A(k) into even and odd parts 

A(k) = Al (k) + A2(k), A( -k) = Al (k) - A2«k) 

AI(-k) = AI(k), A2(-k) = -A(k) , 

and substituting the respective expressions for B(k), we obtain 

AI(k) 
w(k) = A2(k) + cosh[2(k)] 

(1.1.19a) 

(1.1. 19b) 

for the frequency. Thus, the sign of an even part of w(k) coincides with that of 
even part of A(k). Expressing cosh[2(k)] from (1.1.19b) we obtain 

w(k) = A2(k) + sign Al (k)V Ai(k) - B2(k) . (1.1.20) 

One can see that it is only for real w(k) possible to find a diagonalizing 
transformation. In the variables b(k, t) the equations of motion become trivial 

8b~, t) + iw(k)b(k, t) = 0 

and have the solution b(k, t) = b(k, 0) exp[iw(k)t]; thus it is evident that real 
w(k) implies the stability of the medium against an exponential growth in the 
wave amplitudes. 

In most physical situations, the Hamiltonian is the wave energy density whose 
sign coincides, by virtue of (1.1.17), with that of the frequency w(k). 

In general, wave excitation increases the energy of the medium, which implies 
that the function w(k) is usually positive. A negative value of w(k) indicates that 
the energy of the medium decreases with increasing wave excitation. This is 
possible in systems that are far from thermodynamic equilibrium, for example, 
in plasmas containing a flux of particles. In that case all: describes the negative­
energy waves. It should be borne in mind that the Hamiltonian has been formally 
defined to an accuracy of a sign, since the transformation 1i H -1i, a H a* 
is possible. Therefore the negative-energy waves may be considered only in the 
case when the w(k) function changes sign in the k-space. What is the connection 
between a change of sign in w(k) and wave instability? As one can see from 
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(1.1.20). a change of sign in the even part of w(k) means that there is a surface 
on which AI(k) = O. In the general position on this surface B(k) =I O. This 
implies that at least in the vicinity of the zero surface of AI(k) the square of 
the frequency is negative and the medium is unstable. Thus, if the even part of 
the w(k)-function is sign-alternating and the B(k)-function does not identically 
vanish wherever AI(k) = 0, the k-space contains a field of linear instability. 
Given this instability, it is impossible to transform the Hamiltonian into the form 
(1.1.17). In this case, however, the Hamiltonian (1.1.15) reduces to the simple 
form 

11.2 = J C(k)[b(k, t)b( -k, t) + b*(k, t)b*( -k, t)] dk , 

C(k) = C( -k) = C*(k) . 

From the analogy to quantum-mechanics it is evident that such a Hamiltonian 
describes the creation of a pair of quasi-particles from the vacuum (and the 
reverse process), thus representing just such an unstable medium. Summarizing, 
the canonical transformations (1.1.16) allow us to eliminate the term with the 
least factor (in magnitude) in the Hamiltonian (1.1.15). 

Up to now, we have considered the case of a medium containing only one type 
of waves described by a single dispersion law w(k). We can examine, without 
any essential complications, a more general case with a medium having several 
types of waves. In this case, the medium is described by a set of equations 

OPj _ 611. ._ 
at - - 6qj' J - 1, ... n . 

Going over to complex variables aj = (1/V2)(qj+ipj), we have for the quadratic 
part of the Hamiltonian 

11.2 = t J dr [Aij(r - rl)ai(r, t)aj(rl, t) 
',1 (1.1.21) 

+ (1/2) (Bij(r - rl)ai(r, t)aiCrl, t) + c.c.)] . 

Now 

Normal variables are introduced by diagonalizing the Hamiltonian (1.1.21), which 
results in the reduction of the Hamiltonian for a stable medium to the form 

11. = ~ J wj(k)bj(k, t)bj(k, t) dk . 
1 

(1.1.22) 

Diagonalization may be accomplished if all wj(k) have the same sign and do not 
identically coincide. 
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1.1.2 Interaction Hamiltonian 
for Weak Nonlinearity 

In various problems of nonlinear wave dynamics, the wave amplitude may be 
defined by a natural dimensionless parameter €. For sound waves, this parameter 
is represented by the ratio of the density variation in the sound wave to the 
average density of the medium; for fluid surface waves it is the ratio of the 
wave height to wavelength. For spin waves, € is the precession angle of the 
magnetic moment. For € of the order of unity, phenomena specific for each of 
the above media arise: sound turns into shock waves, fluid surface waves form 
whitecaps and in ferromagnets an inversion of magnetization occurs, that is, a 
movable domain wall. Obviously, consideration of all these phenomena from a 
general viewpoint is not always constructive. If, however, the wave's nonlinearity 
parameter € is small, the characteristic features of the medium are negligible, 
and the wave dynamics may be described in general terms by expanding the 
Hamiltonian in terms of canonical variables. Let us now look in greater detail at 
the expansion we started to analyze in the preceding subsection. Suppose we 
have only a single wave type in a stable medium. Then the first term of the 
Hamiltonian expansion has the form (1.1.17), and the corresponding equation of 
motion may be written as 

ab~, t) + iw(k)b(k, t) = 0, b(k, t) = b(k) exp[ -iw(k)t] . 

At this level of sophistication, waves in different media are only distinguished 
by their dispersion laws w(k). All information about the wave interaction is 
contained in the higher coefficients of the expansion of 'H in a power series of 
b: 

(1.1.23) 

The physical meaning of 'H3 and 'H.4 is easy to understand by analogy with 
quantum mechanics. The Hamiltonian 'H3 describes three-wave processes: 

'H3 = ~ J(Vqblbz~ +c.c.)6(k1 - k2 - k3)dk1dk2dk3 

+~ j(Uqbibib3+c.c.)6(ki +k2+k3)dkIdk2dk3. 

(1.1.24a) 

Here and below a shorthand notation is be used: bI, bz are b(kt, t), b(k2, t); q = 
(kt , k2, k3) and thus Vq = Vi23 = V(kI, k2, k3). The first term in (1.1.24) defines 
the decay processes 1 -t 2 and the reverse confluence processes 2 -t 1. The 
second term describes mutual annihilation of three waves or their creation from 
vacuum. 

The Hamiltonian 1-£4 describes processes involving four waves: 
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'I-l4 = (1/4) j Wpbibib:Jb48(kl + k2 - k3 - k4) dkldk2dk3dk4 

+ j(Gpb1bib3b'4 +c.c.)8(kl - k2 - k3 - k4)dkldk2dk3dk4 

+ j(R;b1bzb:Jb4 +c.c)8(k1 + k2 + k3 + k4) dkldk2dk3dk4 , 

with p = (klk2k3k4) . (l.1.24b) 

The coefficients of the interaction Hamiltonian have the following obvious 
properties 

V(kl, k2, k3) = V(kl, k3, k2), 

U(kl, k2, k3) = U(kl, k3, k2) = U(k2, kl' k3), 

G(k1, k2, k3, k4) = G(k1, k3, k2, k4) = G(k., k2, k4' k3), 

W(kl, k2, k3, k4) = W(k2, kl, k3, k4) (1.1.25) 

= W(kl, k2, k4, k3) = W*(k3, k4, kl' k2), 

R(k1, k2, k3, k3) = R(k2, kl' k3, k4) = R(k1, k2, k4, k3) 

= R(k3, k2, kl' k4) = R(k4, k2, k3, k 1) . 

The last equation for W(k., k2, k3, k4) follows since the Hamiltonian is real. 
But to which order in b, b* should we expand the Hamiltonian 11.? The answer 

turns out to be as general as the question: "11.5 and higher-order tenns should 
nonnally not be taken into account" This can be explained as follows: Since 
the expansion uses a small parameter, every subsequent tenn is smaller than the 
preceding one, and the dynamics of the wave system is detennined by the very 
first tenn of 11.inh i.e., nonnally 11.3. However, three-wave processes may tum 
out to be "nonresonant" which means that the spatio-temporal synchronization 
condition (or, in tenns of quasi-particles, the momentum-energy conservation 
law) 

w(k+kl) = w(k)+W(kl) (1.1.26) 

cannot be satisfied. Let d be the dimensionality of the medium and k the vector in 
d-meric space (d > 1). Equation (1.1.26) specifies the hypersurface of dimension 
2d - 1 in the 2d-meric space of vectors k, k1• If this surface does in fact exist 
[Le., w(k) is real], the dispersion law w(k) is of the decay type. If (1.1.26) has 
no real solutions, the dispersion law is of the nondecay type. 

In isotropic media, w(k) is a function of k only. Let w(O) = 0, w' = 
aw(k)/ak > O. In this important case a simple criterion for the decay may 
be fonnulated: the dispersion law is of the decay type if wIt = OZw(k)/ak2 > 0 
and of the nondecay type if wIt < O. This criterion has a clear geometric mean­
ing. Consider, for example, the case with d = 2. The dispersion law w(k) then 
specifies the surface of rotation in a three-dimensional space w, k:r;, kyo In Fig.!.1 
this is the surface 8 for w(k) and 8 1 for W(kl). It is seen that (1.1.26) is sat­
isfied if these surfaces intersect, then all the three points (w, k), (WI, kl ) and 
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Fig. 1.1. Intersection of the frequency surfaces of the convex function w(k) 

(w(k + k t ), k + k t ) lie on the intersection line OIA. Surface section requires a 
convex function, i.e., w" > O. For power functions w(k) ex: kOt , the dispersion 
law is of the decay type if a > 1. In the limiting case at a = 1, decays are only 
allowed for collinear vectors. 

Four-wave processes are always permitted. This is evident from the conser­
vation laws for scattering processes 

w(k) + w(k') = w(k + ,,) + w(k' - ,,), (1.1.27) 

which are allowed at K. -+ 0 for any dispersion laws. Consequently, it is 1i4 
that will govern the dynamics of wave systems with a nondecay dispersion law. 
Subsequent expansion terms 1f.s, ••• will define small and, generally, insignifi­
cant corrections. However, nature is certainly more interesting than this formal 
scheme. Some problems may involve an additional small parameter (apart from 
the nonlinearity level). For example, for spin waves in magnets (Sect.1.4), not 
only 1i3 but also '1-l4 should be taken into account, even in the decay region of the 
spectrum. The Hamiltonian 1f.3 arises only because of the magnetic dipole-dipole 
interaction and has relativistic smallness as compared with the Hamiltonian 1i4 
which results from the exchange interaction. The authors are aware of problems 
where one has to take into consideration the fifth- and even sixth-order terms 
(for example, while considering an approximate conservation of the wave ac­
tion integral, see below). These problems are, however, rather specialized and 
go beyond the frame of this book. Hence, it is usually sufficient to expand the 
Hamiltonian in the decay region of the spectrum up to third-order. and in the 
nondecay region up to fourth-order terms. 
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1.1.3 Dynamic Perturbation Theory. 
Elimination of Nonresonant Terms 

It is intuitively clear that in the case of a nondecay dispersion law, the Hamilto­
nian 11.3 describing three-wave processes may turn out to be irrelevant in some 
respect. We shall show now that in this case one can go over to new canon­
ical variables Ck, ck' such that 11.3 {Ck, ck} = O. This is possible because the 
dynamic system under consideration, the weakly nonlinear wave field, is close 
to a completely integrable dynamic system (a set of noninteracting oscillators). 
Traditionally classical perturbation theory is employed to handle systems close 
to completely integrable ones. In this procedure a canonical transformation is 
derived by sequentially excluding the nonintegrable terms from the Hamiltonian. 
It is known that the procedure may encounter the problem of "small resonance 
denominators"; then the only terms to be excluded from the Hamiltonian are 
those for which the resonance condition is not satisfied. As shown by Zakharov 
[1.1], we can in this case to some extent apply classical perturbation theory. 

Let us demonstrate such a procedure using a simple example. Consider the 
expansion of the one-wave Hamiltonian: 

11. = 'H2 + 11.3 + 11.4 = wbb* + ~ (b2b* + b*2b) + ~ (b3 + b*3) 

+ ~ b2b*2 + G(b3 b* + bb*3) + R(b4 + b*4). 

We assume every subsequent term to be smaller than the preceding one, i.e. 
11.2 ~ 1-£3 ~ 1-£4. Since one needs to eliminate the 1-£3 term without changing 
1-£2, the transformation must be close to the unity transformation. Thus it is 
reasonable to search for the transformation in the form of an expansion, which 
starts from a linear term: 

b = C + At C + A2CC* + A3C*2 + Bt c3 + B2C* c2 + B3CC*2 + B4C*3 + .... O.1.28a) 

Why do we take the following (2-order) terms into account? Taking only the lin­
ear and quadratic terms in (1.1.28a) into account is indeed sufficient to eliminate 
the 11.3 term. In that case the fourth-order terms govern the nonlinear interaction. 
Due to the transformation they will acquire additional terms. To derive these new 
terms 2-order terms in (1.1.28a) have to be taken into account. Moreover, we 
will use them to exclude the last two terms describing the 1 -+ 3 and 0 -+ 4 
processes in the Hamiltonian (1.1.24b). 

Thus we look for seven coefficients: At, A2, A3, Bt, ... ,B4. The canonicity 
condition (1.1.7) is expressed through the Poisson brackets and has the form 

{bb*} = 8b 8b* _ 8b* ~ = 1. 
8c 8c* 8c 8c* 

Computing the Poisson bracket to an accuracy of 2 -order terms, we obtain three 
equations 



1.1 The Hamiltonian Formalism for Waves 19 

Substituting (1.1.28a) into the Hamiltonian and demanding that all nonlinear 
terms (except cc*2) vanish, we have four equations 

2w(AI + A 2) + V = 0, 6wA3 + U = 0, 
1 1 

WB4 + WAIA3 + 2 V A3 + 2U Al + R = 0, 

1 
WeAl A2 + A2A3 + BI + B3) + V A3 + - U A2 + G = O. 

2 

From these it is easy to find the transformation coefficients 

In the new variables the Hamiltonian has the simple form 

122 
'H = wcc* + 4" T c c* , 

(1. 1.28 b) 

It is easily seen that neglect of the cubic terms in (1.1.28a), would have given 
wrong values of the additional interaction coefficients supplementing W. 

Following the same pattern, let us return to the general case and use a trans­
formation in the form of a power series to eliminate cubic and nonresonant 
fourth-order terms. In the new variables the Hamiltonian of interaction describes 
2 -+ 2 processes (for details see Sect A.3): 

'H4 = ~ J Tp cjciC3C4c5(kl + k2 - k3 - k4) dkldk2dk3dk4, 

T' =_ U-I-212U-3-434 + VI: 212V3+434 

p W3 + W4 + W3+4 WI + W2 - WI+2 

Vi31-31,'424-2 V242- 4 V:313-1 
W4-2 +W2 - W4 

V232- 3 V414-1 

W3-1 +Wl - w3 

Vi41-4 V:323-2 
W4-1 +WI - W4 W3-2 +W2 - W3 

Here (j ± i) = kj ± ki. 
Note that (1.1.29b) is true on the resonant surface 

(1.1.29a) 

(1. 1. 29 b) 
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only, where the coefficient T; has the same properties (1.1.25) as Wp. The 
necessity of taking cubic terms into account for the transformation to yield the 
correct value of the four-wave interaction coefficient was first pointed out by 
Krasitskii [1.2]. 

Let us discuss the singularities of (1.1.29). The denominators become zero 
on the resonance surfaces of three-wave processes: 

k + kI + k2 = 0, (1.1.30a) 

and 

Wk = WI +W2 . (1.1.30b) 

The conditions (1.1.30a) can only be satisfied if the medium allows for 
negative-energy waves. Without such waves, denominators of the type (1.1.30a) 
do not vanish and the corresponding terms in the three-wave Hamiltonian may 
be eliminated. The condition of nonzero denominators of the type (1.l.30b) co­
incides with the nondecay condition for the dispersion law w(k). In the nondecay 
case, the cubic terms in the Hamiltonian may thus be completely excluded. The 
same holds for the terms in the fourth-order Hamiltonian (1.1.24b) differing in 
their form from (1.1.29). Prohibition of the 1 -+ 2 and 2 -+ 1 processes implie~ 
in general that the 1 -+ 3 and 3 -+ 1 processes are not feasible. One can definitely 
state that the interaction Hamiltonian of type (1.1.29) is a fundamental model for 
considering nonlinear processes in media that obey a nondecay dispersion law. 
Additional terms in it may be interpreted as scattering processes that arise in the 
second order perturbation theory for three-wave processes. In that case, a virtual 
forced wave appears at an intermediate stage for which the resonance condition 
is not satisfied. In this interpretation, every term in (1.1.29b) may be juxtaposed 
with a picture (see Fig. 1.2) to illustrate which particular process is meant 

1 3 

2>--<4 
1 3 

2>---<4 

Fig.1.2. The processes corresponding tc 
different terms in (1.1.29b) 

On the resonance manifold (1.1.27) an attempt to exclude the Hamiltonian 
term (1.1.29) by using a canonical transformation will lead to small denominators 
describing wave-wave scattering. These processes are allowed irrespective of the 
type of the dispersion law; hence, it is impossible to exclude this term from the 
Hamiltonian. The Hamiltonian (1.1.29) may be said to describe wave scattering. 
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Scattering processes possess an important feature: they do not change the total 
number of waves. Therefore the equations of motion corresponding to Hamilto­
nian (1.1.29) preserve one more integral besides energy, namely 

N = J CkCk dk , 

which gives the total number of quasi-particles. This is known as the wave 
action integral. A complete system that has to include minor effects associated 
with higher-order processes generally preserves the N value only approximately. 

One can similarly exclude the cubic terms corresponding to nondecay three­
wave processes in the Hamiltonian specifying wave interactions of several types. 

1.1.4 Dimensional Analysis of the Hamiltonian Coefficients 

As stated above, at weak nonlinearity the Hamiltonian of a system of interacting 
waves has the standard form (1.1.17,24,25). Is it possible to evaluate the coeffi­
cients Wk, Vi23, T1234 without considering the specific nature of every particular 
problem and to understand, e.g., how these values depend on the wave vectors? 
The answer is positive if the parameters specifying waves of this type do not 
yield a quantity with the dimension of a length. In this case the problem is said 
to possess complete self-similarity (first-order self-similarity). The Hamiltonian 
coefficients are estimated by dimensional considerations. 

Let us first obtain the dimensions of the canonical variables bk and the co­
efficients of the interaction Hamiltonian Vi23 and Tl234. Bearing in mind that 
11. has the dimension of an energy density and Wk the one of a frequency, the 
dimension of bk is found by (1.1.18). 

(1.1.31) 

Here d is the dimensionality of the medium, cm = centimeter, g = gramm, s = 
second. In view of the fact that [w] = [Vinb] = [Tl234b2], it is easy to establish 

(1.1.32) 

As to be expected, the dimension of V~ (here V is the volume of the system!) 
coincides with the one of Planck's constant Ii. Naturally, our classical approach 
is true when the quantum-mechanical occupation numbers N(k) = V~ Iii are 
large compared with unity. On the other hand, wave amplitudes bk should not 
be too large for the interaction Hamiltonian 11.int to remain small compared with 
11.2. This gives an upper estimate for bk • It may be schematically written as 

(1.1.33) 

If we introduce the dimensionless wave amplitude 

(1.1.34) 
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the weak nonlinearity condition may be written as 

(1.1.35) 

Now we can discuss some particular examples. 

Sound in Continuous Media. As parameters the equations of motion for this 
problem may include only the medium's density e and the elasticity coefficient 
/'i. with the respective dimensions [e] = g. cm-3 and [/'i.] = g. cm-1 . S-2. These 
values and the wave vector k combine to yield the dimension of a frequency 
[w] = S-1 = [e%/'i.Yk Z ] = gZ+Y. cm-3z- y+z . s-2y. Equating the exponents at g, 
cm and s, we have three equations x + y = 0, 3x + y + z = 0, and 2y = 1. Hence 
x = -1/2, Y = 1/2, z = 1. Thus the dimensional analysis leads to a linear law 
for the wave dispersion 

(1.1.36) 

Here Cs is the sound velocity and a a dimensionless parameter of the order of 
unity. From the parameters of our problem, one can also obtain Bk with the 
dimension of the canonical variable bk 

(1.1.37) 

and the interaction coefficient 

Vi23 = (1.1.38) 

Here the dimensionless function f depends on eight dimensionless arguments: 
the two ratios ~/kl and k3 /k .. and six angle variables giving the directions of 
the three vectors. In fact, there are only three angle variables: cos 912, cos 913, and 
cos 9zJ [here cos 9ij = (kikj)/kikj], as our system has no preferred direction. 

In the Hamiltonian description, the wave amplitude is proportional to bk. In 
the sound wave field, medium density e(r, t) = eo + el (r, t) and velocity oscillate: 

el (r, t) = Re[ek exp(ikr - iWkt)], 

v(r, t) = Re[vk exp(ikr - iWkt)] , 
(1.1.39) 

where l!k, Vk are the respective wave amplitudes in natural variables. In the linear 
approximation the relationship between natural and normal canonical variables 
is easily established from dimensional considerations 

(1.1.40) 

The symbol "ex" designates proportionality. In terms of canonical variables the 
condition of weak nonlinearity is written as 

(1.1.41) 
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The symbol "~" denotes an estimate to an accuracy of a dimensionless factor of 
order unity. 

Gravitational Waves on a Fluid Surface. These are relatively long waves for 
which surface tension is insignificant and the force tending to restore the equi­
librium state of the surface is the gravitational force. Apart from fluid density (} 
the significant parameters should evidently include the gravitational acceleration 
g, [g] = cm . S-2. Following the scheme given in the preceding example and 
bearing in mind that this is a 2-dimensional problem (d = 2), we have: 

(1.1.42) 

As we see, the dispersion law is of the nondecay type, WI; oc ka , Q' = 1/2 < 1. 
Therefore the principal interaction is four-wave, with the interaction coefficient 

k3 
Tk123 = - f[(kI / k), (k2/ k), (k3/ k), cos (hI, cos 61;2, cos 61;3]. 

(} 
(1.1.43) 

A natural variable describing water waves is 1J(r), the deviation of the fluid 
surface from the unperturbed state and the dimensionless wave amplitude is 
~k = k1Jk = bk/Bk. Whence, we obtain 

(1.1.44) 

Capillary Waves. For sufficiently short waves the restoring force should be 
entirely determined by surface tension. The significant parameters should in this 
case instead of 9 include the surface tension coefficient q having the dimension 
of a surface energy [q] = 9 . 8-2. Thus, 

w, = Ja:', B, = (",/1<')1/', q, = (eak)-I/'b,. (1.1.45) 

The dispersion law of capillary waves is of the decay type: Q' = 3/2 > 1. 
Therefore the three-wave interaction remains as the most essential one 

( 
k9)1/4 

VI;I2 = U rf f(ktf k, kzl k, cos 61;1 cos 61;2) . (1.1.46) 

Comparing the dispersion laws of capillary (1.1.45) and gravitational waves 
(1.1.42), it is easy to find the boundary value of the wave vector at which these 
frequencies coincide: 

(1.1.47) 
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At k ~ k., the gravitational energy of a wave is larger than the surface tension 
energy and the latter may be neglected. Thus long waves on a fluid surface will 
be gravitational. Accordingly, at k ~ k. the surface waves will be capillary with 
the dispersion law (1.1.45). We shall show in Sect. 1.2 below that at arbitrary k's 
the dispersio~ law for waves on the surface of a deep fluid is expressed as 

(1.1.48) 

Though dimensional estimates usually give answers to the accuracy of a dimen­
sionless factor of the order of unity, the dispersion laws (1.1.42,45) are accurate 
in the limits of large and small wavelength, respectively. 

For water waves at room temperature, k* ~ 4 cm (e = 19/cm3 , (J = 70 g/S2). 
This corresponds to a wavelength of A = 27r/k* ~ 1.6 cm and frequency f. = 
w./27r ~ 0.2 Hz. 

Vortex Motions of Incompressible Fluids. From the viewpoint of dimensional 
analysis, this problem radically differs from the preceding problems in that it has 
only one significant parameter, the fluid density [eo] = g/cm3• Still, this allows 
to determine the Hamiltonian structure. In particular, since it is impossible to 
build from eo and k a combination with the dimension of a frequency, it should 
not contain an 'H2 = J wkakak dk term, i.e., 'H2 = O. Using (1.1.31-32), one can 
easily see that among all factors of the 'H-expansion into a power series, only the 
coefficient at a4 has a dimension containing no time. Therefore, only this factor 
may be derived from eo and k: 

k2 
Tk I23 ~-. 

eo 
(1.1.49) 

It immediately follows that the nonlinearity of incompressible fluid motion is 
extremely strong, e = 1i4/'H2 --+ 00. Another important consequence of di­
mensional analysis is the nonlinear relationship between fluid velocity Vk and 
canonical variables ak. If we formally represent VA: as a power series of aA:: 

00 

Vk = L <pi(k)a~ , 
i=I 

the dimension of a single coefficient ¢z will contain no time. From this, <PI = 
<P3 = ... = 0, <P2 = k/ eo. Therefore 

(1.1.50) 

It is now clear why the Hamiltonian of the problem 'H = (1/2) J Iv(r)lZ dr is 
proportional to the fourth power of the canonical variables aA:, ak' 

This section has given the general structure of canonical equations of motion 
for weakly nonlinear waves. The remaining sections of this chapter deal with 
various specific systems, the introduction of canonical variables and calculation 
of Hamiltonian coefficients. Readers who are not interested in the character of 
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waves in different media and the technique for deriving the canonical equations 
may go over directly to Chap.2 where the kinetic wave equation is obtained 
from the dynamic equations given in Sect 1.1. The paragraphs left out in the 
first reading, may then be referred to when evaluating the coefficients of the 
Hamiltonian. 

1.2 The Hamiltonian Formalism in Hydrodynamics 

The ideal incompressible fluid is the simplest and most important representative 
of a wide class of dynamic systems of the hydrodynamic type and is thus widely 
used in physical problems. For zero dissipation all these systems possess an im­
plicit Hamiltonian structure. The description of such structures and the related 
group-theoretical formulations constitute a formidable mathematical problem ex­
tending far beyond the scope of this book (those interested in it are referred to 
[1.3]). For our purposes it will be sufficient to discuss the introduction of canon­
ical variables only for several cases that are most important for the turbulence 
theory. Appropriate canonical variables for an imcompressible fluid were first 
presented by Clebsh (see [1.4]) in the last century. Independently Bateman [1.5] 
and later on Davydov [1.6] gave the canonical variables for barotropic flows in 
incompressible fluids with single-valued functions for the pressure. These results 
will be discussed in Sect 1.2.1. Further on we shall obtain the Hamiltonians for 
vortex motion 'H.v (Sect. 1.2.2), for small-amplitude (potential) motion of sound 
'H.s (Sect. 1.2.3) and for sound-vortex interactions 'H.sv(Sect. 1.2.4). Fluid strat­
ification gives rise to new types of motions localized in the regions of maximal 
inhomogenities. In the extremely nonuniform case of the free surface of a fluid, 
these are the known surface waves. The canonical variables for them were ob­
tained by Zakharov [1.7]. For the general case with arbitrary wavelength and 
fluid depth the Hamiltonian description of this type of motion will be given in 
Sects. 1.2.5,6. 

1.2.1 Clebsh Variables for Ideal Hydrodynamics 

Consider the Euler equations for compressible fluids: 

Be/at + div ev = 0, 

Bv / at + (v"V)v = - "VP(e)/ e . 

(1.2.la) 

(1.2.lb) 

Here v(r, t) is the Eulerian fluid velocity (in the point r at the moment of time 
t); e(r, t) the density and p(r, t) is the pressure which, in the general case, is a 
function of fluid density and specific entropy s, i.e., p = p(e, s). In ideal fluids 
where there is neither viscosity nor heat exchange, the entropy per unit volume 
is carried by the fluid, i.e., it obeys Bs / at + (v V)s = O. A fluid in which the 
specific entropy is constant throughout the volume is called barotropic. In such 
a fluid the pressure is a single-valued function of the density p = p(e). In this 
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case, V pie may be expressed via the gradient of the specific enthalpy of the unit 
mass w = E + PV and dw = V dP = dPI e. Thus, '1pl e = '1w. The enthalpy 
in turn equals the derivative of the internal energy of the unit volume e(e) = Ee 
with respect to the fluid density 

Se 
w = oe . (1.2.lc) 

Direct differentiation with respect to time shows that (1.2.1) conserves the 
full energy of the fluid 

'H = J [ev2 12 + e(e)] dr . (1.2.2) 

In line with Thomson's theorem, these equations also conserve the velocity cir­
culation around a "fluid" path. This means that there exists a scalar function 
/-L(r, t) which moves together with the fluid: 

d/-Lldt = [olfJt + (v'1)]/-L = 0 . (1.2.3) 

In our search for the canonical variables for the Euler equations (1.2.1), we 
shall use the Lagrangian approach. For that purpose, we shall consider the known 
expression for the Lagrangian of a mechanical system (kinetic minus potential 
energy), generalized for the continuous case and use as external constraints the 
continuity equation (1.2.1a) and Thomson's theorem (1.2.3): 

£(t) = J[e~ -e(e)+!p(~ +diVev) 

->. (~ + (V'1)/-L) ] dr . 

(1.2.4) 

!P and >. are the undetermined Lagrange multipliers. Variation with respect to 
them leads to (1.2.1a) and (1.2.3). A single integration by parts allows to rewrite 
the Lagrangian (1.2.4) as 

J{ oe O/-L v2 

£, = !P at - >. fJt + e"2 (1.2.5) 

- [v(e'1!p + >''1 /-L)] - e(e)} dr . 

Consider the action S = f £,dt. Due to its extremality, the condition oSlov = 0 
should be satisfied, which is equivalent to the condition o£/ov = O. From (1.2.5), 
we have 

v=>. '1/-L +V!P. (1.2.6) 
e 

As the Lagrangian (1.2.5) and (1.2.6) do not contain time derivatives we can 
substitute (1.2.6) into (1.2.5) to arrive at the Lagrangian of the Hamiltonian 
system, 
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[, = j(Poe/ot - )..op./ot)dr - 1-l. 

oe/at = 81-l/8p , 

op/ot = -81-l/8e , 

o)../ot = 81-l/8p. , 

op./at = -81-l/8).. , 
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(1.2.7) 

(1.2.8) 

(1.2.9) 

(1.2.10) 

(1.2.11) 

for which the pairs (e, p) and ().., p.) are pairs of canonically-conjugate variables. 
Using (1.2.2) and (1.2.6) it is easy to compute the variational derivatives with 
respect to e and ).., 

81-l (Vp)2 ().. V p.p 8e 
-=--- +-
8e 2 2ri 8e 

= (v V)p - v2 /2 + w , 

81-l TA = e[v, Ov /0)..] = (vV)p. , 

[a, b] = a x b denotes the vector product. In calculating the derivatives with 
respect to P and p., one has to integrate by parts. 

81-l/8p = -divev, 81-l/8p. = -div)..v . 

Thus (1.2.9) and (1.2.10) have the forms 

op/at + (vVp)/2 - v2/2 + w = 0, 

0)../ at + div )..v = 0 . 

As to be expected (1.2.8) and (1.2.11) coincide with the continuity equations 
(1.2.1a) and (1.2.3), respectively. 

Let us consider now to what extent the system of equations (1.2.8-11) is 
equivalent to the initial hydrodynamic system for the three components of ve­
locity and density. The solvability of (1.2.8-11) should imply that (1.2.1) are 
satisfied for the velocity given by (1.2.6). This may be verified by direct calcula­
tion of the ov / at derivative. The question of reverse correspondence reduces to 
the following one: can we always represent the velocity field vCr, t) in the form 
of (1.2.6)? To answer this question, we calculate the vorticity. From (1.2.6), we 
have 

(1.2.12) 

Evidently, div[V'!9,Vp.] = O. Now we introduce the qs = (v rotv) value, the 
helicity density of the velocity field. From (1.2.6) and (1.2.16), we have 

(1.2.13) 
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The Q s = J qs dr value is called the helicity of the velocity field and represents 
an integral of motion of the hydrodynamic equations. From (1.2.13) it is seen 
that the possibility of representing the velocity as (1.2.6) means that Qs = O. As 
a matter of fact, it is easy to construct examples of the velocity fields for which 
Q .. -=I O. Let, e.g., v satisfy of the system of equations (0: =const) 

rot v = O:V, divv = ° (Beltramy flow) . 

It should be noted that the fields obeying these equations are the stationary solu­
tions of the hydrodynamic equations with the density fl =const. It is easily seen 
that for such flows Q .. = 0: J v2 dr -=I O. The condition allowing to represent the 
velocity field as (1.2.6) may be interpreted geometrically. According to the logic 
of our construction, fJ.(r) and 'lJ(r) are single-valued functions of the coordinates. 
It follows from (1.2.12) that the vector rot v is directed along the intersection line 
of the level surfaces of these functions. Not every closed line may be represented 
as an intersection line of level surfaces of single-valued functions. This is, for 
example, not feasible if the line is knotted, i.e., if it represents the circle image 
unhomotopic to it Let such a line be specified by the equation r = ley) where y 
is a parameter on the line, and the vorticity field is expressed as (the vortex line) 

rotv = K-J n(y)8[r -l(y)]dy, Inl2 = 1 . 

Topology manuals (see also [1.8]) prove that in this case Q s = mK-2 where 
m is an integer defining the winding number (knotticity) of the line. A similar 
formula holds if the line represents a pair of linked circles with m = 1. 

We shall refer to the variables fl, P, A and fJ. as the Clebsch variables. Evi­
dently, a global definition of the Clebsch variables is not always possible, as it 
requires zero knotticity of the vortex lines. At least in the vicinity of a regular 
point of the velocity field, the local introduction of the Clebsch variables is al­
ways possible, but attempts to expand the range of validity of their functions may 
lead to a loss of the single-valuedness of A and 'lJ. Nevertheless, it is possible to 
introduce several pairs of Oebsch variables (Ai, fJ.i), i = 1, ... N: 

8fJ.;/ 8t + (v\7)fJ.i = 0, 8Ai/8t+div(Av)=0, 

v = (! t Ai \7 fJ.i + \7p) . 
fl i=l 

Probably, one can prove that N = 2 is sufficient to establish a one-to-one equiva­
lence between the initial hydrodynamic system and a canonical one for arbitrary 
flows. 
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1.2.2 Vortex Motion in Incompressible Fluids 

In the case of an incompressible fluid with 8 (! / &t = 0, we can set (! = 1 (to 
simplify the notation). The velocity may now be written as v:::: A 'V Ji. + 'Vif!. The 
condition div v :::: 0 yields if! : if! :::: - d -1 div A 'V Ji.. The formula for the velocity 
may be rewritten as 

(1.2.14) 

Here d-1 is the inverse operator to the Laplacian. Hence, we have now only 
one pair of the Clebsch variables A, Ji.. Fourier transformation and the transition 
to complex variables 

Ji.(k) = [a(k) + a*(-k)]jVz, A(k) = [a(k) - a*( -k)J/iVz 

allow to cast the canonical equations (1.2.10-11) into the standard form (1.1.6): 

8a(k, t)/8t = 61iv /6a*(k, t). 

The Hamiltonian 1i v is obtained by substituting the formula for the velocity into 
the expression for the kinetic energy (1.2.2) 

v(k) = J rp12a j a28(k + kl - k2) dk l dk2, aj = a(kj, t) . (1.2. 15a) 

Here 

(1.2.15b) 

which follows from (1.2.14). As a result, we have 

1tv:::: ~ J TI2,34aiaia3a48(kl +k2 - k3 - k4)dkldk2dk3dk4, (1.2.l6a) 

where the interaction coefficient is 

(1.2.16b) 

The expressions (1.2.15, 16) agree with the dimensional estimates (1.1.49-50) 
obtained in Sect.U.5. 

1.2.3 Sound in Continuous Media 

As seen from (1.2.6), the case with A :::: 0 or Ji. ::::const corresponds to poten­
tial fluid motion which is according to (1.2.8-9) defined by a pair of variables 
«(!, if!). Following the standard scheme presented in Sect. 1.1, we go in the k­
representation from the real canonical variables if!(k), (!(k) over to the complex 
b(k), b*(k): 

if!(k):::: -(i/k)(Wk/2(!O)1/2[b(k) - b*(-k)] , 
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oe(k) = k(eo/2wk )1/2[b(k) + b*(-k)] , 

w(k) = kcs , ~ = (ap/ae) . 
(1.2. 17a) 

(1.2. 17b) 

Here oe = e - eo is density deviation from the steady state and Cs the sound 
velocity. The derivative (ap/ ae) is calculated with the entropy s treated as a 
constant, which corresponds to assuming a barotropic motion of the fluid (without 
heat exchange). Equations (1.2.17) coincide to an accuracy of a dimensionless 
multiplier of the order of unity with the dimensional estimates (1.1.36) and 
(1.1.40). In order to obtain the serund Hamiltonian 1f.5 one should expand the 
expression for energy (1.2.2) in terms of oe and v = 'ViP 

1f. = 1f.5 = 1f.25 + 1f.55 , 

1 f[ 2 2 2 ] 1f.25 = 7: eol'ViPl + c5(oe) / eo dr, 

1f.55 = ~ f [oel'ViPl2 + gc~(<5e)3] dr, 

(1.2.18a) 

(1.2.18b) 

(1.2.18c) 

and substitute iP and <5 (! from (1.2.17) into these expressions. As a result, we see 
that the quadratic part of the Hamiltonian is diagonal in the variables bk , b'k. 

1f.25 = f w(k)b*(k)b(k) dk . (1.2.19) 

The Hamiltonian of the sound-sound interaction 1f.ss has the form (1.1.24a) with 
the interaction coefficients: 

V(k, kl' k2) = U(k, kl' k2) 

(
cs kklk2)1/2 

= 47r3 eo (3g i-COS (hI + cos (h2 + cos (12) . 
(1.2.20) 

As expected, this expression is consistent with the result (1.1.38) obtained from 
a dimensional analysis by specifying the type of angular dependence f. 

The supposition that the density of the internal energy e(r) depends only on 
e(r) is true only in the range of small inhomogeneities. In the general case, the 
internal energy Ein is a density functional which may be represented as a power 
series in "e: 

(1.2.21) 

Whence, the expression for the frequency w(k) will change from (1.2.17b) to 

w2(k) = c;k2 + (3k4, w(k) = csk [1 + ~~ + ... J . (1.2.22) 

It should be noted, that (3 may be either positive or negative [see, e.g., (1.2.39,41) 
and (1.3.10)]. The expression (1.2.22) is true if the dispersion of sound is small: 
(3k2 ~ 2~. Otherwise, one should take into account the next 'Ve-terms. 
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1.2.4 Interaction of Vortex and Potential Motions in Compressible Fluids 

As shown above, in incompressible fluids, the variables A and I' define vortex 
motion. A purely potential motion is described by the pair e and P. However, 
in the general case it is wrong to assert that this pair e and P describes potential 
motion and A and I' vortex motion. Indeed, dividing v into two parts 

v = VI + V2, rot VI = 0, div V2 = 0 , 

we see that 

(1.2.23) 

Therefore the initial Clebsh variables are inconvenient for describing the turbu­
lence of compressible fluids: the fields (e, p) and (A,p.) are strongly coupled; 
even for small fluctuation velocity (with the Mach number M) 

(1.2.24) 

Formally this manifests itself in the fact that the coefficient of interaction between 
these fields increases with the sound velocity ()( ..;c;. 

Assuming the Mach number M to be small. L'vov and Mikhailov obtain 
a canonical transformation separating potential and vortex motions in the new 
variables (q,p) and (Q,P) [1.9]. In doing so we shall try to determine the vor­
tex velocity 112 and the potential velocity VI by equations close to (1.2.12) and 
(1.2.23), respectively. We choose the desired canonical transformation using the 
generating functional F depending on the new coordinates q, Q and the old 
momenta P, I' (see (A.2.12) in Sect A.2) 

A = SF/SI', P = SF/SQ, e = SF/Sp, p = SF/Sq. (1.2.25a) 

We write the generating functional as 

(1.2.25b) 

where Fo is a functional of the identity transformation chosen in such a way 
that the pair of canonical variables responsible for potential motion is q = (! and 
p = ~. The functional Fl is independent of~. bilinear in I' and Q and represents 
a power series of the variable part of density Se = e(r, t) - eo: 

(1.2.25c) 

The expansion parameter is 

{= kv5u _ ~s J Es 
ks{!o - L {!O~' 

(1.2.25d) 
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where ks ~ 1/.\s and kv = 1/ L are the characteristic wave vectors of sound 
waves and vortices, respectively; Es is the energy of sound motions. 

Substituting (1.2.25c) and (1.2.25d) in (1.2.25a) and solving the resulting 
equations by iterations with regard to the small parameter ~ ~ 1, we obtain 

q = e, p = ~ = i.P + ,1-1div [(>''lj1.)/ e] , 

>. = Q + (V, ,1-1'l8e)Q/ eo + O(e) , 

j1. = P + ('lP, f).-l'l8e)/ eo + aCe) . 

In the new variables 

112 = f).-l['l,['lQ, 'lP]]/eo 

-['l,['l,[f).-l'le,['lP,'lQ]]]]+O(e) . 

(1.2.26a) 

(1.2.26b) 

(1.2.27a) 

(1.2.27b) 

Thus we achieved the desired result: the potential motions are defined by the 
pair (q,p) only; the main contribution to vortex motion is made by the pair Q, P. 
The last term in (1.2.27b) for V2 describes the effect of compressibility on the 
vortex motion. 

In the k-representation, we go over to the complex variables b(k), b*(k), 
and a(k), a*(k) following formulas similar to (1.2.17) and (1.1.3-4). In these 
variables the hydrodynamic equations have the canonical form 

.8a(k, t) 81£ , = 8a*(k, t) , at 
(1.2.28a) 

.8b(k, t) 81£ , = at 8b*(k, t) , 
(1.2.28b) 

with the Hamiltonian 

1£ = 1£s + 1£v + 'Hsv . (1.2.29a) 

The sound Hamiltonian has the form (l.2.18), the Hamiltonian of vortex motions 
is specified by (1.2.16), and the Hamiltonian of sound-vortex interaction has two 
terms: 

1£sv = 1£SVI + 1£SV2 , (1.2.29b) 

1£SVI = ! 812,34aia2bjb48(kl - k2 - k3 - k4)dkldk2dk3dk4, (1.2.29c) 

812,34 = (k3k4/321r3) 1/2[(n3'P12) + (n4'P12)] , (1.2.29d) 

1£SV2 = ~ !WI234kaiaia3a4 [b(k) + b*(-k)] 
"(1.2.2ge) 

x 8(kl + k2 - k3 - k4 - k) dkl dk2dk3dk4dk , 
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(1.2.29 J) 

Here nj = kj/k, and !.pij are determined by (1.2.15b). The term JiSVl de­
scribes sound scattering processes and the Jisv2-term describes generation and 
absorption of sound by turbulence. In (1.2.29a) we have not written out the terms 
S(n)a*a bn+2 w(n)a2a*2bn+1 n > 1 which are small in the ~n parameter and 1 2 , , _ , .. 

insignificant for our future considerations. 

1.2.5 Waves on Fluid Surfaces 

Let us consider potential motion of incompressible fluids with a free surface in 
a homogeneous gravitational fluid [1.7]. In the quiescent state the fluid surface 
is a plane z = 0 with the bottom at z = - h. We describe the surface form by 
T) = T)(r, t) where r = (x, y) is the coordinate in the transverse plane. The full 
energy of the fluid Ji = T + II is a sum of the kinetic energy 

T = ~ J dr I: v2 dz (1.2.30a) 

and the potential energy 

(1.2.30b) 

Here 9 is the gravitational acceleration; (j the surface tension coefficient and the 
free surface element is expressed by ds = drJl + 1\7T)12. 

In constructing the canonical variables we shall proceed from the Hamiltonian 
(1.2.7) where we set 

(1.2.31) 

Here B(D = 1 at ~ > 0, B(~) = 0 at ~ < 0. Further on we shall consider 
only irrotational fluid flows implying that may use A = O. Substituting (1.2.31) 
into (1.2.7) and taking advantage of the fact that 8T)(r,z,t)/at = 8[T)(r,t)­
z]8T)(r, t)/at, the Lagrangian reads 

.c = - J tP(r, t) 8T)~, t) dr - Ji . (1.2.32) 

Here tP(r, t) = CP(r, z, t) at z = T)(r, t). 
The Lagrangian (1.2.32) yields the canonical equations 

8T)(r, t) 
= - -:-=--:---:-

at 81J!(r, t) , 
8Ji 

(1.2.33a) 

8rJt(r, t) 8J{ 
= ...,---..,-

at 8T)(r, t) . 
(1.2.33b) 
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Thus the canonical pair of variables is now given by .,,(r,t), lli(r,t). Having 
specified them, we have now to solve the boundary value problem for the Laplace 
equation 

.dp(r, z, t) = 0, p[r, .,,(r, t), t] = P(r, t), p(r, -h, t) = ° (1.2.34) 

in order to determine the fluid's velocity field. Now v = \lp and we get 

for the kinetic energy. The variation 8'H/8P = 8T / 8P may be carried out explic­
itly, but the result is known in advance. To obtain it, we substitute e = 8(.,,- z) 
into the continuity equation (1.2.l) to get 

8.,,(r, t) n 
at +vJ.v.,,=v (1.2.35) 

as the kinematic condition on the fluid surface which should coincide with 
(1.2.33a). The physical meaning of this condition is rather simple: the veloc­
ity of fluid height-variations should be the same as the velocity of the fluid itself 
in the given point at the surface. 

The explicit solution of the boundary value problem (1.2.34) is not possible 
but it may be solved in the small nonlinearity limit by expanding the Hamiltonian 
in a power series with regard to its canonical variables. In coordinate represen­
tation, every term in this series is a nonlocal functional of ." and lli. This is due 
to the above-mentioned necessity to solve the Laplace equation at every iteration 
step. Going over to a Fourier representation we obtain 

'H2 = l J [(eg + uk2)1.,,(k, tl2 + ek tanh(kh)IP(k, t)12] dk , 

'H3 = 4~ J LI23P(kl)P(k2).,,(k3)8(kl + k2 + k3) dkldk2dk3 , 

1 (2 2 2) L123 = 2 k\ + k2 - k3 - k\ k2 tanh(k\ h) tanh(k2h) , 
(1.2.36) 

'H4 = (2~)2 J M1234P(kl)rJr(k2).,,(k3).,,(k4) 

x 8(k l + k2 + k3 + k4) dk1 dk2dk3dk4, etc. 

In the case of gravitational waves on deep water the expression for M1234 is 
required, see (1.2.43). In the limit Jeg/u = k* ~ k ~ h-1 we obtain 

1 
Ml234 = 4Vklk2k3k4[2(kl + k2) 

-Ikl +k31-lkl +k41-lk2 +k31-lk2+k411· 

The transition to normal complex variables is given by 
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7](k) = /¥[a(k) + a*( -k)] , 

If/(k) = - iJ 2~k raCk) - a*(-k)], (1.2.37) 

Ak = w(k) 
g+uP/e' 

where w(k) is the dispersion law of waves on a fluid surface with depth h: 

w2(k) = k[g + uk2 / e] tanh(kh) . (1.2.38) 

Written in these variables the canonical equations of motions have the normal 
form (1.1.14) and the quadratic part of the Hamiltonian is diagonal with respect 
to a(k) and a*(k). We give the coefficient of the interaction only for the limiting 
cases in which the problem becomes scale-invariant. As seen from (1.2.38), there 
are two characteristic scales in k-space: 1/ hand k. = J (!Og / u [see also (1.1.47)]. 
If the scales strongly differ, the k-space contains the regions of scale-invariant 
behavior. For example, at 1 ::;3> k. h we have 

1. k ~ k* are the shallow-water gravitational-capillary waves. Their disper­
sion law is close to that of sound 

(1.2.39) 

The velocity of such a wave is determined by gravity only, while the dispersion 
is determined by surface tension as well. The positive addition to the linear 
dispersion law makes three-wave processes possible, the interaction coefficients 
coincide with (1.2.20) where Cs = -lih should be assumed. It should be noted 
that, despite the absence of complete self-similarity (there is a parameter with 
the dimension of a length h), the Hamiltonian coefficients are scale invariant. 
Such cases are usually referred to as incomplete, or second order, self-similarity. 

2. k* ~ k ~ h-1 are the shallow water capillary waves [1.10]. In this case 

W(k)=~k2 . (1.2.40a) 

The dispersion law is of the decay type. It is sufficient to consider only three­
wave processes. Written in normal variables the Hamiltonian Hint has the standard 
form (1.1.23) with rather simple interaction coefficients 

(1.2.40b) 

3. h-1 ~ k are the deep-water capillary waves [1.7,11]. In this limit 

w(k) = ~ k3/ 2 , (1.2.41a) 
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1 ()1/4[ (k k )1/4 
V(k, 12) = 811' 4~ (klk2 + klk2) ~ 2 

( k k)I/4 (kk )1/4] + (klk - klk) ~2 + (kk2 - kk2) k12 . 

(1.2.41b) 

The reader should compare these expressions with (1.1.45) and (1.1.46) 

However, for k. h ~ 1 there are only two scale-invariant regions, namely 
at very short and very long waves, respectively. At k -t 00 we have the case 
(1.2.41) considered above. At k -t 0, we have a dispersion law close to the 
acoustic one: 

w(k) = .../ihk(1 + [(1/2k.) - (h3/3)]k2) . (1.2.42) 

In the case of k.h > 3/2, the law (1.2.42) is the nondecay type, and the principal 
role is played by the four-wave interaction with an interaction coefficient of the 
form (1.1.30) where V(k, 12) is given by (1.2.20). For k.h > 1 the dispersion 
law (1.2.42) is determined by gravity. These waves are called shallow water 
gravitational waves. 

At k.h > 1 in the intermediate region k. > k > h-1 we have deep-water 
gravitational waves with the nondecay dispersion law w(k) = J9k (1.1.42) and 
the interaction coefficient [1.7] 

W(k1,23) = (kkl k2k3)1/2 [R(k123) + R(k123) 
64£111'2 

- R(k213) - R(k312) - R(12k3) - R(13k2)] , 

R(k123) = (:2i3 )1/4[2(k + kd 

-Ik - k21-lk - k31-lkl - k21-lkl - k31] . 

(1.2.43a) 

(1.2.43b) 

(1.2.43c) 

The resulting coefficient of the four-wave interaction has after elimination 
of three-wave processes the form (1.1.29b) and possesses the same homogeneity 
properties as W(k1,23) [see also (1.1.43)]. 

Thus surface waves obey in different limiting cases either decay or nondecay 
power dispersion laws [w(k) ex ka , a = 1/2,1, 3/2, 2] and have scale-invariant 
interaction coefficients. 
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1.3 Hydrodynamic-Type Systems 

1.3.1 Langmuir and Ion-Sound Waves in Plasma 

In some situations, a plasma may be regarded as a set of two fluids: electronic 
and ionic ones, each defined by a system of hydrodynamic equations. If there 
are no external magnetic fields, this is possible if the wavelengths induced in 
the plasma are large compared with the Debye length. The simplest model of 
such a plasma does not take into account the generation of the magnetic field by 
currents and the electric field in such a plasma is potential. 

The equations of motion of the electronic fluid have in this model the form 
of (1.2.1) 

8vir,t) (U\ "(~)=o at + Ve v ,Ve + v D{!e ' 

8{!e(r, t) di ( ) 0 at + v {!Ve = 
(1.3.1) 

with the internal energy being the sum of electrostatic and gas kinetic terms 

_~jO{!e(r,t)D{!e(r"t)d d' 3Te j[C ( )]2d 
e- 22 1'1 r r +2 U{!er,t r. m r-r m~ 

(1.3.2) 

Here O{!e = {!e - ~ is the electronic density variation; e, m and Te are the charge, 
mass and temperature of the electrons. In the second term defining the kinetic 
pressure of the gas the coefficient 3 emphasizes the phenomenological character 
of the model: it has been chosen to obtain the correct dispersion law of Langmuir 
waves 

(1.3.3) 

arising from the precise kinetic description (see e.g. [1.12]). Here wp and rD are, 
respectively, plasma frequency and Debye length: 

2 47r{lO 2 Te m 
Wp = m2 ' rD = 47r{lOe2 • 

(1.3.4) 

The Langmuir waves depict a type of plasma motions possessing a potential. 
In such cases one can introduce in a conventional way the velocity potential 
V<P = v. The normal canonical variables are introduced in the same way as for 
the potential motions of an ordinary fluid, using the formulas (1.2.17a) where 
w(k) should be given by (1.3.3). The coefficients of three-wave interactions are 
calculated similarly to (1.2.20) and have the form [1.13] 
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However, the dispersion law (1.3.3) is valid only in the long wave range krD <t: 1 
and is of the nondecay type. Using the transformation (1.1.28), one can obtain the 
effective Hamiltonian (1.1.29). For krD <t: 1 the interaction coefficients U and V 
become scale-invariant with the scaling index unity and the effective four-wave 
interaction coefficient (1.1.29b) has the scaling index two since w(k) ~ wp: 

1 
Tkl23 = - [Vk+l kl V2+3,23 - V- k-l kl V-2-3 23 - V k 2k-2 V3 13-1 

w ' "" p (1.3.5) 

- Vk,3k-3 Vi,12-1 - Vi,k2-k Vi.31-3 - V3,k3-k Vi ,22-I] . 

That expression satisfies symmetry properties and is a homogeneous function of 
the second degree. 

In describing the electronic oscillations we have assumed the ions to be at rest. 
The slow motion of the ionic fluid will be considered in nonisothermal plasma 
where the electron temperature is a lot larger than the one of the ion Te ~ T i • 

We shall consider the phase velocities of the waves to be much higher than the 
thermal velocities of the ions but much smaller than the thermal velocities of the 
electrons. Then, at each moment of time the electrons may be taken to have a 
Boltzmann distribution ne = no exp(e¢/Te). The electric field potential <p(r, t) 
satisfies the Poisson equation 

(1.3.6) 

where n(r, t) is the ion concentration. Neglecting the ion thermal pressure, we 
obtain a system of ion hydrodynamic equations: 

8v(r, t) + (v\1)v = _ eV<p 
at M' 

8g(r, t) d' ( ) 0 at + IV ev = . 
(1.3.7) 

Here v and M are ion velocity and mass and g = Mn. As (1.2.1) and (1.3.1) the 
system of equations (1.3.6. 7) may be written in the form of Hamilton equations 
with the Hamiltonian 

(1.3.8) 

i.e., to a sum over the ion kinetic, electrostatic field and thermal energies of the 
electron gas. The canonically conjugate variables are g and velocity potential 
P: v = \1P; thus 8u/at = -f/H./op yields the first of the equations (1.3.7). To 
obtain the right-hand side of the first equation (1.3.7) one should calculate the 
internal-energy variational derivative which, by virtue of the Poisson equation 
(1.3.6), equals 
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:!) = f <p(.') [-4~ .a[5<p(.')/5e(.)] 

+ 5~i:i ,'no exp ( i. ) 1 d.' 
e I = M 6(r-r). 

Thus the second Hamilton equation 8p / at = 61l/ 6 (! coincides with the second of 
relations (1.3.7). Assuming the unperturbed plasma to be quasi-neutral. n(r, t) = 
no holds for small perturbations n, v ex: exp[i(kr - iil(k)t] and the dispersion 
law reads 

2 k2Te 
il (k) = M(1 + k2r2) . (1.3.9) 

In the long-wave range kr D ~ 1. the dispersion law (1.3.9) is almost linear 

(1.3. lOa) 

Such oscillations are called ion sound. they are only at Te ~ Ti well defined 
(Le .• they are weakly damped). The sound velocity c; = Te/M is detennined by 
electron temperature and ion mass (inertia). A correction to the linear term in 
il(k) is negative. therefore the dispersion law (1.3.10) [as in (1.3.3)] is of the 
nondecay type. the resonance interaction of ion-sound waves with each other is 
specified by the four-wave Hamiltonian (1.1.29) where U and V are computed 
in a similar way as for ordinary sound and are given by (1.2.20) with 9 = -1/3: 

11 Vi+212 V3+434 2Vi31-3 V424-2 2V232-3 V414-1 
1234 = 

WI +W2 - Wl+2 W4-2 +W2 - W4 W4-1 +Wl - W4 
(1.3.10b) 

Here we neglected the small tenns which do not contain small denomitators 
ex: T},. Thus three-wave processes are forbidden for systems containing ei­
ther Langmuir or ion-sound waves. However, there should be an interaction 
between Langmuir and ion sound waves. The physical reason for it is in the 
joint action of two mechanisms: the slow ion-sound density variations alter the 
plasmon frequency, and the high-frequency field creates a mean ponderomotive 
force (proportional to the gradient of the square of the field) which affects ions. 
Such phenomena can be described in the framework of the so called Zakharov 
equations 

( ~ 2) 1 2 at2 - C.,L1 6n = 1671" M L1IEI 

L1 (2i Z + 3rbL1CPWP) = ~: div (6n V cp) • 

Here 

(1.3.11) 
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E;;:: V!p, c~;;:: J(Te +5T;J2)jM . 

These equations correspond to the two fluid plasma model [1.13]. The canonical 
variables are introduced similarly to the above cases. So we obtain plasmons with 
the dispersion law (1.3.3), ion sound with that of (1.3.10a) and the interaction 
Hamiltonian 

'Him ;;:: J (Vi23 bl a2a j + c.c.)8(kl + k2 - k3) , (1.3.12) 

where b and a are amplitudes of ion-sound and Langmuir waves, respectively, 
and the interaction coeffecient is equal to [1.13] 

Vi Wp Jk (kl k2 ) 
k12 ;;:: ~-r.:==':7== 

47l'V47l'Mnocs klk2 

This Hamiltonian describes plasmon decay with sound wave emission 

(1.3.13) 

a process which is sometimes called Cherenkov emission, as it is analogous to 
wave emission by a particle moving in a medium with a velocity exceeding the 
phase velocity of waves. Similarly, the process (1.3.12) is allowed if the group 
velocity of the plasmons is larger than the sound velocity. 

The ion interaction also contributes to the four-plasmon interaction. For ex­
ample, in an isothermal plasma, the interaction coefficient of Langmuir waves 
with virtual ion-sound waves is [1.14] 

T _ wp(cos lh2 cos 013 + cos Ok3 cos ( 12) 

k123 - 8 3 T 7l' no 
(1.3.14) 

Its scaling index is zero. Curiously enough Tkl23 vanishes for one-dimensional 
motion if k + kl ;;:: k2 + k3. 

In a constant external magnetic field H, the Hamiltonian coefficients depend 
on the angles in k-space. In particular, the dispersion laws of both Langmuir and 
ion-sound waves in strong enough fields are of the decay type. Scale-invariance 
of w(k) and V(k, kl, k2) is observed separately for the two components of the 
wave vector: one parallel to the field kz and the other perpendicular k..L. 

Let us consider ion sound in a magnetized plasma [1.15]. The presence of 
magnetic field will give rise to a Lorentz force in the Euler equation, and instead 
of (1.3.7), we have 

ov(r, t) + (vV)v ;;:: _ eV!p + e[v, H] 
at M Mc' 

af](r, t) d' ( ) - 0 at + IV (]V - . 

(1.3.15) 

Assuming the motion to be quasi-neutral (the criterion for this will be obtained 
below), we shall consider the ions, like the electrons, to obey the Boltzmann 
distribution law 
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e = eo exp ( e;) . (1.3.16) 

Equations (1.3.15, 16) form a closed system. Having obtained <p from (1.3.16), 
we can rewrite the term e\l<p/ Min (1.3.15) in the standard form e\l<p/ M = \lw, 
where w is the enthalpy 

w = (T / M) In(e / eo) = CJ; 1n(e / eo) . 

The Hamiltonian has the form known from hydrodynamic-type systems (1.2.2) 
where the internal energy e(e) is related to the enthalpy: w = De: / 8 e. As usual, the 
canonical variables (A, J.L) and (e, <p) are introduced and similarly as in (1.2.5a) 
and (1.2.23) the velocity v reads then 

v = (X'VJ.L - J.L\l>")/2e + \l<P - eA/Mc 

(considering that in the magnitic field the generalized momentum is renormalized 
to vector potential p -+ p - eA/ c). 

The vector potential of the constant field is 2A = [H r], r = (x, y). In the 
new variables the equations have the form of the Hamilton equations (1.2.6, 7) 
containing the coordinate r in an explicit form. In order to eliminate r from v, 
we perform the canonical transformation 

A -+ A+ JeQHX, J.L -+ J.L - JeQHY, 

<P -+ <P - J eQH(>"Y + J.Lx) . 

Here Q H = eH / M c is the Larmor frequency of ion rotation in the magnetic 
field H. Going then over to normal variables and expanding the Hamiltonian, 
we obtain w(k) and V(k, kl' k2)' 

In this case it will be more convenient to derive first a truncated equation 
describing the waves in the range involved and to go then over to normal vari­
ables. Supposing the magnetic energy to be much greater than the thermal one 
(81l'nT ~ H2) and considering low-frequency waves (w(k) ~ Q(k)) with weak: 
dispersion (kl..c~ ~ QH), we get by virtue of (1.3.15, 16) the dispersion law for 
magnetized ion sound 

(1.3.17) 

Since the deviations from quasi-neutrality lead, as seen from (1.3.10), to the 
correction k2rb/2, (1.3.7) holds for not too small kl.. 's, when kl../k > rbQH / Ca' 

The dispersion law (1.3.17) is of the decay type. It should be noted that the group 
velocity of such waves is directed along the magnetic field. If we restrict our 
consideration to unidirectional waves and the quadratic nonlinearity, then for the 
value u = ~/az from (1.3.15, 16), we obtain 

8u(r,t) 8 [ CJ; u2(r,t)] at -ca8z u(r,t)+2n~ Ll.Lu(r,t)- 2c~ =0, (1.3.18) 



42 1. Equations of Motion and the Hamiltonian Formalism 

whose linear part corresponds to (1.3.17). Going over to a reference system 
moving along the z-axis with speed Cs yields 

au(r, t) _ ~ [ c; A ( ) u2(r, t)] at -Csa 2 .oW1..u r,t - 2_7 . 
z 2wH c:; 

(1.3.19) 

After transition to normal variables according to 

u'" = cs Jkz/2[a(kz, k1..) + a*( -kz, -k1..)] , 

(1.3.19) corresponds to the standard Hamiltonian 1i = 1i2+1i3 [see (1.1.17, 23)] 
with the coefficients 

c~kzkl 
w(kz, k1..) = 2Q2 ' 

H 
(1.3.20) 

In conclusion, we give, without calculations the formulas defining the dispersion 
law and the matrix elements of the decay interaction for Langmuir waves in 
magnetized plasma [1.13]. The system of equations differs from (1.3.1) in the 
Lorentz force substituted for the gas kinetic term on the right-hand-side of the 
Euler equation. The resulting dispersion law has two branches 

w~/k) = ~(w; + wir) ± ~Jw~ + wt- - 2w~wir cos 26", , (1.3.21) 

w H = eH / mc is the electronic Larmor frequency and 0", the angle between the 
wave vector k and the constant magnetic field. We shall be concerned with the 
lower branch in the two limiting cases when the problem becomes scale-invariant: 

1. WH » wp is the strong field case. Considering waves propagating almost 
perpendicular to the field, one can get 

(1.3.22a) 

For the angular range cos 0", «: Wp/WH we obtain 

Vi . wp (kll..[h, k2l..]) JW I W2. k 
"'12 = ~- !T'5-::::- --SIgn z 

WH YJkgO w'" 
[ sign k z (kll.. k2l.. ) sign kl z sign k2z ] x -- --- + +-=---

k 1.. k2l.. kll.. k2l.. kll.. 

(1.3.22b) 

Here h = H/H. 
At larger angles wp / w H ~ cos 6", ~ 1 we have 

• W",WIW2 
V"'12 = sIgn (kzklzk2z) 32 2 eowp (1.3.22c) 

x (k1..sign kz + kll..sign ktzk2l..sign k2z ) . 
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2. WH ~ ""'p is the weak field case (cos (}k ~ 1): 

kz 
Wk = WH kl..' 

WIW2 (kl.L[h, k2l..]) 

32eoWk kl.L k2l.. 

x (kl.. + k2l..sign (kzk2z) + kl.Lsign (kzklz) . 

(1.3.23) 

The scaling indices of w(k) and V(k, kl' k2) are the same as for (1.3.22a,b). 

1.3.2 Atmospheric Rossby Waves 
and Drift Waves in Inhomogeneous Magnetized Plasmas 

Drift Rossby waves propagate in atmospheres of planets and in oceans. Their 
frequencies are small as compared to the frequency of global rotation of planets 
Do, and the lengths are rather large compared to the extensions of the medium L 
(depth of the ocean or height/thickness of the atmosphere). At large amplitudes 
these waves become planetary vortices. The largest among them is the Big Red 
Spot of Jupiter. The planetary waves (vortices) are named after the Swedish 
geophysicist Rossby who revealed, in the 1930-40, their important role in the 
processes of global circulation of the atmosphere [1.16], although theoretically 
they had been known since the end of the last century [1.17]. Those waves are 
successfully simulated in laboratories [1.18-19], observed in the atmosphere of 
the Earth and in oceans [1.20]. Rossby waves are analogues to the drift waves 
in inhomogeneous magnetized plasmas [1.21-22]. They may have some relation 
to the generation of magnetic fields in nature [1.23-24]. 

We distinguish barotropic and baroclinic Rossby waves. The former allow 
to treat phenomena observed in nature (atmosphere or ocean) as occuring in a 
quasi-two-dimensional medium where the Rossby waves have a wave length ,\ 
which is much larger than the vertical extension L. In describing the baroclinic 
waves, one should take into account the vertical inhomogeneity of the density of 
an ocean (which is due to the vertical temperature profile and salt concentration) 
or atmosphere. This inhomogeneity gives rise to vertical oscillations of the fluid 
which is stable against convection. In barotropic Rossby waves there are no 
oscillations and the medium may be regarded as two-dimensional. We shall deal 
with this simple case in more detail. 

We suppose the planet to rotate with angular velocity Qo. Proceeding from the 
Euler equation complemented by the Corio lis force one can obtain the equation 
which describes the atmospheric Rossby waves: 

~(L1t/; - k5t/;) + {3 at/; = aD at/; _ aD at/; 
at ax ax ay ay ax 

D = L1t/; - k5t/; . 
(1.3.24) 

This equation and its derivation are described in details in various monographs 
(see, e.g.[1.25-28]). So we shall not dwell upon that matter. We shall only explain 
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the notation used and give the applicability criterion for (1.3.24). The stream 
function t/;(x, y, t) is via 

at/; 
v =--

11 ay' 
related to the velocity v = (v z , v ll ). 'The parameter (3 describes the dependence 
of the Coriolis force f = 2ilo cos a on the latitude 

(3 = af = _R-I af 
ay aa' (1.3.25) 

R is the radius of the planet's curvature, a = 7r /2 - <p where <p is the geographical 
latitude, leo = l/rR and the Rossby-Obukhov radius equals 

ViL 
rR=j' (1.3.26) 

In the literature two names are assigned to (1.3.24): in hydrodynamics it is called 
the Chamey-Obukhov equation [1.26] and in the plasma physics the Hasegawa­
Mirna equation [1.27]. It describes not only Rossby waves but also some other 
phenomena. 

Some of them are: 

1. Drift waves in inhomogeneous magnetized plasmas [1.21, 27, 28). In tbis case 1/1 = et/>/ ilH M 
holds where e is the electron cbarge; tP is the potential of the electric field. The Rossby-Obukbov 
radius is rn = JTe/M/ilH' the Larmor radius for ions calculated by the electron tempera­
ture. As elsewbere in tbis section, M, nH are the mass and the Larmor frequency of ion ro­
tation, respectively. The parameter fJ is the plasma inbomogeneity fJ = ilH8[ln(no/ilH»)/8y 
and is calculated at y = O. Here no is the eqUilibrium concentration of the plasma. 

2. Low-bybrid drift waves in plasmas of compact toruses, pincbes with reverse field and 
ionospheric F-stratum [1.29]. For these waves, 1/1 = etP/wHm, rn = T;/(mw~), fJ 
= wH8[ln(no/wH)1/8y. Here m and WH are mass and Larmor frequency of electron ro­
tation, respectively. 

3. Electromagnetic oscillations of the electronic component in inbomogeneous magnetized plasmas 
occur in z-pincbes and other pulsed bigb-current discbarges [1.30]. Here 1/1 = tPem/ Hom, 
rR = e/wp, fJ = wH8[ln(no/WH)1/8y, where e is the velocity of ligbt; Ho is the equilibrium 
magnetic field and wp the plasma frequency. 

4. Density waves in rotating gas disks of galaxies [131]. In this case, 1/1 is the gravitational 
potential, fJ = W8[ln(e/n)]/8r, wbere n is the frequency of gas disk rotation; e is the 
unperturbed density of galactic gas as a function of the radial coordinate r. 

Equation (1.3.24) is applicable for intermediate wavelengths .A larger than 
the depth L (shallow water approximation) but less than R so we may regard 
the medium under consideration to be plane (not spheric). To provide a feel for 
the orders of magnitude of the characteristic lengths Table 1.1 gives the values 
of R, r R and the mean height of atmosphere L for the Earth, Jupiter and Saturn. 
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Table 1.1. Characteristic lengths detennined the Rossby waves: planet's radius R., Rossby-Obukhov 
radius rR = wI I, and mean height of aunosphere L 

Planet 

Earth 
Jupiter 
Saturn 

Rinkm 

6400 
71000 

~70000 

3000 
6000 
6000 

L inkm 

8 
25 
80 

We see that there is a large interval of wave lengths A where, on the one 
hand, A ~ L and the motion may be considered to be two-dimensional, and 
on the other hand, R ~ A, so that one can neglect the planet's curvature. Thus 
we arrive at the ",8-plane approximation" used, in effect, in deriving (1.3.24). 
This approximation considers waves to be on a ",8-plane" tangent to the planet's 
surface rather than on its spheric surface. The dependence of the coefficient ,8 
(1.3.25) on y (or a) is not taken into account. 

From (1.1.24) follows the dispersion law of the Rossby waves: 

(k) ,8kx k2 = k: + k2y . 
W =-P+k5' • (1.3.27) 

The phase velocity of Rossby waves is directed westwards, against the global 
rotation of the planet. The phase velocity decreases with increasing k, its maximal 
value 

VR = f3 k;2 = ,8T~ (1.3.28) 

is called the Rossby velocity. The wave frequency (1.3.27) w(k) -t 0 at k -t 
0,00. It reaches its maximal value 

,8 
WR = 2ko (1.3.29) 

at k II kx, k = ko. It is interesting to compare the Rossby velocity v R with the 
linear velocity of the planet's surface motion noR, and the maximal frequency 
of Rossby waves WR with the planet's rotation frequency no. From (1.3.26-29), 
we get the estimates 

~ ~ (TR)2 
[loR R' 

whence follows 

TR .J9L 
Ii ~ noR· 

For the atmosphere, .JiL ~ c. is the velocity of sound near the planet's surface. 

Baroclinic Rossby Waves. As mentioned earlier, in view of the vertical inhomo­
geneity of the medium one should not only consider horizontal wave motion (as 
in the case of barotropic waves), but also vertical wave motion. This complicates 
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the equation of motion which will be given here without derivation (see, e.g., 
[1.26]). The function t/; now depends also on the vertical coordinate z: t/;(x, y, z), 
and the desired equation is obtained by substituting into (1.3.24) an expression 
for the vortex density il different from the previous one 

a P at/; 
il = i1t/; + az N2 az . 
The equation for il(x, y, z, t) can thus be written 

ail + fJ at/; == a( il, t/;) == ail at/; _ ail at/; 
fJt ax a( x, y) ax ay ay ax . 

(1.3.30a) 

(1.3.30b) 

Here N is the frequency of vertical oscillations of a convection-stable inhomo­
geneous fluid. The fluid density is assumed to decrease in the vertical direction. 
In an incompressible medium 

N = _!!.. a(} 
(} az ' (1.3.31) 

whereas for a compressible fluid, the term l / ~ should be added to the right­
hand-side of (1.3.31), where Cs is the sound velocity in the medium. 

It is seen from (1.3.30) that the dispersion relation for the baroclinic waves 
has the same form as for the barotropic ones (1.3.27). But instead of the Rossby­
Obukhov radius (1.3.26) (it would be natural to call it barotropic) as a charac­
teristic dispersion scale, it contains the so-called baroclinic Rossby radius r/: 

-1 7rlf 
ko-.k/==r/ ==NL' (1.3.32) 

Here 1 is the number of the vertical mode: t/; ex exp(i7rlz/L). In the Earth' 
ocean at 1 == 1 r1 ~ 50 lan, which is much less then the barotropic radius 
rR ~ 3000km. 

Hamiltonian Description of Barotropic Rossby Waves. It has been shown 
independently by Weinstein [1.32] and Zakharov and Kuznetsov [1.3] that (1.3.24) 
is a Hamiltonian system and may be represented as: 

ail &t = {il, 1-£}. (1.3.33a) 

Here 1-£ is the energy of the system 

1-£ == ~ J [(Vt/;)2 + k5t/;2] dxdy . (1.3.33b) 

which is the Hamiltonian, and the symbol {F, G} denotes the Poisson bracket 
determined on functionals of {lex, y) by 

(1.3.33c) 
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The equivalence of (1.3.24) and (1.3.33) may be checked by the direct calculation. 
To introduce the canonical variables for the system (1.3.33) means to di­

agonalize the Poisson bracket, i.e., to represent it in a form involving constant 
coefficients. This problem has been solved by Zakharov and Piterbarg [1.33]. 
They introduce a function e(x, y) related to .o(x, y) by two equivalent equations 

.G(x, y) = e(x, y + (3-1.o(x, y»), 

e(x,y) = .o(x,y - (3-le(x,y») . 

Then they prove that 

J SF a SG 
{F,G}n=(3 6[ax6[dxdy, 

(1.3.34a) 

(1.3.34b) 

(1.3.35) 

i.e., in the variables e(x, y) the bracket (1.3.33c) becomes a bracket with constant 
coefficients. Here we repeat the proof: 
Equation (1.3.34a) is represented as 

.o(x, w) = J e(x, z)S(z - w - (3-1.o(x, w») dz , 

hence 

SQ(x, w) {3 ( -1 ) ( -1 ) 
Se(x, y) = {3 _ ey S y - w - (3 .o(x, w) = S w - y + (3 e(x, y) 

and, consequently, 

SF = J S SQ(x,w) dw = SF 
Se(x,y) S.o(x,w) Se(x,y) S.o(x,w) . 

Here 

w = y - (3-1 e(x, y), 
{3dw 

dy = {3 - ey • 

Now we calculate 

J SF a SG 
{F, Gh = (3 Se(x, y) ax Se(x, y) dx dy 

J 1 SG 
= {3 1 - (3-ley s.o(x, w) 

x [!.-. SF _ ez a SF ] dx dw 
ax s.o(x, w) (3 aw s.o(x, w) . 

(1.3.36) 

Differentiating this equation with respect to x and y, we find [the w and y points 
are related by (1.3.36)] 

{3{3!{11 = .ow, {3{3!~,1 =.oz . (1.3.37) 
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Substituting (1.3.37) into the previous equation, we get 

We used in the proof the local reversibility of (1.3.36) and the inverse equation 

y == w + {I-I D(x, w) . (1.3.38) 

Reversibility of (1.3.38) has a clear topological meaning, indicating the in­
closed character of isocurlus lines of a full planetary vortex w + py. It is known 
that this condition precludes the existence of solitons or localized vortices in the 
solution of (1.3.24) and is satisfied for the waves of sufficiently small amplitude. 
At small e, D equations (1.3.34) may be expanded in a series 

00 (_l)n pn an n+I 
D(x,y) == L (n+ 1)1 ayn~ , 

n=O 

(1.3.39a) 

00 pn an 
eCl:, y) == L (n + 1)' ayn Dn+l . 

n=O • 
(1.3.39b) 

The statement we have proved shows that after the transition to the ~-variable, 
(1.3.33a) reduces to 

a~ == p~ b1i 
at ax b~ . 

(1.3.40) 

It is now easy to see that use of the representation 

~(x, y) == J ~/2 J JP[ a(p, q)ei(px+qy) + a*(p, q)e-i(Px+qy)] dpdq, (1.3.41) 

p>o 

converts (1.3.40) into the Hamiltonian form 

aa .b1i 
-==-z-at ca" . (1.3.42) 

The Hamiltonian 1i is an infinite power series of the variables a(k), a*(k). 
The first terms of this series have the form 

1i = 2 J w(k)la(k)1 2 dk + J Vmo(k - ki - k2) 
(1.3.43) 

x [a*(k)a(kl)a(k2) - a(k)a*(k1)a*(k2)] dkdkldk2 . 



1.3 Hydrodynamic-Type Systems 49 

Here ki = (Pi, qi), the integration domain is Pi > 0 and w(k) = {3p(k2 + k6)-1 is 
the dispersion law of Rossby waves. The interaction coefficient has the simple 
form 

i J {3PPIP2 (q ql q2) 
Vk12 =;: --2- k2 + k2 - k2 + k2 - k2 + k2 . 

o 1 0 2 0 
(1.3.44) 

These expressions may be considered from two different viewpoints. On the 
one hand, if (1.3.24) is a postulate, then the corresponding canonical equation 
is (1.3.42) with the Hamiltonian (1.3.43---44). But in deriving (1.3.24) we can 
consider the limit k > ko. Strictly speaking, it is only in this region that we can 
handle the three-wave matrix element for Rossby waves 

(1.3.45) 

Hamiltonian Description or Barocllnlc Rossby Waves. As shown by Zakharov et al. [1.34], the 
canonical variables for baroclinic Rossby waves are introduced similarly to the barotropic case. At 
first one can carry out a direct calculation to see that the equations of motion (1.3.30) reduce Lo a 
Hamiltonian form similar to (1.3.33a): 

an - = {n 1t}a at ' , 
where n is given by (1.3.30a). The Hamiltonian 

differs from (1.3.33b) and the Poisson bracket between two functionals F and G, 

{F,G}a = j(n+(3y)a(8F/m,8G/m) dxdydz. 
8(x, y) 

(1.3.46a) 

(1.3.46b) 

(1.3.46c) 

has a form which deviates from (U5c) by an integration over z. Similarly to the barotropic case, 
one can prove [1.34] that in the e-variables determined like (1.3.39), 

[](x,y,z)=e(x,y,+(3-1[](X,y,Z),Z) , 

e(x, y, z) = n( x, y - (3-1 e(x, y, z), z) , 
(1.3.47) 

(1.3.46) reduces to (1.3.40). For functions of x, y, z we shall use representations of the form 

e(x,y,z)= :1r L'Pm(z) j [em(k)ei(k:I!)+e;'(k)e-;(k:I!)] dk. 

m 1r,,>O 

(1.3.48) 

where;c = (x, y), {'Pm(Z)} is an orthonormal system of eigenfunctions of the operator L: 
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l=:z(;):z' 
lcpm = -le;'CPm, CPm(O) = CPm(L) = 0, 

L 

± ! cpncpm (;) dz = 6nm . 

o 

In such terms the Hamiltonian (1.3.46) reduces to a form 

1£ = .!. ""(lez + lez}1 (1e}lz die = .!. ""! l!Jm(k)lz die . 
2 ~ m CPm 2 ~ kZ + kZ 

m 
m m 

Now we go over to normal canonical variables, 

am(le) = (-2{j1e.,)1/Zem(le) , 

(1.3.49) 

(1.3.50) 

in which the Hamilton equation (1.3.40) takes the canonical form (1.3.42), and all that is left to do 
is to express the Hamiltonian (1.3.50) in terms of the normal variables. In view of the fact that for 
the Rossby waves, three-wave resonance interactions are possible, in calculating 1£ we shall restrict 
ourselves to those terms that are quadratic and cubic in am(k). This allows us to use, instead of 
(1.3.47), an approximate relationship between !J and e which holds to an accuracy of the order of 
{3-2: 

1 a Z 
!J(x,y,z} = e(x,y,z)+ 2{3 aye (x,y,z) , 

x 6(k - kl - kz} dkldkz , 

B(m, ml, mz} = L -ILL CPm (Z}CPm \ (Z}'Pm2(Z) (tVNZ) dz . 
Substitution of (1.3.51b) into (1.3.50) gives 

1£ = 2 L ! um(k)lam(k)lz dk 

m 

+ 2 L ![Vm(a.alaz - c.C.)6(k - kl - kz} 

mmlm2 

+ U.1:lZ (a·ai ai - c.c )6(k + kl + kz)] dkdkldkz , 

Vm = ~ J -2{3Ie",leb kz.,[S(Ie, lei, lez) 
471" 
- S(lel, -lei, Ie) - S(lel, Ie, -kz)] , 

UIcIZ = - ~ . / -2{3Ie", lcl",kz., S(Ie, lei, kz) , 
471" V 

(1.3.51a) 

(1.3.5Ib) 

(1.3.51c) 
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If the vertical inhomogeneity is linear. then according to (1.3.31) N =const holds and 

k = 7rmf 
m NL' 'Pm(Z) = sin(7rmz/ L) . 

and for the coefficients (1.3 .51 c) we obtain 

f2 
B(m, ml, ml) = N2 

[(_l)m+m1+m 2 -1]mm1 m1 
x . 

(m+ml +ml)(m - ml +ml)(-m - ml +ml)(-m+ml +ml) 

It should be noted tbat in the case of the barotropic waves. this expression is replaced by unity and 
km by the constant ko. 

1.4 Spin Waves 

1.4.1 Magnetic Order, Energy and Equations of Motion 

To date, a large variety of magnetically-ordered substances are known: dielectrics, 
semiconductors and metals, both crystalline and amorphous [1.35]. Their struc­
ture includes paramagnetic atoms (ions) with uncompensated spin S, thus having 
magnetic moment I'-S (I'- is the Bohr magneton here). Such atoms give rise to the 
exchange interaction which is of electrostatic nature and is to be associated with 
the Pauli principle prohibiting more than one electron to be in a given quantum­
mechanical state [1.36]. At low temperatures, this interaction leads to magnetic 
ordering orienting the magnetic moments of the atoms in a definite manner. The 
simplest type of magnetic ordering is the ferromagnetic state in which the mag­
netic moments of all atoms are parallel. This results in a macroscopic magnetic 
moment with density M. In contrast to ferromagnets, the total magnetic moment 
of antiferromagnets is zero. In the simplest case, an elementary cell of crys­
talline antiferromagnet has two magnetic atoms whose moments are antiparallel 
and equal in magnitude. In describing antiferromagnets one uses the notion of 
a magnetic sublattice. which contains the translational-invariant magnetic atoms. 
i.e., the positions of them differ by an integer number of elementary translations 
of the crystalline lattice. In the simplest antiferromagnet, there are two magnetic 
sub lattices with the moments M 1 and M 2, with M = M 1 + M 2 = O. 

At low temperatures the long-wave magnetic excitations may be described 
classically, using the functions Mlr, t). These excitations are spin waves or 
precession waves of the magnetic moment. The equation of motion for M(r, t) 
(the Bloch equation) describes the precession of a vector with a fixed length 
1 M(r, t) 12= M2(T) =const in an effective magnetic field Hemr, t) (see, e.g., 
[1.37]: 

8M(r, t)/Bt = gm [Heff(r, t), M(r, t)] , 

Herr<r, t) = -SW/SM(r, t) . 

(1.4.1 a) 

(1.4.1 b) 
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Here gm = J.L/n is the ratio of magnetic to mechanical moment of the elec­
trons, and W, the energy of the system. The gm value is approximately equal 
to 27r2.8 MHz/C. The energy W is a functional of M(r, t). In ferromagnets it 
includes Wo, the interaction energy of a spin subsystem with an external field 
H 0, the exchange energy Wex and a number of the terms of relativistic ori­
gin. The main contributions stem from the energy of the magnetic dipole-dipole 
interaction Wdd and the energy of the crystalline anisotropy Wa: 

W = Wo + Wex + Wdd + Wa , 

Wo = -gm j(HM)dr, 

1 jaM-aM-
Wex = 2"'ik ax: ax: dr , 

Wa =K j M;dr, 

Wdd = -~ j(HmM)dr . 

(1.4.2a) 

(1.4.2b) 

(1.4.2c) 

(1.4.2d) 

(1.4.2e) 

Here "'ik and K are material constants; H m is the static magnetic field created 
by the magnetic moment distribution. The phenomenological expression (1.4.2) 
for the energy of a ferromagnet is discussed in detail in [1.37-38]. Here we shall 
only comment on it in brief. The physical meaning of Wo is obvious, it is the 
magnetic dipole energy in the external field H; the integral in the expression 
for Wdd defines the dipole energy in the self-magnetic field H m, with the in­
teraction energy of each pair taken into account twice. The factor ~ in (1.4.2e) 
compensates for this double counting. The expression (1.4.2c) for Wex is general 
enough. Indeed, if we suggest that (i) Wex is independent of the magnetization 
relative to the crystal axes; (ii) the crystal has an inverted symmetry element; 
(iii) the energy dependence on the magnetization is quadratic. For the derivation 
of (1.4.2c) see, e.g., [1.37]. Item (i) follows from the nature of the exchange 
interaction which is invariant relative to the total rotation of all spins. (ii) is 
satisfied since most magnets are just of this kind. (iii) holds strictly speaking 
only for magnetic atoms with the spin S = 1/2. At S > 1/2 this suggestion 
is invalid, but experiment shows that corrections to (1.4.2c) are small and this 
has been theoretically substantiated [1.39]. The term (1.4.2d) for the crystalline 
anisotropy energy appears in second order perturbation theory with regard to the 
spin-orbit interaction as a weak one. The constant K is nonzero for uniaxial 
crystals. At K < 0, the energetically favorable orientation of magnetization is 
that along the crystal's symmetry axis (z axis). At K > ° the orientation in the 
plane perpendicular to the z axis is favored. In the former case, the anisotropy is 
referred to as being of the easy axis type, and in the latter case, it is said to be of 
the easy plane type. Finally, in crystals with a cubic symmetry, the expression 
for "'ik is simplified compared with that for the isotropic continuous medium 
"'ik = ",6ik . 



1.4 Spin Waves 53 

1.4.2 Canonical Variables 

In (1.4.1) we go over to circular variables 

aM± 2" M 
~= zgm z, (1.4.3) 

We choose the z axis along the equilibrium direction of magnetization. Then 
at small oscillation amplitudes of the magnetic moment the M± values will be 
small, and Mz will be close to the length of M, i.e., Mo. Comparing (1.4.3) 
and (1.1.6), we see that these equations have in the M±-linear approximation 
the form of Hamilton equations if we take as the canonical variables 

Therefore it is reasonable to write these canonical variables as 

M+ = af(a*a),j2gmMO , 

M_ = a* f(a*a),j2gmMO, f(O) = 1 . 
(1.4.4) 

Substituting (1.4.4) into (1.4.3), we obtain an equation for aa(r, t)/&t: 

aa(r,t) iMz(a*a) oW 
= at ([2 + 2aa* f f')Mo oa*' 

(1.4.5a) 

Here 

(1.4.5 b) 

Demanding these equations to coincide with the canonical equations (1.1.6), we 
obtain the differential equation for the function f(x) 

l +2xff' =2gJMJ - xp, 

of which the only solution satisfying the condition f(O) = 1 is 

f(x) = ,jl - gma*a/2Mo 

(1.4.6a) 

(1.4.6b) 

Thus we have expressed the natural variables of the ferromagnet's spin subsystem 
M z , M± through the canonical ones: 

M+ = a,j2gmMo[1 - gma*a/2Mo], M_ = M:, 
(1.4.7) 

This equation is nonlinear and valid if gma*a < 2Mo. The ferromagnet's energy 
W expressed via the canonical variables becomes the Hamiltonian 1£(a*, a). In 
quantum mechanics, the Holstein-Primakoff representation has long been known 
[1.37-38]. It gives the spin operators in terms of Bose operators. The formulas 
(1.4.7) are the classical analogue of this representation. They were first used by 
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Schlomann for the analysis of nonlinear processes in a spin wave system [1.40]. 
The choice of canonical variables is certainly not unique. For (1.4.1) one can 
introduce other canonical variables to express the vector M as follows 

Mz + iM", = Mo 1+ gm 12~: b I exp [i(b* + b)J gm/2Mo] , 

My = iJgmMo/2(b* - b) . 

(1.4.8) 

These formulas are the classical analogue of the spin operator representation via 
Bose operators as suggested by Baryakhtar and Yablonsky [1.41]. 

Comparing (1.4.7) and (1.4.8), one can see that the Holstein-Primakoff a*, a 
and Baryakhtar-Yablonsky b*, b variables coincide in the linear approximation. 
The specific character of the problem under consideration determines the type of 
representation to be preferred. 

1.4.3 The Hamiltonian of a Heisenberg Ferromagnet 

The procedure for calculating the Hamiltonian coefficients is standard. The mag­
netization (1.4.8) is expanded into a series of canonical variables, the result is 
substituted into (1.4.2) for the energy to go then over to the k-representation. Ne­
glecting the relativistic interaction Wdd and Wa , one thus finds that the quadratic 
part of the Hamiltonian is diagonal in a*(k, t), a(k, t), 'H3 = 0, and that out of 
the fourth-order terms, only those terms in (1.1.24) that are proportional to W 
and describe 2 -? 2 scattering are nonzero. In the isotropic case, 

w(k) = Wo + f3k\ Wo = gH, f3 = 2"'gmMO , 

W12,34 == Wez(kl, k2; k3, k4) = -"'gm[(k1k2) + (k3k4)]' 

(1.4.9a) 

(1.4.9b) 

As mentioned in Sect 1.1, the scattering processes do not change the total 
number of waves, therefore the equations of motion corresponding to such a 
Hamiltonian preserve an additional integral of motion 

N = J a*(k, t)a(k, t) dk. (1.4.10) 

As seen from (1.4.7), conservation of N means the constancy of the z-projection 
of the magnetization Mz = Mo - gN. This is a consequence of the fact that 
the operator Mz commutes with the Heisenberg Hamiltonian of the ferromagnet 
[1.37]. Inclusion of relativistic interactions violates this relation, leading to the 
terms in 'Hint describing processes that do not conserve the number of waves: 
those of type I -? 2, 2 -? 1, 1 -? 3, etc. In cubic ferromagnets, which were 
the object of extensive experimental research on nonlinear spin wave dynam­
ics [1.38], the dominant relativistic interaction is of the magnetic dipole-dipole 
type (1.4.2c). The consequence of such interaction is the fact that the "circular" 
(circularly polarized) canonical variables a*(k, t), a(k, t) are no longer normal 
for the quadratic Hamiltonian 'H2. Diagonalization of 'H2 with the help of the 
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(u.v)-transformation (1.1.16) leads to the "elliptical" (elliptically polarized) vari­
ables b*(k, t), b(k, t) and the expression for the frequency (1.4.9a) is replaced 
by 

2 

w2(k) = [wo - wMNz + f3k2 + ~wsin20] -lwitSin40. (1.4. 11 a) 

Here WM = 47rgmMo. 0 is the angle between vectors M and k; N z is the demag­
netization factor (equal to 1/3 for a spherical sample. to 0 for a longitudinally 
magnetized cylinder and 1 for a tangentially magnetized disk). Computing the 
contribution of the dipole-dipole interaction to the three- and four-wave Hamil­
tonian does not present any special difficulties. but the computation procedure 
and the result are rather cumbersome. Monograph [1.38] gives them in full. We 
restrict our considerations to the case of a relatively small dipole-dipole interac­
tion where one can do without the (u.v)-transformation in the expression for 1-{3 

and 1-{4: 

Vi,23 = ~(Vz + V,), Vk = -WMV 2Xto sinO cosO exp(icpk)· 

1 
W12 ,34 = Wex (12, 34) + "4( C14 + C13 + C23 + C24) 

1 
- "4(D1 + D2 + D3 + D4) , 

Cij == C(ki, k j) = C(ki - k j ) , 

C(k) = 47rg;' cos2 0, C(O) = 47rg;'Nz , 

Di = D(ki ) = 47rg;' sin2 Oexp(2icpk) . 

(1.4.12) 

(1.4.13) 

We see that the problem of spin waves in ferromagnets has no complete self­
similarity. This is due to the presence of two interactions. the exchange and 
dipole-dipole interactions characterized by frequencies f3k2 and WM with different 
dependences on the wave vector. Nevertheless, one can single out regions in k­
space where the Hamiltonian coefficients are scale-invariant. At f3 k2 ~ W M , 

the dispersion law is quadratic with a gap (1.4.9a). and the coefficient of the 
four-wave interaction (1.4.9b) has the homogeneity degree two. Atwo-wMNz+ 
f3 k2 ~ W M sin2 0 ~ W M for the waves propagating at small angles with the z 
axis, like in the case of magnetized plasma. a separate self-similarity in kz, kl.. 
results: 

(1.4.14a) 

It is of the decay type. like (1.3.22) so that the interaction coefficient (1.4.12) 
becomes 

Vi,2,3 = ~WM.Jgm/2Mo[eXp(icpdk1l../k1Z +exp(icp2)k2l../k2z]. (1.4. 14b) 

Other cases of self-similarity are given in [1.42]. 
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1.4.4 The Hamiltonian of Antiferromagnets 

The simplest antiferromagnets have two magnetic sublattices and, accordingly, 
two spin wave branches. The quadratic part of the Hamiltonian has the standard 
form (1.1.17) 

11.2 = J [w(k)akat + n(k)bkbt] dk 

We give this expression here to introduce the notations for the spin wave fre­
quencies in the two branches w(k), n(k) and the normal canonical variables 
ak = a(k, t), at = a*(k, t). In the uniaxial ferromagnets with an "easy axis "-type 
anisotropy, the (crystalline) anisotropy field H a tends to keep the magnetization 
parallel to that axis (usually called the z axis). 

By analogy with ferromagnets, spin wave frequencies with k -t 0 would be 
expected to correspond to sublattice magnetization precession in the field H a' 

i.e. 

Wo = no =Wa, 

where 

Wa =gHa. (1.4.15) 

However this is not so. In fact, the magnetization of the sublattice M I oriented 
upwards is affected by the anisotropy field Hal which is also oriented upwards: 
Hal = Ha. The second sublattice M2 = -MI is affected by another field 
H a2 = -Hal. As a reSult, the sublattices tend to precess in opposite directions. In 
this case, the antiparallel arrangement of M 1 and M 2 will inevitably be broken 
up, which is prevented by the strong exchange interaction between sublattices. 
As a result we have [1.37] 

n~ = 2wezwa +w~, WH = gH . (1.4.16) 

Here Wez = 9mBM characterizes the antiferromagnetic exchange between sublat­
tices. The order of magnitude of the dimensionless exchange constant is B !:=: 103. 

In uniaxial antiferromagnets with "easy plane"-type anisotropy, the ani­
sotropic field rotates the sublattice moments into the plane perpendicular to the 
z axis. The possibility of almost free oscillations of moments in this plane leads 
to the fact that one of the spin wave frequencies at k = 0 turns out to be small, 
i.e., wo ~ W H. The upper branch gap lies much higher: 

(1.4.17) 

This situation is of special interest for experiments on the nonlinear properties of 
spin waves: the investigated frequency range below 50 GHz includes the lower 
branch Wk. Thus for "easy-plane" antiferromagnets we write down the results for 
the Hamiltonian coefficients in question [1.38]: 
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'H3;::; ~ J [(Vibl a2aj +2V2al biaj +c.c)8(kl - k2 - k3) 

+ (Ubjaiaj +c.c)8(kl + k2 + k3)] dkldk2dk3 , 

'l-Lt ;::; ~ J Wajai a3a48(kl + k2 - k3 - k4) dkldk2dk3dk4 , 

1 
Vi ;::; - '4V2gmwex/MW2W3Jh(ill +W2 +W3)WH , 

1 
V2 = - '4V2gmwex/MwIW3il2(WI - il2 +W3)WH , 

1 
U = - '4 V2gmwex/Mw2W3ill (ill - W2 - WJ)WH , 

[Wr + W~ + W~ + W~ - W[I_3) - W[2_3) - W[I+2)] 
W = 9wex ~=----"::'-~-:;-;:7-r=======-":::"~-~= 

4M JWIWZW3W4 

We used the shorthand notation 

il j = il(k j), Wj = w(k j), Wj_j = w(kj - k j ), etc. 

(1.4.18) 

(1.4.19) 

It should be borne in mind that a scattering process of type 2 -+ 2 does 
not just require to take into account the Hamiltonian 'H4 but also 'H3 in second 
order perturbation theory. It may be shown that the dominant contribution to the 
Wk/Wex parameter will be due to processes involving the upper-branch virtual 
wave, as explicitly given in (1.4.19). Using (1.1.29), we can derive an expression 
for the effective coefficient of the lower branch four-wave processes T [1.38]. 
The general expression for T is rather cumbersome. For kI = k3, k2 = k4, WI ;::; 
W2 = W3 = W4 it reads 

(1.4.20) 

It is evident from these formulas that the problem of spin waves in an­
tiferromagnets does not possess complete self-similarity, like in ferromagnets. 
However, a second-order self-similarity does exist. Thus in the dispersion law 
(1.4.18), three regions may be singled out. At k -+ 0, the Wk and ilk branches 
have a gap with a quadratic addition. In the region of large k, the functions Wk 
and ilk follow a linear law. Since usually WaWex ~ W}'l' there is an intermediate 
range of the k values where the frequency Wk has already become asymptotically 
linear and ilk = ilo + {Jk2. We shall not go through the simple but cumbersome 
analysis of the asymptotics of the interaction coefficient (1.4.16, 17). We shall 
only note that at k -+ 0, the coefficient of the four-wave interaction becomes 
constant. In this case the Hamiltonian of the problem for low-frequency waves 
has an especially simple form: 
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1i = J w(k)b*(k)b(k) dk 

+ ~ J b*(kl)b*(k2)b(k3)b(k4) dk1 dk2dk3dk4 , (1.4.21) 

wk = WO + (Jk2 • 

Why have we taken into account the term ex: k2 in the expression for Wk but 
neglected it in the expression for T = To + O(k2) although it has in fact the same 
relative order of magnitude? The answer is: the constant Wo is not involved in 
the problem and is eliminated by the time-dependent canonical transformation 

c(k, t) = b(k, t)exp(iwot/2) . (1.4.22) 

In the variables c(k, t), the Hamiltonian (1.4.21) has the form: 

1i = (J J k2c*(k)c(k)dk 

+ ~ J C*(kl)C*(k2)C(k3)c(k4)dkl dk2dk3dk4 . 
( 1.4.23) 

The respective dynamic equation i8c(k, t)/8t = 81i/8c(k, t) has after the in­
verse Fourier transform c(k, t) -t ~(r, t) the form of the nonlinear SchrOdinger 
equation 

i81jJ/at + (J 6 ~ + ~o 1 ~ 12 ~ = 0 . (1.4.24) 

Indeed, that is the quantum mechanical SchrOdinger equation with 1~12 as a 
potential. 

1.5 Universal Models 

The nonlinear SchrOdinger equation which we encountered at the end of the 
previous section is a member of a small family of famous universal equations 
that arise in the nonlinear wave theory. Every such equation describes a large 
variety of physical systems belonging to different topics of physics. As we shall 
show just now, the nonlinear Schrooinger equation describes the behavior of a 
narrow wave packet envelope for most nonlinear wave systems, see Sect. 1.5.l. 
If we consider another physical situation, namely long-wave perturbations of the 
acoustic type (which can exist in most media), then we obtain the well-known 
Korteweg - de Vries (KdV) equation in the one-dimensinal case and the rather fa­
mous Kadomtsev-Petviashvili equation for weakly two-dimensional distributions, 
see Sect. 1.5.2. In Sect. 1.5.3 we shall consider a third rather universal physical 
situation: the interaction of three-wave packets in media with a decay dispersion 
law. All three of these models have extremely wide applications, ranging from 
solid state physics to hydrodynamics, plasma physics, etc. 
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1.5.1 Nonlinear Schrodinger Equation for Envelopes 

This equation, like the Hamiltonian (1.4.23), has a wide range of applications. 
Basically, these applications are associated with the fact that (1.4.24) describes 
the behavior of an envelope of quasi-monochromatic waves in isotropic nonlinear 
media. Equation (1.4.24) should be regarded as written in a reference system 
moving with the group velocity of a wave packet. 

Now let us show how the dynamical equation (1.4.24) can be obtained for a 
narrow wave packet. If the carrier wave vector is denoted by ko and 1 k - ko 1 == 
IKI <t: ko, we assume 

1 (EPw) w(k) ~ w(ko) + (KV) + 2/'i,j/'i,j 8k8k. 
I ) k=ko 

(1.5.1) 

to hold. Here v == (8w/8kh=ko is the group velocity. In isotropic media, with 
the frequency depending only on the modulus of the wave vector, the third term 
in (1.5.1) can be simplified 

( EPw ) V 2 ,,2 
''Cj'''j 8k8k == k"'l.. +w "'II' 

I ) k=ko 0 
"'II == (KkO)/ko . 

In the propagation of a single narrow envelope the three-wave interaction is not 
important (but it must be taken into account in higher-order perturbation theory). 
Waves with approximately equal wave vectors are involved in the four-wave 
interaction. The dynamic equation has the form 

8c(k, t) . . J at + tw(k)c(k, t) == -t T(k, k 1, k2, k3) 
(1.5.2) 

xc*(k1, t)c(k2, t)c(k3, t)o(k + kl - k2 - k3)dk1dk2dk3 . 

For a narrow packet it can be assumed that 

Introducing the envelope of the quasi-monochromatic wave 

'lj;(r, t) == (271r3/2 exp[i(kor) - iw(ko)t] J c(ko + K, t) exp[i(Kr )]dK 

and making the inverse Fourier transform in (1.5.2), we arrive at 

(1.5.3) 

The z-axis is chosen in the direction of the wave propagation. The second term 
in (1.5.3) can be eliminated by the transition to a reference system moving 
with the group velocity: z -+ z - vt. Expanding the z-coordinate according to 
z -+ z(kow"/v)1/2 and using 6. == 6.1. + EP/8z2, one can reduce (1.5.3) to 
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(1.4.24). It shculd be noted that (1.5.3) can be considered both for three- and 
two-dimensional media. The latter applies mainly to water wave envelopes. 

In deriving (1.5.3) we assume that the coefficient T(k, kl, k2, k3) is a con­
tinuous function when all the arguments tend to ko. This is not always true; in 
some cases, this limit depends on the direction of the vector k with respect to the 
direction of ko. In such cases (1.5.3) should be replaced by a more complicated 
equation. 

However in most of the isotropic media the behavior of envelopes is governed 
by (1.5.3). In particular, this equation describes self-focussing of light in nonlinear 
dielectrics [1.43] and the quasi-classical limit of a weakly nonhomogeneous Bose 
gas [1.44-45]. It should also be noted that the coefficient To may be either 
positive (corresponding to the effective attraction of quasi-particles) or negative 
(corresponding to their repulsion). Scale transformations of the coordinates and 
the field 7/J may be used to obtain unity for the values of the parameters f3 and 
To. The turbulence of envelopes is sometimes called optical turbulence because 
nonlinear optics is a field with a multitude of applications for nonlinear wave 
theory. 

1.5.2 Kadomtsev-Petviashvili Equation for Weakly Dispersive Waves 

Let us consider a hydrodynamic type system with the usual Hamiltonian 

where the internal energy Ein is connected with the density variation e = eo + 6 e 
and has the form (1.2.18,21) 

Em = ~ J [c~(6e)2 / eo + gc~(ae)3 + f3I V eI2] dr . 

Such a Hamiltonian expansion using the smallness of nonlinearity and dispersion 
is quite universal [for example, we obtain the equations of the ion sound in 
plasmas (1.3.10) with such an approximation]. Respective dynamical equations 
have the standard form (1.2.8-9): 

o!e + eodiv v = -div (vae) , 

ov + ~ Vae = -(vV)v - f3V L16e . 
at eo 

The right-hand-sides of these equations contain the small effects of nonlinear­
ity and dispersion while the left-hand-side describes the main phenomenon: the 
motion of a perturbation with the sound velocity (Vtt - ~.1v = 0). We can 
eliminate the latter by going over to a moving reference frame. Let the x­
axis coincide with the direction of motion of the sound velocity. We suppose 
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V R:l V z = v, av/8x ~ av/By, av/8z and the same inequality for oe. Sub­
stituting into the terms on the right the zero-order relations 0 et R:l - eo div 
v R:l eoVz, Vt R:l -c;Voe/eo, we obtain 

Vtt - c;vzz = c;Ll.lv + CIJ :x (vvz ) + f3eo Ll2v 

Here the terms on the left-hand-side are much greater than those on the right­
hand-side. We introduce instead of x, t the slow variables e = x - vt and slow 
. b ti'tu - ( a a)( a a) - 2 a a t tIme T, so we can su s te Vtt - Vzz - az - CIJ at az + CIJ at v - ae ar v 0 

obtain finally the Kadomtsev-Petviashvili equation [1.46] 

:~ (vr + Vl)e + ~:>eee) = ~ Ll.lv . (1.5.4) 

As it is clear from its derivation, this equation is valid in the case of weak 
nonlinearity (v ~ cs), weak dispersion (f3vzz ~ v) and small deviations from 
one-dimensionality (v z ~ V .1 v). In the truncated equation all terms are generally 
of the same order, since linear effects are excluded. Following (1.2.17), one can 
introduce for (1.5.4) normal canonical variables with v = ViP. So we obtain 

(1.5.5a) 

cakzklzk2z L:\ 
V(k, kt, k 2) = 3 4 3 8(kz)8(klz )o(k2z) . 

7r{!O 
(1.5.5b) 

For purely one-dimensional motions the Kadomtsev-Petviashvili equation re­
turns to the famous KdV equation: 

Vr + vve + veee = 0 . 

1.5.3 Interaction of Three Wave Packets 

Let us discuss the interaction of three narrow wave packets with characteristic 
wave vectors kl, k2 and k3. For this interaction to be essential, it is necessary 
that these vectors should lie in the vicinity of the resonant surface W(kl + k2) = 
w(k1) + W(k2)' Let us represent the wave amplitude c(k, t) as 

c(k, t) = CI (kl + It, t) + c2(k2 + It, t) + C3(k3 + It, t) (1.5.6) 

and, making use of the narrowness of the packets (II: ~ kj), expand the function 
w(k) : 

8w(kj) . 
Vj=-a;;:-' J=1,2,3. 

1 

(1.5.7) 

The value c(k, t) obeys the usual dynamic equation for the three-wave case 
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. 8c(k, t) (k J [1 Vi z at - Wk C , t) = 2 kl2Cl c2o(k - kl - k2) 

+ Vik2ctc20(kl - k - k2)] dk1dk2 . 

(1.5.8) 

Neglecting its dependence on K we shall regard the interaction coefficient to 
be a constant Then we shall use 

(21ll/2cj(r, t) = exp( -iWjt) J clkj + ,,) exp[ -i("r)] d" , 

which also includes a procedure for eliminating the fast time dependence to go 
over to the r-repll(sentation. As a result, we obtain the known equation for the 
three-wave resonant interaction 

[! + (111 'V)] Cl(r,t) = _(21r)3/2iVi23C2C3. 

[! + (112 'V)] C2(r, t) = (21r)3/2iVi'i3C2cJ. 

[! + (113\7)] C3(r, t) = (21r)3/2iYt'i3Clc2 . 

(1.5.9) 

These relations show that the wave packets move in the r-space with group 
velocities Vj. the characteristic time of their amplitude and slow-phase variation 
being 

(1.5.10) 



2. Statistical Description 
of Weak Wave 'furbulence 

It is a thing which you can easily explain twice before anybody knows 
what you are talking about 

A. Milne "The House at Pooh Corner" 

In this chapter we shall go over from the dynamic description of wave systems 
to the statistical one. This will be done in terms of pair correlators of a wave 
field. They represent the occupation numbers (density) of waves in k-space. In 
Sect. 2.1 we shall obtain the kinetic equation for the occupation numbers of waves 
as the main mathematical objects dealt with in the first volume of this book. In 
Sect. 2.2 we shall study the general properties of these equations and derive the 
stationary equilibrium solutions. Section 2.2.3 deals with the general necessary 
conditions for the existence of Kolmogorov spectra. 

2.1 Kinetic Wave Equation 

2.1.1 Equations of Motion 

In the preceding chapter we have applied the Hamiltonian method to the motion 
in continuous media like fluids, plasmas, solids and the planetary atmosphere, 
have considered the structure of the Hamiltonian for weak nonlinearities and 
given its coefficients for some physical examples. The canonical equation of 
motion in tenns of complex wave amplitudes c(k, t), Le., 

. 8c(k, t) (k ) _ oHint 
Z at - Wk C , t - oc*(k, t) (2.1.1) 

is the main result. After application of the procedure outlined in Sect. 1.1.3, the 
interaction Hamiltonian 'Hint includes only the terms describing real processes 
for which the energy and momentum conservation laws are valid. If a medium 
supports propagating waves for which three-wave decay processes are allowed, 
we have: 

(2.1.2) 

In this case 
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i 8c~, t) - w/cc(k, t) = J [~V/CI2Cl C28(k - ki - k2) 

+ Vi'k2CI c2 8(k i - k - k2)] dki dk2 . 

(2.l.3) 

The first tenn of the right-hand-side of this equation describes the k -+ 1 +2 decay 
processes with the conservation laws 

(2.1.4a) 

and the reverse 1 + 2 -+ k processes. The second tenn in (2.1.3) describes the 
confluence k + 2 -+ 1 processes with 

(2.1.4b) 

If the three-wave processes (2.1.4) are forbidden, the Hamiltonian (2.1.2) van­
ishes under the nonlinear canonical transfonnation (1.1.28). In that case, 'Hint 

includes only four-wave scattering processes of the type 2 -+ 2: 

'Hint = 1i4 = ~ J TI2,34 Ci c2 C3 C48(ki + k2 - k3 - k4) dki dk2dk3dk4. (2.1.5) 

and the canonical equations of motion have the fonn: 

. 8c(k, t) (k) 
z at - w/cc , t 

= ~ J Tk123 Ci C2C38(k + ki - k2 - k3» dki dk2dk3 . 

(2.1.6) 

The right-hand-side of this equation describes the dynamics of scattering 
processes with 

2.1.2 Transition to the Statistical Description 

The dynamic equations (2.1.3, 6) describe the time evolution of the wave am­
plitudes Ic(k, t)1 and of their phases cp(k, t), i.e., c(k, t) = Ic(k, t)1 exp[icp(k, t)]. 
For weak nonlinearity and a large number of excited waves, such a description 
is in general highly redundant: it includes the slow evolution of amplitudes (con­
stant in the linear approximation) and the fast but uninteresting phase dynamics 
cp(k, t) ~ w(k)t which leave the amplitude evolution virtually unaffected. This 
redundancy is eliminated by the transition from the dynamic description of a 
wave system in tenns of Ic(k, t)1 and cp(k, t) to the statistical one in tenns of 
the correlation functions of the field c(k, t). Consistent statistical averaging con­
sists of two steps, the construction of an ensemble of solutions of the dynamic 
equation and specification of the rule for using them to compute averages. Then 
one should consider only those averaging conditions (Le., correlation properties 
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of the field) which are compatible with the dynamic equations and independent 
of time. In other words, it is necessary to introduce an invariant measure on the 
manifold of wave field configurations. Using the smallness of the nonlinearity 
we can go over to a statistical description in terms of perturbation theory in 'Hint. 

In the zeroth approximation in 'Hint we have a free wave field with the 
trivial evolution that the amplitudes Ic(k, t)1 = c(k) are constant and the phases 
are given by cp(k, t) = w(k)t. For the "slow" wave phase 'lj;(k, t) = cp(k, t) -
w(k)t by virtue of (2.1.1) we get 8'lj;(k, t)/at = 0 at 'Hint = 0, i.e., the 'lj;(k) 
phases are in a state of indifferent equilibrium. Consequently, any small random 
perturbation like medium ingomogeneities and the interaction with a thermostat 
drives them into a chaotic regime. Apart from external reasons there is also an 
"internal" reason for phase chaotization: the dispersion (Le., the k-dependence) 
of wave frequencies. Because of dispersion even initially correlated harmonics 
with different k's undergo phase randomization as time progresses. Thus, in 
describing a free wave field it would be natural to average over the ensemble 
of chaotic (random) phases, i.e., to use the random phase approximation. After 
such an averaging, only correlators that are independent of the wave phase will 
be nonzero. For example, 

(Ck) = (Icklexp(icpk») = 0 

(qck') = (ICkllck'lexp(icpk +iCPk')) = 0 (2. 1.7 a) 

(qck') = (ICkllck,lexp(icpk - icpk'») = n(k)8(k - k') . 

Evidently, all odd-order correlators vanish. They will only be nonzero if the 
number of c(k, t)'s coincides with the number of c*(k, t)'s and if the wave vector 
at one of the c(k, t) coincides with that for (any) other c*(k, t). Only then will 
the averaged expression being be phase-independent. Later on we shall need the 
fourth- and sixth-order correlators 

(ci ciCJC4) = n(k})n(k2)[8(kl-k3)8(k2-k4)+8(k! -k4)8(k2-k3)] , (2.1.7b) 

(cicic:i'C4c5C6);;: n(kl)n(k2)n(k3) [8(k1 - k4)[8(k2 - k5)8(k3 - k6) 

+ 8(k2 - k6)8(k3 - ks)] + 8(k1 - ks) 

X [8(k2 - k4)8(k3 - k6) + 8(k2 - k6)8(k3 - k4)] (2.1.7c) 

+ 8(k2 - k4)[8(k3 - k5)8(k2 - k4) 

+ 6(k2 - k5)6(k3 - k4)]] . 

It is seen from these examples that the random fourth-order correlator decomposes 
into various products of pair correlators. This implies Gaussian statistics for the 
free wave field. Of course, the above considerations are not a real proof of this 
fact. With more rigor the statistical properties of free and weakly interacting 
fields will be discussed in the second volume of this book. 

We consider only ergodic systems for which () corresponds equally well to 
averaging over the ensemble and over times that are much longer than the time of 
fast phase evolution and much smaller than the time of slow amplitude evolution. 
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In (2.1.7), the wave field was taken to be statistically homogeneous in space, 
therefore the correlator (c(k, t)c*(k', t») contains 8(k - k'). The classical pair 
correlator n(k, t) is proportional to the quantum-mechanical occupation numbes 
N(k, t): 

n(k, t) = nN(k, t), (2.1.8) 

i.e., to the "number of the quanta" of the respective Bose field. Therefore we shall 
call n(k, t) the number of waves, in spite of the fact that n(k, t) is a dimensional 
quantity. For weak nonlinearity we may use perturbation theory in 'Hint to obtain 
an equation closed with respect to n(k, t). 

2.1.3 The Three-Wave Kinetic Equation 

To calculate 8n(k, t)jat, we shall multiply (2.1.3) by c*(k, t), the complex conju­
gate equation by c(k', t), subtract the latter from the former and average. Setting 
k = k', we obtain: 

8n(k,t) J 
at = 1m [VkI2hI28(k - kl - k2) 

(2.1.9a) 

- 2Vikd1k28(k1 - k - k2)] dkldk2 . 

Here 

(2.1.9b) 

is the triple correlation function. For a free field, J123 = J~~ = O. This implies 
that in first order perturbation theory in 'Hint we have 8n(k, t)/8t = O. In order 
to calculate 8n(k, t)/ot in second order perturbation theory in 'Hint. one should 
know JI23 in the first order. Using definition (2.1.9b) and the equations of motion 
(2.1.3), we calculate oJ j at: 

[i ! + (WI - W2 - WJ)] J(kl, k2, k3; t) 

= J [-~V;4s145238(kl - k4 - ks) (2.1.lOa) 

+ V4'2s1t5348(k4 - k2 - ks) 

+ lI.I35JI5248(k4 - k3 - ks)] dk4dks . 

Here 

(2.1. lOb) 

is a quadruple correlation function. As we are interested in J~~ (in the first 
order), we should substitute into the right-hand-side of (2.1.lOa) J1234 in the 
zeroth order in 'Hint, i.e., .Jf~4 for the free field. In accordance with (2.1.7), this 
correlator is expressed via the pair correlators n(k, t). As a result we have 
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[i ! + (WI - w2 - W)] JI(kl, k2, k3; t) 
(2.1.10c) 

= Vj~23[nln3 + nln2 - n2n3] = A123 . 

Remaining consistantly within second order perturbation theory, one should ne­
glect the time dependence of n(k, t) on the right-hand-side of (2.1.10c), i.e., set 
A =const. Then this equation may be solved 

J(k l , k2, k l ; t) = B exp( -iL\wt) + A123 / L\w, 

L\w = WI - W2 - W3 . 
(2.1.10d) 

Substituting the first term into (2.1.9a), we get at t =I 0 an integral of a fast 
oscillating function. Its contribution decreases with increasing t and becomes 
nonessential at times larger than l/w(k). The second term of (2.1.l0d) gives for 
JI an expression depending via n(k j, t) parametrically on the slow time: 

J (k k k · t) = Vji.J(nl n2 + nl n3 - n2n3) 
I I, 2, 3, . !.' • 

WI -W2 -W3 +w 
(2.1.11) 

To the denominator we have added the term i8 to circumvent the pole. It may be 
obtained in a consistent procedure by considering the free wave field at t -+ -00 

and adiabatically slowly including the interaction [for t ~ l/w(k)]. The sign of 
8 can also be determined by accounting for the presence of small damping. 
Substituting (2.1.11) into (2.1.9a) and using 1m {w + i8} = -7r8(w), we obtain 
the three-wave kinetic equation 

(2.1.12b) 

Most of the first volume of this book is devoted to studying the solutions of 
this equation. Now we shall discuss at a qualitative level the conditions for 
applications of it. 

2.1.4 Applicability Criterion of the Three-Wave Kinetic Equation (KE) 

Let us consider a distribution n(k, t) in the form of a broad packet with L\k ~ k. 
The characteristic time II1(k) for variations of the occupation numbers n(k, t) 
may be estimated from the kinetic equation (2.1.12) 

(2.1.13) 
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Perturbation theory and random phase approximation are applicable if this char­
acteristic time is significantly larger than the time required for phase chaotization 
estimated to equal roughly 1/t1wk ~ 1/Wk. Here t1wk is the difference between 
the frequencies of the wave packet. Comparison of these times yields the fol­
lowing applicability criterion for the kinetic equation 

(2.1.14) 

Let us derive the same criterion by calculating directly the ratio 

~ (k) = (Hint) = Re I Vrz:.J1123 c5(kl - k2 - k3) dkl dk2dk3 

2 (H2) I w(k)n(k) dk 
(2.1.15) 

Substituting here (2.1.11) for Jl, we get 

IIVi23 12f123 (WI -W2 -W)-lc5(kl - k2 - k3)dkldk2dk3 
6(k) = I w(k)n(k) dk 

(2.1.16) 

Rough estimates of this equation for a wave packet with t1k ~ k yield 6 ~ 6. 
Thus the criterion (2.1.14) ensures the smallness of the interaction Hamiltonian 
(Hint) as compared to the Hamiltonian of the free wave field (H2). This is exactly 
the same as the applicability condition of perturbation theory. For narrow wave 
distributions the applicability of the kinetic equation should be treated more 
accurately. For example, the interaction of three narrow packets should obey 
(1.5.9), so the nonlinear interaction time is by virtue of (1.5.10) 

1 
tint ~ 211" IVi23 Cmaxl . (2.1.17) 

Let all three packets in the initial state have approximately equal amplitudes 
C} ~ C2 ~ C3 ~ Cmax and widths It ~ h ~ h ~ 1 and let them evolve in such a 
way that they collide at a certain moment, i.e., that they are at that moment in 
the same spatial region. All three packets overlap each other during the time of 
collision 

(2.1.18) 

If tint ~ teoh the amplitude and phase of each packet will change only slightly 
during one collision. It is clear that the interaction of an ensemble of such packets 
may be described statistically assuming their phases to be almost random, i.e., 
using the kinetic equation. The applicability criterion for the kinetic equation 
thus derived has a form 

623 = tco1 ~ (211")3/2I v123CmaxI-1- ~ 1 . 
tint Vi,23 

(2.1.19) 

Using (1.5.8), we calculate 
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Taking into account that the width of the packet in the coordinate representation 
I is related to .ilk through 1 ~ 1/ .ilk, we obtain 

(2.1.21) 

If we set here .ilk ~ k, V123 ~ v j ~ f)w(k j) / f)k j, kv j ~ w j, the expression for 
623 will coincide with (2.1.14) and (2.1.16). This is, of course, not accidental, 
but a consequence of the fact that all three inferences are equivalent. Our rea­
soning in the coordinate representation was the most detailed one, therefore the 
applicability criterion (2.1.21) allows us to clarify more subtle things. In particu­
lar, it yields that for waves with the linear dispersion law w(k) = ck, the classical 
kinetic equation is inapplicable at any excitation level of the system. Indeed, at 
w(k) ex k, it follows from the conservation laws (2.1.4) that kI II k2 II k 3 • Then 
VI == V2 = V3 = ckj/kj and, by (2.1.18), VI23 = O. In the coordinate language, 
the inapplicability of the kinetic equation to this case may be easily understood: 
all interacting packets travel into the same direction with identical velocities and 
therefore they cannot diverge. As a result an arbitrary weak interaction will lead 
to substantial correlations of the phases of the wave packet. 

As to be demonstrated later, there exists a difference between two- and three-dimensional cases 
in the applicability of the kinetic equation to acoustic turbulence (see Sect. 3.2.1). In the three­
dimensional case the kinetic equation formally undergoes a transition to the nondispersive limit and 
it may be shown that at low excitation level the kinetic equation is applicable [see also remark after 
(2.1.25) below J. 

Now let us consider a wave system with the power dispersion law w(k) = 
aka, a > 1, and let kl = 2k, k2 = k + K, k3 = k - K. It follows from the 
conservation law (2.1.4) that 

w(2k) = 2w(k) + L",2, 
~ 2 EY-w V ",2 w"(",k? 
L", = L "'i"'j f)kBk. == k + k3 ' 

i,j .) 

f)w(k) 
v = ---a;;-' 

and whence 

" EY-w(k) 
w=~ 

(2.1.22) 

(2.1.23a) 

It is easy to see that all the differences in the group velocities in (2.1.20b) are 
of the same order and that 

VI23 ~ v("'/ k). (2.1.23b) 

Thus criterion for the applicability of the kinetic equation has the form 



70 2. Statistical Description of Weak Wave Turbulence 

c IVi23I·/Nk 1 
<"k ~ vKLlk ~ , (2.1.24a) 

or, after substitution of (2.1.23a) for K, 

c '" I Vi 23 I J N // 1 
<"k - vLlk a-I.............. . (2.1.24b) 

But for the dispersion law w(k)::; cs k(1 + f.1.k2 ), criterion (2. 1. 24a) remains valid; 
but for K we have, instead of (2.1.23a), 

The applicability criterion for the kinetic equation is in this case 

(2.1.25) 

As we shall show in the second volume of this book, the strict criterion for weakly dispersive 
waves depends on the dimensionality d of the medium (see also Sect. 3.2 bellow). The criterion 
(2.1.25) holds only for d = 2. For the case d = 3, (2.1.25) should be replaced by the criterion 
IVi23IVN/c,k ~ in- 1(l-'k2)-1 

In addition to the motion of packets limiting the time of their interaction, 
one should also take into account the dispersion diffusion of packets. The time 
of such a diffusion process is 

(2.1.26) 

where the L operator is given by (2.1.22). When the diffusion is dominant (at 
tdif < tool) we obtain instead of criterion (2.1.21) [and (2.1.24-25) following from 
it] the inequality 

(2.1.27) 

It should be borne in mind that all our deductions about the applicability criterion 
of the kinetic equation are of qualitative character. More rigorous this question 
will be discussed in terms of the Wyld's diagram technique in the second volume 
of this book. 

2.1.5 The Four-Wave Kinetic Equation 

In the nondecay case the resonant conditions (2.1.4) cannot be satisfied so that 
the right-hand-side of the kinetic equation (2.1.12) vanishes identically. Conse­
quently, four-wave processes should be taken into account. The respective kinetic 
equation is derived in the same way as the one for three-wave processes. Namely, 
using (2.1.6), we calculate 8n(k,t)/&t: 
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an(k, t) J at =Im T"'123Jk123t5(k+kl-kz-k3)dkldkzdk3, (2.1.28a) 

where h123 is the fourth-order correlation function (2.l.10b). In the zeroth order 
in the interaction it is determined by (2.1.7b). This gives 

an(k,t) J " at = n(k, t)Im Tkk'H,n(k ) dk . (2.1.28b) 

As T1234 = T341Z' the right-hand-side becomes zero and an/at = 0 to first order 
in the interaction. Using the scheme employed in Sect. 2.1.3 for the derivation 
of J(k l , kz, k3), we obtain a first-order addition to J(k l , kz, k3, k4 ): 

JI (k l , kz, k3, k4; t) = Ti234 fkl23 (WI + Wz - W3 - w4 + it5rl , 

!k123 = nzn3(nl + nk) - nl n",(nz + n3) . 

(2.l.28c) 

(2.1.29a) 

In deriving that expression, we have represented the sixth-order correlator for 
the noninteracting field in terms of the product of pair correlators by (2.1.7c) 
and neglected the time derivative aJI (k l , kz, k3, k4; t)/at like in the three-wave 
case. Note that we have neglected the nonlinear renormalization of the frequency 
Re J TH' Hmk' dk' since its contribution to an(k, t) / at is only of the next order. 
Substituting (2.1.28c) into (2.1.28a), we get the four-wave kinetic equation 

an(k, t) 7r J z at = "2 ITk1231 !k123 t5(k + kl - kz - k3) 
(2.1.29b) 

Its applicability criterion may also be obtained in terms of interacting packets. 
In contrast to (2.1.20a), tint for the four-wave processes has the form 

1 3 Z - = (27r) I Tcmax I ~ TN . 
tint 

(2.l.30a) 

The most rigorous applicability criterion of the four-wave kinetic equation 
will be obtained in the case of the self-interaction within a single wave packet 
which is narrow in k-space. We denote its center by ko and its width by L1k. In the 
r-representation this is a smooth packet with an envelope of a width I ~ l/L1k. 
The interaction process must be restricted by the diffusion of the packet during 
the time tdif (2.1.26). Thus, a necessary condition for the applicability of the 
kinetic equation (2.l.29) is 

~'" ~ tint/tdif ~ TN / L(L1k)2 «: l, L ~ w" . (2.1.30b) 
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2.1.6 The Quantum Kinetic Equation 

The above derivation of the kinetic equation is valid in the classical limit, when 
n(k) ~ Ii, i.e., for quantum-mechanical occupation numbers (2.1.8) N(k) ~ 1. 
In deriving the quantum kinetic equation, it is convenient to start from the Hamil­
tonian operator for the wave system in the second quantization representation. 
One can go over from the Hamilton function 'H expressed in terms of complex 
canonical variables to the operator H by substituting for Ck, ck the Bose creation 
and annihilation operators c and c+ of wave field quanta, respectively (see, e.g., 
[2.2]): 

(2.1.31) 

The anticommutator of c, cr is known to be nonzero: 

{c(k), C'"(k')} = c(k)c+(k') - C'"(k)c(k') = 8(k - k') , (2.1.32) 

therefore we encounter in 'H2 a problem related to the order of the operators 
which amounts to choosing a reference point for the energy. If we assume 

'H2 = ~ J Iiw(k) [c+(k)c(k) + c(k)c+(k)] dk , (2.1.33) 

then the H-eigenvalues will coincide with the energy of a system of noninter­
acting oscillators 

(2.1.34) 

The presence of liwk l2 terms in this integral indicates that even in the ground 
state (vacuum), when all the occupation numbers Nk are zero, there is a quantum 
uncertainty in the coordinates and velocities of the atoms comprising our "con­
tinuous" medium. This quantum-mechanical effect is called zero oscillations, and 
the terms liwk l2, accordingly, the energy of zero oscillations. It should be noted 
that the integral in (2.1.34) defining the full energy of zero oscillations of a con­
tinuous medium diverges in the region of large k's. But as any medium (a solid, 
fluid, gas or plasma) consists of separate particles, the range of integration in 
(2.1.34) is cut off at some kmax ~ Ill, where 1 is an average distance between 
the particles. It is customary to write all annihilation operators on the right-hand­
side of the interaction operator 'Hint. then its average value in the vacuum state 
will be zero. Thus, we obtain from (2.1.2, 5, 31) 

li3J2 J[ ] 'H3 = 2 Vi23ctc2c3 + H.c. 8(k1 - k2 - k3) dk1 dk2dk3. (2.1.35) 

'H4 = ~ J Tl234ctC!C3Q8(kl + k2 - k3 - k4) dkl dk2dk3dk4. (2.1.36) 

The quantum-mechanical states of a medium may be classified according to the 
states of a noninteracting wave field whose Hamiltonian 'H2 (2.1.33) is the sum of 
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the Hamiltonians of noninteracting harmonic oscillators. The energy spectrum of 
an oscillator with frequency W is known to be /U..;(N + 1 12), where N = 0, 1,2, ... 
with all states N being nondegenerate. Therefore for an oscillator there exists a 
complete set of functions tPo, tPI, ... , tP N, .••• They may be denoted by tP N = 
IN}. Such a choice of functions is called the second quantization representation. 
The matrix elements of the operators c and c+- are [2.2] 

(N -llcIN) = (Nic+IN - I) =-IN, (2.1.37) 

being zero for matrix elements between other states. It is seen that the creation 
operator c increases the number of quanta N by unity while c+- reduces it by 
unity. One can introduce an operator describing the number of quanta N = C+-c, 
which is diagonal in the IN} representation: 

(NININ) =N. (2.1.38) 

The question is whether the oscillator description using the average value of 
the occupation number N is complete or not. The answer may be found using 
an analogy with classical mechanics where an oscillator is characterized by the 
energy ex N and the phase </>. In quantum mechanics, the energy of an ocsillator 
and its phase may not be measured simultaneously. In a state of a definite en­
ergy the phase is absolutely random. Thus the description of a quantum system 
using the distribution function N" is completely equivalent to the random phase 
approximation (2.1.7) used by us in the classical approach. A more complete 
description of a quantum system allowing for its phase correlations is possible 
in terms of a density matrix (where the numbers N" are its diagonal elements). 
Thus, in the random phase approximation we obtain an equation describing the 
variation rate of the number of quanta of a field N" with a given wave vector 
k. The value of N" decreases in the decay processes 

(2.1.39a) 

and the confluence processes 

(2.1.39b) 

and increases in the reverse processes. According to quantum-mechanical per­
turbation theory, the probability of these processes equals the product of 27r In 
with the squared modulus of a matrix element of the interaction Hamiltonian and 
with the 8-function of the energy difference between initial and final states. For 
example, for the sum of the decay processes (2.1.39a) with different kl and with 
k2 = k - kit the probability is 

Wa = 27r jl(N", NI, N2Ic"ctCiIN" -1, NI + 1, N2 + l}al2 

(2.1.40) 

x I Vml2 x n28(w" - WI - wz)8(k - ki - k2) dki dk2 . 
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Here the matrix element of the operator ckC!ci should be calculated for the free 
field. It decomposes into the product of matrix elements from each degree of 
freedom of the field 

(2.1.41a) 

This procedure is, in effect, equivalent to the uncoupling of the classical 
correlators (2.1.7) used above in deducing the expression (2.1.11) for the classical 
triple correlator. Using (2.1.37), we obtain from (2.1.41a) 

(2. 1.41 b) 

which, together with (2.1.40), gives the final expression for the probability Wa. 
Clearly, 

8N(k, t) - -at = -(Wa + Wb) + (Wa + Wb) . 

Wa and l-% are the probabilities of the processes (2.1.39a, b), which reduce N k 

by unity. Wa and Wb are the probabilities of the reverse processes increasing Nk 
by a unity. Computing in a similar way Wb, Wa and Wb, we get finally 

8N(k,t) J [ 2 at = 7rn IVk12l Fk12 8(Wk - wI - w2)8(k - kl - k2) 

with 

- 21V1k212 F1k28(wl - Wk - w2)8(kl - k - k2)] dk ldk2 

(2.1.42a) 

(2. 1.42 b) 

The factor 1/2 before Vk12 eliminates double counting of individual processes. 
The expression (2.1.42b) may be rewritten in the form 

(2.1.42c) 

Neglecting unity in this expression and replacing N(kj) by nn(kj), the quantum 
kinetic equation (2.l.42) goes over into the classical one (2.1.12). In a similar 
way we obtain the quantum kinetic equation for scattering processes: 

8N(k, t) 7r J 2 at = 2" ITk1231 Fkl23 8(k + kJ - k2 - k3) 

X 8(Wk + WI - W2 - W3) dkl dk2dk3 , 

Fk123 = (N k + 1)(NI + I)N2N3 - N kNI (N2 + 1)(N3 + 1) 

= N2N3(N1 + Nk + 1) - N1N k(N2 + N3 + 1) . 

For Nk ~ 1 it goes over to the classical kinetic equation (2.1.29). 

(2.1.43) 

For those familiar with solid state theory, it is customary to use the ki­
netic equation to describe weak nonequilibrium kinetics (see, for example, Ziman 
[2.3]). Here we shall use the kinetic equation to describe turbulence, i.e., states 
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which are rather far from equilibrium. As we have seen, this use of the kinetic 
equation is possible since its applicability is ensured by the weakness of the 
nonlinearity (rather than the proximity to equilibrium); averaging is possible due 
to the statistics of the free wave field (but not the thermodynamic equilibrium). 

In the opposite (quantum) limit Nk ~ 1, waves behave like particles and 
(2.1.43) goes over into the well-known kinetic Boltzmann equation for classical 
particles with energy e = liwk and momentum P = lik 

8Np 7r 1-2d /1 12 ( ) --at = "21i Tpl23 N2 N3 - NINp 6(p + PI - P2 - P3) 
(2.1.44) 

x 8(ep + el - e2 - e3) dPl dp2dP3 

2.2 General Properties of Kinetic Wave Equations 

2.2.1 Conservation Laws 

The. existence of conservation laws for the kinetic equations is an important 
problem which turns out to be more involved than expected. Let us first attempt 
to obtain the energy integral. As seen above, the initial dynamic equations for 
the wave amplitudes conserve the full Hamiltonian 'H = 'H2 + 'Hint. The kinetic 
equation is valid in the limit 'Hint ~ 'H2; the interaction is in this case described 
by the collision integral whose form is entirely determined by the resonance 
processes. In this case, every elementary interaction preserves the sum over the 
wave frequencies. Thus, in the weakly nonlinear limit the role of the energy 
should be played by the quadratic term of the Hamiltonian 'H2. The kinetic 
equation should retain the averaged value ('H2). However, for a statistically 
homogeneous field we have (c(k)c*(kl») = nk8(k - kl) and the Hamiltonian 'H2 
is infinite. The finite value is its density per unit volume. Considering a wave 
system in a box with sides of length L then we have for 8(k) at k = 0 (27r / L)d 
and see that the value 

E = / w(k)n(k, t) dk (2.2.1) 

is the spatial density of the average wave energy. Indeed, it is easy to see that 
(2.2.1) may be an integral of motion in (2.1.12, 29) if some additional conditions 
are satisfied. The formal reason for the vanishing of dE / dt is the presence of 
the frequency 8-functions ensuring energy conservation in every elementary act 
of wave interaction. For example, in (2.1.12): 

~~ = f (Wk - WI - Wl)iVk12 12 6(Wk - WI - Wl)6(k - kl - k2) 

x(ni n2 - nkni - nkn2) dkdki dk2 = 0 . 

(2.2.2) 
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This equation is valid if its integrals converge. Assuming that there are no sin­
gularities of n(k, t) at k = 0 and a power law of the functions w(k) and Vk12 at 
k - 00, we see that the integrals in (2.2.2) converge if in the region of large k 
the occupation number n(k, t) decreases more rapidly than k- m - d • Here m is 
the homogeneity index of Vk12 at k - 00 and d the dimension of the k-space. 
In order to explain the physical meaning of this condition, we should introduce 
the idea of energy flux in the k-space. Equation (2.2.2) allows us to write the ki­
netic equation (2.1.12) in the form of a differential equation, i.e., as a continuity 
equation for energy density e(k, t) = w(k)n(k, t) 

8e(k, t) d' (k) - 0 at + IV P ,t - , 

where p(k, t) is the energy flux in k-space given by 

div p(k, t) = -w(k)I(k, t) . 

(2.2.3) 

(2.2.4) 

The symbols I(k, t) = h {n(k, tn = h denote here and below the collision 
integral, i.e., the right-hand-side of the kinetic equation (2.1.12) or (2.1.29). 
The variation rate of the full energy of the wave system dE / dt, according to 
(2.2.3) must be equal to the integral over a spheric surface of infinite radius 
from the normal component of the vector p(k, t). The condition of a faster fall­
off of n(k, t) as compared to k- m - d is necessary to ensure that this integral 
goes to zero at k - 00, see (2.2.4). It may well be that this condition is not 
satisfied. Moreover, even if the initial distribution is rather localized, the power 
distributions corresponding to a constant flux are formed in a natural way in 
the evolution process at k - 0 or k - 00. Such asymptotics may set in at an 
infinite interval during the finite period of time (as it will be described in Chap. 4). 
Due to this, the problems related to the existence of integrals of motion of the 
kinetic eqution are not quite trivial. Thus, some value may be conserved only 
for a limited period of time (see Sect. 4.3 below). One of the main goals of this 
book is to demonstrate that given the infinite k-space the "naively" determined 
integrals of motion may prove to be fictitious and are not really conserved. 

Violation of the conservation law of the kinetic equation surely implies also its violation for the 
initial dynamic equation which is. however. more difficult to show. 

The four-wave kinetic equation (2.1.29) may also be represented in the form 
of a continuity equation like (2.2.3). In this case, full energy of the wave system 
is conserved if at k - 00, the value n(k, t) decreases with k more rapidly than 
k- d- 2m/ 3• As mentioned in the previous chapter, four-wave scattering processes 
do not change the number of waves. Therefore, the kinetic equation (2.1.29) as 
well as the dynamic one (2.1.5b), have an additional integral of motion 

N = J n(k, t) dk . (2.2.5) 

Integrating (2.1.29) over dk this is readily seen to hold. The integrand changes 
sign after the interchange k H kl or kl H k2 of dummy integration variables. 
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Owing to the conservation of N, the four-wave kinetic equation may be written 
in the divergence form 

on(k, t) d' (k) - 0 at + IV q ,t - , div q(k, t) = -I(k, t) . (2.2.6) 

The quantity q(k, t) is called the flux of the wavenumber or the wave action 
flux. The latter name is motivated by the fact that n(k, t) = e:(k, t)/w(k) has the 
meaning of the density of an adiabatic wave invariant in phase space. 

Besides the frequency 8-functions, the kinetic equations also contain the 8-
functions of wave vectors leading to the conservation of the full momentum of 
the wave system 

II = J kn(k, t) dk = J 1r(k, t) dk , 

o1r(k, t) d' R(k ) = 0 at + IV ,t . 

Here the momentum flux R is a second order tensor. 

(2.2.7) 

It should be pointed out that, contrary to E, the quantities N and II are 
exact integrals of motion, i.e., they are preserved within the framework of the 
starting dynamic equations (for distributions that go fast to zero). 

In the general (nondegenerate) case the quantities E, N and II form a com­
plete set of integrals of motion for the kinetic equations. Additional integrals may 
only appear in degenerate cases. Let us consider, for example, the three-wave 
kinetic equation (2.1.12). The resonance surface for interaction in the space of 
vectors kl' k2 is given by the condition 

w(kd + W(k2) = W(kl + k2) . (2.2.8a) 

If the function w(k) is not uniquely retrieved from the form of this surface, i.e., 
if there is another function f(k) [f(k) =I Aw(k)+(Bk)] satisfying on the surface 
(2.2.8a) the same condition 

(2.2.8b) 

then the dispersion law w(k) is called degenerate. Here the quantity 

F = J f(k)n(k, t) dk 

will be the integral of motion of the kinetic equation (2.1.12). The nondegeneracy 
criterion for w(k) and examples of the degenerate dispersion laws are given in 
[2.4]. 

For example, let us consider shallow-water gravitational-capillary waves with the dispersion law 
(1.2.39) 

w(k) = ck(1 + k2 /2k:) . 

If the motion is almost one-dimensional with k" ~ ky, the dispersion law has the form 
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This dispersion law corresponds to the Kadomtsev-Petviashvili equation (1.5.4) and coincides with 
(1.5.5a) with j3 > 0 and P = 2k",(c/k;)1/3 and q = ky(CZ /k.)1/3 /J3. In the four-dimensional 
space of vectors kl' k2 the resonance condition (2.2.8a) defines a three-dimensional surface wbich 
can be parametrized by [2.4] 

Pl=2(el-6), ql=e;-d, P2:=2(6-6), l12=ei-d, 
A 3 3 

W(PI, ql) := 2"(6 - 6) + 2(e l - e2) , 

A 3 3 
W(P2, 112) := 2"(6 - 6) + 2(e2 - e3) . 

Thus, if we introduce 

with the arbitrary even function 'fl, then f satisfies condition (2.2.8b). Therefore we have an infinite 
set of integrals of motion for this case which corresponds to the (well-established) integrability of 
the Kadomtsev-Petviashvili equation. 

2.2.2 Boltzmann's H-Theorem and Thermodynamic Equilibrium 

The dynamic Hamilton equations are invariant with respect to time reversal, i.e., 
to the transformations t -+ -t, 1i -+ -1i. The kinetic equations obtained after 
the averaging procedure, however, describe an irreversible evolution towards 
thermodynamic eqUilibrium. The mathematical statement of irreversibility is the 
theorem of entropy growth which is similar to the Boltzmann's H-theorem for 
gas kinetics [2.5J. Indeed, let us consider, for example, the time dependence of 
the entropy 

Set) = J In[n(k, t)] dk , (2.2.9) 

of a wave system that obeys the three-wave kinetic equation (2.1.12). We obtain 

dS =/ 8n(k,t) ~ = / J(k,t) dk 
dt at n(k, t) n(k, t) 

= J 1 Vk12 12 8(Wk - WI - w2)8(k - kl - k2) (2.2.10) 

(nln2 - nknl - nkn2)2 
X dkdkldk2 > 0 . 

nkn2n3 

Similar inequalities may be derived for the four-wave and quantum kinetic equa­
tions. In the latter case, one should proceed from the exact expression for the 
entropy of a Bose gas 

S B(t) = J {[I + N(k, t)] In[1 + N(k, t)] - N(k, t) In N(k, t)} dk, (2.2.11) 
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whose classical limit [at N(k) = n(k)11i ~ 1] is (2.2.9). Differentiating (2.2.11) 
and substituting N(k) from (2.1.42) we get 

dSB JI 12 dt = Vk\2 O(Wk - WI - w2)o(k - kl - k2) 

x {N(k, t)[N(k1, t) + 1][N(k2, t) + 1] 

- N(k l , t)N(k2, t)[N(k, t) + I]} 

[N(k l , t) + 1][N(k2, t) + l]N(k, t) dkdk dk 0 
xln 12> . 

N(k l , t)N(k2, t)[N(k, t) + 1] 

The inequality follows since (x - y)ln(xly) > 0 holds at any x,y. 
Thus, the entropy of a closed wave system can only increase. The thermo­

dynamic equilibrium corresponds to the maximum of entropy given a constant 
total energy. Making use of the method of Lagrange multipliers, we obtain from 
(2.2.11) 

o N(k) + 1 
oN(k) (S - )'E) = In N(k) = 0 . 

The parameter). is given by the temperature of the system ). = T I Ii, hence we 
have the Planck distribution 

N(k) = {exp[hw(k)/T] _l}-I . (2.2.12a) 

In the quantum limit [when hw = € ~ T and N(k) «: 1] (2.2.12a) gives the 
Maxwell distribution N (€) = exp( -€ IT), which is the stationary solution of 
the Boltzmann kinetic equation (2.1.44). In the classical limit hw(k) «: T and 
(2.2.12a) goes over to the Rayleigh-Jeans distribution 

T 
n(k) = liN(k) = w(k) , (2.2.12b) 

which may be obtained directly by varying (2.2.9). The equilibrium solution 
(2.2.12b) corresponds to the equipartition of energy over the degrees of freedom 
€(k) = T. 

If we demand that, apart from energy, the total momentum of the system be 
also nonzero and constant, we obtain the drift equilibrium. distribution 

T 
n(k) = w(k) _ (ku) (2.2.13) 

Here u is the drift velocity of the wave system relative to the chosen reference 
system. 

Upon direct substitution it is seen that (2.2.12a) is a stationary solution of 
(2.1.42,43), and (2.2.12b, 13) are the stationary solutions of (2.1.12,29). In this 
case every term in the collision integral vanishes separately. The energy flux of 
equilibrium distributions is identically zero p(k) = O. 
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The four-wave kinetic equation has three integrals of motion, therefore the 
general equilibrium distribution depends on three constants: 

T 
n(k) = ---:-:--:---:-:---:---

w(k) - (ku) - I-' 
(2.2.14) 

Here I-' is the chemical potential. As (2.1.29) is invariant relative to the substi­
tution w(k) -t w(k) - 1-', one can set I-' = 0, which corresponds to the definite 
choice of the zero energy. 

2.2.3 Stationary Nonequilibrium Distributions 

Under the influence of external effects the wave system deviates from ther­
modynamic equilibrium. Under sufficiently powerful effects all wave excitation 
mechanisms in different media lead to instability and exponential growth of wave 
occupation numbers at the linear stage. Damping of waves is possible due to in­
teractions with inhomogeneities of the medium, quasi-particles of other types etc. 
We shall describe all the effects of wave generation and relaxation by the same 
function r(k): 

8n(k, t) 
at = I(k, t) + r(k)n(k, t) . 

In the regions of the k-space where r(k) is positive it defines the growth-rate 
of the wave instability and for r(k) < 0, the damping decrement. 

We shall call turbulence a highly nonequilibrium state of the wave system 
when the occupation numbers deviate from equilibrium in some regions of the 
k-space. The kinetic equation, which is valid at weak nonlinearity, describes the 
so-called weak turbulence. 

Let us discuss the necessary requirements to be satisfied by r(k) to ensure 
the existence of the stationary distribution n(k) 

r(k)n(k) + Ik{n(k')} = 0 (2.2.15) 

[2.6]. These requirements are based on the general properties of the collision 
integral I(k) which is a functional of n(kl)' First, it follows from the H-theorem 
that J I(k)n-1(k) dk > 0 [see (2.2.10)]. Thus, it is necessary that 

J r(k) dk < 0 (2.2.16) 

to satisfy (2.2.15). The physical meaning of this condition is obvious: for the 
existence of a nonequilibrium steady state the environment should provide a 
constant output of entropy from the system. 

Since energy and momentum are conserved as waves interact with each other, 
in the stationary distribution we have 

J r(k)w(k)n(k) dk = 0 , (2.2.17) 
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f r(k)kn(k) dk = 0 . (2.2.18) 

These conditions should be satisfied under convergence of their integrals, i.e., 
with the fluxes becoming zero at k -+ 00. 

It is seen from (2.2.16) that the function r(k) ensuring a steady state should 
be sign-alternating, i.e., describe both sources and sinks of wave energy. The 
mutual disposition of sources and sinks in k-space should not at all be arbitrary. 
Let us consider, for example, an isotropic arrangement. Let us introduce the 
energy density in the space of wave numbers 

E(k) = (2k)d-1 7rc:(k) = (2k)d-1 7rw(k)n(k) 

and the respective flux P(k) (also in spherical normalization): 

d~kk) = -(2k)d-1 7rw(k)n(k) . 

Then the stationary kinetic equation (2.2.15) may be written as 

d~kk) = F(k)I(k) . 

Let us integrate it from some km to infinity: 

P(oo) - P(km ) = (''''' r(k)E(k) dk . 
lkm 

(2.2.19) 

(2.2.20) 

Assuming the occupation numbers to decrease rather rapidly [faster than k- m - d 

for three-waves KE (2.1.12) and k- d- 2m / 3 for four-waves KE (2.1.29»), we 
have P(oo) = O. Nearly in all cases of wave turbulence (see Chap. 1) we have 
m + d > a and 2m /3 + d > a where m, a are the indices of interaction coefficient 
and dispersion law at k -+ 00. These inequalities imply that with the growth of 
k in the region of large k the nonequilibrium stationary distributions should 
decrease more rapidly than the eqUilibrium ones. This means that at sufficiently 
large k the energy flux is positive P(k) > O. Indeed, for the equilibrium solution 
we have c:(k) =const and P(k) = 0 while more localized distributions have a flux 
directed towards the regions with smaller energy density c:(k), Le., towards large k 
[positiveness of the flux may also be shown strictly, see below Sect. 3.1 (3.1.13)]. 
Returning to (2.2.20), we see that for the stationary distribution 3km Yk > km : 

1= F(k')E(k') dk' = 1= (2k,)d-1 7r r(k')w(k')n(k') dk' < 0 . (2.2.21) 

Thus, a necessary condition for the existence of a nonequilibrium steady state is 
energy damping in the region of large k. For the four-wave kinetic equation the 
condition 

f r(k)n(k) dk = 0 (2.2.22) 
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following from the conservation of the total number of waves should be satisfied 
in addition to (2.2.17-18). From this one can easily obtain (in isotropic situation 
too) the necessity for the existence of at least one more sink, i.e., a region with 
negative r(k). Indeed, if the function r changes its sign only once, it is easy to 
prove that it is impossible to satisfy (2.2.16) and (2.2.22) simultaneously, since 
w(k) is assumed to be a monotonic function. 

A very common situation is that the regions with pumping and damping are 
in k-space well separated (by a large region with r(k) ~ 0, called the inertial 
interval). In this region the stationary turbulent distribution should satisfy 

(2.2.23) 

At the ends of the inertia interval the solution n(k) should match source and sink. 
Clearly, the equilibrium distributions (2.2.12-14), though reducing the collision 
integral I(k) to zero, cannot match external sources and sinks. 

Determination of nonequilibrium stationary distributions is based on the uni­
versality hypothesis, according to which the form of the solution in the inertial 
interval should be independent of the structure of r(k) in the pumping and damp­
ing regions. The expression for n(k) may contain only the integral characteristics 
of the source that determine the fluxes of the integrals of motion. Such a uni­
versality implies a step-by-step (cascade) transfer of energy (or another integral) 
over the different scales from the source to the sink. The necessary condition 
is locality of the interaction in k-space; motions with strongly differing scales 
should produce a weak effect on each other. 

Thus, the program for determining stationary weak turbulent distributions is: 

1) find the universal solutions of (2.2.23) transmitting the fluxes of conserved 
quantities; 

2) verify the locality of the resulting distributions, i.e., the convergence of the 
collision integrals; 

3) match the universal solutions with the source and the sink. 

In order to make sure that the obtained solutions are physically realistic, one 
should check whether they are stable. 

The first three items are covered in Chap. 3, the third in Sect. 3.4 and the 
stability problem is solved in Chap. 4. 



3. Stationary Spectra 
of Weak Wave Turbulence 

This is the key chapter of the first volume. Here we deal with stationary distribu­
tions of weak turbulence. In Sects. 3.1--4 we describe the universal Kolmogorov­
like spectra in the inertial interval. We obtain the Kolmogorov spectra as ex­
act solutions of kinetic equations for scale-invariant media, both isotropic and 
nonisotropic, and for nearly scale-invariant ones. Section 3.1.5 deals with the 
structure of a stationary spectrum in the pumping and damping regions. 

3.1 Kolmogorov Spectra of Weak Turbulence 
in Scale-Invariant Isotropic Media 

What I tell you three times is true. 

L. Caroll 'The Hunting of the Shark" 

This part of the book is the highlight of the first volume. We shall transform the 
qualitative arguments about turbulence spectra into exact formulas and the local­
ity hypothesis into a strict theorem. This will be done in three steps. First, we shall 
start from dimensional analysis and, using a specific form of the kinetic equa­
tion, find the form of the stationary turbulence spectrum in the case of complete 
self-similarity. If this is not the case despite the scale invariance of Hamiltonian 
coefficients, the form of the spectrum can still be obtained quite easily. For that 
purpose it is sufficient to demand the flux to be a constant That means that 
the flux expressed in terms of the collision integral must be proportional to the 
zeroth power of the wave vector. Such procedures cannot always be relied upon 
or taken for granted; so they will not guarantee the existence of the stationary 
spectrum which can only be ensured by proving locality of the interaction. Thus, 
as a second step, we shall discuss the structure of the asymptotic form of the 
kinetic equation and work out the locality criterion. Finally we shall acquaint the 
reader with a little miracle of the theory of wave turbulence theory, the so-called 
Zakharov transformations. They factorize the collision integral. As a result one 
can (i) prove directly that Kolmogorov spectra reduce the collision integral to 
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zero and (li) find that the Rayleigh-Jeans and Kolmogorov distributions are the 
only universal stationary power solutions of the kinetic equation. 

3.1.1 Dimensional Estimations and Self·Similarity Analysis 

This section deals with universal flux distributions corresponding to constant 
fluxes of the integrals of motion in k-space. In this subsection we shall show 
that for scale-invariant media, these solutions may be obtained from dimensional 
analysis (see also [3.1,2]). 

For complete self-similarity we shall first discuss the possible form of uni­
versal flux distributions n(k) and the corresponding energy spectra E(k) = 
(2k)d-I w(k)n(k). We shall recall how to find the form of the spectrum E(k) 
for the turbulence of an incompressible fluid: in this case there is only one rel­
evant parameter, the density (2; and E(k) may be expressed via (2, k and the 
energy flux P. Comparing the dimensions of these quantities, we obtain 

(3.1.1) 

which is the famous Kolmogorov-Obukhov "5/3 law" [3.3,4], 
As seen in Sect. 1.1, in the case of wave turbulence there are always two rel­

evant parameters. We can choose the medium density as the first one. In contrast 
to eddies, waves have frequencies which may be chosen as the second parameter. 
The frequency enables us to arrange these quantities to give the dimensionless 
parameter 

Pk5- d 

~ = (!W3(k) , 

so E(k) may be determined from dimensional analysis up to an unknown dimen­
sionless function I(~): 

(3.1.2) 

In particular, if we demand thatw(k) be eliminated from (3.1.2), we obtain 1(0 ex: 
e/3 , and (3.1.2) coincides with (3.1.1). In the case of weak wave turbulence the 
connection between P(k) and n(k) follows from the stationary kinetic equation 

dP(k)jdk = -(2k)d-l 7rw(k)I(k) (3.1.3) 

which holds in the limit ~ ~ 1. 
For the three-wave kinetic equation (2.1.12) I(k) ex: n2(k) and n(k) ex: pl/2, 

and for the four-wave one, n(k) ex: p l / 3• These expressions may be unified to 

n(k) ex: pl/(j-l) , 

here j is the number of waves participating in an elementary interaction act 
(j = 3 for decay case or j = 4 for nondecay one). From this one can easily find 
the form of the function of the dimensionless argument at ~ ~ 0 
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and the Kolmogorov spectrum for weak turbulence 

E(k) ~ (p-2)/(j-l)w~j-5)(j-I) pl/(j-l) k(dj-2d-6i+I )/(j-l) 

n(k) ~ (p-2)/(j-I)w~-4)/(j-I) pl/(i-l) k(lO-d-5j)/(i-l) 
(3.1.4) 

Separately for the three-wave processes the nonequilibrium distribution n(k) 
reads 

(3.1.5) 

In the case of a four-wave interaction, apart from the distribution with energy 
flux derived from (3.1.4), 

(3.1.6a) 

a solution describing the constant flux of wave action Q may exist [in spheric 
normalization: Q(k) = (2k)d-l 1rq(k)]. It is evident from dimensional analysis 
that such a distribution may be obtained by substituting in (3.1.6a) for P the 
quantities w(k)Q 

(3.1.6b) 

Let us discuss the somewhat more general situation when the dispersion law 
and the interaction coefficients are scale-invariant: 

w()'k) = ).°w(k), V()'k,)'kl,)'k2) = ).mV(k,kl,k2), 

T()'k, ).kl, ).k2, )'k3) = ). mT(k, kl, k2, k3) . 
(3.1.7a) 

As shown in the previous chapter, this is possible not only in the case of complete 
self-similarity (without a length parameter), but also when a parameter with the 
dimension of a length is present, i.e., in the case of second-order self-similarity. 

It follows from (3.1.7) that w(k) is a power function 

w(k) = Pko 

and the interaction coefficients may be written as 

lV(k, k1 , k2)12 = Vi?k2m ft(kt/k, k2/k) , 

IT(k,kl,k2,k3)12 = ~k2mh(kt/k,k2/k,k3/k) . 

(3. 1.7 b) 

(3. 1.7 c) 

Here Va, To are the dimensional constants and /1, h are dimensionless functions. 
The exponent So of the Kolmogorov stationary solution 

n(k) = Ak-sO 

with a constant energy flux is found directly from (3.1.3). For example. for the 
three-wave case 
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k 

P(k) = 7r J w(k)I(k)(2k)d-l dk 

o 
= k2(m+d-so)vl A2a(m, d, 0:, so) . 

(3.1.8a) 

Here a(m, d, 0:, so) is the dimensionless integral defined below, see (3.1.13). De­
manding that the flux be constant P(k) = P, we obtain the stationary distribution 

(3.1.9) 

Likewise we get for the four-wave kinetic equation 

(3.1. lOa) 

It should be pointed out that the indices of the Kolmogorov distribution that 
transports the energy flux are independent of the index of the dispersion law. 
On the contrary, the equilibrium distributions, as shown in Sect. 2.2, depend 
neither on the interaction coefficients nor on the space dimension and are entirely 
determined by the wave dispersion law. 

We have already encountered the (m + d) and (2m /3 + d) power indices in 
the previous section when we discussed the conditions for energy conservation 
of wave systems. As we have seen, if n(k) ~ k- S at k ~ 00 and s > m + d 
(or 2m/3 + d in the four-wave case), then the flux P ~ 0 at k ~ 00. The 
distributions (3.1.9-10a) with s = So correspond to a constant energy flux in k­
space. The direction of the flux is determined by the sign of the integral a(m, d, 0:) 
- see below (3.1.13). 

Similarly to (3.1.10a), from the stationary kinetic equation 8Q(k)/8k = 
(2k)d-1 7r I(k) one can obtain the stationary distribution with the flux of wave 
action: 

2m 0: 
Xo = 3+d-"3' (3.1. lOb) 

In the case of complete self-similarity, the interaction coefficients may be 
expressed in terms of e,w(k), k: 

V(k, kl' k2) = e-l/2w~/2k(S-rI)/2ft(kI/k, k2/k), 

T(k, kl' k2, k3) = e-1 k5- d h(kI/k, k2/k, k3/k) . 

The distributions (3.1.9, 10) will go over to (3.1.5, 6), respectively. 

3.1.2 Exact Stationary Solutions of the Three-Wave Kinetic Equation 

Let us verify directly that (3.1.9, 10) are the solutions of the stationary kinetic 
equation (2.2.23) and determine the constant a(m, d, 0:). Integrating (2.2.23) from 
zero to k and taking into account the boundary condition (the presence of the 
source r(k) at ko ~ k), we obtain (3.1.8a) which we here represent as: 
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k k 

71" 1 (2k)d-l w(k)T(k)n(k) dk = P = -71" 1 w(k)I(k)(2k)d-l dk . (3. 1.8 b) 

o 0 

In this section we shall consider the case of the three-wave collision integral 
I(k) (2.1.12). If a medium is isotropic, the interaction coefficient Vk12 is invariant 
with regard to rotations in k-space and, consequently, like the frequency w(k), 
may be considered to be a function of only the absolute values of wave vectors 
k, kl and k2. Since the Kolmogorov solution (3.1.9) is also isotropic, only the S­
function of wave vectors is to be integrated over the angles in the kl' k2 spaces. 
This may be conveniently done by a direct angular integration. For d = 2 

1 S(k - kl cos 'h - k2 cos (h)S(~l sin (h + k2 sin fh) dOl d02 

= (HI sin O~)-l = ..12"1 , 

where ..12 is the area of the triangle formed by the vectors k, kl' k2: 

In the same way, for d = 3 introducing the spherical coordinates (k, 0, tp), we 
obtain 

1 S(k - kl cos 01 - ~ cos (2)S(kl sin 01 sin tpl + k2 sin o,.tp2) 

x S(kl sin 01 cos CPl + k2 sin 02 cos c,02) d cos 01 dtpl d cos 02dc,02 

1 .. sin 01 dOl dfh. = S(k - kl cos 01 - k2 COS o,.)S(kl sm 01 + k2 sm 0,.) 2k2 

1 ..1-1 = __ =_3_ 

2kklk2 2' 

The functions L1d(k, kl' k2) are independent of the signs of the terms in the argu­
ments of the S-function, are invariant relative to rearrangements of its arguments 
and nonzero if the vectors with lengths k, kl , k2 can be used to form a triangle. 
Let us now go oyer from the integration over the absolute values of kl, k2 to the 
integration over the frequencies w(kl ) = WI. W(k2) = w.z 

00 00 

I(k) 11 [ 7I"(2k)d-l v(k) = I(w) = dwldw:z (R(W,Wl,w.z) 

o 0 (3.1. 11 a) 

Here 
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R(W,WI,W2) = .8-21V(k, 1,2)122d- I .:1d"I(WWIW2)-I+d/o 

X 8(w - wI - W2)t9(W - W2)t9(W - WI) 

X [nln2 - n(W)(nl + n2)] 

v(k) = dJ..J(k)/dk, nj = n(wj), Wj = w(kj ) • 

(3.l.l1b) 

The expression for the flux (3.1.8b) may also be rewritten as a frequency integral 

WJ 

P(w) = - J w'I(w') dJ..J' 

o 
WJ 00 00 

= J w' dJ..J' J J dJ..J1dJ..J2[R(w',Wt, W2) - R(WI,W',W2) - R(W2,W',W})] . 

o 0 0 

After rearrangements in the second and third terms WI ~ w' and W2 ~ w', we 
obtain 

WJ 00 

P(w) = J w' dJ..J' J W(W',wI)[n(w')n(wI) 

o 0 
(3.1. lIe) 

- n(w')n(w' - WI) - n(w')n(w' +WI)] dJ..J1 • 

The form of the homogeneous function W is specified by comparison with 
(3.1.11a) 

'Y = 2m + 2d _ 3 . 
0: 

Indeed, regarding It (3.l.7c) as a function of wt/w we obtain, e.g., for d = 3 

f(x) = [x(1- x)](d-I-o)/o fl(X, 1 - x) . 

So all the information about the interaction is in fact contained in one number m 
and in one dimensionless function f(x) of a single variable, f(x) is a structural 
function expressed via fl. To avoid possible misunderstandings we should point 
out that n(w) in (3.1.11) and below denotes the wave density in the space of 
wave numbers (but not frequencies). It is taken to be a function of w, namely 
n(w) = n[w(k)] = n(k). 

Thus, we have to solve the nonlinear integral equation 

P(w) = const = P . 

At P = 0 the equation has an equilibrium solution n(w) = T/w. The general 
stationary solution may depend both on P and T (see Sect 4.1.2 below). Let 
us derive a turbulent solution for P ¥ 0 and T = O. Indeed, the existence of a 
damping region is necessary for the turbulence to be steady. According to the 
Kolmogorov concept, the expression for the spectrum does not depend on the 
details of damping, while in the presence of damping it is necessary to set T = 0, 
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since no thermal reservoir can exist in this case. Of course, the temperature of 
the turbulent fluid is not zero, otherwise the fluid would be frozen. One should 
neglect T in some frequency range (where the turbulent distribution exists). 
Indeed, according to the very definition of turbulence, the level of excitation 
is supposed to be much higher than the equilibrium level so that the latter is 
negligible. In Sect. 3.1.2 we shall elaborate on the relation between P and T in 
turbulence. 

Locality of the Interaction. Let us first discuss the convergence of the collision 
integral (3.1.11a) for power distributions n(wk) = k- S = w- S / OI • We have a 
sum of integrals over power functions, obviously each of them diverges either 
at WI --t 0 or at WI --t 00. However, the structure of the kinetic equation ensures 
the reduction of these divergences by a power of WI at WI --t 00 

on(WI) W 
n(WI - W) - n(WI) ~ W--!:)- ex n(WI)-

UWI WI 

and by two powers (i.e., by wf) at WI --t 0. 
Indeed, let at x --t 0, the structural function (3.1.7c) be h (x, I-x) == h (x) --t 

xml. This implies that at ki «: k the interaction coefficient behaves like 

lV(k, kI, k2)12 ex krn 1 k2m - m1 . 

Then the second and third terms in (3.1.11a) converge at WI --t 00 if the condition 

S > S2 = 2m - mi + d + I - 20 (3.1.12a) 

is satisfied. Such a reduction takes place at WI --t ° 
on(w) WI 

n(w - wr) - n(w) ~ WI-!:)- ex n(w)- . 
uw W 

The divergences at WI --t 0 are also mutually cancelled with divergences at 
WI --t W [here one should take into account that, owing to the symmetry of the 
matrix elements Vm = Vk21, the structural function h(kt/k,k2/k) = II(X,y) 
satisfies the condition 11 (x OI , I - x Ol ) = 11 (1 - x Ol , x Ol ) on the resonance surface 
w(kl )+w(k2) = w(k) (that is, x Ol +yOl = 1)]. As a result, an additional factor wt/w 
arises and the convergence criterion of the collision integral at small frequencies 
is 

S < SI = mi + d - 1 + 20 . (3.1.12b) 

Thus, if SI > S2, i.e., 

2ml > 2m + 2 - 40 , (3. 1. 12c) 

then there exists an interval of s exponents ensuring locality of the interaction. It 
is important to note that the Koimogorov exponent So = m+d always lies exactly 
in the middle of the "locality interval": So = (SI + 82)/2 [3.5]. This is due to the 
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fact that for the Kolmogorov distribution, the contributions to interactions of all 
scales, from small to large ones, level out implying the "balance of interactions". 
The main contribution to the collision integral I(w) comes from the frequency 
range WI ~ w, indicating locality of the interaction. Thus, the collision integral 
over the Kolmogorov spectrum either converges at WI --+ ° and WI --+ 00 or 
diverges at both limits. 

It should be pointed out that we demanded convergence of the collision integral only for isotropic 
distributions, in particular, on the Kolmogorov solution itself. That property will be referred to as 
stationary locality. For stationary locality the kinetic equation has a stationary Kolmogorov solution. 
One can, however, raise the question about arbitrary (especially anisotropic) perturbations of the 
Kolmogorov spectrum. In Sects.4.1,2 we shall see that there are cases when the collision integral 
describing the behavior of weak anisotropic perturbations against the background of the stationary 
solution has no locality interval at all. It is also possible that the evolution of perturbations of 
Kolmogorov distributions is determined by interaction with the ends of the inertial interval (for 
details see Sect.4.2). It would be natural to call that property "evolution nonlocality". Unless stated 
otherwise, interaction locality will be used below in the sense of stationary locality. It should be 
noted, that realization of eqUilibrium spectra does not presuppose interaction locality. 

Signs of Fluxes. Let us now substitute into (3.1.11) new) = Aw-s / a • Under 
the locality condition the collision integral over the power distribution is also a 
power function 

2(m + d - s) 
(J'=-----

where I(s) is a dimensionless integral. Hence, the expression for the flux is 

(3.1.13a) 

As we see, at s = So = m + d the expression (3.1.13a) contains an indeterminacy 
of the form 0/0, as the collision integral over the Kolmogorov solution should 
vanish, f(m + a) = 0, see below (3.1.14c). Evaluating the indeterminacy using 
L'Hospital's rule, we obtain an expression where the energy flux is proportional 
to the derivative of the collision integral with respect to the index of the solution 
[3.6, 7]. From (3.1.l1a, b) we get 

2 2 (dI(S») P = (VoA) a(m, d, a) = (VoA) d;- So 

00 

= (VoA)2 J In(l - x)[x(l + x)rso / a it (x) 

o 

x [(1 +x)so/a - x·o/ a -1] dx. 

(3.1. 13 b) 

Such an expression can be obtained from (3.1.l1c) by changing the order of 
integration. The sign of P is determined by the last square bracket which is 
positive if so/a> 1; as mentioned earlier, the energy flux is positive, i.e., 
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directed towards large k if the Kolmogorov distribution decays for growing k 
more rapidly than the equilibrium one. In the other case with 80/a < 1, the 
Kolmogorov solution does not exist since it would correspond to imaginary value 
of the constant A. 

The interaction locality ensures the convergence of the integral in (3.1.13b), 
i.e., the finiteness of the flux. Thus, the power solution (3.1.9) corresponds to 
a constant energy flux and owing to (2.3.1) should be a solution of the kinetic 
equation in the inertial interval. 

Zakharov Transformations. Using the conformal transformations suggested by 
Zakharov [3.8) can be directly verified that the collision integral becomes zero on 
the Kolmogorov distribution. The method of conformal transformations allows 
to obtain all power solutions of the stationary kinetic equation. Let us substitute 
into (3.1.11a) the distribution new) = w-v . Then we rearrange the second term 

(3.1.14a) 

using the factor wI / w and perform a similar manipulation with the third term 
(with substitution WI - W2): 

(3.1.14b) 

In (3.1.14) the integration limits 0 and 00 change places, therefore these relations 
are only valid for converging integrals, i.e., in the case of locality. Mter those 
rearrangements the collision integral is factorized and acquires the simple form 

m+d 
x = 2-- - 211 - 1 , 

a 

(3.1.14c) 

where W is a positive function. As we see, the integrals vanish at 11 = 1 and 
11 = (m + d) / a, for all other 11 they retain their signs. Thus the Rayleigh-Jeans 
and Kolmogorov distributions are the only universal stationary power solutions 
of the kinetic equation (2.1.12). Each of them is a one-parameter solution. The 
question with regard to general solutions of the stationary kinetic equation which 
depend on several parameters is still open. Partly, this problem will be discussed 
in Sect. 4.1 and for the particular case of acoustic turbulence in Sect. 5.1. 
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The expression (3.1.13b) for the flux can be obtained as a derivative of the 
collision integral (3.1.14c). 

Examples. Let us now consider particular examples of wave systems in isotropic 
media with decay (power) dispersion laws. There are two such examples among 
the wave systems mentioned in Chap. 1: capillary waves on shallow (1.1.39) and 
on deep (1.1.40) water. In both examples we have d = 2. 

Let us start with the shallow-water case. The dispersion law (1.1.39a) is 
quadratic: CI! = 2. The interaction coefficient has an extremely simple fonn 
(1.1.39b), m = 2, ft(x) = 1, ml = O. The Kolmogorov index is So = m + d = 
4, n(k) ex k-4 and the locality conditions (3.1.12) are satisfied. The dimension­
less constant a equals the integral from (3.1.13b) which here has the fonn 

a= 100 
x-3/2ln(l+x)dx=271". 

Thus, the Kolmogorov solution (3.1.9) for shallow-water waves is: 

n(k) = PI/28.;;r( ~) 1/\_4 . (3.1.15a) 

It was first obtained by Kats and Kontorovich [3.9]. 
For waves on the surface of deep water CI! = 3/2, m = 9/4. Taking into 

account 

(3.1.13b) yields ml = 7/2 and the locality conditions (3.1.12) are also satisfied. 
The index of this solution is So = 17/4. In this case one should insert the function 

ft(x) = [x(1- x)]2/3{(1_ x2/3)2(1 _ x)-1/3 

+ [1 - (1 - x)2/3]2x -I/3 - [x2/3 - (1 _ x)2/3f}2 

X {4x4/3(1 - x)4/3 _ [1 _ x4/3 _ (1 _ xt/3]2} -1/2 

into the integral (3.1.13b) specifying a. The respective Kolmogorov solution was 
obtained by Zakharov and Filonenko [3.10]: 

( )
1/2 ( 3)1/4 

n(k) = ~ 871" 4: k-17/ 4 • (3.1.15b) 

From dimensional analysis it follows that the Kolmogorov distribution for cap­
illary waves on the surface of an arbitrary-depth fluid may be written as 

n(k) = pl/2 _k_ k-4q,(kh) [ ]
1/2 

w(k) 
(3.1. 15c) 

where q,(x) is a dimensionless function. At x -+ 0, q, -+ xl/2 and (3.1.15c) goes 
over to (3.1.15a); at x -+ 00, q, -+const and (3.1.15c) goes over to (3.1.15b). 
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3.1.3 Exact Stationary Solutions for the Four-Wave Kinetic Equations 

Let us now consider the kinetic equation (2.1.29) and assuming the distribution 
to be isotropic n(k) = n[w(k)] = n(w) average in it over the angles to get 

00 

aN(w,t) 111 at = U(W,WI,WZ,WJ)[n(WI)n(wz)n(WJ) 

o 
+ n(w)n(wz)n(WJ) - n(w)n(WI)n(wz) 

- n(w)n(WI)n(WJ)]h'(w + WI - wz - WJ) 

x di.JJ di.JJ1 dJ.uz ~ 

= I(w) . 

Here N(w) is the wave density in the frequency space 

N(w) = (2k)d-l 7r (~) n(w) , 

and U(W,WI,WZ,WJ) is the result of angle averaging of the function 

(3.1.16) 

In spite of the isotropy of the medium, the coefficient of the four-wave interaction 
Tkl23 = T(k, k l , kz, k3) cannot be reduced to a function of the wave numbers 
only (as in the three-wave case). This is due to the fact that the triangle is 
uniquely specified by the lengths of its sides, whereas the quadrangle is not 

As the constant in the dispersion law may be eliminated by a simple rear­
rangement (1.4.22) we shall use below w(O) = O. 

Exact Solutions. Let us find the stationary power-solution n(w) of the kinetic 
equation (3.1.16). Integration over di.JJ1 gives 

I(w) = 1 dJ.uz~U(w,wz +WJ - w,WZ,WJ) 

!J 

x n(wz)n(wz + WJ - w)n(w)n(WJ) 

x [n- 1(w)+n-1(wz+wz-w)-n-1(wz)-n- 1(WJ)]. 

(3.1.17) 

In (3.1.17) we integrate over the (shaded) region Q in Fig. 3.1. It has a form 
of a square wz > 0, WJ > 0 without its lower left-side angle. This region is 
divided into four subregions: in the one designated by 2 in Fig. 3.1 (WZ,W3 > w) 
we substitute the variables as follows 

_ ww~ 
wz-, , , 

Wz +w3 -w 

and in subregions 3,4 

ww' I,,.., _ 3 -" -, , , 
WZ+W3 -W 

(3.1.18a) 
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o 
Fig.3.1. The integration region for the integral 

W 2 

W2=" 
W2 

w2 

WJ=" 
w3 

ww' 
W3 =_3 , , 

W2 

WW' 
W2 = ---f:- . 

w3 

002 given by (3.1.17) 

(3.1.18b) 

In these transformations the subregions 2, 3, 4 will go over to subregion 1. 
The function U(W,WI,W2,W3) obeys the same symmetry conditions as Tkl23 

U(W,WI,W2,W3) = U(Wt,W,W2,W3) = U(W,WI,W3,W2) 

= U(W2,W3,W,WI) . 

Besides, U is a homogeneous function, i.e., 

U(AW, AWl, AW2, AW3) = xrU(W,WI,W2,W3) , 

;= 2m+3d_ 4 
a 

that we can write in the form 

U(W,WI,W2,W3) = w..., h(Wt/W,W2/W,W3/W) 

where h is a dimensionless function of three variables. Therefore the Zakharov 
transformation (3.1.18) will convert (3.1.17) into 

W W 

I(w) = 1= fdw) f dw2U(W,W2+W3- W,W2,W3) 

o W-Wa 

X [w z + (W2 +W3 - w)Z - wi - W)] 
x [W(W2+W3 -W)W2W3r Z 

(3.1.19) 
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with Y = 3x - 3 -,. The integrand in (3.1.19) becomes zero at the four points 

x = 0, x = 1, 3x - 3 -, = 0, 3x - 3 -, = 1 

and due to positiveness of the function U it retains its sign at all other x .. Thus 
(3.1.17) has four universal power-solutions 

new) = Ct/w, new) = C2; (3.1.20a, b) 

new) = C3W-(3+-,)/3, new) = C4W-(4+-,)/3 . (3.1.21a, b) 

The solutions (3.1.20) correspond to thermodynamical eqUilibrium. They are 
the limiting cases of solutions (2.2.14) with u = ° at J1. -+ ° and J1. -+ 00. The 
solutions (3.1.21) are the Kolmogorov solutions, rewriting the exponents, they 
coincide with (3.1.10): function (3.1.21a) 

2m+3d 1 
xQ = 

3a 3 
new) <X w-xq , 

corresponds to the flux of the action spectrum and (3.1.21b) 

new) <X w-xP , 
1 2m+3d 

xp=xQ+-= 
3 3a 

to the flux of the energy spectrum. 
The Kolmogorov solution holds for local turbulence, i.e., the integrals in 

(3.1.19) should converge. This is easy to check directly in every particular case. 

Signs of the Fluxes. Let us now discuss the directions the transmitted fluxes 
have in the w-space. It is clear that [similarly to the three-wave case (3.1.8, 13)] 
the fluxes will be proportional to the derivatives of the collision integral with 
respect to the index of solutions x taken at the respective x = x Q or x = x p 

Q = [1 dY2 t dY3h(Y2, Y3)(Y2 + Y3 - 1)-xq (Y2Y3)-zq 
10 11-112 

1n ( Y2 +1/3 -1) [1 ( l)xQ Xq ZQ] 
X Y2Y3 + Y2 + Y3 - - u2 - Y3 , 

(3. 1. 22a) 

p = (dY2l1 dY3h(Y2, Y3)(Y2 + Y3 - 1)-XP(Y2Y3)-XP 
10 1-112 

x [(Y2 + 1/3 - 1)1n(Y2 + Y3 -1) - Y2 1n Y2 - Y3 1n Y3] 
(3.1.22b) 

x [1 + (Y2 + 1/3 - 1)"'Q - u;Q - y;Q] , 

Thus, the index m and the dimensionless function f(Y2, Y3) defined on the tri­
angle Y2, Y3 < 1, Y2 + Y3 > 1 exhaust in this case all the information about the 
interaction. Here Y2 = wz/w and Y3 = W3/W. Since U and h do not change sign, 
it is sufficient to analyze the behavior of the last square bracket in that expression 
because 
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In (Y2 + Y3 - 1) < 0 and 
Y2Y3 

[(Y2 + Y3 - 1) In(Y2 + Y3 - 1) - Y2 ln Y2 - Y3 ln Y3] > 0 

at Y2, Y3 < 1, Y2 + Y3 > 1. Therefore, it is necessary to consider 

</>(X, Y2, Y3) = 1 + (Y2 + Y3 - 1)'" - yi - yj . 

It is easy to establish sign </> = sign x(x - 1). Thus (see also [3.7]), 

sign Q = sign (oo</» = -sign(xQ - l)xQ , 
x :z:=:z:q 

(3.1.22c) 

signP = sign (o°</» = sign(xp - l)xp . 
x :Z:=:Z:p 

(3.1.22d) 

Most of the physical examples known to us, including those given in Chap. 1, 
correspond to Kolmogorov spectra decaying with the growth of w more rapidly 
than the equilibrium spectrum: xQ > 1. In terms of the initial indices the latter 
condition is written as 2m + 3d > 40:. The only exception is given by the two­
dimensional Schrodinger equation which corresponds to m = 0, d = 2, 0: = 2 
(see Sect. 5.3.2 below). 

Equation (3.1.16) may be cast into the divergence form of a continuity equa­
tion for n(w): 

oN(w, t) & K(w, t) 
= 

ot 

where 

K(w,t) = j(W+WI-W2-W3)U(W2+W3-WI,WI,W2,W3) 

x {[n(w2 + W3 - WI) + n(wd] n(W3)n(w2) - n(wI) 

x n(w2 + W3 - WI) [n(W2) + n(W3)]} dwi dWldwJ . 

(3.1.23) 

(3.1.24) 

The integration in (3.1.24) is performed over the range limited by the inequalities 

WI > 0, w2 > 0, W3 > 0, 

It follows from (3.1.23) that the wave action flux is Q(w,t) = -oK(w,t)jaw. 
Because of energy conservation, (3.1.16) may also be written in the form 

aE(w, t) = aN(w.t) = _~ [K( ) _ aK(w, t)] 
at w at ow w, t w ow 

[differing from (3.1.23)] which is a continuity equation for E(w). For the energy 
flux pew, t) we have then 

oK(w, t) 
pew, t) = K(w, t) - w ow = K(w, t) + wQ(w, t) . 
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A general isotropic stationary solution of (2.3.23) may depend on the four 
parameters T, J.L, P, Q (see Sect. 4.1.2 below). For an equilibrium system one 
should set P = Q = 0 which corresponds to K == O. The general turbulent 
solution of (3.1.23) corresponds to T = J.L = 0 and to the constant flux 

K(w)=P-WQ. (3.1.25) 

The physical meaning of this solution is that at W = 0 there is an energy 
source of intensity P and at W = 00 a wave action source of intensity -Q. The 
fluxes of these quantities flowing into opposite directions: P > 0, Q < O. If the 
intensity of one of the sources is zero, then the solution (3.1.25) is of the power 
type in the whole space and coincides with one of the solutions of (3.1.21). 

In a real situation, the existence of a stationary distribution requires the pres­
ence of damping regions both at large and small W (see Sect. 2.2), even if there 
is only one source. Let us consider, for example, the situation schematically in­
dicated in Fig. 3.2: at W = W2 there is a wave source generating N2 waves per 
unit time and at W = WI and W = W3 there are two sinks absorbing NI and N3 

waves. 

-Q p 

Fig. 3.2. A system with one source and two sinks; the directions of the fluxes are indicated by the 
arrows 

By virtue of conservation of energy and of the total number of waves, the 
equations 

(3.1.26) 

should be satisfied in the steady state. From this we easily obtain 

N N W2 -WI 
3 = 2 • 

W) -WI 

It is seen that at a sufficiently large left inertial interval (i.e., at WI ~ W2 < W)), 

the whole energy is absorbed by the right sink: W2N2 ~ W)N3' Similarly, at 
W3 ~ W2 > WI, we have NI ~ N2, i.e .• the wave action is absorbed at small 
w. At WI ~ W2 ~ W3, the solution (3.1.10a) should serve as an intermediate 
asymptotic at W2 ~ W ~ w), and the solution (3.1.10b), at WI ~ W ~ W2. 

This simple deduction shows that energy and action fluxes move into opposite 
directions: P > 0 and Q < O. The distributions with Q > 0 (xQ < 1) or with 
P < 0 (x p < 1), which are the formal solutions of (2.1.29) seem to exclude 
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matching with boundary conditions (Le., sources and sinks). This may be proved 
with the help of the following simple argument suggested by Fournier and Frish 
[3.11]. Let us consider, for example, fonnation of the distribution on the right­
hand-side of the source located at k = ko (see Fig. 3.3 adopted from [3.12]). We 
assume that in an interval from the source to some kl a stationary spectrum has 
been established. Then, the following condition has to be satisfied to allow the 
stationary spectrum nk = Ak-So to extend still further into the region of large k: 

If the distribution decays for growing k at k > kl faster than the stationary 
distribution then the occupation numbers n(k, t) should increase with time. Con­
versely, for the less steep distributions the derivative of the occupation numbers 
with respect to time should be negative. Thus we come to the condition that 
Vk2 (k2 > k1) 

. [8n(k2' t)] . ( ) SIgn at = SIgn s - So • 

Since k2 is located in the inertial interval, the evolution of the occupation numbers 
is detennined only by the interaction of waves with each other, i.e., by the 
collision integral 

8n(k2, t) = I(k ) at 2, t . 

It is readily seen from the last two equations that fonnation of the stationary 
spectrum nk = Ak-so in the region of large k requires for power distributions a 
positive derivative of the collision integral with respect to index of the solution 

[8~~S)Lo > 0 . 

But according to (3.1.13), the sign of this derivative determines the sign of the 
flux of the corresponding integral of motion (in this case, of energy). 

It is proved in a similar way that on the left-hand-side of the source, there 
can only be a spectrum with a negative flux of the integral of motion. 

Thus, only those Kolmogorov solutions may be realized which transfer the 
flux of the integral of motion from the source to the sink but not into the opposite 
direction. This is obvious. We note that the above reasoning is true irrespective 
of the type of collision integral. 

Examples. Out of all examples of wave turbulence with the nondecay dispersion 
law, gravitational waves on the surface of a deep fluid (1.1.42), (2.2.42) are the 
most important physical case. This is the kind of waves that may be excited by 
the wind on the surface of seas and oceans (see, e.g., [3.13] and references). For 
these waves we have d = 2 and O! = 1/2 [see (1.1.43) and (1.2.42)]. There are 
two Kolmogorov solutions. The first one obtained by Zakharov and Filonenko 
[3.14] transmits the flux of the wave action to a low-frequency region 

n(k) = gl/6 r//3(Q/ ad/3 k-23/6 (3.1.27) 
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n(k) 

s<so 

L----------+-----+-----1--------~k 
ko k, k2 

Fig. 3.3. The function n(k) is plotted for different parameters S 

and another one, the energy flux to high frequencies 

n(k) = ,l/3(Pja2)1/3k-4 . (3.1.28) 

Here g is the acceleration due to gravity and e the fluid density. It is seen from 
the analysis of the (rather complicated) integrals for the dimensionless constants 
al and a2 that both distributions are local. 

Other examples of Kolmogorov solutions (3.1.10) are Langmuir and spin 
waves (see Sects. 1.3.4). The dispersion laws (1.3.3) and (1.4.9a,21) have the 
same form, quadratic with a gap, so that Q = 2 holds. Let us set d = 3. With 
regard to the interaction coefficients there are two possibilities: 
i) m = 2, which corresponds to the direct interaction of spin waves (1.4.9b); 
ii) m = 0, which corresponds to the interaction of plasmons via virtual ion-sound 
waves (1.3.14) and the interaction of magnons in antiferromagnets (1.4.20). Case 
ii) also corresponds to the nonlinear Schrodinger equation (1.4.24, 1.5.3) which 
defines the "turbulence of envelopes". In particular, the equation describes the 
"turbulence of light" in nonlinear dielectrics. 

In case i), a solution with energy flux is 

n(k) = Ak-13/3 , 

where we have for the Langmuir waves [see (1.3.5)] 

A = (Pjad/3n~/3 

and for the spin waves [see (1.4.9b)] 

A = (Pja2)1/3«(3gm)-2/3 . 

The Kolmogorov solution possessing an action flux is 

n(k) = Bk- ll / 3 , 

(3.1.29a) 

(3. 1.29 b) 

(3.1.29c) 

(3.1.30a) 
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where B reads for plasmons 

B = (Q/bd/3w!/\rDno)2/3 

and for magnons 

B = (Q/bz)I/\M/(3gm)I/3 . 

(3.1.30b) 

(3.1.30c) 

The analysis shows that the dimensionless constants aI, a2, bt, bz are given by 
convergent integrals, i.e., the solutions (3.1.29-30) are local. 

In case ii), only distributions (3.1.10b) with wave action flux are local [3.8]: 

n(k) = Ck-7/ 3 • (3.1.31a) 

The quantity C reads for Langmuir waves [see (1.3.14)] 

C = (Q/cd/3(rDnoT)2/3w;I/3 , (3.1.31b) 

and for spin waves 

C = (Q/ )1/3 -4/3 -1/2 1/6 C2 gm Wex Wa • (3.1.31c) 

As far as distribution (3.1.10a) is concerned, it is in this case nonlocal. The 
solution carrying a constant energy flux has the form 

n(k) = Dpl/3 k-3 In-2/ 3 [k/ko] 

with ko being the pumping frequency [3.15]. 
Coming to the end, let us discuss the applicability range of the weak­

turbulence approximation for the Kolmogorov solutions (3.1.9-10). For power 
distributions n(k) <X k-\ the characteristic nonlinear interaction time depends 
on k in the following way 

z = a + (so - cl)(j - 2) - 2m . (3.1.32) 

This formula is valid for both (2.1.12) and (2.1.29), j is the number of par­
ticipants in the elementary interaction act. The applicability parameter of the 
weak-turbulence approximation (2.1.14) is: 

C 1(k) = W(k)tNL <X p+a . (3.1.33a) 

For a distribution possessing an energy flux we have So = d + 2m/(j - 1) and 

C 1(k) <X kY, y = 2a - 2m/(j - 1) . (3.1.33b) 

At a(j - 1) > m, the applicability criterion of the theory of weak turbulence is 
violated at small k and in the case of a(j - 1) < m. at large k. For distributions 
possessing a wave action flux we have j = 4, So = d + 2m/3 - a/3. and the 
e-parameter behaves as follows 

C 1(k) <X P, X = 2(2a - m)/3 . (3.1.33c) 

At 2a > m. the turbulence becomes strong for small k and at 20: < m for large 
k. 
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3.1.4 Exact Power Solutions of the Boltzmann Equation 

The Maxwell equilibrium distribution N(c) = exp( -ciT) decreases exponen­
tially with energy. It is interesting that nonequilibrium power distributions can 
be obtained as exact stationary solutions of the kinetic Boltzmann equation [3.16]. 
Moreover, the power-law spectra of particles have been observed in various ex­
periments: for cosmic rays [3.17], for emission curent from metal irradiated by 
strong laser impulse [3.18], etc. 

Let us consider the kinetic Boltzmann equation (2.1.44) 

oN(p, t) = I(P) = !!..1i,1-2d 
at 2 

x jIT(P,PI;P2,P3)12 [N(p, t)N(PI' t) - N(P2, t)N(P3, t)] 

x o(p + PI - P2 - P3)O(CP + C! - C2 - C3) dpi dp2dP3 . (3.1.34) 

I' 

We also suppose the scattering probability IT(P,PI;P2,P3)12 and energy c(P) to 
be scale-invariant functions of momenta with 2m and a indices, respectively. 
For isotropic distributions we can integrate over the angles. Going over from P 
to c-variables, we obtain 

oN(c, t) = I(c) 
at 

= j U(c,cI;c2,c3)[N(c,t)N(cI,t) - N(c2,t)N(c3,t)] (3.1.35) 

x o(c + C1 - C2 - c3) de1 de2dc3 . 

Here the particle density in c-space N(e) = N(p)rr(2p)d-1(dplde) and U is a 
homogeneous function with the same scaling index 

,= 2m +3d _ 4 
a 

as for the four-wave kinetic equation (3.1.16). Following (3.1.16-19) we integrate 
over dw1 and perform the Zakharov transformations. Thus we find for the power 
distribution N(e) = ACx 

.: .: 

I(c) = A2 j dC3 j de2U(e, e2 + C3 - c; C2, e3) 
o ':-':3 

x [e-X(e2 + e3 - c)-X - c2"x c3"X] 
(3.1.36) 

x [1 + C2 +:3 -e) Y _ (~ ) Y _ (~ ) Y] 

with y = 2x - 3 - ,. 
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Considering the last square bracket in (3.1.36) we see that both y = 0 and 
y = 1 imply that the collision integral I(e) vanishes. So the stationary power 
solutions have the form [compare with (3.1.10, 21)] 

2m+3d - 0: 
Xl = 20: 

2m+3d 
X2 = 

20: 

(3.1.37a) 

(3. 1.37 b) 

The first solution evidently corresponds to the constant flux of particles Q and 
the second to a constant energy flux P. Following the same procedure, the fluxes 
can be expressed in terms of aI/ax so that we have Al ex VC}, A2 ex ..[P. For 
an analysis of the locality of the different cases see [3.19]. 

Thus, the quantum kinetic equation has power nonequilibrium solutions in 
both limits: Nk ~ 1 and Nk ~ 1. The respective solutions have different indices. 
This is naturally connected with the absence of scaling invariance in the quantum 
kinetic equation which contains terms of different order in N k. 

3.2 Kolmogorov Spectra of Weak Thrbulence 
in Nearly Scale-Invariant Media 

As mentioned above, the behavior of weakly nonlinear waves is completely 
specified by two functions, the dispersion law w(k) and the interaction coeffi­
cients V(k, k l , k2) or T(k, k l , kz, k3) characterizing the given medium. Under 
the condition of scale invariance of these functions and in the absence of pre­
ferred directions, the stationary flux solutions of the kinetic equations are power 
functions of the modulus of the wave vector (as shown in the preceding section). 
Clearly, in the case of arbitrary functions w(k), V(k, kl, kz), T(k, kl, k2, k3) it 
is impossible to find the form of the flux spectra. In this section we shall describe 
the Kolmogorov solutions which may be obtained for the nearly scale-invariant 
situations. 

3.2.1 Weak Acoustic Turbulence 

Separate consideration is necessary for the case of weakly dispersive waves 
whose dispersion law 

w(k) = ck + n(k) (3.2.1) 

deviates only a little bit from the linear one: n(k) ~ ck. As a rule, n(k) 
corresponds to the next term of the expansion of w(k) in powers of a small 
parameter. If the dispersion law is close to a linear one in the short-wave re­
gion, then the small parameter is (ak)-l, where a is a characteristic scale. The 
expansion contains usually even powers and n(k) ex ck(ak)-z. Thus, for ex­
ample, the dispersion law of spin waves in antiferromagnets (1.4.18) and of 
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ultrarelativistic particles, w2(k) = w5 + (vk)2, reduces at k ~ w/v to the fonn 
w(k) ~ vk + w5/(2vk). But if the long-wave region is considered (acoustic type 
systems), the small parameter is (ak) and .!1(k) ex: ca2k3 [see, e.g., (1.2.22), 
(1.2.39), (1.3.10)]. 

Let us consider wave turbulence with a nearly acoustic decay dispersion law 

which, in the region of small k [the region where (3.2.1) is valid], is close to a 
linear one, i.e., to a power law with the exponent 0: = 1. At first sight it seems as if 
one should expect in this region a flux spectrum close to the power Kolmogorov 
spectrum (3.1.9): n(k) ex: k-m - d where the index of interaction coefficient for 
sound is m = 3/2 [see (1.1.38, 1.2.20)]. However, we have to bear in mind that 
the simple criteria for weak turbulence obtained in Sect. 2.1.4 are not applicable 
to nondispersive sound waves. The kinetic equation [whose solution is (3.1.9)] is 
not suitable for a description of that case. Thus, one can expect the realization of 
a weakly turbulent Kolmogorov spectrum in an intennediate scale region where 
the dispersion tenn ca2k3 is much smaller than the frequency w(k) but much 
greater than the characteristic reverse interaction time, see (2.1.25). 

Under these conditions, weak acoustic turbulence is described by the kinetic 
equation (2.1.12) into which one should insert the w(k) and V(k, kl , k2) given by 
(1.2.22) and (1.2.20), respectively. It is readily seen that in the small dispersion 
region, ak ~ 1, the space-time synchronization condition w(k) = w(kl) +w(k­
kl) allows interaction only between waves propagating at close angles: 

(3.2.2) 

Thus, to first order in ak, akl [in which the dispersion parameter should be 
retained only in the argument of the a-function] one can set n(lk - kll) = n(k­
kl) and exchange the scalar products in interaction coefficient against modulus 
products. Assuming an isotropic distribution n(k) = n(k), we can perfonn all 
integrations except one to obtain 

k 

8n~. t) = 2'-11nr( .,/6.)'-' {[ dkl [kl (k - kI)] '-I 

X [n(k1)n(k - kl) - n(k)n(k1) - n(k)n(k - k1)] 

-2100 dkI[kl(kl - k)]d-l [n(k)n(kl - k) - n(kl)n(k) (3.2.3) 

-n(kl)n(kI -k)]} 

= Id(k) . 

Here b is the dimensional constant ip the interaction coefficient 
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and d = 2,3, the dimension of the k-space. In addition to the three-dimensional 
case, we have here also the two-dimensional one corresponding to gravitational­
capillary waves on the surface of a shallow fluid, see (1.3.19). 

The presence of the dispersion parameter a with a length dimension [see 
(3.2.3)] changes structure and index of the angle-averaged interaction coefficient 
as compared to the scale-invariant expression (3.1. 11 a). That is why the Kol­
mogorov solution differs in general from (3.1.9). Indeed, the index of the flux 
spectrum So is easy to find by computing the energy flux index and equating it 
to zero: 

k 

P = P(k) = _2d-11!" J w(k)kd- 1 Id(k) dk <X k3d-2so , 

o 

So = 3d/2 . 

(3.2.4a) 

(3.2.4b) 

We see that the resulting expression so = d + d/2 coincides with (3.1.9) so = 
d + m = d + 3/2 only in the three-dimensional case for which the dispersion 
length a disappears from the kinetic equation (3.2.3). 

Thus, the kinetic equation (3.2.3) formally experiences the transition to the nondispersive limit 
a --+ 0 for d = 3. The three-dimensional case is intermediate. For d > 3, the mean nonlinear 
interaction time increases when a --+ 0, so turbulence is effectively weak even in that limit. On the 
other hand for d < 3, the interaction time decreases and turbulence becomes strong when a --+ O. 
As we shall show in the second volume of this book, the case with d = 3 corresponds to the first 
one (for d > 3), since the interaction time decreases for a --+ 0 slower then that of dispersion. 

The fact that the solution (3.2.5) yields a vanishing collision integral (3.2.3) 
may be verified by the aid of the Zakharov transformations (3.1.14). In this case 
the second term in (3.2.3) should be split up into two identical terms: in the first 
one we make the substitution kl -t k2/kl' in the second one kl -t kkI/(ic - kl), 
and at nk <X k-3d/2 we get Id(k) == O. Substituting (3.2.5) into Pk = P (3.2.4), 
one can find the A-constant. By changing the order of integration as done for 
(3.1.13b), we obtain 

A -2 = b22d- 21!"2( v6a)d-3 Id, 

Id = 100 
1n(1 + x)[x(1 + x)r 1- d/2 [(1 + x)3d/2 - x3d/2 - l] dx . 

The dimensionless integral Id for d = 3 was calculated approximately in [3.20] 
to yield lJ ~ 0.2 and for d = 2 it was evaluated exactly in [3.5] as lz = 2. In the 
two-dimensional case, A <X Va, i.e., the amplitude of the stationary flux solution 
vanishes as the dispersion parameter goes to zero. 

Let us consider now the case with a nondecay dispersion law. If the dispersion 
law of waves is nearly acoustic 

w(k) = ck - fl(k), 0 < fl(k} ~ ck, 
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with the dispersion addition being a negative and convex function, then the three­
wave processes are prohibited. The dominant role in the interaction is played by 
the four-wave processes with the interaction coefficient (1.1.29) arising in the 
second order perturbation theory at the expense of triple interactions via a virtual 
but almost real (due to smallness of m intermediate wave. 

T = _ U-I-212U-3-434 + v;.:212 V3+434 
p W3 + W4 + W3+4 WI + W2 - WI+2 

Vi31-3 V424-2 V2'42-4 V313-1 
W4-2 +W2 - W4 

V232-3 V414-1 

W4-1 +WI - W4 

Here (j ± i) = kj ± k j • 

W3-I+WI-W3 

Vi'41-4 V323-2 
W3-2 +W2 - W3 

However such a coefficient T(k, kJ, k2, k3) is not scale-invariant because of 
the presence of two terms with different k-dependences in the functions w(kj ) 

in the denominator. How can we find the Kolmogorov solution in this case? 
An answer to this question was given in [3.21] where it was shown that in 
this case the four-wave kinetic equation also has isotropic Kolmogorov solutions 
n(k) ex: k- s in the weak dispersion region. Really, at {}(k) ~ ck the main 
contribution to the interaction should stem from small-angle scattering when 
all four vectors k, kl, k2 and k3 are almost parallel and the denominators in 
T(k, kl, k2, k3) are small. In this case one can set, for example: 

k/}] 
w(k) ± w(kj ) - w(k ± kj ) ~ ck 21k ± kjl + {}(k) ± {}(kj ) - {}(k ± kj ) , 

where ()j is the angle between the wave vectors k j and k. If {}(k) is scale­
invariant, i.e., {}(>"k) = )..13 {}(k), one can perform transformations that leave the 
collision integral 

I(k) = J IT(k, kJ, k2, k3)1 2 8(Wk + WI - W2 - W3)8(k + kl - k2 - kJ) 

x nknln2n3 (n;l + nIl - nil - n;l) dk ldk 2dk3 

unchanged. In addition to a dilatation of the wave vector by a factor of >.. j = k / k j 
[similar to (3.1.18)] these transformations also involve multiplications of the 

angle by >..~-1)/2, i.e., ()j = >..r-I)/2()i' necessary to ensure the invariance of 
the denominators in T and of the arguments of the frequency 8-function. In 
addition, the transformations should contain a rotation which matches the vector 
k i with vector k. (Such transformations consisting of a dilatation and rotations 
in the k-space were suggested in 1971 by Katz and Kontorovich [3.22]. We shall 
consider them in detail below, in Sect 4.1, where we will use them to obtain 
the stationary anisotropic additions to Kolmogorov distributions.) For example, 
in the two-dimensional case the transformation converting k2 to k (j = 2) but 
leaving I(k) invariant [except for an arbitrary factor] has the form 
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8~ = ->.<./-1)/282 , O~ = >.<./-1)/2(83 - O2), 03 = >.<./-1)/\81 - 82) . 

Splitting the collision integral up into four identical terms and subjecting three of 
them to transformations with j = 1,2,3, we obtain in the weak-dispersion region 

PJ I(k) ="2 IT(k, kl, k2, k3)128 [mk) + J.?(kd - m k2) - J.?(k3) 

+ ~ (kl of - k20~ - k3~) ] 8(k + kl - k2 - k3) 

X 8(kl 01 ""I - k282""2 - k383""3)nknl n2n3 (nkl + nIl 

- nil _ ~-l)(k-V + kI v - k;v - k:;V) dk ldk2dk3 • 

Here ""j = kj.l./kj.l.' where kj.l. is the component of the k j vector orthogonal 
to the k vector (in the two-dimensional case "'j = 1). The index v equals 

v = -3s + 4m _ 3(3 _ 1 _ «(3 + l)~d - 1) + 3 «(3 - l~d - 1) + 4d . 

In this expression m is the scaling index of the three-wave interaction coefficient 
Vkl2 and according to (1.2.20) we have m = 3/2. The stationary Kolmogorov 
solution with constant energy flux will be obtained for v = -1, the distribution 
index will then be equal to: 

S P = (8 + 2d + (3d - 4(3) /3 . (3.2.5a) 

The choice of v = 0 reduces the collision integral to zero and yields the index 

SQ = (7 + 2d + (3d - 4(3)/3 (3.2.5b) 

of the Kolmogorov solution with constant wave energy flux. 
Further consideration requires concretization of the form of mk), in particu­

lar, specification of the value of (3. We shall restrict ourselves to systems of the 
acoustic type for which we have 

J.?(k) = ca2k3 , (3=3. 

Below we shall be concerned with this case (see Sects. 3.4, 4.3 and 5.1). Thus, 
we see that for a three-dimensional medium and in the nondecay case, the Kol­
mogorov distributions of weak acoustic turbulence are equal to 

(3.2.6a) 

(3.2.6b) 

Those solutions can be obtained using the general formulas (3.1.10) sp = d + 
2m/3, sQ = S P - 0113 with 01 = 1, m = 1. Thus the index of the effective 
interaction coefficient is unity. 
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In agreement with the criterion (3.1.22), the solution (3.2.6a) transfers the 
wave action flux to the long-wave region and the solution (3.2.6b) transfers the 
energy flux to the short-wave region. It is interesting to compare (3.2.6b) with 
the distribution (3.2.5) transmitting the energy flux in the decay case: at d = 3 
(3.2.5) gives nk ex: k-9/ 2• If we write the almost acoustic dispersion law in the 
form of (1.2.22), w2(k) = e-k2 + vk4 , then, according to (3.2.5,6b), the s index 
of the stationary turbulent distribution depends in the short-wave region on v, as 
shown in Fig. 3.4. 
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Fig. 3.4. The index of the Kolmogorov spectrum for acoustic turbulence 

The structure of the stationary spectrum at Ivl ::; Iv*1 (in particular, in the 
nondispersion case with v = 0), when the weak turbulence criterion (2.1.25) is 
violated, is currently unknown. We shall discuss the available theoretical ap­
proaches to the problem of acoustic turbulence in the second volume of this 
book. 

The two-dimensional case (e.g., the turbulence of shallow-water gravitational 
waves) requires special consideration. This is due to the fact that in this region 
and for waves propagating in a narrow angular cone, the dynamic equations 
(1.3.11-33) may naturally be reduced to the known Kadomtsev-Petviashvili (KP) 
equation (1.5.4) (see also [3.23]): 

~ [aTl + ~(a." + h5 &." +." a.,,)] = _!~&." ax &t at 6 ax3 ax 2 ay2 
Here ho is the depth, the dynamic variable .,,(x, y, t) describes the deviation 

of fluid surface from the unperturbed state (see Sect. 1.2.5); the motions are as­
sumed to be weakly non-one-dimensional: 18Tl/8xl ~ 18.,,/8yl. The Kadomtsev­
Petviashvili equation possesses a number of remarkable properties owing to its 
integrability, in particular, an infinite set of conservation laws (for details see 
[3.24]). The latter generate a series of integrals of motion of the corresponding 
kinetic equation. However, as shown by Zakharov and Shulman [3.25], the dis­
persion law of the weakly non-one-dimensional sound with negative dispersion 
(corresponding to the KP equation) 
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( fc2h2) ck2 

w(k:r:, kll ) = ck:r: 1 - T + 2k: 

is nondegenerate (see Sect 2.2.1). This implies that it is impossible to find a 
function f(k) that is on the resonance surface given by 

w(k) + W(kl) - W(k2) - w(k + kl - k2) = 0 ; 

the same equation should be obeyed by f(k) 

For a nondegenerate dispersion law (in contrast to the positive dispersion case), 
the existence of a sequence of integrals of motions of the kinetic equations 
leads to a degenerate interaction coefficient, viz., to its vanishing on the res­
onance surface, see [3.25]. Via direct (and rather cumbersome) computation it 
may be verified that the interaction coefficient (1.1.29b) with V(kl , k 2 , k3) = 
(}(kl:r;)B(k2x)O(k3x)Vklxk2xk3x, vanishes on the resonance surface. Thus, in the 
two-dimensional case, one should take into account the following terms of the 
expansion of the interaction Hamiltonian expansion in small parameter kho. As 
a result, the coefficient of the four-wave interaction will gain the factor ho in­
creasing its scaling index by unity. In view of this the Kolmogorov indices are 
Sp = 10/3 and sQ = 3 [3.26]. 

3.2.2 Media with Two Types of Interacting Waves 

This is a rather widespread case. It is observed in the interaction of electromag­
netic and Langmuir waves in plasmas, in forced Mandelstam-Brillouin scattering 
on interacting of Langmuir and ion-sound waves [3.27-29], on interacting spin 
and sound waves in magnets [3.30] and in some other physical systems. 

Kinetic Equations and Their Solutions. Following Zakharov and Kuznetsov 
[3.28], we shall consider the interaction of high-frequency (HF) waves with the 
dispersion law w(k) and low frequency (LF) waves with the dispersion law il(k) 
in the three-wave decay processes described by (1.3.11-12). The Hamiltonian of 
such a system 

1{. = J wkakaZdk + J ilkbkbZdk 

+ J (Vk12bkal a2 + C.C. )8(k + kl - k2) dkdkl dk2 

leads to equations of motion linear in the amplitudes of the low frequency 
waves bk. Therefore, it is for the applicability of the weak-turbulence ap­
proximation (2.1.14c) sufficient to require the smallness of the HF wave am­
plitudes. Going over to the statistical description and introducing (akaZ') = 
Nk8(k - k'), (bkbZ') = nk8(k - k'), one can obtain the kinetic equations 
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(3.2.7a) 

(3.2.7b) 

where 

T(kz; k, k l ) = 27rjv(kz, k, kl)lz [N(k})n(kz) - N(k)n(k l ) - N(k)n(kz)] 

x 5(k - ki - k z)5(Wk - WI - nz) . 

Let us assume the interaction coefficient to be scale-invariant 

and the dispersion laws to be of the power-type 

w(k) = wO + CIk cx , (3.2.8) 

Obviously, with such a choice of w(k) the frequency Wo does not appear in (3.2.7) 
so that we may without loss of generality use Wo = O. 

Equations (3.2.7) conserve the complete number of HF waves and the total 
wave energy Ck = WkNk + nknk and, consequently, support the thermodynam­
ically equilibrium stationary solutions Nk = T/(wk + JL), nk = Tlni;. We shall 
now deal with the nonequilibrium (flux) solutions of these equations. 

Let us first examine the case of complete scale invariance when a = (3. Such 
a coincidence occurs, for example, upon the interaction of electromagnetic and 
sound waves. We shall search for stationary solutions of (3.2.7) in the power 
form 

(3.2.9) 

In (3.2.7a), we shall map the integration domain of the second integral as 
determined by the decay conditions into the integration domain of the first in­
tegral. For that purpose it is convenient to introduce the coordinates kx, ky and 
the complex variable w = kx + iky. The mapping is [3.28] 

, W 
w=w­

I' W 

w 
WI =w­

W" 

"w 
W2=W,' 

W 
(3.2.10) 

As a result, the integrand is factorized and in the stationary case we have 

where 'Y = 2m+2d - a - 2x. 
Equation (3.2.7b) is transformed in a similar way. Multiplication by fh and 

addition of (3.2.7a) multiplied by Wi; yields a second equation for the stationary 
case 
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J T(k2; k, kl ) [Wk - WI (k/kIF+a - JMk/k2p+a] dkldk2 = 0 . 

From these equations, two nonequilibrium solutions may be obtained with 1 = 0 
and 1 = -0 or Xl = -m - d + 0/2 and X2 = -m - d. One of the equations 
coincides with (3.2.7b) in the stationary case 

(3.2.11) 

That equation defines the relationship between the constants A and B appearing 
in the distributions (3.2.9). 

Analysis of Solutions of the Kinetic Equations. Let us demonstrate that the 
first solution (1 = 0) corresponds to the constant flux of the number of HF waves 
and the second one h = -0) to the constant energy flux. 

By integrating (3.2.7a) we find the wave flux 

7rk"'f+d J ( ) PN = -2d - I - 1 - T(k2; k, k l ) k-"'f - k1"'f dkl dk2 

in the case of power distributions (3.2.9). 
For the energy e(k, t) one can obtain from (3.2.7) 

8c:(k, t) J at = [Wk T(k2; k, kl)-WkT(k2; k\, k) 

-ilkT(k; kl, k2)] dkldk2 . 

By integrating (3.2.13) we find the energy flux 

7rk",(+d+a J 
- 2d- 1 T(k2; k, kd 

1+ 0 

x (wkk-"'f-a -wlk1"'f-a _Wlk;"'f-a) dkldk2. 

(3.2.12) 

(3.2.13) 

(3.2.14) 

Going over to the limits (1 ~ 0 and 1 + 0 ~ 0) in (3.2.12, 14) and taking 
into account the conditions (3.2.11) we see that the first solution corresponds to 
a Kolmogorov spectrum with a constant flux of the nwnber of HF waves with 
Pe = O. The second solution corresponds to another one with the energy flux 
Pe -=10 and PN = O. Hence it appears that A,B ex p1/2, in full agreement with 
dimensional analysis. 

Finally, let us determine the direction of the fluxes. For this purpose, it should 
be remarked that one can explicitly find nk from (3.2.11). Substitution of this 
distribution into (3.2.12, 14) and symmetrization of the integrand give rise to 

PN = JR1cl13NkNIN2N3(N;1 + NI- I - N;l - N3- 1) 10 ::~ dkldk2dk3, 

Pe = J Rkl23NkNIN2N3(N;1 + NI- I - Nil - N3- 1) 

x (Wkln k +wllnkl - Wllnk2 - W)lnkJ) dkldk2dk3 , 
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where 

R l234 = T1324 + T3l42 + T1423 + T4132 , 

J U(k,kl,k2)U(k,k3,k4) 
T1234 = T(kl, k2, k3, k4) = dk J U(k, ks, k6)[N(k6) _ N(ks)] dksdk6 ' 

11"2 2 
U123 = (2k)dg I Vi 23 I 8(kl - k2 + k3)8(ill - W2 +WJ) , 

Wi = w(ki), ilj = il(kj ), Ni = N(ki) . 

The resulting expressions formally coincide with the fluxes in the four-wave 
interaction; the sign of the interaction coefficient Rl234 is opposite to sign (x+ex). 
Therefore, using a similar procedure as in Sect 3.1, we obtain 

sign PN = sign (Xl + ex) . (3.2.15) 

For the interaction of electromagnetic and sound waves this procedure leads to 
(ex = 1, m = -1/2, d = 3) [3.27,28] 

Xl = -2, PN < 0, X2 = -5/2, PI! > 0 . 

Thus, we have in this case one Kolmogorov solution (with the constant flux of 
the number of HF waves) in the long-wave region where PN is directed inwards 
and another one in the short-wave region where the energy flows outwards. 

Diffusion Approximation. The homogeneity of the kernels of the kinetic equa­
tions (3.2.8) and, as a consequence, the existence of exact solutions in the form 
of Kolmogorov spectra are first of all due to the coincidence of the indices ex 
and p. This property is not observed in most examples important for applica­
tions. Among these applications is first of all the interaction of HF Langmuir 
waves with long frequency ion-sound waves. A typical situation for such turbu­
lence corresponds to the frequency Wle ~ ille, i.e., the characteristic scale of the 
variation of the frequency of the HF wave is small. In this scale the integrands 
in (3.2.7) are nearly scale-invariant. In such a situation (the so-called diffusion 
approximation) the equations may be simplified. 

Expanding in (3.2.7) the frequency 8-function in a series of il and assuming 
isotropy of the wave distributions Nle and nle, we obtain 

(3.2.16) 

(3.2.17) 

OCIe J( - -) at = -div (WkP N) + ilkTkl2 - ill TU2 dkl dk2 , (3.2.18) 

where 
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Tkl2 = 27rjvk12 12 (Nf + nl {}k a::: ) t5(k - kl + k 2)t5(WI - W2) , 

k J {}2 -
PN = k Wk T2kl dkldk2 

is the density of the flux of HF quasi-particles. These equations represent two in­
dependent systems (3.2.16, 17) and (3.2.17,18) whose identity is readily verified 
by direct calculations. Like the starting system (3.2.7, 13), equations (3.2.16-18) 
have solutions in the form of the Rayleigh-Jeans distribution, with vanishing 
fluxes PN and Pe and T(k; kl' k2) = o. 

Let us consider the solutions with constant fluxes PN and Pe. In the case of 
the power solutions 

(3.2.19) 

these quantities are constant. For the spectra corresponding to PN = const, the 
x-index is directly determined by calculating the powers in (3.2.17) 

Xl = -m - d + a - f3/2 . (3.2.20) 

Here A, B oc pI/2. 

To find a second solution corresponding to Pe =const, we shall subjl'ct 
(3.2.18) to a transformation similar to (3.2.10) which gives rise to 

X2 = -m - d - (f3 - a)/2, A, B oc pI/2 . (3.2.21) 

For both solutions the relationship between constants A and B is determined from 
the stationary equation (3.2.17). It yields a vanishing flux Pe = 0 at PN =const 
and vice versa. The expressions for the signs which do not include the index f3 
remain the same. This is due to the fact that from (3.2.17, 18) the {}knk value 
is eliminated instead of nk at a = f3. 

'furbulence Locality. Our solutions of both diffusion and exact equations are 
valid, (i) only in the inertial interval, which is an intermediate range of k-space 
where there is neither damping nor pumping and (ll) when the wave interaction 
in this region is local. Therefore, the local Kolmogorov spectra are independent 
of the detailed structures of instability growth-rate and damping decrement, but 
are entirely determined by the flux magnitudes. 

For a spectrum to be local, it is sufficient to prove the convergence of the 
integrals in the diffusion equations (3.2.16-18). This in turn requires the necessity 
to know the asymptotics of the interaction coefficients V(k, kl' k2). We shall 
assume 

V(k, kI, k2) 4 Dkm-mlk'('l at kl ~ k 

to hold. Then the upper convergence (at k 4 00) of the integrals is achieved for 

x + 2ml + d - 2a < -1 , 
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and the lower convergence for 

x + a +.B + d + 2(m - ml) > 1 . 

It should be noted that the index (3.2.21) is situated exactly in the middle of the 
locality strip. 

Some Particular Examples. We shall consider the interaction of HF Langmuir 
and spin waves with the sound waves: 

(3.2.22) 

In the diffusion approximation, J1.k ~ c and in each elementary act w(k) = 
w(k - q) + Q(q) the HF wave with the wave vector k interacts with sound with 
the wave vector q ~ 2k, directed backwards. 

For spin waves in ferromagnets, the interaction coefficient with sound is equal 
to [3.30] 

IVik112 = ~2 {AI [(pk1)(kk2) + (Pk2)(kk1)] + A2(kl k2)(kp)} 2 . 

Here Vi is a dimensional constant; p is the vector of sound polarization; AI, A2 are 
the dimensionless phenomenological constants of the magnetoelastic interaction, 
they are of the order of unity. In this case we have a = 2, .B = 1, m = 5, ml = 1. 
The distributions with a constant spin wave flux into the region of large scales 
are 

N '" pl/2v,-1 k-13/ 2 
k - N 1 , 

'" !!..pl /2v,-1 k-ll /2 
nk - N 1 , c 

the dispersive part of the energy flux Ck = J1.k2 + ck: 

N '" pl/2v,-l k-1S/2 n '" !!..pl/2v,- l k-13/2 
k- 4 1 ,k- C 4 1 . 

All these distributions are local. 
In antiferromagnets, the coefficient of the magnon-phonon interaction is 

(3.2.23) 

where cp is a dimensionless function depending on the mutual orientation of 
external magnetic field, wave vector of the sound and its polarization [3.30]; 
m = 1/2 and ml = O. The dispersion law for spin waves (1.4.18) 

Wk = Jw~ + v2k2 

is only in the regions k -+ 0 and k -+ 00 reduced to the cases considered 
in this subsection. At k ~ wo/v we have the scale-invariant case a = .B with 
the Kolmogorov solutions having the form (3.2.9), where x - 7/2 holds for 
the distribution transferring the "energy" flux to the short-wave region. Another 
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solution (with magnon flux) corresponds to x = -3. Both distributions are local. 
At wo :::> kv :::> c. we have the case (3.2.2). The distributions with magnon flux 
to the long-wave region have the form (3.2.19, 20) 

2 
'" ~pl/2v.:-tk-t 

nk - N 2 l woc 
(3.2.24) 

and those possessing an "energy" flux 

N '" pt/2v.:-1 k-3 
k - e 2 l 

2 
n '" ~pl/2v.:-t k-2 

k - e 2 • woc 
(3.2.25) 

The power distributions for the interacting Langmuir and ion-sound waves have 
exactly the same form. Really, the interaction coefficient (1.3.13) has the same 
form as (3.2.23) and the dispersion law coincides with (3.2.22). It is easy to see 
that the solutions (3.2.24, 25) are local [3.28]. 

The Kolmogorov Spectrum Close to Thermodynamical Equilibrium. One interesting fact should 
be noted: the solutions (3.2.24) NJ. ex k-2 and n" ex k- I coincide wilh the ones for thermodynamic 
equilibrium and can consequently transmit only zero fluxes. What is the structure of the flux spectra 
in this case? An answer to this question will be given folIowing KafUlShov and Rubenchik [3.31). Let 
us substitute into (3.2.16,17) the interaction coefficient (1.3.13), introduce a new variable w = k2 and 
use z(w) = n(2k)2kc/ p. Then renoonalization of time for the dimensional constant in the intera.:tion 
coefficient gives: 

-=-- 2- z(w)w dw +w N , aN 2 d ( aN 1'" " , 2 2) 
at ..;w dw Ow 0 

(3.2.26a) 

: = v = V; ( -zN + 100 

N 2 dW') . (3.2.26b) 

To obtain (3.2.26), we have used unity for the angular dependence of the interaction coefficient 
cos2 912. However, since we shall deal only with the behavior of the distributions in tile region 
w -. 0, the resulting asymptotics will also satisfy the exact equatio;)s (3.2.16, 17). Let us consider 
the stationary solutions of (3.2.26); due to conservation of the number of HF waves, (3.2.26a) is 
integrated once to yield 

(3.2.27a) 

(3.2.27b) 

Here the constant PN is the flux of the number of HF waves. It is seen that at PN = 0, the system 
(3.2.27) has the simple solution z = 1, N = l/w, corresponding to (3.2.24). Equations (3.2.27) may 
be reduced to a system of ordinary differential equations. Let us differentiate (3.2.27b) with regard 
to w, then substitute the N2 thus found into (3.2.27a) and integrate this equation from 0 to w: 

wPN = 2N 1'" z(w')w' dw' - Nw2z 

-N (21'" z(w')w'dw' - w2z) ",=0 

(3.2.28) 
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Expecting that the resulting spectra will not grow too quickly at w -t 0 [see below (3.2.31)], we 
shall assume the last term to become zero. Then, introducing the dimensionless variables z -t 

z.,fPN, N = yvPN/w, we obtain 

d w2 2 dz 
--=-w -
dwy dw' 

d zy i 
dw -:-=- w2 ' 

(3.2.29) 

The system (3.2.29) is homogeneous with regard to the variable w and, therefore, introducing the 
variable t = In w, we shall reduce it to the form 

dz z+y 
-=-~-"---
dy y(y2 - zy - 2) , 

(3.2.30a) 

dz z+y 
-=---
dy zy+ 1 

(3.2.30b) 

admitting a simple investigation. If the wave vector goes to zero then t --+ -<Xl. It is seen from 
(3.2.30b) that in this case z increases monotonically. The behavior of the solutions of (3.2.30a) is 
shown in Fig. 3.5 

z 

3 

2 

y 

Fig. 3.5. For different integration constants z is plotted as a function of y 

The dotted line corresponds to i - zy - 2 = O. Above it the slopes of the curves are negative 
and below they are positive. It is easy to see that the curves 2 having the asymptotics y > z, 
describe the spectra of Langmuir oscillations with singularities at finite k. On the curves of type 3 
the inequality y ~ z is satisfied. Their spectrum of Langmuir oscillations tends to zero, N ex w 
at w -t O. Thus the considered flux solution corresponds to a separatrix (curve 1). Asymptotically, 
y ~ 2v'ln k2 , z ~ y + 4/y, y > 1. This asymptotic solution also satisfies the initial equations 
(3.2.16, 17) with exact interaction coefficients this may be verified by direct substitution. 

We have shown that there are stationary nonpower solutions (3.2.26) corresponding to the spectra 
of high-frequency and sound waves growing while k decreases. In terms of the initial variables we 
have 

(3.2.31) 

Since z and y vary logarithmically, the forms of the spectra differ only slightly from (3.2.24), though, 
they provide in contrast to them an energy flux to small k. 
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Let us now discuss bow tbe solutions (3.2.31) and (3.2.20) may be matcbed. The latter sbould 
represent asymptoucs at w -+ 00 

N -+ 2Aw-3/ 2 , z -+ Aw-1/ 2 . 

We sball consider tbe excitation of Langmuir oscillations by a small increment 'Yk = 'Yo(k - leo). The 
solutions obtained by us contain four arbitrary constants: PN , A and tbe coordinates of tbe solution 
on tbe integral curves at k = leo. Since tbe spectra are described by tbe second-order differential 
equation (3.2.26a), nk and N k sbould be continuous at k = leo. Integrating tbe kinetic equation for tbe 
Langmuir oscillations, we obtain the condition PN = 'Yk~ N(Ieo). The solutions (3.2.25) correspond 
to a vanishing flux of tbe wave number PN. Similarly to (3.2.28), one obtains for tbem 

N (-21W z(w')w' dw' +w2z) + ~A2 = O. 

Comparing tbis equation witb (3.2.28), we find: 

The four conditions obtained allow us to match tbe solutions. Of course, since tbe integral curves 
may be found only numerically, it is impossible to give explicit formulas to match the solutions, 
whereas tbe last formula provides an unambiguous relationsbip between tbe asymptotic solutions in 
tbe regions witb k » ko and k ~ leo. 

--- -...... _-
~------~--------~k 

ko 

----

2k 

Fig. 3.6. The steady state distributions of Langmuir 
waves Nk and of ion sound n", as obtained by nu­
meric simulation [3.29) 

Fig. 3.6 sbows tbe numerical solution of (3.2.7) witb tbe interaction coefficients (3.1.13), (3.2.23) 
for isotropic excitation of HF waves witb k = leo and dissipation at k > leo (simulating tbe Landau 
damping of waves on particles) [3.29). Despite tbe narrowness of tbe source, tbe distributions turn 
out to be ratber smootb and correspond qualitatively to tbe solutions (3.2.25) and (3.2.31) depicted 
by tbe dotted lines in Fig. 3.6. The substantial deviation from tbe Kolmogorov solutions at k > ko 
is due to tbe presence of dissipation. 
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3.3 Kolmogorov Spectra of Weak Thrbulence 
in Anisotropic Media 

3.3.1 Stationary Power Solutions 

In this section we shall discuss situations where the Kolmogorov solutions in 
anisotropic media may be calculated explicitly. In the absence of isotropy, the 
dispersion law and the interaction coefficient depend differently on the compo­
nents of the wave vector. The Kolmogorov solutions can be found if in each 
component of k these dependences are separately scale-invariant Such solutions 
were first obtained by Kuznetsov [3.32]. Let us consider, for example, an axi­
ally symmetric medium, like a plasma in a magnetic field. We shall direct the 
z-axis of the chosen cylindric coordinate system along the specified direction in 
k-space. Let P denote the longitudinal component of the wave vector k % and q 
the transverse component k.L' We assume the dispersion law and the interaction 
coefficient of the three-wave interaction to be bihomogeneous junctions of P and 
q (see Sects. 1.3,4): 

w(p,q) = pa.l 

V(>'p, >'PI, ).Pl, J.Lq, J.Lql! J.Lq2) = ). "J.LvV(p,Pl,Pl, q, ql! q2) • 

(3.3.la) 

(3.3.1 b) 

This is just the case when the stationary Kolmogorov distributions are power 
functions of the components of the wave vector and may be found as exact 
solutions of the kinetic equation. 

Let us averaging over the angles in our cylindric coordinate system. The 
kinetic equation acquires then the form 

8n(p,q,t) J ) ) 271"q at = [R(P,Pl,Pl,q,qI,q2 -R(PI,P,Pl,qI,q,lJ2 

- R(]J2,PI,p, q2, qI, q)] dPIdP2 dqI dlJ2 
(3.3.2a) 

== 271"qI(P, q) , 

where 

R(P,PI ,Pl, q, qI, q2) = U(P,PI,Pl, q, qt, lJ2)[n(pI, qI)n(]J2,lJ2) 

- n(p, q)n(Pt, qI) - n(p, q)n(]J2,lJ2)] (3.3.2b) 

x c(p - PI - Pl)c(pa.l- pfqt - ~q~) . 

Without loss of generality one can consider U to depend only on Pi and the 
modulus of qi' Then 

U = (271")31V12q~~ , 

where the quantity 271"/ fl2 is the result of averaging over the angles of the 
two-dimensional c-function of wave vectors which we encountered already in 
Sect 3.1.2. In the given case we have 
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(3.3.3) 

Thus, U is a function homogeneous in Pi of 2u power and in qi of 2v power. 
Besides, U = 0 if segments of lengths q, ql and IJ2 cannot be used to construct a 
triangle with sides of these lengths. Due to this, integration in the plane ql, q2 is 
performed over the shaded region shown in Fig. 3.7. 

Due to the presence of two c5-functions (3.3.2) has two integrals of motion: the 
energy J paqbn(p, q) dpdq and the z-component of momentum J pn(p, q) dpdq). 
Consequently, in addition to the Kolmogorov solutions with a constant energy 
flux 

(3.3.4) 

one can expect here stationary distributions carrying the constant momentum flux 

R ex IpI3+2u-a q4+2v-bn2(p, q), 

n(p, q) ex R1/ 2Ipl(a-2u-3)/2q(b-2v-4)/2 . 
(3.3.5) 

We shall seek the stationary solutions of (3.3.2) in the power form: 

(3.3.6) 

Throughout this section, we shall take the z-components of the wave vectors to 
be positive (p, PI ,P2 > 0), i.e., we consider only waves traveling in one direction 
along the specified axis. In this case, the distributions of the form (3.3.6) have a 
nonzero momentum 

J dq 100 
pn(p, q) dp =I 0 , 

and both stationary solutions (3.3.4-5) must exist 
Indeed, the bihomogeneity of the collision integral (3.3.2) in p and q, like 

in the isotropic case, allows the transformation of the second and third terms 
to the first one (to the accuracy of a a factor). These transformations found by 
Kuznetsov [3.32] represent an analogue of separate Zakharov transformations for 
the longitudinal component of the wave vector and the modulus of the transverse 
components [cf. (3.1.14)]: 

2/ I Pt=p Ph P2 = (P/pDrIz , 

q2 = (q/qDq~ . 

Besides, it is clear that 

(3.3.7a) 

(3.3.7b) 

One can verify that (3.3.7b) transforms the integration domain over Ql, (J2 into 
itself. In this case the second term in (3.3.2) is transformed to the first one with 
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q 

o q q, 

Fig. 3.7. The integration region for the collision integral (3.3.2) is indicated 

the accuracy of a factor. A similar transformation with the third term gives, in 
the stationary case, the equation 

0= J U(P,PI,P2,q,qI,C]2)S(P - PI - P2)S(paqb - piqt - ~q~) 
X [(PIP2)-2:(qIC]2)-TI - (PPI)-2:(qqI)-TI - (PP2)-2:(qC]2)-Tl] (3.3.8) 

x [1- (; r (:. r -(~r (~r] dPldP2dqldC]2 

where r = 2(1 + u - x) - a, s = 2(2 + v - y) - b. 
Equation (3.3.8) has four solutions. Indeed, the first square bracket vanishes 

either due to the frequency S-function by choosing 

Xl = a, YI = b, (3.3.9a) 

or due to the S-function in the z-components of the wave vector 

X2 = 1, Y2 = 0, n(p, q) ex: p-1 • (3.3.9b) 

The solutions (3.3.9) are the limiting cases of the general thermodynamically 
equilibrium solution n(p, q, T) = T j[w(P, q) + cp] , see (2.2.13). 

Using the frequency a-function to evaluate the second square bracket to zero, 
we set r = -a, S = -b, which gives 

X3 = 1 + u, Y3 = 2 + v. (3.3. lOa) 

In fact we have obtained (3.1.9) for the relationship between the solution indices 
and the interaction coefficients separately for different wave vector components. 
Indeed, for the longitudinal component p the dimension of the k-space is equal 
to a unity, and for q it is equal to two. 
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Finally, using the a-function in p, we obtain a fourth solution corresponding 
to r = -1, s = 0: 

X4 = (3+2u - a)j2, Y4 = (4+2v - b)j2 . (3.3.10b) 

The solutions corresponding to (3.3.9) are the Kolmogorov solutions. Comparing 
them with (3.3.4-5), we see that (3.3. lOa) corresponds to the constant energy flux 

(P ) 'p1/ 2 1 1-1-u -2-v n ,q = Al P q (3.3.10c) 

and the solution (3.3.1 Ob), to the constant flux of the z-component of momentum 

(3.3.1Od) 

It should be noted that the solution of (3.3.lOc) also exists in the case in which 
p varies from -00 to 00. 

The distributions (3.3.10) are only for local systems solutions of (3.3.2), i.e., 
when the integral converges for all singularities of the subintegrand. This has ro 
be verified directly for every particular case. 

3.3.2 Fluxes of Integrals of Motion 
and Families of Anisotropic Power Solutions 

Let us now discuss the directions and values of the transferred fluxes. Let us 
start with the distributions transferring an energy flux [3.33]. Symmetery con­
siderations show the energy flux vector to have the two components Pz and P l. 
(P", = 0). The stationary kinetic equation for power solutions (3.3.6) may be 
written in the form 

. apz 1 a 
div Pic = -a + --a (qPl.) = -w(p,q)l(p,q) 

p q q 

= - lim [q2(YS-Y)-2Ipl2(xa-X)-1 lex, y)] , 
(x,y)-(xa,ys) 

(3.3.11a) 

where l(x, y) is a Jr and q-independent integral derived from l(p, q) (3.3.2,8) 
similarly to 1(5) in (3.1.13): 

lex, y) = w(p, q)I(P, q)lpI2(x-xs)+ll(Y-Ya)+2 . 

Using the a-function representation mentioned in Sect 3.1lim".....o Ixl,,-1 = 2a(x), 
we shall find the explicit form of the singularities in (3.3.11a); 

apz + ~~(qPl.) = ~ a1 a(p) + 27r al a(q) . 
ap q aq q2 ax p 8y 

(3.3. 11 b) 

The derivatives aljax and aljay in (3.3.11b) are calculated at x = X3 = 1 + 
u, y = Y3 = 2 + v. 

We see that the external sources must be nonzero in the p = O-plane and on 
the line with q = 0 where the distribution (3.3.1Oa, c) has singularities. In the 
remaining k-space we have div P = O. 
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Due to the homogeneous dependence of all quantities on p and q, the com­
ponents of the energy flux should also be power functions of p and q. Equation 
(3.3.11 b) has a single solution of such a fonn 

A 
PJ. = qipi' 

Bp 
Pr = q2 ipi' A = (aI) B = (aI) 

ay XS,YS' ax Xa,Ya 

(3.3.12) 

Thus, the dependence of the components of the energy flux vector on the ones of 
the wave vector proved to be universal, in every particular case only the A and 
B constants are different The complete energy flux vector in k-space is directed 
at some angle to the wave vector 

Pr p A kr aI/ay 
PJ. = q B = kJ. aI/ax' (3.3.13) 

This is similar to the case of the momentum flux components. Indeed, in this 
second-rank tensor, only two components are nonzero: Rzz and Rd, the fluxes of 
the z-component of momentum, respectively, along and across the z-axis. Taking 
the z-component of the equation for momentum conservation (div R)z = -ph 
one can construct an equation for them which coincides with (3.3.11) 

aR"" + 1 a (R ) _ l' [ 2(Y4-y)-2 2(x4-x)-lI( )] -- -- q zJ. - - 1m q p x,y 
ap q aq (x,Y)-+(X4,Y4) 

= ~ alo(p) + 211" aIO(q) . 
q2 ax p ay 

Thus, the components of the momentum flux tensor also show a universal 
dependence (3.3.12) on the components of the wave vector 

A = (aI) B = (aI) 
ay X4,'4' ax X4,Y4 

(3.3.14) 

As we see, in the anisotropic case the fluxes of conserving quantities are also 
specified by the derivatives of the collision integral with regard to the solution 
index. 

The presence of two indices (x and y) in the power distribution (3.3.6) implies 
that the family of stationary solutions of (3.3.8) is richer than the set (3.3.9-10), 
as pointed out by Kanashov [3.33]. Let us consider the plot of the function 
I = I(x, y) representing a swface in the (1, x, y) space. The points in which 
the swface touches or intersects the plane I = 0 will be the power indices of 
stationary solutions of the kinetic equation. It is easily and directly verified that 
in the points (Xi,Yi) with i = 1, ... ,4 (see 3.3.9-10), the derivatives aI/ax 
and aI/ ay in general are nonzero. This means that in these points the swface 
1= I(x, y) does not touch the plane 1=0 but intersects it at certain lines. In a 
small neighborhood of the point (Xi, Yi), the intersection curve may be assumed 
to be a straight line given by 
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(3.3.15) 

The set of indices of stationary solutions situated on the intersection curve is 
really limited by the locality condition specifying a certain region in the plane 
(x, y). However, if a solution with indices (Xi, Yi) is local, the solutions with 
indices close to it will also be local. 

These families of power solutions n ex Ipl-xq-y also correspond to the family 
of solutions of the equation div P = 0 at p =I 0, q =I 0 generalizing (3.3.12, 14): 

PJ...;;; AlpI2(x3-xl-1q2(Ya-yl-l, 

Pz ;;; BplpI2(xa-xl-1l(ya-yl-2 . 

It is easy to see that (3.3.16) satisfies div P = 0 at p =I 0, q =I 0 if 

A(y - Y3) + B(x - X3) ;;; 0 . 

This condition coincides with (3.3.15). 

(3.3.16) 

It should be pointed out that the locality region in the (x, y)-plane may be either two- or one­
dimensional. In the latter case (as for Rossby waves - see below Sect. 5.3.5), it may be impossible 
to define a stationary solution with indices (x, y) different from (Xi, Yi). The definition of fluxes 
may be impossible as well because the derivatives 81/ 8x or 81/ 8y of the collision integral may 
not exist. Nevertheless, the collision integral converges on the Kolmogorov solution so that we have 
stationary locality. 

To conclude this subsection we list some naturally arising questions, the 
answers to which are currently not available. The set of stationary indices (x, y) 
has been computed only in a particular case. In the work by Balk and Nazarenko 
[3.34], the set of stationary indices was found numerically for the drift-type waves 
described in Sect.l.3.2. Two curves were obtained on the (x, y) plane. One of the 
curves passes through the two points corresponding to the eqUilibrium solutions 
(3.3.9) and another one through the points corresponding to the Kolmogorov 
solutions (3.3.10). (The authors of [3.34] also obtained curves with a stationary 
index outside the locality region. In doing so they exchanged the integral against 
a sum of integrals which they used in computer calculations.) 

Which of the stationary solutions is realized in the presence of a particu­
lar source? As seen from (3.3.12-14), everything depends on the relation be­
tween powers of the sources located at q ;;; 0 and at p ;;; O. For the ratio 
AI B of these powers the solution (3.3.lOc) is realized; for C I D it is given 
by (3.3.lOd). When the power ratio is equal to c out of the interval (AlB, C I D) 
then one of the solutions of the type (3.3.16) with the indices x and y located 
on the curve passing through (X3, Y3) and (X4, Y4) should be realized. The re­
lation (8118x)/(8118y) = c must be fulfilled. But if the power ratio can not 
be represented in the form of a ratio of derivatives in some point (x, y) on the 
stationary curve in the locality region, the stationary solution must be, generally 
speaking, of the non-power type. We note that physical meaning and occurrence 
of the n ex p-xq-Y_type distribution are not quite clear, since a source capable of 
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exciting waves simultaneously on a plane and a line in the k-space [see (3.3.11)] 
is still considered to be rather exotic. However, it is possible that on wave ex­
citation by quite an arbitrary source localized in the region p ~ Po, q ~ qQ, the 
asymptotics of a stationary distribution at p ~ Po, q ~ qQ will be described 
by some of the solutions (3.3.10). For a source generating the fluxes of both 
conserved quantities, i.e., energy and momentum, it follows from a dimensional 
analysis that the two-flux solution may be written in the form 

(3.3.17) 

where ~ = Rlpla-l qb / P is a dimensionless parameter specifying the relation 
between the fluxes. At ~ ---t 0, (3.3.17) should coincide with (3.3.1Oc), therefore 
f(O ---t const. In the opposite limit, n(p, q) depends only on the momentum flux 
f(~) ---t Jf, at ~ ---t 00. Thus, the two-flux solution has power asymptotics only 
in the regions of the k-space that are sufficiently remote both from the source 
and the surface given by the equality ~ = 1. The function f(O has not yet been 
calculated for any particular case either. 

In Sects. 1.3,4 we gave examples of physical systems in which the dispersion 
law and the interaction coefficient are bihomogeneous functions of the wave 
vector components, i.e., they satisfy (3.3.1). Examples of Kolmogorov spectra in 
anisotropic media will be described in Chap. 5. 

The attentive reader has probably noted that in all the examples listed in 
Sects. 1.3,4 the bihomogeneity (3.3.1) was observed only for the waves whose 
wave vectors are located within a narrow angular range in k-space. For the 
Kolmogorov solutions (3.3.10) to be valid, one should prove in every case that 
the waves inside this angular range interact with each other by far stronger than 
with waves from the remaining part of the k-space. 

3.4 Matching Kolmogorov Distributions 
with Pumping and Damping Regions 

In the previous sections (3.1-3), we have obtained the universal nonequilibrium 
distributions (3.1.5-6), (3.3.3-6,9,19-21), (3.3.10) which reduce the correspond­
ing collision integrals to zero. For each of these solutions we have found a re­
lationship between the amplitude of the distribution and the amount of the flux 
it transmits [see (3.1.13, 22), (3.2.12, 14), and (3.3.13)]. In this section we shall 
go further and discuss, first of all, the question of how to find the flux carried 
away by the Kolmogorov solution for given amplitude and spectral character­
istics of the wave source. The role of the source will be played, as mentioned 
in Sect. 2.2.3, by the increment of some instability, i.e., the positive part of the 
function r(k) [see below (3.4.1)]. To answer this question, it is necessary to find 
the form of the distribution nk satisfying the stationary kinetic equation (2.2.15) 

(3.4.1) 
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in the region of k-space where n. > O. In other words, one should match the 
Kolmogorov solution (realized far from the regions where n: =I 0) with the one 
for the pumping region. As we shall see in this section, spectrally narrow pump­
ing gives rise to a very interesting intermediate solution, the pre-Kolmogorov 
asymptotics, in a wide range of scales up to those strongly differing from the 
pumping region scale. Secondly, we shall discuss the effect of wave damping on 
the structure of the stationary distribution, i.e., we shall take into consideration 
that, starting from some kd, the function rk < 0 and the occupation numbers nk 

should fall off faster than the Kolmogorov law. 
Consideration of at least one of the finite scales, the pumping region ko or 

the damping region kd, is physically absolutely indispensable. This follows from 
the fact that the Kolmogorov solutions obtained in Sections 3.1-3 in an infinite 
interval k E (0,00) are the power solutions nk oc: k- so with the wave energy 
density per unit volume of a medium in such distributions being infinite. Indeed, 
the integral 

E = J Wknk dk oc: 100 
kor+d-6o-1 dk (3.4.2) 

diverges either at the upper or lower limit, depending on the sign of the quantity 

h=a:+d-so. (3.4.3) 

As seen, at h < 0, the energy-containing region is the pumping region k ~ ka, 
while it is for h > 0 the damping region k ~ kd. The h-index determines, in 
particular, the type of the dependence of energy flux on the characteristic scale 
of the pumping region (Secl3.4.1) and the type of nonstationary behavior of 
weakly turbulent distributions (Chapt 4). 

Thus, in this section we shall study the stationary kinetic equation (3.4.1). 
It is a nonlinear integral equation and it is only in degenerate cases that its 
complete analytical solution may be obtained. Therefore in this section, along 
with analytical methods, we shall use order-of-magnitude estimates and numeric 
simulations. 

3.4.1 Matching with the Wave Source 

Let us consider the isotropic turbulence in the decay case in which the only 
Kolmogorov solution has the form 

n~ = >.pl/2k-m - d (3.4.4) 

and the h-index is equal to 

h = a: + d - so = a: - m . (3.4.5) 

The power absorbed by a wave system (that is the flux transmitted) P is 
easily estimated for sources with a broad spectrum as depicted in Fig. 3.8. This 
is accomplished as follows: the energy flux directed into a medium by pumping 
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P = J r(k)w(k)n(k) dk ~ row(ko)n(ko)kg (3.4.6) 

is expressed via the values of the occupation numbers in the pumping region 
n(ko). Assuming the distribution to be moderately distorted by a smooth source 
(not more than by a magnitude of the same order), one can estimate n(ko), 
extending the Kolmogorov solution (3.4.4) to small k's 

n(ko) ~ >..pI / 2kr;m-d . (3.4.7) 

Substituting (3.4.7) into (3.4.6), we find the flux 

(3.4.8) 

r r 

Fig. 3.8. Typical behavior of rlr for sources with a broad spectrum around the single characteristic 
wave number ko 

The assumption of small distortions of the Kolmogorov distribution by a 
broad source is supported by Fig.3.9 taken from the work by Zakharov and 
Musher [3.35] where the Kolmogorov spectrum of wave turbulence has first been 
observed in a numeric simulation. Equation (3.2.3) for three-dimensional acoustic 
turbulence was modelled, and the source was chosen to be rk = exp[ -(k -
10)2/4]. The resulting distribution shown in Fig. 3.9 is close to the Kolmogorov 
solution n~ <X k-9/ 2 in the 5 < k < 50 range (Fig. 3.9 represents the ~nk value 
diminishing as k-S/ 2). 

Expression (3.4.8) has a clear physical meaning: the energy flux increases 
when the source is shifted into the energy-containing region. Indeed, at h > 0, 
P is an increasing function of ko, at h < 0, a decreasing one. This formula was 
obtained by Falkovich and Sha/arenko [3.36]. In the same way we obtain for the 
four-wave case 

P ...3/2k3hl/2 d Q ...3/2k3h2 /2 
<Xlii 0 an <Xlii 0 • 

The quantity h2 = d - So indicates the positions at which the action integral 
N = J nk dk diverges; the value hI corresponds to (3.4.3) with So = 2m/3 + d. 
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a 

-2 

2 log k 
Fig. 3.9. Steady state distribution of acoustic waves excited by broad sources 

Let us now consider the excitation of turbulence by a source which is nonzero 
in the small neighborhood 6.k in the vicinity of k = ko, i.e., is narrow in the 
modulus of k (6.k <t:: ko) and, accordingly, in frequencies: 6.wk <t:: w(ko) == woo 

The question with regard to the structure of a stationary distribution excited 
by a spectrally narrow source is not quite trivial. The stationary kinetic equation 
(3.4.1) may be written in the form 

Here the collision integral is split up into two parts. The first one, "Iknk, contains 
nk outside the integral. The quantity "Id nk'} has the meaning of a nonlinear 
damping decrement of a wave with wave number k due to the presence of the 
distribution n/c,. This quantity is a functional of nk' and is in the three-wave case 
given by the single integral over dk 

"Ik = 2 j IV(k,k',k - k')12c5(w(k) -w(k') ~w(lk - k'D)n(k')dk' 

+ 2 jlV(k', k, k' - k)12c5(w(k') - w(k) - w(lk' - kD) 

x [n(k' - k) - n(k')] dk' 

and in the four-wave case by the double integral 

"Ik = jIT(k, k2 + k3 - k, k2, k3)12c5(w(k) +W(lk2 + k3 - kl) - W2 - W3) 

x [(n2 + n3)n(k2 + k3 - k) - n2n3] dk2dk3 . 

As usual, Wi = W(ki), ni = n(ki). 
In the three-wave case, the remaining part of the collision integral equals 
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Sic = jlV(k,k1,k - kl)12<5(w(k) -W(kl) -w(k - kl»)nln(k - kddkl 

+ 2 j lV(kl, k, kl - k)12<5(w(kt> - w(k) - W(kl - k») 

x nl n(kl - k) dkl 

and in the four-wave case 

Sic = jIT(k, k2 + k3 - k, k2, k3)12<5(w(k) +w(k2 + k3 - k) 

- W2 - WJ)n(k2 + k2 - k)n2n3 dk2dk3 . 

It is important to emphasize that, being distribution integrals, the quantities 
"tic and Sic should be smooth functions of the k-vector for sufficiently arbitrary 
nlc', Let us write the stationary kinetic equation in the form 

As a consequence of the smoothness of "tic, Sic it follows clearly that if in any 
region of k-space the external pumping ric has a sharp anomaly, the occupation 
numbers nlc should also have an anomaly in this region. In other words, since 
Ertlc/ok and oSIc/ok are small, the derivative onlc/ok is large in regions where 
on/ok is large. This conclusion is correct both for the decay and nondecay 
cases. But there arises the question whether the anomaly is essential, i.e., if there 
is a sharp peak of occupation numbers in the pumping region. The answer may 
vary with types of interaction (three- or four-wave ones). 

Let the source excite waves in a narrow interval 6.w around woo In the case 
of three-wave interactions, by 2 ~ 1 confluence processes these waves will 
generate a peak of the distribution of occupation numbers at w = 2wo. By the 
induced 1 ~ 2 decay processes waves from a second peak can generate waves 
in the first (pumping) interval rather than outside of it. Indeed, in the second 
integral of the kinetic equation (2.1.12) for on(w, t)/fJt, the terms differing from 
zero will be those containing n(2wo)n(2wo - w). Besides, waves from the first 
peak will merge with waves from the second peak to generate a third peak, etc. 
However, due to the locality of the interaction, the influence of remote peaks on 
the first one (and the resulting peak broadening) should be small. Thus, in the 
three-wave case it would be natural to expect a sharp peak of occupation numbers 
in the pumping region and a chain of peaks (at multiple frequencies) generated 
by it. This subsection mainly deals with the properties of such solutions. 

In the nondecay case, wave excitations by a narrow source should occur quite 
differently. Indeed, now every 2 ~ 2 interaction involves four waves. If two out 
of four interacting waves have frequencies close to the pumping frequency, the 
frequencies of the other two waves can vary over a wide range. For example, 
scattering of two waves with frequency Wo can give waves with frequencies 
from zero to 2wo. As a result, the energy of the source might be distributed 
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over a wide region of k-space instead of being concentrated in narrow intervals. 
As indicated by computer simulations of weak Langmuir turbulence, spectrally 
narrow pumping does not generate a sharp distribution. Figures 3.10 and 3.11 
obtained by Hansen and Nicholson [3.12] shows the formation of a Langmuir 
turbulence spectrum by pumping (at 0.7 < w < 0.8). At first pumping excites a 
sharply peaked distribution which is then smeared out (Fig. 3.10); in the quasi­
steady state (Fig. 3.11 corresponds to t = 100) it is no longer pronounced. 

A distribution of the same kind had been obtained by Falkovich and 
Ryzhenkova [3.15] for optical turbulence. Figures 3.12a, b obtained by numeric 
simulation of the kinetic equation corresponding to nonlinear Schr6dinger equa­
tion (see Sect 1.4.3) show the steady behavior of the distribution and its index, 
respectively. A weak anomaly of the distribution and a strong one of the deriva­
tive s(w) = d 10 n(w) / dw were observed. 

The question with regard to presence or absence of a sharp peak generated 
by pumping in a stationary distribution is also related to whether the energy 
flux depends on the integral power of the source r = f rk dk or only on its 
maximal value r(ko) = ro. It should be noted that the absence of a sharp peak 
in the narrow pumping region could also be connected with a large value of ik 
(formally speaking, with the divergency of the integral for ik)' 
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Fig. 3.11. Steady distribution of Langmuir turbulence excited by spectrally narrow pumping 

Let us now return to the decay case. IT one assumes also for narrow pumping 
a smooth distribution then instead of (3.4.6), one obtains 

P = J rkwknk dk ~ kg-tw(ko)n(ko) J r k dk == rwon(ko)kg-t . 

Using in here the n(ko) from (3.4.7) yields then 

P ~ r2w5ko2m-2.x2 ex: r 2 k~h-t) (3.4.9) 

which differs from (3.4.8) by the factor (6.k / ko)2 and contains r instead of 
ro. This estimate (3.4.9) which has also been given in the literature [3.2, 8] is 
incorrect. 

Following [3.36], we shall now show the dependence P ex: k5h to hold 
also for spectrally narrow pumping. An error made in deriving (3.4.9) is the 
unjustified assumption that the occupation numbers at k ~ ko exhibit a smooth 
behavior. As a matter of fact, the sharp function rk may generate a sharp peak 
nk at k ~ ko, Wk ~ woo As described above, the properties of the three-wave 
interaction ensure that the peak will give rise to a chain of peaks at multiple 
frequencies Wi = jwo where j is a natural number. To illustrate this, we shall give 
an example where the limiting case of such a solution may be found analytically. 
Consider (3.2.3) for two-dimensional acoustic turbulence. Instead of rknk we 
shall take an external force Fk independent of nk 

I(k) = !ok kt(k-kt)(ntn2-nknt-nkn2)dkt 

(3.4.10a) 
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Here nl == n(k1), n2 == n(lk - kl D. Using the substitution f(k) == kn(k), this 
equation can be represented as 

-4f(k) 100 
f(kd dk1 + 1: f(kdf(lk - kl D dkl == -F(k)'. (3.4. lOb) 

If we determine f(k) and F(k) at k < 0 with the help of F(-k) = f(k) and 
F( -k) = F(k), then the second term on the left-hand-side of (3.4. lOb) is a convo­
lution integral. Consequently, (3.4. lOb) may be solved by Fourier transformation. 
Indeed, the Fourier transformations 

f(a) = 1: f(k)e ik17 dk, F(a) = 1: F(k)e ik17 , dk 

reduce (3.4.10) to the algebraic equation 

-2f(a)f(0) + l(a) + F(a) = 0 . 

From this we find f(a) and, using the reverse Fourier transform, we obtain the 
stationary distribution in the form 

(3.4.11) 
-00 
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In particular, setting Fk = F [~(k - ko) + ~(k + ko)] , we get a solution in the 
form of a chain of peaks of decreasing intensity 

.jfF ~ ~(k - j ko) 
nk = -k- L.- 4'2 - 1 ' 

j=1 J 
(3.4.12) 

It is seen that at j ~ 1, the number of waves in the jth peak Nj decreases 
with the growth of the number j according to the Kolmogorov law Nj ex: j-3 
[for two-dimensional acoustic turbulence the Kolmogorov solution (3.2.5) equals 
nk ex: k-3]. 

Let us now deal with the excitation of two.{jjmensional sound by the narrow increment r,.. We 
shall assume r,. to be nonzero in the small neighborhood t:.k around ko (t:.k <t: ko). If there exists 
a solution in the form of a chain of sharp peaks against a low background (which will be checked 
by numerical experiments, see below Figs. 12-14), then the properties of such a distribution may be 
found using perturbation theory with the small parameter ~ k • 

As the zeroth approximation, we shall consider the inter~ction of peaks between each other. For 
the value 

presenting the number of waves in the jth peak, we obtain 

j 

Ij = I>(j -1)[NjNj_1 - nj(N,Nj_d 

1=1 

00 
(3.4.13) 

- 2 L 1(1 - j)[Nj N'_j - N,(Nj + N'_j)] = -roNI.tljl . 

I=j 

We have assumed here the first peak to be narrower than the source (which will also be justified 
below by numeric simulations). ro is the value of the maximum of the increment. The solution of 
(3.4.13) evidently follows from (3.4.12) at F = ro NI 

N. _ 2Fo 
J - 3j(4j2 - 1) 

(3.4.14) 

Certainly, within the full equation I(k) + r"nk = 8nk/ fJt such solution does not have external 
stability, waves outside the peaks (with k i jko) should be excited.. The disttibution of these waves 
provides a background whose form may be found from the approximation following (3.4.13) where 
for the waves with k i j ko we shall take into account only their interaction with the chain of peaks: 

00 

-4n(k) L kokjNj +2 Ljko(k - ko)Njn(k - jko) 

j=1 j=1 

00 

+ 2 L koj(jko - k)Njn(jko - k) 

j=1 

00 

+ 2 L jko(jko + Ie)Njn(jleo + Ie) = 0 . 

j=1 
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Here i = [k/kol is the integral part of the k/ko-ratio. This equation has the solution 

n(k) = g(k)k-1 , (3.4.15) 

where g(k) is a periodic function (with period ko) symmetric relative to the points jko/2. Comparing 
(3.4.14) and (3.4.15), we see that the background of the specttum should with increasing k decrease 
slower than the peaks. Thus, the peaks may exist only in an intermediate range ko < k < k., where 
k. is determined by the ratio of the amplitude of the first peak to that of the background: 

4ro 

96.k1 n(ko/2) . 

Here 6.kl is the width of the first peak. For k > k •• an ordinary monotonically deccreasing 
Kolmogorov specttum nk ex k-3 should be observed. 

The spectral background gives rise to additional damping for waves with k = j ko. with the 
decrement 

4jk.g=4jk.lkO g(k)dk, 

due to which, with growth of j, the chain of peaks should more and more deviate from the Kol­
mogorov law. and decrease steeper with Nj. 

Considering further orders of the perturbation theory and taking into account the terms quadratic 
in the amplitude of the background, we can obtain other properties of the above solution (deviations 
from the Kolmogorov law Nj ex j -3, the fine sttucture of peaks, etc). 

The above consideration of the structure of the spectrum generated by a 
narrow source were verified by numerical simulations due to Falkovich and 
Shafarenko [3.36] who studied the kinetic equation 

an~, t) = I(k) + nn(k, t) (3.4.16) 

with a collision integral (3.4.10) and an increment of the form 

[ (k - kO)2] rk = roexp - -sk . (3.4.17) 

In order to provide in numerical simulations an efficient energy sink in the 
region of large k's one usually sets nk == 0 at k > kd [3.35-36]. As a result, the 
discretized collision integral becomes 

k 

I(k) = L l(k -I) [n(l)n(k -I) - n(k)n(1) - n(k)n(k -I)] 
1=1 

kd 

- 2 L 1(1- k) [n(k)n(l- k) - n(l)n(l- k) - n(l)n(k)] 
I=k 

kd+k 

- 2n(k) L 1(1- k)n(l- k) . 
I-kd 

(3.4.18) 

The last term in (3.4.18) plays the role of nonlinear damping. It is due to the 
transfer of waves to the region k > kd at the expense of confluence processes. 
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In numerical simulations it has been found that. irrespective of the form of the 
initial condition, the solution of (3.4.16) evolved into the stationary distribution 
presenting a chain of peaks, which goes with the growth of k over into a mono­
tonically decreasing function. Figure 3.13 illustrates such a steady distribution 
for ro = 100, ko = 20, 6k = 4, kd = 400. 

The dotted straight line in the figure has a slope of -3, i.e., it corresponds 
to the Kolmogorov power spectrum. The amplitude of the first peak exceeds 
that of the background at k ~ ko/2 by two orders of magnitude. The half-width 
of the first peak at a height which is e times as small as the maximal one is 
approximately equal to 6.kl ~ 1, i.e., it makes up for a quarter of the half-width 
of the source. The next peaks are broadened according to the law 6.kj ex j. The 
number of waves in the j-th period 

jko+ko/2 

N j = L nk 

k=jko-ko/2 

up to j = 6 decreases approximately by the Kolmogorov law Nj ex j-3 (for 
details see [3.36]). As a consequence of these two features (6.k j ex j, Nj ex r 3), 
the peaks' amplitudes decay according to the law 

(k ) Nj ·-4 
n 'j ~ 6k. ex J , 

J 

whose index differs from the Kolmogorov law by unity. The background of the 
spectrum decreases in conformity with (3.4.15) by the law n(k) ex k- l . 

Such pre-Kolmogorov asymptotics, in which the relay transfer of energy 
is effected by the waves concentrated in narrow spectral intervals, is not an 
exclusive property of two-dimensional acoustic turbulence. Figure 3.14 shows 
the stationary distribution generated by the source (3.4.17) for three-dimensional 
sound at ro = 100, kd = 200, ko = 20, 6k = 4. 

The dotted straight line in Fig. 3.14 has the slope -11/2. The background of 
the distributions decays with the growth of k slower than the peaks. 

Figure 3.15 shows the stationary distribution for capillary waves on a deep 
fluid with To = 100, Wd, WO = 10, 6w = 2 (the picture illustrates the situation in 
the space of eigenfrequencies Wk ex k3/ 2). 

In both cases we have a chain of peaks whose amplitudes decrease by a power 
law with indices differing from the Kolmogorov index by unity. Their widths 
grow according to a linear law (in frequency space) which is easily understood. 
Indeed. let the waves exist in the range (WI - 6.wI, WI + 6.wI). Due to the 
confluence process 2 -+ 1 the waves appear in the range (2w1 - 26.wI, 2w1 + 
26.wI) etc. 

Evidently, distributions of this type should in the general case of wave tur­
bulence with a scale-invariant decay dispersion law be generated by a spectrally 
narrow source. 
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Having obtained an idea about the structure of the distribution, we return 
now to discuss the energy flux absorbed by a wave system emitted by a narrow 
source. Due to narrowness of the first peak:, (3.4.6) is replaced by 

(3.4.19a) 

We shall estimate the number of waves in the first peak of this equation using 
the Kolmogorov law for Nj 

(3.4.19b) 

Substituting (3.4.19b) into (3.4.19a), we again obtain (3.4.8), which is true irre­
spective of the width of the source. 

The results of numerical modeling reported in detail in [3.36] directly support 
the dependence P <X rJ k~h. For two-dimensional sound P does not depend 
on ko; for three-dimensional sound the dependence is almost the inverse one 
P <X k;t, (i.e., h = -1/2); for capillary waves a reverse dependence of the flux 

on the source frequency is observed P <X w;t (h = -3/4, a = 3/2, k~h = w;t). 
The flux is indeed proportional to the square of the maximal increment roo 

The flux depends only weakly on the strength of the integral over the source 
r = f rk dk. For example, for two-dimensional sound and constant amplitude of 
ro the flux slowly decreases with the integral strength of the source: at 6.k / ko = 

1/10 P = 1534, at 6.k/ko = 1/5 P = 1442 and at 6.k/ko = 2/5 P = 1362. This 
decrease seems to be due to a smearing out of the first peak: with the broadening 
of the pump region. 

3.4.2 Influence of Dissipation 

In considering dissipation, one naturally encounters three questions: 

1. What kind of function r k describing the behavior of the wave damping 
decrement is required for the existence of the stationary distribution? 

2. Which distortions of the Kolmogorov distribution in the inertial interval are 
caused by the presence of a remote dissipative region? 

3. What is the structure of the stationary spectrum of wave turbulence in the 
region of strong dissipation? 

We have started the discussion of the first question in Sect. 2.3.1. We have 
proved there the necessary condition for the existence of the nonequilibrium 
stationary distribution to be the presence of energy damping (rk < 0) for large 
k. Now we shall clarify the further conditions which the asymptotics of the 
function rk must satisfy at k -t 00 [in addition to negativity] to ensure the 
existence of a Kolmogorov distribution in the inertial interval. In the dissipative 
region, the function n absorbes part of the flux transmitted by the Kolmogorov 
spectrum through the inertial interval. Let us substitute the Kolmogorov solution 
nk ex k- so into the stationary kinetic equation (2.2.19) 
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It is seen that if the dissipative function rk at k -+ 00 increases slower than 

then the dissipation is not able to absorb the whole flux. According to (3.4.2), the 
index h specifies the location of the energy-containing region of the spectrum. 
In the next section [see (3.4.23)], we shall see that the characteristic time of 
nonlinear wave interaction on the background of a Kolmogorov distribution as a 
function of k behaves as 

This expression is understood by the following considerations: Let at some k 
there be a deviation of the distribution from the Kolmogorov one. Then, with k 
changed by a factor of A, the characteristic evolution time of this perturbation 
varies by a factor of A -h. 

Thus there are two physical explanations for the requirement that the function 
rk should for k -+ 00 increase faster than kh to ensure the existence of the 
stationary Kolmogorov distribution. On the one hand, this condition implies that 
the main portion of the energy should be absorbed in the short-wave region. On 
the other hand, it accounts for the quicker growth (or slower decrease) of the wave 
damping decrement compared to the inverse time of nonlinear interaction. It is 
only in the case of an infinite number of modes in a system that the requirement 
of a vanishing flux P at k -+ 00 does make sense. If there exists a maximal 
wave number km and the corresponding maximal frequency wm, then n(wm) is 
not bound to become zero. Indeed, having determined the flux in the case of the 
finite and discrete w-space WI = lwo, I = 1, ... ,L by 

I 

PI = L iI;, 
i-I 

we see that PI = PL = 0 holds due to the energy conservation law. Therefore, 
in this case, the n-function may be rather arbitrary in the whole w-space. The 
only requirement which remains is the condition of entropy withdrawal (2.2.16) 
or, in the discrete form, 

L 

:En ~ O. 
;=1 

Here the summation is to be carried out over all modes. 
In the case of a model system with the w-space consisting of three points 

(three spherical harmonics) 
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one can prove that the inequality Ft + r2 + r3 < ° is a necessary and sufficient 
condition for the existence of at least one (there may be more than one) steady 
state with positive nl, n2, n3. We leave the derivation to the reader as a small 
algebraic exercise. 

For an arbitrary number of modes in the system, it is only in the limit E r, ~ 
-0 that condition (2.2.16) may be proved to be sufficient In this case, though 
separate r, may be rather large, the system is almost in equilibrium. Really, 
considering (2.2.10), the equation for the rate of entropy variation becomes in 
the discrete case 

where U(i,1) is a positive function expressed via the square of the interaction 
coefficient and wave frequency. Hence it appears that at E Ft ~ -0, each of 
the square brackets in the first sum should tend to zero. This is only possible for 
a Rayleigh-Jeans distribution n, = A/I; here I is the coordinate in the w-space; 
n, the wave density in the k-space taken to be a function of the frequency. We 
consider now the isotropic case. The stationary distribution may be constructed 
using perturbation theory: n, = A/I + tP, + .... Substituting such a distribution 
into the discrete analog of the kinetic equation, one can show that tP, ex rl, A ex 

(E r'f) / (E r,), the small expansion parameter being (E r,) 2 / E r'f. Thus, at 
E r, ~ -0, the effective "temperature" of the stationary distribution tends to 

infinity implying that the characteristic saturation time should also increase. 
Numerical simulation of the formation of a steady-state, given a source and 

the dissipation being distributed in the w-space, was carried out by Falkovich 
and Ryzhenkova [3.37]. Following their paper, we shall consider at first the 
discrete kinetic equation describing capillary waves on deep water. In this case 
a = 3/2, m = 9/4, d = 2, and the kinetic equation may be written in the form 

Here 

L 

+ L U(I, k)[nkn'-k - n,(nk + n'-k)] + rknk . 
l=k+l 
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2/3"1 )2/3 
U(k, l) = k8/ 3 X \ - X 

J4X4/3(1 - X)4/3 - [1 - X4/3 - (1 - X)4/3]2 

{ (1 - X2/3)2 + [1- (1 - X)2/3]2 _ [ 2/3 _ (1 _ )2/3]2}2 
X (1 _ X)I/3 XI / 3 x x 

and x = kll. The rk-function was chosen in the form of rk = BLlkl - V'k. 
Figure 3.16 illustrates the time dependence of the total energy of a distribution 

for L = 100, B = 100, E rk = -571.4. It is seen that at t ~ 3.8 the evolution 
becomes exponential E(t) = Eo - El exp( -tf flt). Determining the slope of the 
curve, one can find the characteristic saturation time flt. It is interesting to follow 
the variation in flt with an increasing number of modes L. The rk-function 
grows with k slower than k- h = k3/ 4, therefore there cannot be a stationary 
distribution in an infinite system. In a finite system, however, the saturation time 
flt falls off with the growth of L, which is due to the growth of the modulus 
I Erkl, see Fig. 3.17. It is seen that at Erk - 0, flt-1 <X Erk • 

The two other wave systems with a decay dispersion law which we have 
considered above, the gravitational-capillary waves on shallow water (two­
dimensional sound) and three-dimensional sound, exhibit in numerical simula­
tions a similar behavior. 

Let us now answer the second question posed at the beginning of this sub­
section. We consider the k-space and assume that starting from some kd' there is 
a strong wave damping (rk < 0), leading to a quick reduction of the occupation 
numbers nk at k ~ kd. In the region ko <t: k <t: kd, where ko gives the scale of 
the source, the stationary distribution should be close to the Kolmogorov distri­
bution nk <X k- m - d - provided the condition for the locality of the interaction is 
satisfied, i.e., if the collision integral converges on the Kolmogorov solution. In 
Secl3.1 we have shown that the collision integral converges on power solutions 
nk <X k-s if the index 9 is a number out of the locality interval 

ml + d - 1 + 2a == 91 > 9 > 92 == 2m - ml + d + 1 - 2a 

and if for kl <t: k the asymptotics of the interaction coefficient has the form 

IV(k k k )12 = V 2 km1 k2m- m1 , 1, 2 1 . (3.4.20) 

The locality interval exists if 

ml-m-1+2a>O. 

If this condition is satisfied, the deviation of the stationary distribution from a 
power distribution, induced by the effect of a remote sink, is small and may be 
found with the help of perturbation theory in the small parameter k f kd. 

According to (3.1.11), the angle-averaged three-wave collision integral equals 
[except for a constant factor] 
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the entropy production rate 

I(k) ex J J [R(k, kI, k2) - R(kI , k, k2) - R(k2, k, kl)] dki dk2, 

o 0 (3.4.21) 
R(k, kI, k2) = WkI212(kIk2)d-I Lld" tt5(ka - ki - kfl) 

X 8(k - kt)(ntn2 - nknt - nkn2) . 

li, in an infinite interval k E (0,00), the Kolmogorov power solution nk = 
Dk-m- d is realized, the collision integral is identically equal to zero I(k) = O. 
The absence of waves at k > kd (we shall set nk == 0 at k > kd) leads to a slight 
deviation of the collision integral from zero for k < kd 

HI = 2D2 [00 W(kt , k, ko)12k;-t LldI(kt, k, ko)kg- a 
~ ~~~ 

x [(kko)-m-d - (kkl)-m-d - (ktko)-m-d] dkl . 

Here ~ = kf - ka . This additional contribution HI owes its origin to the finite 
character of the inertial interval. For the distribution nl; to be stationary, HI 
must be compensated for by a contribution t5 h due to the small deviation of the 
solution from a pure power law (nl; = n~ + t5nl;, t5nl; < n~ at k < kd) 
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00 00 

= 2 j j(k1k2)d-1 11;1 {IVk1212a(ka - ki - kf)8(k - kl) 

o 0 

X [anI (ng - n~) - anknY] 
(3.4.23) 

- IlIik212a(ki - ka - kf)8(kl - k) 

X [ank(ng - nY) +anl(n~ +ng) +an2(n~ - nV]} dkldk2. 

Here Lk is the operator of the kinetic equation linearized with respect to ank. 
This integral operator is scale-homogeneous LAk = >.m-OI Lk with the index 
m - a = -h, see Sect. 4.2 for details. 

Since the linearized collision integral L" also detennines the nonstationary behavior of small 
perturbations 86n(k, t)/8t = 1,,6n(k, t) [see below (4.1.1)]. the characteristic evolution time of 
such penurbations is proportional to kh. as indicated in the preceding subsection. 

Thus, in order to determine ank, we should solve the linear inhomogeneous 
integral equation 

(3.4.24) 

At first we calculate HI. Since in (3.4.22) ki > kd ~ k, we shall make use 
of the asymptotics (3.4.20) of the interaction coefficient and expand the square 
bracket in (3.4.22) up to the first nonvanishing terms in (k/kl)a to obtain 

all = 2D2(m + d)V2 k;+1-2a-m1 kml-m+a-d-l . 

a(ml + 2a - 1 - m) 
(3.4.25) 

In conformity with the locality condition (3.1.12c) we have ml +2a -1-m > O. 
Due to the homogeneity of the Llc operator the equation 

(3.4.26) 

has the power solution 

(3.4.27) 

where W(8) is a dimensionless integral obtained by substituting bnk = k-6 into 
(3.4.23) and factoring out DV2k-h- e• The solution of (3.4.26) has the form of 
(3.4.27) only if the index 8 = X - h is an element of the locality interval of the 
collision integral. It is easy to see that the locality interval (81,82) is the same 
for complete (3.1.11) and linearized collision integral (3.4.23). In our case, i.e., 
with (3.4.25) substituted into (3.4.24) we have x = m + d + 1 - ml - a and the 
quantity x - h = 2m - ml + d + 1 - 2a coincides with the lower bound of the 
locality interval 82 [see (3.1.12a)]. Neglecting the slow logarithmic dependence 
in the integration, we obtain 
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Fig. 3.18. Distortion of the Kolmogorov spectrum caused by damping 

2(m+d)ln-1 (!II.) (k )m1 -m+2a-l 
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a(ml - m + 2a - 1) kd 
(3.4.28) 

Formula (3.4.28) is valid at k ~ kd and shows that the finiteness of the sink 
scale leads to increased occupation numbers in the inertial interval, since Dnk > 
O. The Dnk-value grows with k, i.e., the distribution has a somewhat smoother 
slope. Of course, at k ~ kd, a sharp fall-off of nk should take place, which 
now cannot be described in terms of perturbation theory. Thus, the stationary 
distribution should show the features depicted in Fig. 3.18, where the dashed line 
corresponds to the Kolmogorov power solution. The dependence of Ig nk on Ig k 
should have an inflection point (marked in Fig.3.18 as k*), where the index 
of the solution for the current s(k) = dlgnkld1gk passes through a minimum. 
Accumulation of waves at k ;S k* seems to be induced by the "bottIe-neck" 
effect, arising due to a reduction of the flux at k ~ k* because of a decrease 
in the occupation numbers at k ;S kd. This picture is confirmed by numerical 
experiments carried out for capillary waves on the surface of a deep fluid and for 
sound [3.37]. Thus, Fig. 3.19a (top) represents the wave vector dependence of the 
current index of the stationary solution as obtained in the numerical simulation 
of two-dimensional acoustic turbulence. One observes a pronounced minimum 
s(k) at k* = 77. Using different kd in the numerical experiments, one can verify 
that this effect is associated with the finiteness of the sink-scale; the position of 
the minimum of the index is proportional to kd : k* = Bkd; for two-dimensional 
sound and damping appearing as a jump at k = kd, we have B ~ 1/3. Fig.3.19b 
(middle) illustrates the behavior of the index s(k) for three-dimensional sound 
in a similar situation. 

Finally, let us turn to the last question under consideration. We shall discuss 
the behavior of the stationary turbulence spectrum in the dissipative region at 
k ~ kd. We take the damping decrement rk to increase with k faster (or to 
decrease slower) than the inverse time of wave interaction in the inertial interval 
(i.e., the k- h function). The implications are that the occupation numbers should 
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Fig. 3.19. CUrrent index of the stationary spectra of acoustic turbulence for a) d = 2 and b) d = 3 

in the dissipative region with growing k fall off faster than the Kolmogorov law. 
The character of this fall off is determined by the type of wave interaction in 
the dissipative region: they may predominantly interact with each other or with 
waves from the inertial interval. For waves with very different wave numbers, the 
dependence of their interaction time on k may be found by substituting into the 
cOllisiod integral (3.4.21) the asymptotic expression (3.4.20) for the interaction 
coefficient at kl ~ k 

(3.4.29) 

If the damping decrement increases with k faster than tIl, then the asymptotic 
of the distribution at k -+ 00 is determined by the interaction of waves in the 
dissipative region with each other. In this case, the exponential "quasi-Planck" 
spectrum nk = Dw;bexp(-Wk/Wd) is formed. (Similar exponential asymptotics 
appear in the short-wave region with a free evolution of the distribution - see 
Sect. 3.4 below.) Really, assuming that the damping decrement n grows by the 
power law n = -GkG (e.g., for viscosity a = 2) and that the main contribution 
to the collision integral stems from the integration over the region kl ~ k, we 
obtain the stationary kinetic equation in the form 

GkGnk = Dk2m-ml+l-ank {k kt-1-a+m1-b 
Ad (3.4.30) 

x [1 - exp( -kl/kcf)] 2 dkl . 

As the integral in the right-hand-side of (3.4.30) is a nondecreasing function of 
k, a solution with such a form may only exist if the inequality 

a > 2m - ml + 1 - Q (3.4.31) 

is satisfied. For all three systems under discussion and for viscous damping, this 
inequality is satisfied. Indeed, the numerical simulation [3.37] shows that for 

n = Gl Llkl - G2k2 

in the strong dissipation region, the occupation numbers decrease according to an 
exponential law. For two-dimensional sound and capillary waves on the surface 
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Fig. 3.20. Current index of a stationary spectrum in the damping region 

of a deep fluid [3.37] the dependence of the steady distribution vs. the frequency 
is shown in Fig. 3.20. The section with a linear decrease of s(w) corresponds to 
the exponential reduction of n(w). 



4. The Stability Problem and Kolmogorov Spectra 

In this chapter we examine those of the solutions obtained in Chap. 3 which 
are suitable for modeling reality. Obviously, one can expect to observe only 
Kolmogorov distributions that are stable with regard to perturbations. Sections 4.1 
and 4.2 deal with the behavior of distributions slightly differing from Kolmogorov 
solutions. The reason for the difference may be either a small variation in the 
boundary conditions (Le., in the source and in the sink), or immediate modulation 
of the occupation numbers of the waves. Small perturbations are studied in terms 
of linear stability theory where the main object is the kinetic equation linearized 
with respect to the deviation of the resulting distribution from a Kolmogorov one. 
In Sect. 4.1, the basic properties of the linearized collision integral are considered 
and the neutrally stable modes, Le., small steady modulations of the Kolmogorov 
distributions are obtained. Section 4.2 presents a mathematically correct linear 
stability theory of the Kolmogorov solutions, formulates the stability criterion and 
exemplifies instabilities. The last section of this chapter discusses the evolution 
of distributions which are initially far from Kolmogorov distributions. 

4.1 The Linearized Kinetic Equation 
and Neutrally Stable Modes 

4.1.1 The Linearized Collision Term 

We shall start with the decay case. Assuming n(k, t) = n(k)+8n(k, t), 8n(k, t) ~ 
n(k) and linearizing (2.1.12) with respect to the deviation 8n(k, t) we obtain 

B8n!, t) = J dkl dk2 {I V(k, kl' k2) 12 lJ(k - kl - k2) 

X 8(Wk - WI - W2) [[n(k2) - n(k)]8n(k1, t) 

+ [n(kr) - n(k)]8n(k2, t) - [n(kl) + n(k2)]8n(k, t)] 

- 2 1 V(kl, k, k2) 12 8(kl - k - k2)8(WI - Wk - W2) 

X ([n(k) - n(kl )]8n(k2, t) + [n(k) + n(k2)]8n(kl , t) 

+ [n(k2) - n(kl)]lJn(k, t)] } 

= LklJn(k, t) = J L(k, kl)lJn(kl, t) dkl . 

(4.1.1) 
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At the end of the preceding section we have already encountered the angle­
averaged operator t, see (3.4.23). If n(k) is a stationary equilibrium distribution 
n(k) = T /w(k), the kernel L(k, k t ) of the integral operator has the important 
property of being symmetric [4.1]. Namely, one can normalize the function af­
fected by the operator 8n(k, t) = f(k)t.p(k, t) (using the function f(k) to be 
defined below), so that the resulting kernel M(k, kt) = L(k, kt)f(kt) is sym­
metric 

M(k, kt) = M(kt, k), (4.1.2) 

and the corresponding operator M hermitian. For a proof it is convenient to write 
the kernel of the renormalized operator (4.1.1) in the form 

M(k, kt) = J dk2{2U(k, kt, k2)[n(k2) - n(k)]f(kl) 

- U(k, k2, k - k2)[n(k2) + n(lk - k2\)]f(k)8(k - kt) 

+ 2U(k2, k, k2 - k)[n(k2) - n(lk2 - k\)]f(k)8(k - k1) 

+ 2U(kt , k, k2)[n(k) + n(k2)]f(k1) 

+ 2U(k2, k1, k)[n(k2) - n(k)]f(kl)} 

where the function 

(4.1.3) 

is invariant with regard to rearrangements of the second and third arguments. It 
should be noted that the terms in (4.1.3) containing 8(k - kl) are, apparently, 
symmetric. Let us consider the last term in (4.1.3). If n(k) oc w-t(k), then 

Wk - W2 f(kl)wl 
U(k2, kl , k)f(kl ) f(kl) = -U(k2, kl, k) . 

WkW2 WkW2 

Hence, this expression will also be symmetric if we choose f(kt) = w-2(kt). 
The first and fourth terms in (4.1.3) go upon the substitution k +-t kl over into 
each other. 

The symmetric character of the linearized four-wave collision term is proved 
in a similar way: 

88n(k,t) J 2 
8t = ITkl23 I 8(k + kl - k2 - k3)8(Wk + WI - W2 - W3) 

x ([n(kt)n(k2) + n(k)n(k2) - n(k)n(kt)]8n(k3, t) 

+ [n(k)n(kJ) + n(kt)n(kJ) - n(k)n(kl)]8n(k2, t) 

+ [n(k2)n(kJ) - n(k)n(~) - n(k)n(kJ)]8n(kt, t) 

+ [n(k2)n(k3) - n(kt)n(k2) - n(kt)n(k3)]on(k, t)} 

x dkldk2dk3 

= WkDn(k, t) = J W(k, k')on(k' , t)dk' . 

(4.1.4) 
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For the case n(k) = T /Wle we should choose again f(k) = w-2(k) and the 
kernel Q(k, k') = W(k, k')w-2(k') is also symmetric Q(k, k') = Q(k', k). In­
deed, because of the symmetry of the interaction coefficients T(k, kl' k2' k3) = 
T(kl, k, k2' k3) with regard to the substitution k ...... k', it transforms each of the 
four terms in (4.1.4) into itself. 

The hermitian character of the operators M Ie and Q Ie implies that the eigen­
values are real, i.e., there are no oscillations of the wave system around the 
equilibrium state. In this context it is useful to recall the theorem proved in 
Sect. 2.2, it states that distributions evolving according to the kinetic equations 
are associated with a growing entropy which has its maximum in the equilib­
rium state. In the next section we shall see that this theorem in liaison with the 
hermitian character of the linearized collision integral ensures that there is no 
absolute instability of equilibrium distributions. This prevents us from finding a 
perturbation which would grow with time in all points of the k-space. 

If the stationary solution n(k) is not in thermodynamical equilibrium, the 
operator of the linearized collision integral is nonhermitian as may be directly 
verified. Therefore, deviations from nonequilibrium stationary distributions may 
behave absolutely differently. As we shall see in the next section, we may not 
just observe oscillations of the occupation numbers around the stationary values, 
but also various instabilities of the Kolmogorov solutions. 

There is one more property of the operators (4.1.1, 4) which is common to 
eqUilibrium and isotropic Kolmogorov distributions n(k). Owing to the parity of 
the stationary solution n( -k) = n(k) and the a-functions, the operators L and 
W conserve the parity of the function of k on which they act. This means that 
application of the operator on the even (odd) function an(k) results in an even 
(odd) function, respectively. 

4.1.2 General Stationary Solutions and Neutrally Stable Modes 

As we shall now show, deformations of stationary solutions may neither grow 
nor decrease. Such stationary additions are called neutrally stable modes. They 
owe their existence to the fact that the general stationary (equilibrium or nonequi­
librium) solution depends on several parameters. As a consequence, the neutrally 
stable modes, i.e., the stationary solutions of the linearized equations (4.1.1, 4) 
are readily obtained from dimensional analysis. 

Let us start with the equilibrium case. For waves with the decay dispersion 
law, the general equilibrium solution (2.2.13) depends on both integrals of motion 
of the system (i.e., the ones for energy and momentum) 

n(k, T, u) = w(k) ~ (ku) 

Such a solution is called the drift equilibrium distribution. At small momentum 
of the system (u --+ 0), this expression may for (ku) ~ w(k) be expanded into 
a series 
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n(k T u) = ~ - (ku)T = no(k) + bno(k) 
" w(k) w2(k) . 

Hence, bno(k) ex (ku)/w2(k) is a stationary solution of (4.1.1). For waves with a 
nondecay dispersion law there are three integrals of motion (energy, momentum, 
and action), the general equilibrium solution (2.2.14) has the form 

T 
n(k, T, u, p.) = w(k) _ (ku) _ p. , 

and the neutrally stable modes are obtained in a similar way 

Sno(k) ex (ku)/w2(k), bnI(k) ex w-2(k) . 

The general nonequilibrium stationary solution should depend on all fluxes of 
the integrals of motion. A dimensional analysis shows that the stationary solution 
for the three-wave kinetic equation may be written in the form 

n(k, P, R) = >..pI/2 k- m - d I(~), 

~ = (Rk)w(k) 
pp 

(4.1.5) 

Here P, R are the fluxes of energy and momentum, respectively, and ). is the 
dimensional Kolmogorov constant. Since the medium is assumed to be isotropic 
the solution depends on the scalar product (Rk). The form of the dimensionless 
function I(~) has so far only been established for sound with positive dispersion 
(see Sect. 5.1 below). In the general case, one can only indicate the asymp­
totics 1(0 at e ~ 0 where the solution (4.l.5) should go over to the isotropic 
Kolmogorov distribution no(k) = ).p1/ 2k- m - d, therefore at e ~ 0 we have 
1(0 ~ l. Assuming I(e) to be analytical at zero and expanding (4.l.5) we 
obtain a stationary anisotropic correction to the isotropic solution 

n(k, P, R) ~ ).pl/2 k- m - d + /,(O)k- m - d(Rk)w(k)P- 1/ 2 k-2 

= no(k) + Sn(k) . 
(4.1.6) 

The solution (4.1.6) was first found by Kats and Kontorovich [4.2] and is called 
the drift Kolmogorov solution. It should be emphasized that, in contrast to the 
drift equilibrium distributions, it cannot be derived from the isotropic solution via 
the "Galilean" substitution w ~ w - (ku) [4.2]. We used the quotation marks 
because this term refers in the given context not to a transition to a moving 
reference system [in such a transition, wave amplitudes transform according to 
c(k, t) ~ c(k, t)exp[ -i(ku)t] while the simultaneous pair correlators n(k, t) do 
not change at all]. The equilibrium solutions are invariant with regard to the 
substitution w(k) ~ w(k) - (ku) since the integrals of motion enter the entropy 
extremum condition additively. This invariance has nothing in common with 
the Galilean invariance. The lack of such an invariance in the nonequilibrium 
case implies that the Kolmogorov solution does possibly not correspond to an 
extremum of a functional. 
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In the nondecay case there are three integrals of motion and it should be 
possible to give the general nonequilibrium stationary solution as a function of 
two dimensionless variables 

n(k,P,Q,R) = Alpl/3k-d-2m/3F[w"Q/P, w,,(Rk)/Pk2] 

= Alpl / 3 k-d- 2m/3 F(TJ, €) . 
(4.1.7) 

Assuming the function F(TJ, €) to be analytical in both variables, we can obtain 
from (4.1.7) a small stationary correction to the solution with an energy flux 
no(k) = Alpl/3k-d-2m/3. For for the drift solution we thus obtain 

n(k, P, R) ~ no(k) + ono(k) 

= Alpl/3k-d-2m/3 + k-d-2m/3-2(Rk)P-2/3w,,( ~~) e=f/=O • 
(4.1.8) 

It is seen that for the drift Kohnogorov corrections to the solution with an energy 
flux the general formula 

ono(k) ex: € = (Rk)w" 
no(k) PP 

(4.1.9) 

holds in the decay and nondecay cases [4.3]. If the system does not possess a 
momentum flux the general solution (4.1.7) goes over into the solution (3.2.25) 
of the isotropic stationary equation (3.1.23): 

(4.1.10) 

The asymptotics of F{TJ) may be found from the following considerations: at 
Q = 0 solution (4.1.10) should be transformed to a solution specified only by 
the energy flux and at P = 0 by the wave action flux. Thus, at "I = wQ / P -+ 0, 
F(TJ) -+ 1, and at "I -+ 00, F(TJ) -+ aTJI/3, where a is some dimensionless con­
stant Physically such a solution corresponds to two well separated sources in 
w-space. It describes the behavior of the Kohnogorov-like distribution between 
them with its energy flux in the small-frequency region which for large frequen­
cies goes over to a solution with constant wave action flux. Expanding (4.1.10) 
for small "I, we obtain a stationary addition to the solution with the energy flux. 
This addition carries the small action flux 

n(k, P, Q) = Alpl / 3 k-d- 2m/3 + F'(0)QP-2/3wkk-d-2m/3 

= no(k) + onl(k) . 
(4.1.11) 

The solution which transfers the small energy flux against the background of the 
main distribution with the wave action flux can also be obtained from (4.1.10) 
by expanding F(TJ) in the 1/"1 parameter at "I ~ 1. Another possibility would be 
to write the general solution (4.1.7) in the form 

n(k, P, Q, R) = A2Q1/3 k-d-2m/3+0I/3G[p/QWk, (R, k)/Qk2] 
(4.1.12) 
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Expanding G( <;,19) at <;, 19 -+ 0, we obtain then the neutrally stable modes with 
small energy 

8n2(k) -l(k) 
no(k) OC <; OC w 

and momentum 

8n3(k) _0 (R, k) 
no(k) OC 'V oc ~ 

(4.1.13) 

(4.1.14) 

fluxes against the background of the solution with the wave action flux no(k) oc 
k-d-2m/3+0I/3. 

With the help of such dimensional and analytical analysis one can try to 
construct "hybrid" solutions depending on temperature and fluxes. For example, 
for the three-wave kinetic equation, the general spherically symmetric stationary 
solution may be written in the form 

T [ (AW(k) )21 
n(k, T, P) = w(k/ P Tkm+d J. (4.1.15) 

At P = 0, the solution (4.1.15) should go over to the Rayleigh-Jeans distribution, 
hence g(O) = 1. At T -+ ° the Kolmogorov distribution ).p1/ 2k- m - d should be 
obtained, therefore g(x) -+ xl/2 at x -+ 00. Since the dimensionless parameter 
x = P(AWk/Tkm+d)2 decreases with Wk the solution (4.1.15) is close to the Kol­
mogorov solution at low frequencies. The high-frequency part of the distribution 
is an equilibrium one. Apparently, one often observes a strong interaction of the 
high-frequency part of the wave system with an external thermostat. The thermo­
stat is supposed to have an infinite thermal capacity and appears in the form of 
a sink. Hence, the question about "the temperature of a turbulent medium" (see 
Sect. 3.1.2) is now answered. Such a "temperature" may be supposed to equal 
the mean energy of high-frequency motions. 

Expanding g(x) in a series up to the first-order terms, for x -+ ° we obtain 
g(x) = 1 + gox + ... and 

(k T P) = ~ + (k)k-2(m+tl)gOA2P 
n " w(k) w T . (4.1.16) 

For Kolmogorov-like distributions we expand g(x) at x -+ 00 in the asymptotic 
series g(x) = x1/ 2(l + c/x + ... ) to get, at T -+ 0, 

(4.1.17) 

In the same way, one can obtain a nonisotropic correction to to the equilibrium 
distribution no(k, T) = T / w(k). This correction carries the small momentum flux 

8n(k) (Rk)w~ 
no(k, T) oc k-2(m+d+l)T-2 . (4.1.18) 
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In the nondecay case, we write, similarly to (4.1.15), 

T AIWk [ )3] 
n(k, T, P) = w(k) H P (Tkd+2m/3 (4.1.19) 

and setting H(y) = 1 + Hoy at y -7 0 and H(y) = yl/3(1 + ct/y) at y -7 00, we 
obtain corrections to the equilibrium solution 

n(k T P) = ~ + w2(k)k-3d-2mHoAtP 
"w(k) T2 

(4.1.20) 

and to the Kolmogorov solution 

For the solution with temperature and action flux, we have 

(4.1.22) 

n(k T Q) = ~ + 2(k)k-3d-2m+aKoA~Q 
" wW w ~ , (4.1.23) 

n(k, T, Q) = A2Ql/3k-d- 2m/3+a/3 

+ C2X22Q-2/3~w-3(k)k2d+4m/3-2a/3 . 
(4.1.24) 

It is important to realize that, as opposed to the case of equilibrium solution, 
one should directly verify that the modes constructed, see (4.1.6, 16--18) and 
(4.1.8, 11, 13, 14,20,21,23,24), are actually the stationary solutions of (4.1.1) 
and (4.1.4), respectively. The point is that we know in the equilibrium case the 
explicit form of the general equilibrium solution, whereas in the nonequilib­
rium case neither the form of the functions I, F, g, G, H, K nor their analyticity 
properties are known. 

It is easy to verify for isotropic corrections (4.1.11, 13,20,21,23,24). We set 
n(k) <X k- IJ , 6n(k) <X k-P and, having split up the integral (4.1.4) into four equal 
parts, we subject three of them to Zakharov transformations similar to (3.1.18) 

k3 =k2/k3, k2 = klk/kJ, k~ = k2k/kJ, k = k3k/k3; 

k2 =k2 /k2, k~ = kJk/k2, k3 = klk/k2, k = k2k/k2; 

k~=k2/kl, k3=k2k/kl' k2=kJk/kl, k=klk/kl. 

As a result, the linearized collision integral (4.1.4) becomes: 

(4.1.25) 
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88n(k, t) kll J 2 at = 4" IT(k, k I ; k2, k3)1 8(k + ki - k2 - k3) 

X 8(Wk + WI - WZ - WJ) 

X { [(ki k2)-~ + (kk2)-S - (kkl)-~] k;P 

+ [(kk3)-~ + (klk3)-~ - (kkt}-8] k;P 

+ [(k2k3)-S - (kk2)-S - (kk3)-~] kIP 

+ [(k2k3) -8 - (ki k2) -8 - (ki k3) -s ] k -P } 

X (k- II + kIll - k;1I - kJII)dkldk2dk3' 

where v = 2m + 3d - a - 28 - p. 

(4.1.26) 

The braced tenn in (4.1.26) vanishes only for 8 = a and p = 20'., a, which 
corresponds to the equilibrium corrections to the equilibrium solution. To reduce 
the (rounded) last brackets to zero, one should choose v = 0 or v = -a (bearing 
in mind that Wk ~ kCi • For corrections to the equilibrium solution with s = a, the 
choice of v = 0 gives p = 30'. - 2m - 3d and v = -a, p = 20'. - 2m - 3d, which 
coincides with (4.1.23) and (4.1.20), respectively. As in the case of stationary 
additions to the solution with the energy flux for which s = d + 2m/3, there are 
also two stationary indices p = s = d + 2m/3 and p = 0'.+ d + 2m/3. The fonner 
coincides with the index of the main solution and refers to a mode with a small 
change of the energy flux 

(4.1.27) 

(such modes corresponding to a simple change of the constant exist for all power 
solutions). The latter incex p corresponds to the correction (4.1.11) with a small 
wave action flux. The correction with the small temperature is not a stationary 
solution of (4.1.4). Similarly, for the solution with the wave action flux (s = 
d + 2m/3 - 0'./3) we get p = s and p = d + 2m/3 + 20'./3 which coincides with 
(4.1.13) and the mode (4.1.24) does not satisfy the equation. 

Likewise, using Zakharov's transfonnations, one can show that the mode 
(4.1.16) with a small energy flux is a stationary solution of (4.1.1), while the one 
with a small temperature (4.1.17) is not In other words, there are two types of 
neutrally stable additions to the equilibrium solution. the respective variations of 
the equilibrium and nonequilibrium parameters. For the Kolmogorov solutions, 
the universal stationary corrections may only be obtained by varying the fluxes. 
From the mathematical viewpoint, the fact that the modes (4.1.17,21,24) are not 
stationary solutions of linearized equations, probably indicates nonanalyticity of 
the functions g(x), H(x), and K(x) at x ~ 00. For example, that functions may 
allow for the expansion of T in noninteger powers for x ~ 00. Such powers are 
be nonuniversal, i.e., they are defined by specific properties of W1c and V1c12. 
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It remains to check the stationary character of the drift Kolmogorov solutions 
(4.1.6, 8, 14, 18). They are anisotropic, i.e., they depend not only on the mod­
ulus of the wave vector but also on the angles in k-space. Therefore Zakharov 
transformations affecting only the frequencies Wk do not allow factorization of 
the collision integral. Elegant transformations which enable one to transform dif­
ferent terms in the linearized collision integrals with Sn(k) oc (Rk) into each 
other have been suggested by Kats and Kontorovich [4.4]. Following [4.2] we 
shall elaborate on these transformations for the three-wave equation (4.1.1). If 

n(k) = k a [1 + kb(~R)] , 

where ~ = k/k, then the linearized collision integral may be represented as 
LkSn(k) = (~R)I(k), where 

I(k) = J dkldk2([U(k,kl,k2)f(k,kl,k2) 

-U(k1,k2,k)f(kl,k2,k) 

- U(k2, k, kJ)f(k2, k, kl)]~), 

U(k,kl,k2) = lV(k,kl ,k2)12S(Wk -WI -W2)S(k - kl - k 2), 

f(k, k l , k 2) = - ~ka+b(kl + k~) + ~lki+b(k2 - k a) 

+ ~2ktb(ki - k a) . 

(4.1.28) 

The wanted transformations should convert the second and third terms of the 
integral (4.1.28) into the first one (possibly with additional factors). Consequently, 
it is necessary to transform into each other the surfaces on which the conservation 
laws given by the S-functions are valid. This is achieved by applying similarity 
transformations (involving dilatations and rotations) to the triangles representing 
the momentum conservation laws. As an example, we show how to transform the 
third term. Let us provisionally denote the integration variables by k{, k~. Figures 
4.la and 4.1c show similar triangles representing the momentum conservation 
laws of the first and the third integrals, respectively. The vector k is common to 
both triangles. 

The transformation GI changing triangle "c" into "a" involves two operations: 
1) the rotation 911 of the triangle k~ k~k, such that the vector 911 k~ is 

directed along k (see Fig.4.1b); 
2) the dilatation ~ with the coefficient .AI = k / kl such that 

GIl k~ = (XgI)-1 k~ = k . 

In the integral (4.1.28) this transformation corresponds to the following sub­
stitution of variables: 

(4.1.29a) 

A similar transformation of the second term (where we also denote the old 
integration variables by k~, k~ and the new ones by kl' k 2) has the form 
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k 

a b c 
k' 2 

Fig. 4.1. The transformation converting the triangles a and c into each other is illustrated. The triangles 
represent the conservation laws of energy and momentum 

(4. 1.29 b) 

where Ch = A2!h transfonns k2 to k. 
Since the transformations (4.1.29) contain dilatations, the second and the 

third tenns in (4.1.28) will acquire factors at the expense of the Jacobian of the 
transformation and the self-similarity of the functions U and f. As a result, the 
collision integral will become 

Here r = 2d + 2m - a and 

""f = ""f(k, kl' k 2), 

""fl == ""f(Chk,(ltk1,(ltk2) 

= )'ia+b(91 ""d f(k91 "", kl 91 ""I , k291 ""2) 

= )'ia+b ""J/(k, kl, k2) . 

(4.1.30) 

The last equality follows from the linearity of f with regard to the wave vectors 
"", ""1, ""2, and the definition of the rotation 91 (91 ""I = ""), so that ("",91 "") = 
(gl K,l, gl K,) = (K,t, K,2). Similarly, 

This gives the integral I(k) in factorized fonn 

I(k) = J dkl dk2U(k, kl, k2)f(k, kl, k2) 
(4.1.31) 

x ["" - ""1 (k/kly+2a+b - ""2(k/k2y+2a+b] . 

The products of the vectors in these expressions are obviously scalar products. 
From (4.1.31) it is seen that the integral I(k) vanishes for the choice 

r + 2a + b == 2d + 2m - a + 2a + b = -1 . (4.1.32) 
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As in the case of the solution with the momentum flux, the vanishing of the 
integral is due to the 8-function in the wave vectors. Thus, the Kats-Kontorovich 
transformations factorize the linearized collision integral for a perturbation 8n(k) 
proportional to the cosine of an angle between R and k. It is readily verified that 
the corrections found for the decay case (4.1.6, 18) satisfy condition (4.1.32). 
To conclude that the drift Kolmogorov solutions are neutrally stable modes, we 
have to verify their locality, i.e., the convergence of the integral (1.1.31). This 
is done in analogy to the isotropic case (3.1.12). The only particularity consists 
in the fact that the divergences are reduced by the power of k rather than W k 

[which compresses the locality strip by 2(a - 1)]. We leave it for the reader to 
check that for capillary waves on the surface the drift mode is local on deep 
water (3.l.15b) and not on shallow water (3.1.15a). 

The momentum flux direction (towards large or small k) is given by the sign 
of the derivative of the collision integral with respect to the index of the solution 

signR = -sign (8I/8b) . (4.1.33) 

The derivative is calculated at the value of b which satisfies (4.1.32). 
The fact that the drift corrections (4.1.8, 14) are the stationary solutions of 

(4.1.4) is proved in the same way. For factorization of the collision integral, one 
should use, apart from the dilatations (4.1.25) also rotations transforming similar 
quadrangles of wave vectors into each other. 

Let us note that stationary corrections can also be obtained for the anisotropic 
spectra introduced in Sect 3.3. Expanding the general solution (3.3.17) at ~ --+ 0 
one can obtain a stationary drift correction to the spectrum 

(p P R) = pi/21 I-I-u -2-v + RP-I/21 la-u-2 b-v-2 n ,q, , p q p q 

supporting an energy flux. In the opposite limit ~ --+ 00, a neutrally stable mode 
with a small energy flux can be obtained against a background of the spectrum 

n(p, q, R, P) = R1/2Ipl-u+(a-J)/2q-v-2+b/2 

+ P R-1/2Ipl-u-(a+1)/2q-v-2-b/2 

with a momentum flux. These corrections can be shown to satisfy the linearized 
kinetic equation. Moreover, the nonlinear kinetic equation (2.5.2) has a stationary 
solution in the form of a sum of power functions 

M 

n(p,q) = LCiP-Ziq-Ui 
i=l 

with M $ 4. Such a solution may exist even when different power functions are 
of the same order [4.5]. 

Concluding this section, it should be pointed out that the additional contri­
bution of the anisotropic drift correction (4.1.9) to the energy flux distribution 
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in the decay case (a > 1) grows with k, i.e., while going deeper into the iner­
tial interval. Similarly, in the nondecay case, the contribution of the drift mode 
(4.1.14) grows from source to sink with respect to the wave action flux distribu­
tion 

Thus the drift Kolmogorov solutions (4.1.9, 14) imply a kind of structural in­
stability of the isotropic Kolmogorov spectrum: even a small anisotropy of the 
wave source will lead to an essentially anisotropic distribution in the inertial 
interval. However, as we shall see in the next section, none of the drift solutions 
will be established in the case of anisotropic modulation of a wave source. In­
deed, apart from the stationary solutions (4.1.9, 14) of the homogeneous equation 
Lklink = 0 and Wklink = 0 there may also exist solutions of inhomogeneous 
equations Lklin(k) = 8-y(k)no(k) and Wklin(k) = Ii"}'(k)no(k) (here Ii"}' is the 
anisotropic part of the source assumed to be small), which decrease while going 
further into the inertial interval [lin(k)/no(k) ~ 0]. In order to clarify which 
distribution is generated by a weakly anisotropic source, it is necessary to solve 
the initial value problem. As will be shown in the next section, only those drift 
solutions may be observed in the inertial interval that transfer momentum flux 
into the same direction as the flux of the main integral of motion (of energy or 
action) - the Falkovich criterion [4.6]. It should be noted that this criterion is the 
natural generalization of the Frisch and Fournier criterion for isotropic solutions 
(see Sect. 3.1). 

4.2 Stability Problem for Kolmogorov Spectra 
of Weak Turbulence 

The proponents of the Kolmogorov spectrum concept in the hydrodynamics of 
incompressible fluids supposed this spectrum to be stable. An equivalent state­
ment known as the "hypothesis of local isotropy of turbulence" asserts that in 
the step-by-step transfer of energy over scales, the turbulence spectrum becomes 
isotropic. In other words, it is usually supposed that the anisotropic spectrum, 
being determined by external anisotropic pumping in the region of small wave 
numbers, is in the inertial interval replaced by the isotropic Kolmogorov spectrum 
(see e.g. [4.7]). The concept of local isotropy for the small scales was introduced 
by Taylor [4.8]. In this section we shall show that an opposite situation may arise, 
at least for weak: turbulence. Namely, the degree of anisotropy of the distribu­
tion may be small close to the source and increase further away in the inertial 
interval. This phenomenon is, in effect, one of the variants of a "self-organization 
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process" or of the emergence of structures in nonlinear systems and may be con­
sidered as a kind of structural instability of the isotropic Kolmogorov spectrum. 
The possibility of such a kind of instabilities was first indicated by L'vov and 
Falkovich [4.9]. A general stability theory (including analyses of different types 
of instabilities and of various physical systems) was developed by Balk and Za­
kharov [4.10] and Falkovich and Shafarenko [4.11] observed the phenomenon in 
numerical simulations. We view this instability to be of an "interval" type. This 
name is associated with the fact that this instability owes its existence to the large 
inertial interval and has thus an asymptotic character: perturbations increase the 
more dramatically the larger the inertial interval. With interval instability, the 
perturbations grow by a power law while k goes into the inertial interval, so 
that the turbulent medium generates a universal (i.e., determined only by the 
properties of the medium itself), ordered structure in the region of large or small 
scales (in the remaining range, a Kolmogorov-like spectrum is realized). 

Empirical Approach. Before delving into rigorous mathematical theory, let us 
try to guess a criterion for the structural stability of the Kolmogorov spectra on 
the basis of plausible physical reasoning. We consider a perturbation in the form 
of an angular i-harmonic Yi. If the linearized kinetic equation has a stationary 
solution (neutrally stable mode) 

8n(k) = Yi(n)k-p 
n(k) I , 

then it also conserves the integral of motion 

I = J Yi(n)p+h-l 8n(k) dkdn 
I I n(k) , 

whose constant flux is transported by that mode. 
Let the spectrum in question carry a positive flux. Then the inertial interval is 

in the small-scale region. The harmonic may affect the stability of the spectrum 
in the inertial interval if P < O. It is natural to assume that the harmonic can be 
generated by external anisotropic pumping if the flux of I, is directed towards 
the damping region. The sign of the flux is defined by the derivative (4.1.33) 
of the linearized collision integral with respect to the exponent of the solution. 
Introducing the dimensionless collision integral W,(S) calculated with on(k) = 
Yik-Sn(k) we thus obtain the instability criterion WI(P,) > O. Similarly one 
should in the case of negative main flux require PI > 0 and WI (PI) < 0 as a 
criterion for the existence of instability. Thus we get the simple physical criterion 
of structural instability connected with neutrally stable modes [4.6]: 

-signpI = sign W6(O) = sign W!(PI) . (4.2.la) 

Here W;(O) = I'(v) is the derivative of the linearized collision integral with 
8n(k) = n(k)k-S which for s = 0 coincides with the derivative of the complete 
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collision integral aI/ax at x being equal to Kolmogorov index v. Thus W&(O) 
defines the flux of the main integral. 

Equally simple we can obtain an instability criterion for the free evolution of 
a perturbation of the spectrum (without any additional pumping). Requiring the 
integral of motion I, to be conserved while an l-harmonic perturbation evolves 
in k-space, we obtain 

8n(k) kP+h 
n(k) <X • 

(4.2.1 b) 

In this case the role of P is played by the quantity P + h. A necessary condition 
for the existence of an instability is sign (P, + h) = -sign W&(O). Indeed, the 
ultraviolet instability (for a positive main flux) occurs for PI + h > 0, etc. 

Introduction to Stability Theory. Instability studies are usually reduced to de­
riving a complete set of eigenfunctions of the linearized operator and to inves­
tigating the eigenvalues determining the time evolution of the eigenfunctions. 
In our case, the operators Lic and Wic are scale-invariant, since the functions 
V(k, kl, k2), w(k) and n(k) possess this property. A natural set of functions 
consists of power functions k~ with different s. In this connection we encounter 
the first mathematical difficulty: such functions grow either at k -+ 0 or at 
k -+ 00 giving rise to divergences of different terms in the collision integral. For 
the sake of convenience we will in this section use the variable x = In k rather 
than k. The scale invariance of the operators LIc, Wic will make it possible to 
use the more customary Fourier representation with eigenfunctions in the form 
of exponents k.l -+ exp(sx). Unfortunately, our integral equation is not of the 
convolution type, since the operators L", W" have nonzero h-indices. So the 
linearized kinetic equation in the variables x may be written in the form 

! 8n(x, t) = e-hz i: U(x - x')8n(x', t) dx' , 

which after Fourier transformation turns into an equation of the Carleman type 
(and not into an algebraic one) 

"\!li'(s + h) = W(s)!li'(s) . 

A rather developed theory of Carleman-type equations has been formulated 
by the mathematician Cherskii [4.12-13] for kernels of the form 

U(x) = Uo8(x) + u(x) , 

where Uo is a constant and u(x) an ordinary integrable function. Unfortunately, it 
is in general not possible to represent the kernels of linearized collision integrals 
in such a form. This is due to the fact that in the kinetic equation separate inte­
grals diverge, and the regularity of the whole expression is an effect of mutual 
cancellation of divergences. Indeed, the constant N equal to the sum of inte­
grals appearing in (4.1.1) or (4.1.4) as factors at 8n(k) may, e.g., prove to be 
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infinite. Thus, another mathematical difficulty is the singularity of the kernel of 
the integral operator. To overcome it and to obtain rigorous results the method 
of generalized functions should be applied carefully. 

Finally, a last difficulty is associated with the fact that physical consider­
ations are insufficient for choosing the boundary conditions to be imposed on 
perturbations. As we shall see, the correct conditions are obtained by considering 
the Cauchy initial value problem and the transition to the limit at t -t 00 and by 
demanding this problem to be correctly posed for the chosen class of functions. 
Thus, we will not only have to analyze the eigenvalues and stationary solutions 
of the linearized equation, but we will also have to solve the associated initial 
value problem. We shall follow a similar way as Landau in the solution of the 
description of Langmuir wave damping in plasmas [4.14]. 

The mentioned mathematical difficulties explain the somewhat higher level of 
mathematical sophistication adopted in this section. However, as a reward quite 
beautiful results are obtained. In this section we shall fully classify possible types 
of behavior of a weakly turbulent medium in the vicinity of the Kolmogorov 
spectrum, show how one can efficiently identify the type of the system, describe 
the asymptotics of its behavior for large times (t -t 00) and in the limits of small 
(k -t 00) and large (k -t 0) scales. 

The central result of the stability theory is a verifiable stability criterion for 
Kolmogorov spectra in the case of weak turbulence. This criterion reduces the 
examination of the stability of a Kolmogorov spectrum to calculating several 
integers (rotations of certain analytical functions around the imaginary axes; 
explicit formulas will be given). For the stability of the Kolmogorov spectrum it 
is necessary and sufficient that all these integers be equal to zero. 

In this section we shall also try to reach a more profound understanding of 
locality of the Kolmogorov spectra. It appeared that, despite the locality of the 
Kolmogorov spectrum in the above sense, i.e., the convergence of the collision 
integral on the spectrum, the evolution of the distribution n(k, t) weakly deviating 
from the Kolmogorov spectrum may possibly not be determined by the interaction 
of waves only of scales of the same order and may considerably depend on the 
conditions at the ends of the inertia interval. This phenomenon was called the 
evolution nonlocality of Kolmogorov spectra; we shall describe the necessary 
and sufficient conditions of the evolution locality. 

The general results of this chapter will be applied in the next one to the 
analysis of the turbulence of capillary waves, gravitational waves, Langmuir 
turbulence in plasmas and acoustic turbulence. 

Our studies into the stability of Kolmogorov solutions were strongly stimu­
lated by a desire to explain the experimentally observed anomalous angle nar­
rowness of the spectrum of wind-stimulated undulation on the ocean surface. 

The available technique enables one to study the stability of isotropic tur­
bulence spectra of gravitational waves in the framework of the kinetic equation 
and to find that the spectra are stable. This probably suggests that for the de­
scription of wind-induced undulation it is insufficient to take into account only 
the interaction of gravitational waves with each other. 
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In the case of turbulent capillary waves, the Kolmogorov spectrum proved to 
be unstable with respect to anisotropic perturbations having only a first angular 
harmonic. In acoustic turbulence, the number of angular harmonics, with respect 
to which the Kolmogorov spectrum is unstable, is inversely proportional to the 
value Vi = v'a'"=1 (see the Sect 5.1). In both cases the instability proves to be 
of the hard interval type and shows itself in small scales. 

The results formulated in this section for the Kolmogorov spectra of weak 
turbulence, which are the exact solutions of the kinetic equations for waves, may 
be extended to studies of the Kolmogorov spectra which are the exact solutions 
of other kinetic equations (Boltzmann equation, polymerization equation etc). 

4.2.1 Perturbations of the Kolmogorov Spectrum 

Statement of the Stability Problem. Inside the inertial interval there may be 
external effects or dissipation which is small by the very definition of the inertial 
interval (as compared to the values of source and sink forming the Kolmogorov 
spectrum). Consideration of these factors leads to an additional term of the form 
"((k, t)n~ on the right-hand-side of (4.1.1,4). Assuming the initial solution to be 
of power type 

we get, for the relative part of the perturbation, 

A(k, t) = 8n(k, t)/n~ , 

an equation of the form 

aA(k, t) A 

at = LkA(k, t) + "((k, t) . 

(4.2.2) 

(4.2.3) 

(4.2.4) 

One can study the stability of the Kolmogorov spectrum with respect to initial 
perturbations in terms of this equation (one should then set "( = 0) and external 
action (I i 0), respectively. 

The Evolution Equation and its Reduction to the Carleman Equation. Let 
us expand the function A in the Fourier series into an orthonormal system of 
angular harmonics Yi«() «( is a point on the sphere .Q = {( E Rd /I( = I}): 

A(k, t) = L A/(k, t)Yi«(), A/(k, t) = in A(k, t)Y;*«() D( . 
I 

Here D( is a surface element on the sphere, dk = kd-1dkD(. For two­
dimensional media (d = 2): Yi = 27r-l/2eilcp, 1 = 0, ±I, ±2, ... , D( = dcp. In 
the case of three-dimensional media (d = 3), the Yi«()-functions are the normal­
ized ordinary spheric functions Y/(O,cp), 1 = 0,1,2, ... , j = 0,±1,±2, ... ,±1, 
D( = sin () dB dcp. For different functions Al we have uncoupled equations of the 
form (the i-index is omitted): 
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8A A at = L[A] + X, (4.2.5) 

where X = X(k, t) = In -y(k, t)Y*«() DC, the linear operator L (assuming scale 
invariance of the medium) is homogeneous with a certain power (-h): 

L[f . c:](k) = c:- h L[f](c:k) 

[f = f(k) is an arbitrary function and c: is an arbitrary positive number]. It is 
convenient to go over from the variable k to the variable x = In k by introducing 
the notation 

F(x, t) = A(k, t), ¢(x, t) = X(k, t) (k = eX) • 

Then (4.2.5) reads 

8F(x t) 
at' = e-hx[U(x) * F(x, t)] + ¢(x, t) (4.2.6) 

where U(x) is a generalized function determined by the form of the operator L 
and * denotes the convolution 

1+00 

U(x) * F(x, t) = -00 U(x - x')F(x', t) dx' . 

The operator L is given by an integral of a sum of several expressions containing 
the function A(k, t) with different arguments k, see (4.1.1) or (4.1.4). If this 
integral could be divided into the sum of integrals over these expressions then 
the generalized function U(x) would have a form 

U(x) = Uoo(x) + u(x) (4.2.7) 

where Uo is a constant and u(x) an ordinary integrable function. In the general 
case, when the integral specifying the operator L may not be divided into the 
sum of several integrals with the function A occurring only once in each of the 
integrals (the indivivual integrals diverge but the total integral converges due to 
a cancellation of the divergences of the different terms), then the generalized 
function U(x) are regularizations of rather diverse singular functions, see [4.15]. 

In physically interesting situations, the kernel U(x) exponentially tends to 
zero at Ixl ~ 00: 

U(x) = {O (e-ax ) , x ~ -00, 
o (e- bx ) , x ~ +00. 

Here a < b. 

(4.2.8) 

We shall study the Cauchy problem of the evolution equation (4.2.6) with 
the initial condition 

F(x,O) = ¢o(x) . (4.2.9) 
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The solution of (4.2.6) should be sought in such a (possibly wider) class of 
functions that the convolution in (4.2.6) is detennined. Such a class is constituted 
by the functions f(x) which at x - +00 grow slower than exp( -ax) and at 
x - -00 slower than exp(-bx) 

f(x) = {O (e-U1X
), x - +00 0"1 > a ; 

o (e-UlX ), x _ -00 0"2 < b . 
(4.2.10) 

Let us denote this class of functions by Lea, b). We shall require that the solutions 
F(x, t) of the evolution equation (4.2.6) are elements of the space Lea, b) at 
every fixed t. The class Lea, b) is analogous to the class of solutions treated 
by the classic Wiener-Hopf theory, see [4.15-16]. The exponential decrease of 
F(x) corresponds to a power decrease of c5n(k). The quantities a, b coincide for 
zero spherical harmonics in the decay case with the boundaries of the locality 
interval SI, S2 detennined in Sect. 3.1. For the remaining harmonics we have 
a = S2 + Q - 1, b = SI + 1 - Q. Subjecting the evolution equation (4.2.6) to the 
Laplace time transfonnation 

F(x) = F>.(x) = 100 
Fex, t)e->.t dt 

leads to 

AF(x) = e-hx[U(x) * F(x)] + 4>(x) 

where 

4>(x) = 4>>.ex) = <poex) + 100 
<p(x, t)e->.t dt . 

(4.2.11) 

The functions <Po (x) and <p(x, t) and consequently also 4>(x) may be considered 
to be finite functions of the variables x. The solution of (4.2.11), like those of 
the evolution equation (4.2.6), should be regarded in the class Lea, b). 

If one fonnally Fourier transfonns (4.2.11) 

G(s) = 1+: F(x)ea;r; dx (4.2.12) 

(whereby the convolution is converted into a product and multiplication by the 
exponential function into a translation) one obtains an equation of the Carleman 
type (see [4.12-13]) 

AG(s + h) = W(s)G(s) + !lies + h), (4.2.13) 

where W(s) and !lies) are the Fourier images of the functions Uex) and 4>(x), 
respectively. 

For h = 0 it is easy to solve (4.2.13) and, hence, (4.2.6). We shall consider 
this case in Sect 5.1.2 for two-dimensional acoustic turbulence. In this section 
we shall everywhere use h 10. 
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The Fourier transformation in terms of the variable x corresponds to the 
Mellin transformation in the initial variable k 

G(s) = 100 
F(k)k S- I dk. 

The function 

W(s) = i+: U(x)eSZ dx, a < Res < b, 

will play a key role in our further considerations. It is the image of an opera­
tor Lo = exp(hx)L in the Mellin transformation and will be called the Mellin 
function. It is convenient to derive explicit expressions for Mellin functions by 
using 

W(s)8(r - s) =2~ 100 
kr+hL[(k')-S](k)dk/k 

=2~ 100 
kr+hY*(OL[(k')-SY«(,)](k, ODe dk/k . 

(4.2.14) 

If we write in (4.2.14) the operator L in an explicit form, we obtain an integral 
in which the integration is to be performed over the variables k, k}, k2 in the 
decay case or k, kI, k2, k3 in the nondecay case. This allows for a proper 
symmetrization of the integrand. Having chosen the variable ~ over which to 
integrate from zero to 00 (for example, ~ = k), we can represent the integral 
(4.2.14) in the form 

2~ 100 
M(r, s, ~)~r-s de;~, (4.2.15) 

where M(r, s, ~)C-" is the result of the remaining integrations. M(r, s,~) is 
homogeneous and of zeroth power in ~ and does not explicitly depend on ~. 

Taking 

1 100 - er-"d~/~ = 8(r - s) 
271" 0 

into account we obtain that W(s) = M(s,s,~) = M(s,s, 1). Formula (4.2.14) 
should be used to obtain the Mellin functions for any kinetic equation. But when 
kinetic equations for waves are considered, this formula with the variable e = k 
[see (4.2.15)] leads to the following expressions: 

(i) in the decay case to 

W(s) = R J 271"1V(k, k}, k2)128(k - kI - k2)8(Wk - WI - W2) 

X (kkIk2)d-1I {[(k-"Y + kl"Yi + k2"Y2)(k ll - kf - k2) 

- (kll-sy - ki'- 8 Yt - ki-"Yz)](kl'+sy* - kr+"l}* 

_ kl'+sy;*)} D(D( Dr dk} dk2 
2 2 I .. 2 kIk2 ' 

(4.2. 16a) 
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(li) in the nondecay case to 

W(s) = R2 J ITkl23128(k + kl - k2 - k3)8(Wk +WI - WZ - W3) 

X (kkl k2k)d-1I {[(k-~Y + klsYi + ki"l'2 + ~-s}'3) 

x (F + kf - k2 - k3) - (kll-SY + ki'-sYi 

- k2'-"l'2 - kr-s}'3)](kl'+"Y* + kr+"1'l* 
+ kl'+sy:* _ kl'+sy:;*)} D(D( Dr D( dk1dk2dk3 

2 2 3 3 11" 1 -,2 3 klk2k) . 

Herep.=h+v-d. 

In the nondecay case we can use the representation 

(4.2. 16b) 

to obtain a more symmetric expression for the Mellin function. Substituting this expression into 
(4.2.14) and specifying the variable e = y [see (4.2.15)] we obtain 

W(s) = Ifa J 1I"ITk123ll 6(k + kl - kl - k3)6(1 - W - wI)6(1 - wz - WJ) 

x {[(k-'Y + kl'YI + kl'Yl + k;'}3)(k" + kl - k2 - kn 

- (k"-'Y + kr-'Yl - ~-'Yl - kr-'Y3)] 

x W"+'Y* +kr+al'j* - kt'Yl - kt'}3)}(kkl kzk3)"-1I 

D/" D/" D/" D/" dkdkldkzdk) . 
x , ,I 'l ,3 kkl kzk3 

(4.2.16c) 

The integral (4.2.16) contains [to a linear approximation] all information 
about the behavior of the perturbations of the Kolmogorov spectra. That is, 
each of the Mellin functions W(s) determines the behavior of the particular 
perturbation having the form of the angular harmonic contained in the integral 
(4.2.16) defining this Mellin function. The integrals (4.2.16a, b) are independent 
of the k-value [so that it may be chosen arbitrarily, for example, k = 1]. They 
are homogeneous functions of the variable k [of the zeroth order]. Thus is is 
possible to find the constant h (determining the scaling index of the L-operator): 

(i) in the decay case [see (4.1.1)], 

h = a - 2m - d + v, 

(li) in the nondecay case [see (4.1.4)], 

h = a - 2m - 2d + 2v. 

(4.2. 17a) 

(4.2.17b) 

It is much more convenient to handle the analytical functions W(s) [for which 
explicit symmetrical integral representations (4.2.16) are available] than to deal 
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with the generalized functions U(x) or the L-operators. Therefore, all conditions 
and statements referring to the evolution equation (4.2.5, 6) will be formulated 
in terms of the Mellin function W(s). 

To facilitate the further treatment we shall specify the following condition. 
The strip {s E (/Res E I}, where (is the space of complex numbers and I is 
some interval or section, will be denoted by II!. We shall say that some function 
g(s) in the strip II I is polynomially bounded on infinity if for any interval K E I 
there is such a number j(K) that g(s) = O(lsli), s =-+ 00, s E IlK. 

The Mellin functions W(s) (arising when considering the kinetic equations) 
have the following three properties. 

1) The function W(s) is analytical in some strip II(a, b) (on the straight lines 
Re s = a and Re s = b it has singularities). 

2) The W(s) and I/W(s)-functions in the II(a, b) strip are polynomially 
bounded on the infinity. 

3) The value of the W(s)-function at 11m sl -+ 00 becomes asymptotically real 
negative; to be more exact, for any interval K C (a, b): 

arg[-W(s)] = 0(1/8), s -+ 00, S E IlK , (4.2.l8) 

that is 

1m W(s) = 0 (~) Re W(s) < 0, s -+ 00, S E II K . 
ReW(s) s' 

The first property and the polynomial constraint of the function W(s) imply that the generalized 
function U(:z:) satisfies the condition (4.2.8). IT the function U(:z:) were regular, the Mellin function 
W(s) would have tended to zero at 11m III -- 00, but since the generalized function U(:z:) is a 
regularized singular function. the Mellin function may grow without bound at IImIlI-- 00, but not 
faster than the polynomial. The third property and the polynomial constraint of the I/W(s)-function 
are explained in the following way. The expression in the braces in (4.2.16) may be represented as 
a sum of two expressions, one of which is independent of s, and another (depending on II) is fast 
oscillating at large 11m 81 because of the presence of the functions k"; upon integration of (4.2.16) 
this expression will give values with different signs which will "quench" each other. Provided that the 
1-', v indices correspond to the thermodynamic or Kolmogorov spectrum, the remaining, nonoscillating 
part in the braces in (4.2.16) is on the resonant manifold [specified by the c5-functions in (4.2.16)] 
transformed into the expression 

(4.2.19) 

(in the decay case k3 == 0) which is negatively determined. 

For the function W(s) satisfying the conditions 1-3, the function o/rotation 
1\:(0') may be specified, which is important for all further treatment and has 
the properties mentioned below. We shall define rotations of the function W(s) 
around a straight line Re s = 0' [0' E (a, b)] as a complete increment of the 
argument of a complex value W(s) (with s moving from 0' - ioo to 0' + ioo 
along the straight line Re s = 0') divided by 211" and denote it as 1\:(0'). The 1\:(0')­
function is defined on the whole interval (a, b), except the points which are the 
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real parts of zeros of the W(s)-function; it takes only integer values on and does 
not monotonically decrease in (a, b); it assumes each of its values in the whole 
interval rather and not just at a single point; if 0"1,0"2 (0"2 > 0"1) are points of its 
definition domain, then the difference 11:(0"2) - 11:(0"1) is equal to the number of 
zeros of the Mellin function W(s) in the strip II(O"I, 0"2). We shall see below that 
the rotation 11:(0") is the basic characteristic of the evolution equations (4.2.5, 6). 

To be specific we shall consider below only h > O. It is readily seen that this 
not really a limitation: the case with h < 0 reduces to the one with h > 0 if one 
performs in (4.2.5) or (4.2.6) the substitution k -+ 11k or x -+ -x, respectively; 
i.e., the function W (s) is replaced by W ( - s ). 

Lemma. Having formally carried out the Fourier transformation in (4.2.11), we 
arrived at (4.2.13). The solutions of the latter are readily seen to have a structure 
with: 

1. The general solution of the nonhomogeneous equation (4.2.13) is a sum 
of the particular solution of this equation and the general solution of the homo­
geneous equation 

AG(S + h) = W(s)G(s). (4.2.20) 

2. If Go(s) is a particular solution of the homogeneous equation (4.2.20), 
then the general solution of that equation has the form 

G(s) = Go(s)M(s), (4.2.21) 

where M(s) is an arbitrary periodic function with period h, i.e., M(s+h) = M(s). 

Whence it is seen that (4.2.13) has many "extra" solutions. Besides, it is 
clear that the Fourier transformation is, generally speaking, not applicable to 
functions in the space £(a, b) [in which (4.2.11) is formulated], since they may 
simultaneously grow exponentially at x -+ +00 and at x -+ -00. In this section 
we shall verify the Validity of the Fourier transformation in (4.2.11) and indicate 
the class of functions for which (4.2.13) should be considered to be equivalent 
to (4.2.11) in the class £(a, b). 

First of all we would like to mention the following property of (4.2.11). Let 
F(x) be a solution of (4.2.11) with A i O. Now, if the function F(x) grows at 
x -+ +00 not faster than exp( -O"x) with 0" E Ca, b), then this function grows at 
x -+ +00 not faster than exp[ -(0" + h)x]. More precisely we have 

F(x) = 0 (e-UX ) =} F(x) = 0 (e-(u+h)x) , 

(x -+ +00, a < 0" < b) 

Indeed, using (4.2.8), we obtain from the first estimate (4.2.22) 

U * F = J U(x - x')F(x') dx' = 0 (e-UX ) , x -+ +00, 

(4.2.22) 

(4.2.23) 
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and, consequently, owing to (4.2.11) at A;tO we have another estimate (4.2.22). 
The property (4.2.22) makes it possible to "improve", by virtue of (4.2.11), 

the a priori characteristics of the solutions of this equation. Let F(x) be a solution 
of (4.2.11) with A ;t O. Because of F E £(a, b) there are numbers 0"1,0"2 E (a, b) 
with 

see (4.2.10). Hence, we have by virtue of (4.2.22) F(x) = O[exp[-(O"I + 
h)x]], x --+ +00. Now, for 0"1 + h < b we can again make use of the property 
(4.2.22) to obtain F(x) = 0 [exp[ -(0"1 +2h)x]] for x --+ +00. Via repeated appli­
cation of such a procedure one can show that F(x) = 0 [exp[ -(b + h)x]], x --+ 

+00. Thus, for a < (! < b 

F(x) = {O (e- Ilx ) at x --+ -00, 
o (e -(b+h)x) at x --+ +00 

with (! = 0"2. From (4.2.23) it follows that the Fourier transformation (4.2.12) 
is applicable to F(x) at s E II({!, b + h). The Fourier transformation G(s) of 
this function is analytical and polynomially bounded in the strip II({!, b + h)' It 
satisfies (4.2.13) in the strip II({!, b). 

For a finite qi(x) the function !li(s) is an integer function and is polynomially 
bounded in the strip II(-oo,+oo). 

The function G(s) may be redefined in the strip II(a, b+ h); for that purpose 
(4.2.13) must be rewritten in the form 

G( ) = AG(s + h) - !li(s + h) 
s W(s) . (4.2.24) 

Knowing the values of G(s) in the strip II({!, b+h), we can calculate by the aid of 
(4.2.24) its values in the strip II({! - h, b), then in the strip II({! - 2h, b - h), etc. 
Owing to the properties 1}-2) of the Mellin function W(s), G(s) thus redefined 
in the strip II(a, b + h) is meromorphic and polynomially bounded at infinity; it 
satisfies (4.2.13) in the strip II(a, b). 

Let MI (where I is some interval) denote the space of such functions of a 
complex variable which i) are meromorphic and polynomially bounded at infinity 
in the strip II(a, b + h) and ii) are analytical in the strip II I. 

We have shown that only those solutions G(s) of (4.2.13) should be consid­
ered which belong to the space M({!, b + h) at some {! E (a, b). These solutions 
satisfy (4.2.13) in the whole strip II(a, b). The quantity {! determines the rate of 
decrease (or growth) of the corresponding solutions F(x) of (4.2.11) at x --+ -00. 
The fact that the solution G(s) belongs to the class M({!, b + h) implies that the 
corresponding solution F(x) satisfies the condition (4.2.23). 

Remark. 4.1. The arguments given in this section are not mathematically rigorous. If, for example, 
U(:I:) = 6"(:1:) then we have U * F = F" and the property (4.2.23) turns out to be invalid in the form 
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formulated here. The situation is similar when the generalized function U(x) is a regularization of 
a singular function. However, all the foregoing and subsequent arguments may be made absolutely 
rigorous by using the method of generalized functions. For example, condition (4.2.8) is rigorously 
formulated in the following way: U(x) exp(O'x) E 8' for any 0' E (a, b); 8' is a space of generalized 
slow-growing functions (see [4.15]). It should be noted that properties 1) to 3) of the Mellin functions 
were formulated precisely; they go well with the generalized functions method. 

Analysis of the Cauchy Problem for the Evolution Equation. It may be shown 
that for (4.2.13), the following alternative exists. Let the parameter A in this 
equation be different from a negative number or zero and let e be some number 
out of the interval (a, b). Then 

A. If "'(e + 0) = 0, then (4.2.13) has always a (unique) solution in the class 
M(e,b+ h). 

B. If "'(e+O) < 0, then for the solution of (4.2.13) to be in the class M(g, b+h) 
it is necessary and sufficient that the function rJi'(s) should satisfy some 
conditions (of the type of equations). The number of the conditions is equal 
to I",(g + 0)1 and these conditions are different for different A. 

C. If ",(g +0) > 0, the solution of (4.2.13) in the class M(e, b+ h) depends on 
arbitrary constants whose number is equal to I"'(g + 0)1. 

The properties 1}-3) of the Mellin functions cover all situations of note thus 
allowing for a complete investigation of the Carleman equation (4.2.13) and the 
proof of the above-formulated alternative similar to that described in [4.12-13]. 

Below the given alternative is proved in two steps. At first, a "basic" func­
tion is constructed which is a partial solution of the homogeneous equation, see 
(4.2.27). Then the inhomogeneous equation (4.2.13) is examined using the basic 
function. This will be done below [see (4.2.27) and later on]. We shall solve 
(4.2.13) in the space M(e, b + h) at ",(g + 0) = 0 and thus prove statement A. 
To avoid extensive mathemtical complexities, we shall not give the proof of the 
complete alternative. 

This ABC-alternative allows one to analyze the Cauchy problem for (4.2.6) 
with the initial condition (4.2.9). 

If the rotation function "'(0") is negative in the whole interval (a, b), the Cauchy 
problem (4.2.6, 9) either has no solution at all or its solutions grow "too quickly" 
with time, so that the Laplace transformation in time is inapplicable. [Equation 
(4.2.6), for example, might have solutions which become infinite within a finite 
time.] Indeed, if (4.2.11) had solutions in the space .c(a,b), then (4.2.13) would 
be solvable in the class M(e, b + h) for e E (a, b). But since "'(e) < 0, it is 
necessary that the 1 "'(e) 1 conditions (of the type of equalities) for the function 
tP(x) or ultimately, the functions </>0, </> should be satisfied. These conditions must 
be satisfied at all ). with sufficiently large real parts and are therefore rather 
rigorous (besides, these conditions are rather specific in their form, and it is 
difficult to assign a physical meaning to them). These conditions will be violated 
for practically all functions </>0, </>. 
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H only in one point fl E (a, b) the rotation function assumes a positive value, 
the solution of the Cauchy problem (4.2.6, 9) is not unique. Using the inverse 
Fourier and Laplace transformations to solve the homogeneous equation (4.2.20) 
in the class M(fl, b + h), one can construct a nontrivial solution (not identically 
zero) Fo(x, t) of the Cauchy problem (4.2.6, 9) with the functions </>0 == 0, tP == 0 
satisfying the condition: 

{ 0 (e-ex ) 

Fo(x, t) = 0 (e -(b+h)x) 
at x -+ -00, 

at x -+ +00. 
(4.2.25) 

The mentioned nonuniqueness of the Cauchy problem (4.2.6, 9) suggests one 
should impose boundary conditions on the evolution equation (4.2.6) to consider 
(4.2.9) in a narrower space [belonging to the space C(a, b)] where the Cauchy 
problem for this equation will have a unique solution. The choice of suitable 
boundary conditions is ambiguous: physical considerations only are insufficient 
for such a choice so that additional mathematical arguments are required. 

At first glance it seems natural from the physical viewpoint to demand that the 
solution of (4.2.6) at every fixed t should be bounded on the whole straight line 
-00 < x < +00. It appears, however, that this is not a good choice; given such 
boundary conditions the Cauchy problem (4.2.6, 9) may have many solutions or 
may have no solutions at all depending on the particulars of the situation. 

We shall proceed in a different way. Since, from the physical viewpoint, we 
are concerned with the solutions of the Cauchy problem where the initial con­
ditions are given by finite functions tPo(x) we shall impose boundary conditions 
according to the following rule. The solution F(x, t) should be chosen from a 
set of solutions of the Cauchy problem (4.2.6, 9) and the solution F(x) from a 
set of solutions of (4.2.11) whose magnitude tends to zero as quicldy as possible 
(or grows as slowly as possible) at Ixl -+ 00. The solution G(s) of (4.2.13) 
corresponding to this choice is an element of the space M «(3, ,) with the widest 
interval «(3,,). 

It is clear that this boundary condition leads to a unique solution of (4.2.11), 
provided the rotation function 11:(0") tends to zero in the interval (a, b). Indeed, 
let (0"_,0"+) be a zero rotation interval: 

{ 
< 0 at a < 0" < 0"_, 

11:(0") = 0 at 0"_ < 0" < 0"+, 
> 0 at 0"+ < 0" < b . 

Then (in line with the alternative formulated at the beginning of this subsection) 
(4.2.13) has a unique solution G(s) belonging to the space M(fl, b + h) at any 
fl E (0"_,0"+), and all the remaining solutions of this equation belong to the 
space M(fl, b + h) at fl ~ 0"+. Consequently, (4.2.11) has a unique solution F(x) 
satisfying the condition (4.2.23) at fl E (0"_,0"+); this solution tends to zero faster 
than all other solutions (or grows slower than the rest ones) at x -+ -00. 

Let Cg denote the space of functions f(x) for which f exp(flx) is limited 
by a constant both at x -+ -00 and x -+ +00. Conversely, C(/ is a "space of 
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functions with a weight exp(-ex)". It is readily understood that at e E (a, b), the 
condition (4.2.23) for the solution F(x) of (4.2.11) is equivalent to the condition 
FE C(r 

Thus we have shown that the suggested boundary condition is equivalent to 
considering (4.2.6, 11) in the space Cq at some (! from the zero rotation interval 
(0"_,0"+). In this space the solution of the Cauchy problem (4.2.6, 9) always 
exists, is unique and (as will be seen later on) stable against perturbations of the 
initial data and external disturbances: if the functions ItPo exp(sx)I and ItPexp(sx)1 
are small, the function Fexp(sx) will also be small at t > O. Whence follows 
the correctness of the Cauchy problem (4.2.6, 9) in the space Ceo 

There are three alternatives for realizing a nonvanishing rotation function 
K,({!) in the interval (a, b). 

First, the function K, may be negative in the whole interval (a, b) as discussed 
above. 

Secondly, the function K, may be positive in the whole interval (a, b). In this 
case the Cauchy problem (4.2.6, 9) has a nonunique solution in the space Ce at 
any {! E (a, b), see (4.2.25). 

Finally, the function K, may be different from zero and take on both negative 
and positive values: 

K, { < 0 at a < 0" < 0"0 , 

> 0 at 0"0 < 0" < b 
(4.2.26) 

where 0"0 is a number out of the interval (a, b). On the straight line Re s = 0"0 

there must be at least two zeros of the Mellin function W(s). 
One can show that in all cases where there is no zero rotation, the adopted 

boundary condition does not allow to obtain the correct formulation of the Cauchy 
problem for (4.2.6) and it is not possible to find a physically sensible space in 
which the Cauchy problem (4.2.6, 9) is correct In the next subsection 4.2.2 
we shall clarify the physical meaning of this incorrectness and find the physical 
pictures corresponding to the above three cases. 

Basic Function. The special solution B(s) of the auxiliary homogeneous equa­
tion 

-B(s + h) = W(s)B(s) (4.2.27) 

is of great importance for deriving a solution of the Carleman equation (4.2.13) 
and the evolution equation (4.2.9). We will call this solution the basic function. 
Let there be an interval of zero rotation (0"_, 0"+). We shall define the basic func­
tion B(s) as a solution of (4.2.27) having the following properties: 

i) it is merom orphic in the strip 11(0"_,0"+ + h), 
ii) it has neither zeros nor poles in the strip Il(a, b + h), 
iii) the functions B(s) and 1/ B(s) are polynomially bounded on the infinity in 
the strip Il(a, b + h). 

Later on we shall only need the fact the basic function exists. 
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For an arbitrary Mellin function W(s) the basic function B(s) at s E II(CT _, CT+ + h) is defined 
by the following fonnulas: 

w(s) = In[ - W(s)] ; 

11" 

"R(s) = 2ih2 

IT-E+ioo 

J 
u-I!'-ioo 

w(r) d 
2 r, 

sin [1I"(s - r)1 h] 

CT=Res, CT<CT-~<CT++h, O<~<h; 

P(s) = f "R(s)ds; 

B(s) = expP(s) . 

(4.2.28a) 

(4.2.28b) 

(4.2.28c) 

(4.2.28d) 

In (4.2.28a), that continuous branch of the logarithm is chosen for which 1m w(s) -> 0 at 1m s -> 

±oo. In the strip II(a, b + h), the function B(s) is by virtue of (4.2.27) through its values in the 
strip II(CT _, CT+ + h). 

Starting from (4.2.28) and taking the logarithm of (4.2.27), we obtain: 

P(s + h) - P(s) = w(s), s E II(CT _, CT+) • (4.2.29) 

The integral (4.2.28b) does not depend on the choice of e and detennines the "R(s)-function which 
is analytical in the strip II(CT _, CT+ + h) (for every s from this strip one can select such an e that 
o < ~ < h, CT _ < Re s - ~ < CT+ + h). By direct substitution it can be verified that the function 
(4.2.28b) satisfies 

"R(s + h) - "R(s) = w'(s), s E II(CT _, CT+) • (4.2.30) 

Comparing (4.2.30) and (4.2.29), we see that as a solution P(s) of (4.2.29) one can take the integral 
(4.2.28c) of the function (4.2.28b). Then (4.2.28d) satisfies (4.2.27) in the strip II(CT _, CT+), is ana­
lytical, and different from zero in the strip II(CT _, CT+ + h). The last thing that is left to be done is to 
show that the function B(s) and II B(s) are polynomially bounded in the strip II(CT _, CT+ + h). We 
do not give the proof here since it is very tedious. We shall only remark that it relies heavily on the 
properties 1)-3) of the Mellin functions, in particular, on the estimate (4.2.18). 

Solution of the Cauchy Problem. Let there exist a zero rotation interval 
(0"_,0"+). We shall derive a solution of the Cauchy problem (4.2.6, 9) which 
satisfies the suggested boundary condition, i.e., which belongs to the space Ce 
for (! E (0"_,0"+). 

The solution F(x) of (4.2.11) in the space Cll corresponds to the solutions 
G(s) of (4.2.13) in the space M({!, b+h). According to (4.2.24), if G E M(e, b+h) 
and (L < (! < 0"+, then G E M(a_,b+ h). Let us seek the solution of (4.2.13) 
in the form 

G(s) = B(s)g(s) . 

For the g-function we have a difference equation with constant coefficients: 

!lies) 
).g(s) + 9(s - h) = Q(s) = B(s)' s E Il(a, b + h) , (4.2.31) 
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which may be solved using the Fourier transformation. Owing to the properties 
of the basic function B(s)we have (i) Q E M(O"_,O"+ + h) and (li) (4.2.13) 
in the class M(O"_, b + h) is equivalent to (4.2.31) in the class M(a_, 0"+ + h). 
Whence follows the existence and uniqueness of functions P(x), f(x) ensuring 

Q(s) = [: P(x)eax dx, g(s) = i+: f(x)e ax dx, s E II(O"_,O"+ + h) . 

Substituting these expressions into (4.2.31), we obtain 

Af(x) + f(x)e- hx = P(x) 

leading to 

f(x) = P(x) 
A + e- hx 

Consequently (at A > 0), the solution F(x) of (4.2.11) in the space .co (0"_ < 
(! < 0"+) exists, is unique and defined by 

+00 

J ( -ax d Q() tJi(s) 
tJi(s) = ~ x)e x, s = B(s) , 

-00 

1 10'+;00 
P(x) = ~ Q(s)e- SX dx, 

1n O'-ioo 

+00 

P(x) J f(x) = A h' g(s) = f(x)e SX dx , +e- x 

(4.2.32) 

-00 

O'+ioo 

G(s) = B(s)g(s), F(x) = 2~i J G(s)e-SX ds , 

tT-ioo 

where 0" = Re s E (0"_, O"++h). The formulas (4.2.32) may be written in the form 

(4.2.33a) 

where 71., 71.-1 are the mutually inverse convolution operators with generalized 
functions ZI (x), Z2(X) whose Fourier images are 1/ B(s) and B(s), respectively, 

+00 

71.1 = ZI * I, B~s) = J zl(x)eSX dx, 
-00 

(4.2.33b) 
+00 

71.-1 1= Z2 * I, B(s) = J z2(x)e SX dx , 

-00 

where s E II(O"_,O"++h); evidently, Zl *Z2 = Sex). The function l/[A+exp(-hx)] 
is understood in (4.2.33) as an multiplication operator acting on this function. 
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Making in (4.2.33a) the inverse Laplace transformation in the variable A, we 
get a solution of the Cauchy problem (4.2.6, 9). If there is no external action 
(</> = 0), the function cP = 4>0 does not depend on A and 

F(x, t) = T(t)</>o(x) (</> == 0), 

where 

T(t) = Z-l exp (-te-hx) Z for t 2: O. (4.2.34) 

Here we took advantage of the fact that the operator Z is independent of A, and 

1 l O+iOO At 
-2' A e _hxdA=exp[-texp(-hx)] 

7ft o-ioo + e 

at any 8 > O. 
For an arbitrary external action, the solution of the Cauchy problem (4.2.6, 

9) has the form 

F(x, t) = T(t)</>o(x) + lot T(t - r)</>(x, r)dr. (4.2.35) 

Remark 4.2. In the study of the evolution equation (4.2.6) for an incorrect Cauchy problem of 
this equation, it is of interest to establish mathematically rigorously the correctness of this Cauchy 
problem, provided there exists a zero rotation interval. This may be done using the method of 
generalized functions. Let s~ be a space of such generalized functions fez) that fez) eXp(gz) is 
a slowly growing generalized function (cf. the definition of the space CQ). The correctness of the 
Cauchy problem (4.2.6), (4.2.9) and the fact that its solutions are actually determined by (4.2.34-35) 
are ensured by the following. 

Theorem. A family of operators (4.2.34) foons a semigroup [4.17] in the space S~ at any g E 

(0" _,0"+ + h) ; the operator 

(4.2.36) 

is an infinitesimal generating operator of this semigroup in the space S~ at any g E (0"_,0"+ + h). 
(For the relationship between correctness and semigroups see, e.g., [4.15]). An evident consequence 
of this theorem is the stability of solutions of (4.2.6) (relative to initial perturbations) in the topology 
of space S~ at any g E (0"_,0"+ + h). 

4.2.2 Behavior of KOlmogorov-Like Turbulent Distributions. 
Stability Criterion 

Based on the results of the preceding subsection, we shall examine the behavior 
of the solutions of the evolution equation (4.2.6) which describes the evolution 
of perturbations of the Kolmogorov spectrum having the form of an arbitrary 
angular harmonic. The character of this behavior depends mainly on the details 
of the rotation function K,. Let us first consider a "regular" situation in which 
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there exists a zero rotation interval (0'_,0'+). In this case the solution F(x, t) of 
the Cauchy problem (4.2.6, 9) is given by (4.2.34-35) whose form is determined 
by the basic function B(s), see (4.2.33b). 

Zeros and Poles of the Basic Function. The asymptotics of solutions of the 
Cauchy problem (4.2.6, 9) (at t -t 00 or Ixl -t 00) are determined by the zeros 
and poles of the basic function B(s). B{s) has neither zeros nor poles in the 
strip II(O' _,0'+ + h). Hence, it follows from (4.2.27) that its zeros and poles in 
the strip II{a, b + h) are characterized as follows: if p is a zero of the Mellin 
function W(s) lying on the right of the strip II(O'_,O'+) [i.e., p E II(O'+,b)], then 
the B(s)-function has zeros in all points of the form 

p+h, p+2h, p+3h, ... (4.2.37) 

located in the strip II(a, b + h). All zeros of a sequence like (4.2.37) have the 
same multiplicity equal to that of the zero p of the function W(s). If the function 
W(s) has a zero q on the left of the strip II(O'_, 0'+) [i.e., q E II(a, 0'_)], then 
the function B(s) has zeros in all points 

q, q - h, q - 2h, ... , (4.2.38) 

on the strip II(a, b + h), with all poles of such a sequence (4.2.38) having the 
same multiplicity equal to the one of the zero at q. The function B(s) has no 
other zeros and poles in the strip II(a, b + h), in particular, no zeros in the strip 
II(a, 0'+ + h) and no poles in the strip II(O'_, b + h) 

For the sake of simplicity of the form of the asymptotic expansion. we shall 
later on consider all zeros and poles of the W(s), B{s)-functions to be of first 
order. 

Asymptotics at Ixl -t 00. Using (4.2.24), it is easy to see that the solution G(s) 
of (4.2.13) in the class M(e, b + h) (0'_ < e < 0'+) may have poles in the strip 
II(a, b + h) only in points of the form (4.2.37) in which the basic function B(s) 
possesses poles. The poles of the Fourier image G(s) of the solution F(x, t) of 
(4.2.6) have the same points as B(s). Therefore. the asymptotic behavior of the 
solution F(x, t) at Ixl -t 00 is: 

{ L: K (t)e-qz 

F(x,t)~ o (e-tb+h)Z) 

Kq(t) = res Gt(q) , 

at x -t -00, 

atx-t+oo, 
(4.2.39) 

where the summation extends over the set of poles q of the basic function B(s) 
of the series (4.2.38). The main terms in the sum (4.2.39) are those in which the 
values of q have the largest real part. Therefore 

F(x,t) '" L Kq(t)e-q~, x -t -00, 

Rcq-CT_ 

(4.2.40) 
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where the summation includes the set of zeros q of the Mellin function W(s) 
lying on the line Re s = a_. 

Free Evolution of Initial Perturbations. Let us describe at first the behavior 
of the solution F(x, t) of the evolution equation (4.2.6) without external action 
(4) == 0). These solutions are determined by 

F(x, z) = Z-l [8 t(x)P(x)] (4.2.41) 

where P(x) = 7l..4>0(x) is a time-independent function and 

8 t (x) = exp[-texp(-hx)] , (4.2.42) 

see (4.2.34--35). The function (4.2.42) has the property 

8 t rCx)=8r (x- ~t). (4.2.43) 

The Fourier transforms 1/;o(s), Q(s) of the respective functions 4>o(x), P(x) are 
related by Q(s) = 1/;o(s)/B(S). Since 1/;0(S) is an integer function, the poles of 
Q(s) are determined by the zeros of the basic function B(s). Therefore 

P x ...... {O (e- ax ) at x ~ -00 , 
( ) rv L:p -1/;0(P)/ B'(P) at x ~ +00 , (4.2.44) 

where summation is effected over the set of zeros p of the function B(S) being a 
combination of the sequences (4.2.37). Since the function (4.2.42) is "practically 
equal to zero" at x ~ In t / h, we have at sufficiently large t in conformity with 
(4.2.41,44) 

F(x,t) ~ L - ~~~~Z-l [8t (x)e-PX ] , (t ~ 00) 
p 

(4.2.45) 

where the summation is performed over the set of the zeros p of the basic function 
B(s) being a combination of the sequences (4.2.37). The main terms in the sum 
(4.2.45) are those in which the zeros p have the smallest real parts. Hence, 

F( t) '" " _ 1/;0(P + h) Z-l [8 ( ) -(P+h)X] 
x, L B'(p+ h) t X e , 

Re p=O'+ 

(t ~ 00) , (4.2.46) 

where the summation is performed over the set of zeros p of the Mellin function 
W(s) lying on the straight line Re s = a+. 

Since the function 8 t (s) satisfies (4.2.43) we know that according to (4.2.46), 
the perturbation F(x, t) at large t represents a superposition of several "running 
waves" 

F (x t) = - 1/;0(P + h) Z-l [8 (x)e-(p+h)x] 
P' B'(p+ h) t 

(4.2.47) 
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possessing the self-similarity 

F,(x, tT) = Fp (x - ~t, T) C(P+h)/h, (t > 0, T > 0) . (4.2.48) 

The fonn of any such "wave" is universal, it does not depend on the initial 
conditions but is entirely detennined by the characteristics of the mediwn; the 
initial conditions affect only the "amplitudes" of these "waves". From (4.2.48) 
we see that the "wave" (4.2.47) travels in the positive direction of the x axis 
according to the law const + In t/ h (at h < 0 the "wave" moves into the negative 
direction). If the function (4.2.47) assumes at the moment T in the point ~ a certain 
value C, = F,(~,T), then at the moment t > T at the point x = ~+(l/h)ln(t/T) 
it will have the value 

( 
t) -(p+h)/h 

F,(x, t) = C, -:;. = C,e-(P+h)z . 

Therefore, one can say that the "wave amplitude" changes according to the law 
t-(p+h)/h and that the "wave" has the "envelope" const· exp[ -(a+ + h) x] with 
Re p = a+). If the zero p is a real nwnber (p = a+), the "wave amplitude" changes 
monotonically; if the zero p contains a nonzero imaginary part, the "wave ampli­
tude" oscillates with time. The sum (4.2.46) of the "waves" represents a "wave" 
evolving according to the logarithmic law const + In t / h with the "envelope" 
const· exp[ -(a+ + h)x]. However, the amplitude of the "complete wave" may 
show a much more complex behavior in time [the point is that zeros p of the 
function W(s) located on the straight line Re s = a+ may have imaginary parts 
whose values are rather different]. At every fixed moment of time t the behavior 
of the perturbation F(x, t) at Ixl -+ 00 is detennined by the asymptotics (4.2.39-
40). Figures 4.2 a,b,c (tl < t2 < t3) schematically show the evolution of the 
perturbation F(x, t) at different positions of the interval (a_,a+ + h) relative to 
the point a = O. 

If a _ < 0 < a+ + h, then any small initial perturbation will give rise to 
deviations from the Kolmogorov distribution that remain small throughout the 
whole spectrum and tend to zero as time progresses (Fig.4.2). Thus the Kol­
mogorov spectrum proves to be stable against small perturbations. (A rigorous 
confinnation of this statement follows from the theorem given in Remark 4.2.) 
If a+ + h < 0, such a perturbation of the Kolmogorov spectrum increases for 
large x (Fig.4.2b); the turbulent mediwn develops the above-mentioned "running 
structure", see (4.2.45-48). Such an instability is usually referred to as a convec­
tive instability. If a _ > 0, a small initial perturbation leads to a large deviation 
from the Kolmogorov spectrum at large negative x (Fig.4.2c); the fonn of this 
deviation is also universal, see (4.2.39-40). 

Thus if the interval (a _, a+ + h) does not contain the point a = 0, the Kol­
mogorov spectrum is unstable with regard to initial perturbations. But the charac­
ter of this instability is unusual. Indeed, since in real systems the inertial interval 
(ko, kcJ) is always finite (0 < ko < kd < (0), the perturbations of the Kolmogorov 
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FIg.4.2. The behavior (tl < tz < t3) of 
the perturbation for different positions of the 
zero rotation interval: a) (1'_ < 0, (1'+ + h, b) 
(1'+ + h < 0, c) (1'_ > O. The left slope is 
proportional to exp(-(1'_x), the right one to 
exp[-(b+h)xj. The dotted line corresponds 
to exp[ -«(1'+ + h):l:j 

spectrum cannot increase infinitely as a result of this instability (see Fig. 4.2b, c) 
and, consequently, the Kolmogorov spectrum is in fact stable with respect to 
infinitely small perturbations. The above instability of the Kolmogorov spectrum 
is of asymptotic character: the perturbation of the Kolmogorov spectrum may in­
crease arbitrarily strongly if the inertial interval is sufficiently large (kd/ ko ~ 1). 
Such an instability having an asymptotic meaning and originating from the ex­
istence of a large inertial interval will be referred to as interval instability. 

The two qualitatively different interval instabilities are characterized by (i) 
0"+ + h < 0 and (ii) 0"_ > O. In the first case the Kolmogorov spectrum pertur­
bations grow gradually [at large t the perturbation value grows by a power law 
proportion to t-(tT++M/h, see Fig.4.2b], and in the second case the small initial 
perturbation leads almost instantly to a strong deviation from the Kolmogorov 
spectrum [in the range of small wave numbers] (see Fig.4.2c). But in reality 
this "instancy" is also the result of the infinity of the inertial interval. Within a 
finite interval, all interaction times are finite. In the former case we shall call the 
instability soft interval instability and in the latter the hard interval instability. 

Evolution of Perturbations Under External Action. Under the influence of a 
constant external action ~ = ~(x) in the system (4.26) the solution of the Cauchy 
problem (4.2.6,9) is according to (4.2.34, 35) determined by 

(4.2.49) 

At t --+ 00 this solution tends to 
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q+ioo 

Foo(x) = Z-leh% Z[4>] = ~ J 
211'2 

II-ioo 

1/;(s + h) d 
W(s) s, (4.2.50) 

where 1/;(s) is the Fourier image of 4>(x). The function (4.2.50) is, evidently, the 
stationary solution of (4.2.6). In general (4.2.6) has many stationary solutions. 
In particular, further stationary solutions of this equation may be obtained with 
the help of the integral from (4.2.50) provided the parameter f! is chosen not 
to be from the (0"_,0"+) interval. If the interval (a, b) contains the point 0" = 0 
then there always exists a stationary solution of (4.2.6), which is bounded on 
the whole line -00 < x < +00. However, only the solution (4.2.50) may be a 
bounded solution of the Cauchy problem for (4.2.9); all other stationary solutions 
have no relation to the evolution equation (4.2.6). 

The asymptotic behavior of the solution (4.2.50) at large Ixl is 

{ I:: -[1/;(q + h)/W'(q)]e-qx at x --t -00 , 

Foo(x) ~ I::: -[1/;(p + h)/W'(p)]e-PX at x --t +00 , 
(4.2.51) 

where q (or p) goes through many zeros of the Mellin function W(s) situated 
on the left (or right, respectively) of the band II(O"_, 0"+). In the upper sum of 
(4.2.51), the main terms are those in which Re q = 0"_, in the lower one the ones 
with Re p == 0"+. 

The character of the evolution of the solution (4.2.49) to the limiting station­
ary solution (4.2.50) is schematically indicated in Figs. 4.3a, b,c (tl < t2 < t3) 
for different positions of the zero rotation interval (0"_,0"+) relative to the point 
0" = O. The external action feeds in the perturbation of the Kolmogorov spec­
trum with the perturbation front expanding according to the logarithmic law 
Xb = const + In t/h. 

If 0"_ < 0 < O"+> the Kolmogorov spectrum is stable against weak external 
actions: at all wave numbers the turbulence spectrum differs only slightly from 
the Kolmogorov spectrum (Fig.4.3a). When the zero rotational interval (0"_, 0"+) 

does not contain the point 0" == 0, there is an interval instability of the Kolmogorov 
spectrum against external effects. As a result of this instability, a stationary 
distribution is formed which strongly differs from the Kolmogorov spectrum 
either at x --t +00 (if 0"+ < 0, see Fig.4.2b) or at x --t -00 (if 0"_ > h, see 
Fig.4.3c); in the remaining part of the inertial interval the state of the turbulent 
medium is Kolmogorov-like. The form of the resulting large deviation from the 
Kolmogorov spectrum is universal and according to (4.2.15) it is determined by 
the zeros of the Mellin function W(s). Thus, a turbulent medium generates an 
ordered stationary structure. Since the zeros of the function W(s) located on the 
s1!aight lines Re s = 0" ± may have nonzero imaginary parts, this structure may 
have rather a complex (nonmonotonic) form. When 0"+ < 0, the structure appears 
gradually, covering an increasingly larger region [at t --t 00, the magnitude 
of the structure grows by a power law proportional to rrr+/h, see Fig.4.3b] 
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Fig.4.3. Temporal behavior (tl < tz < t3) 
of the perturbation under external pumping; 
a)4:) illustrate different positions of the zero 
rotation interval: a) u _ < 0 < u+, b) 
u+ < 0, c) u _ > O. The dotted line depicts 
exp( -u+z) 

and, consequently, the interval instability is soft. This instability results in the 
soft generation of a stationary structure. When a _ > 0 a stationary structure 
[exponentially growing at x -+ -00, see Fig.4.3c] is formed within a finite 
time. We have a hard interval instability leading to the hard generation of the 
stationary structure. 

As seen from comparison of (4.2.47) with (4.2.50) and of Fig.4.2 with 
Fig. 4.3, the stationary solution stability condition with regard to external actions 
is more strict than the stability condition with regard to initial perturbations. 
In the former case, a necessary condition for stability is that the point a = 0 
corresponding to the Kolmogorov solution index falls within the zero rotational 
interval (a_,a+). In the latter case, it is sufficient that the point a = 0 falls be­
yond a wider interval (a _, a+ + h) at h > 0 or (a _ + h, a+) at h < O. The physical 
reason for this difference is, of course, the fact that external actions constantly 
generate perturbations of the distribution. 

The difference in the behavior of perturbations exhibited in Figs. 4.2, 3 may 
also be explained with the help of conservation laws. Indeed, the boundaries of 
the zero rotation interval a _, a + are specified by the zeros of the Mellin function 
W/(s). But every zero W/(p) = 0 implies the presence of an integral of motion 
of the form 

(4.2.52) 

(we shall take p to be a real quantity) in the linearized kinetic equation. Besides, 
the presence of a zero of the Mellin function implies the presence of a stationary 
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solution of the form 

transferring the constant flux of the integral 1/ (examples of such solutions are 
the neutrally stable modes derived in Sect 4.1 for l = 0, 1). It is readily un­
derstood that the behavior of the perturbations shown in Fig. 4.2 corresponds to 
conservation of the integral of motion It. while Fig. 4.3 illustrates the formation 
of the power asymptotics with a constant flux of this integral. 

Remark 4.3. One can have the impression that the exponentially growing asymp­
totics at Ixl ~ 00 [occurring for 11:(0) :f 0, see (4.2.51, 40)] imply the inappli­
cability of the linear approximation (4.2.4). As a matter of fact, the use of the 
linear approximation in such situations is based on the fact that in real systems 
the inertial interval (ko, kd) is finite (0 < ko < kd < 00). We suppose that real 
systems do not have a spectrum like n(k, t) ;::; n~[1 + A(k, t)] as determined 
by (4.2.4-6), but to have a distribution which is close to this spectrum within 
the inertial interval [and is very different from it for k «:: ko and k ~ kd] -
in a similar way as supposed for the Kolmogorov spectrum itself (4.2.2). Then 
applicability of the linear approximation requires IFI «:: 1 only inside the inertial 
interval. 

Evolution Locality and Nonlocality of the Kolmogorov Spectra. We shall 
discuss the case that the locality interval contains the zero rotation interval. In 
this case, all integrals in (4.2.5, 6) converge, Le., the evolution of perturbations 
having the form of the respective harmonics is determined only by the interaction 
of waves with scales of the same order. It seems natural to call this property 
the evolution locality of the spectrum (as opposed to the locality for which the 
collision integral converges on the Kolmogorov spectrum, see Sect. 3.1). 

The nonexistence of a zero rotation interval within the locality interval may 
be shown to imply nonlocality of the evolution. In other words, the dependence 
of the behavior of the perturbation on conditions at the ends of the inertia interval. 
To understand this feature, it is convenient to discuss the continuous transition 
from systems with the interval (0"_,0"+) within (a, b) to systems having no zero 
rotation interval at all. Such a transition may be realized in three ways: by 
contraction of the interval (0"_,0"+) to the left or right end or to an inner point 
of the interval (a, b). 

Let, for example, the interval (0"_,0"+) be contracted to the right limit of 
the locality interval 0" ± ~ b then the rotation function is negative for most 
values within (a, b). At any moment of time t > ° the perturbation F(x, t) 
grows at x ~ -00 proportionally to exp( -0" _x), see Fig.4.3. Consequently, 
the convolution U * F is "located" on the boundary of the divergence so that 
the dominant role is played by the interaction with the left end of the inertia 
interval, Le., with small k. Thus, if the rotation function is negative over the 
whole locality interval, the behavior of the perturbation arising at the moment 
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t = 0 will immediately (at all t > 0) depend strongly on the conditions at the left 
end of the inertial interval. We may consider this as a hard evolution nonlocality. 

Let us now discuss the transition to a rotation function that is positive over 
the whole interval (a, b). If O'± -jo a, the external action should give rise to 
a perturbation growing at x -jo +00 proportional to exp( -O'+x), see Fig.4.3b. 
The perturbation front expands according to the law x fr = const + (In t)/h. 
Consequently, if (ko, kd) is the inertial interval and the quantity k1 characterizes 
the scale of the external action (ko ~ k1 ~ kd), then after a time of the order 
of (kd/k1)h the behavior of the perturbation will considerably depend on the 
conditions at the right end of the inertial interval. 

Let us recall that above we set h > O. If h < 0, in both cases described above, 
small and large scales exchange roles [i.e., the behavior of the perturbations 
depends on the conditions at the right end of the inertial interval for the negative 
rotation function, etc.]. 

If there is no convergence strip for integral (4.2.16) then the system has no 
evolution locality at all. An example for such a situation is given by shallow­
water capillary waves [see (1.2.40)]: in the isotropic case the width of the locality 
interval equals S1 - 82 = 2 while it is for even angular harmonics given by 
SI - 82 - 2(a - 1) = O. Thus, the evolution of the perturbation in the form of 
an even angular harmonic depends on the conditions at the ends of the inertial 
interval. 

Strong Instability of Kolmogorov Spectra. Let us finally consider the third case in which there is 
no zero rotation. It is defined by (4.2.26) and is not related to nonlocality. It may even occur when 
the carrier of the function U(z) is concentrated in a single point z = 0 [the convolution with the 
function U(z) yields in this case the differential operatorl. 

It is clear that with the help of an arbitrarily small perturbation, one can go over from the function 
U(z) to U.(z) in which the Mellin function We(s) has a zero rotation interval (u~, u!) such that 
e -> 0, u± -+ UO, W. -> Woo Equation (4.2.6) with the function U.(z) should be considered in 
the space C 1/ at e e (u~, u~) in which the Cauchy problem for this equation always has one and 
only one solution F.(z, t). 

The incorrectness of the (unperturbed) Cauchy problem (4.2.6, 9) in the case under discussion 
is easily understood from the fact that the limit of the function Fe(z, t) at e -+ 0 largely depends 
on the family {U.(z), e -+ O} within which we approach U(z); that holds in particular for the 
asymptotic of the limiting function at z -> -00. 

Since u± -> UO at e -> 0, it would be natural to consider (4.2.6) in the space Ctro. However, the 
set of eigenvalues of the operator (4.2.36) in that space covers the entire complex plane. Therefore, we 
can consider the Kolmogorov spectrum to be strongly unstable (to perturbations having the form of the 
angular harmonic in question). In contrast to interval instability, the perturbations of the Kolmogorov 
spectrum grow in this case with time throughout the whole inertial interval. Under the influence of 
constant external actions, no stationary solution is formed and an essentially nonstationary regime, 
"secondary turbulence", may result. It should be noted that a more consistent formulation of the 
problem of the stability of the Kolmogorov spectrum should be as follows. First of all, the kinetic 
equation should be supplemented by terms describing the isotropic pumping and damping regions 
and a stationary solution of this equation should be found that is close to the Kolmogorov spectrum 
in an interval (kl, kl); outside this interval the solution may strongly differ from the Kolmogorov 
spectrum. Then the kinetic equation must be linearized in the vicinity of this stationary solution 
and expanded in angular harmonics. For a particular angular harmonic the expansion leads to an 
evolution equation of the form (4.2.5) for which the Cauchy problem always has one and only one 
solution; the operator L is no longer homogeneous. Having examined the behavior of the solutions 
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of this equation, one should clarify the changes that occur when the ranges of the source and sink 
in k-space go to zero or to infinity and examine the behavior of the perturbations established in the 
interval (kl' k2). Finally, one should analyze in which situations this behavior is independent of the 
specific type of the source and sink. 

This program for examining the stability of Kolmogorov spectra turns out to be too complex. 
Currently there exists no strict proof of the fact that in general the kinetic equation with a source 
and sink has a stationary solution close.to the Kolmogorov spectrum in some interval. 

As seen above, the strongly unstable equation (4.2.6) may become stable as the result of an 
arbitrary small variation in the medium characteristics (the interval instability is not an absolute 
instability). Such a sharp transition from strong instability to stability occurs only in the limit when 
both the range of a source and the range of a sink tend to zero or to infinity and the inertial interval 
becomes infinitely large (ko -- 0, kd -- 00). With a finite interval the Kolmogorov spectrum may 
also be unstable in the case of a rather small zero rotation interval (IT _, IT+) with (IT+ - IT _ ~ 0); 
the perturbations of the Kolmogorov spectrum will exponentially grow with time in the whole inertia 
interval. In the case of a small zero rotation interval the stability of the Kolmogorov spectrum 
established above has the following asymptotic meaning: no matter how small the value of IT + - IT _ 

is, it is always possible to find a sufficiently large inertial interval in which the Kolmogorov spectrum 
is stable (with regard to perturbations having the form of a respective angular harmonic). If there 
exists no zero rotation interval then the increment of the instability of the Kolmogorov spectrum is 
finite within a finite inertial interval (ko, kd). The increment tcnds to infinity at ko -- 0, kd -- 00. 

The Kolmogorov Spectrum. Stability Criterion. The treatment of the preceding 
subsections allows us to clarify the conditions under which the state of a turbulent 
medium is in the whole inertial interval under various perturbations and at any 
moment of time close to the Kolmogorov distribution. Thus we arrive at the 
stability criterion for the Kolmogorov spectrum obtained by Balk and Zakharov 
[3.7]: 

The Kolmogorov spectrum is stable against disturbances having the form of 
the angular harmonic Y(O if and only if 1\:(0) = 0, i.e., if the rotation of the 
Mellinfunction W(s) corresponding on the imaginary axis to the harmonic Y(O 
is defined and equal to zero. (If the zero rotation interval exists and the point 
(7 = 0 is its boundary, the Kolmogorov spectrum is indifferently stable against 
perturbations of the form of the respective angular harmonic.) 

When 1\:(0) > 0, the instability of the Kolmogorov spectrum is strongest for 
large k and when 1\:(0) < 0, for small k. The interval instability and evolution 
nonlocality are soft if the quantity hl\:(O) is positive and hard if it is negative. 

It should be noted that for different angular harmonics the behavior of the 
perturbations may be of different types and may have different asymptotics, so 
that the overall perturbation of the Kolmogorov spectrum may be rather diverse 
since it is a superposition of perturbations corresponding to all angular harmonics. 

It is readily seen that for the order of angular harmonic Y(O tending to 
infinity, the value of the integral (4.2.16) specifying the Mellin functions becomes 
real and negative, just as at 11m sl --t 00, see (4.2.18). Consequently, for angular 
harmonics of sufficiently high order 1, the quantity 1\:(0) is always zero, with 
the zero rotation interval extending at 1 --t 00 over the whole interval (a, b). 
Hence, the Kolmogorov spectrum is always stable with regard to perturbatins in 
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form of higher angular hannonics. The first few angular harmonics determine 
the behavior of a turbulent medium near the Kolmogorov spectrum. 

Examination of the instability of the Kolmogorov spectrum involves veri­
fication of a finite number of conditions of the form x;(0) = 0 which may be 
conveniently checked using a computer. Since the calculation of the value of 
x;(0) should necessarily yield an integer, the use of a computer including an esti­
mate of the error would even yield a rigorous mathematical proof of the stability 
status of the Kolmogorov spectrum. 

It is worthwhile to draw attention to the following three general symmetries 
of the Mellin functions. 

The fact that the kinetic equation is real implies that the Mellin functions 
Wyand Wy • corresponding to the angular harmonics Y and Y*, respectively, 
satisfy 

Wy(s) = Wy.(s*) 

and that their rotation functions coincide 

x;y(O) == X;y. (0) . 

For three-dimensional media the Mellin functions wi (s) corresponding to 

angular hannonics 1'/(0, j = -1, ... , I of the same order I are identically equal 

/ 

WI(s) = 21 ~ 1 L Wr(s) . 
n=-/ 

(4.2.53) 

If a continuous isotropic medium is also mirror-symmetric then the interac­
tion coefficient is invariant with regard to reflections in k-space and the Mellin 
functions satisfy 

W(s*) = W*(s) . (4.2.54) 

This equation is always satisfied in the decay three-dimensional case, because in 
three dimensions it is always possible to accomplish reflections of three vectors 
kJ, k2, k = kJ + k2 by the aid of rotations. 

From (4.2.54) it follows that the zeros of the function W(s) are either real 
or form pairs of complex conjugate numbers. Hence, the third case for the non­
existence of zero rotation (4.2.26) may be the case of general position (on the 
line Re s = 0"0, there may be a pair of complex conjugated zeros of the Mellin 
function). 

When the function W(s) obeys (4.2.54), one can formulate a rather simple 
sufficient condition of the instability of the Kolmogorov spectrum 

W(O) > O. (4.2.55) 

Indeed, it follows from (4.2.54-55) that the rotation x;(0) is inevitably odd. 
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The criterion for the instability of the Kolmogorov solution with regard to 
isotropic perturbations is formulated in a different way. For the zero harmonic, 
Wo(O) is always zero and the rotation function 11:0(0) is not defined. To obtain 
the wanted criterion, one should slightly shift the vertical axis on which II: is 
calculated to the right or to the left depending on the region in which the Kol­
mogorov solution is realized, i.e., for small or large k, respectively. For example, 
a sufficient condition for the instability of the short-wave spectrum with regard 
to isotropic perturbations is the inequality Woes) > ° for the small negative s. It 
is readily seen that this is equivalent to the condition W~(O) < 0. Thus we arrive 
again at the Fournier-Frisch criterion described in Sect. 3.1: solutions with the 
"wrong" sign of the flux are unstable. 

4.2.3 Physical Examples 

As we have seen in the preceding subsection, the behavior of perturbations is 
determined by position of the zeros of the Mellin functions W/(s). However, 
every zero W/(p) :::: 0, for example, for real p corresponds to the stationary power­
type solution A(k) :::: 8n(k)/n~ :::: Yjk-P of the linearized kinetic equation. For 
zeroth and first angular harmonics, the stationary power solutions [the neutrally 
stable modes (4.1.9, 11, 13, 14, 16, 18, 20, 23)] were derived in Section 4.l. 
These solutions are universal, i.e., they do not depend on the particular fomI of 
the interaction coefficient, but are entirely determined by the indices. All these 
modes correspond to small fluxes of the integrals of motion (4.2.52). The locality 
of a neutrally stable mode implies that p is an element of the analyticity strip of 
the corresponding function W/(s). 

The zeros corresponding to universal modes, like all other zeros of Mellin 
functions, determine the terms of the asymptotic expansions of the Kolrnogorov 
spectrum, see (4.2.39,45,51). The role of an individual term depends consider­
ably on the position of the corresponding zero relative to the zero rotation strip 
II (a _, a +): it matters whether the location is on the right or left of this strip, on 
its boundary or far away from it In particular, in the case of the instability of 
the Kolmogorov spectrum, the main and fastest growing correction to the spec­
trum is entirely determined by the particular zero p of W(s) for which either 
Re p :::: a _ > 0 holds or Re p :::: a+ > O. 

Let us consider at first the stability problem of Rayleigh-Jeans spectra that are 
in thermodynamic eqUilibrium. If the power solution (4.2.2) is a thermodynamic 
spectrum, then it may easily be seen from (4.2.16) that the Mellin functions W(s) 
have the properties 

W(r + s) :::: W(r - s), W(r+iw) < 0, 
v-p. d-h 

where r = -2- :;: -2- . 

That condition just presents the H-theorem for a given harmonic of the linearized 
kinetic equation. It follows that the analyticity strip II ( a, b) of the Mellin function 
W(s) is symmetric with regard to the line Re s = r; on this line the rotation of 
the function W(s) is zero. Consequently, there exists a zero rotation interval 
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symmetric relative to the point r. However, this interval does not necessarily 
include the point s = O. Thus, the H-theorem does not ensure the stability of the 
eqUilibrium distribution: the initially small perturbation can grow in the process 
of evolution. The existence of a zero rotation interval implies that the instability 
of thermodynamic spectra is not strong, Le., the perturbations cannot grow in 
the whole k-space. IT interval instability exists, it will inevitably DCCur at large 
scales if r > 0 or at small scales if r < O. Interval instability will take place, for 
example, when the zero P corresponding to a neutrally stable mode is located 
between the points s = 0 and s = r. Let us consider, for example, the decay 
case. For physically interesting media, the index of the Kolmogorov spectrum is 
generally larger than that of the thermodynamic spectrum. Therefore the quantity 
r = d + m - 0: is positive and, consequently, the interval instability can manifest 
itself only at large scales. In the decay case it is also easy to show that the zero 
po = 2(m+d-0:) = 2r corresponding to the isotropic mode (4.1.16) is not located 
between the points s = 0 and s = r and cannot lead to interval instability. For the 
first angular harmonic the situation is different: since 0: > 1 we know that out of 
the two zeros PI = 0: - 1, pz = 2r + 1- 0: symmetric with regard to the point r, one 
is always located in the interval (0, r). This is in general an equilibrium zero PI 

(in all cases considered we have PI < pz). Hence, the spectrum T /Wk will show 
interval instability in the region of small k, provided that this zero falls also within 
the analyticity strip. The physical meaning of this instability is rather simple. An 
external source generates a perturbation in the form of the first angular harmonic 
having a nonzero momentum. The instability corresponds to the rearrangement 
process of the distribution T /Wk to T /[Wk - (ku)] with the nonzero momentum. 
For example, for deep-water capillary waves (m = 9/4, d = 20: = 3/2), we have 
o < PI < rand h = -7/2 < 0, i.e., the perturbations of the equilibrium spectrum 
are shifted to small k, with the part of the perturbation due to the first harmonic 
growing in magnitude. Thus we have a soft interval instability. Since PI + h < 0, 
the spectrum under consideration is stable with regard to initial perturbations. 

We can discuss the nondecay case in a similar way. For the solution T / W k <X 

kOl with zero chemical potential, the presence of the mode (4.1.20) with a small 
energy flux P cannot lead to instability, because po(P) = 2m + 3d - 30: = 2r. 
However, there are two more isotropic, neutrally stable modes whose indices are 
symmetric relative to the point r: the equilibrium one with po(p.) = 0: and the 
nonequilibrium mode (4.1.23) with poe Q) = 2r - 0:. At r > 0:, the instability may 
be associated with the former and at 0: > r > 0 with the latter. At r < 0, the 
Rayleigh-Jeans spectrum is stable with regard to isotropic perturbations, but we 
may have interval instability with respect to perturbations in the form of the first 
angular harmonic, as one of the zeros PI = 0: - 1, P2 = 2r + 1 - 0: will inevitably 
be found in the interval (0, r). As we see, all these instabilities are associated 
with the conservation laws and correspond to structural rearrangements of the 
distributions after adding to them the initially nonexistent integral of motion. 

Let us discuss now possible instabilities of the Kolmogorov spectrum that 
are associated with the universal neutrally stable modes. In particular, we shall 
consider formation of these modes under perturbations of a source. 
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As usual, we shall start from the decay case. In an isotropic general sys­
tem, there are no other integrals of motion besides the one of energy; therefore, 
the isotropic neutrally stable modes are not formed (except for the trivial one 
onk/n~ =const corresponding to energy flux variations). In all the examples the 
Mellin function Woes) has a single zero Wo(O) = 0 in the locality strip, and the 
Kolmogorov spectra are indifferently stable with respect to isotropic perturba­
tions. We shall note, however, that this statement has not been proved in the 
general case. 

With regard to the first angular harmonic, there is a drift mode (4.1.9) cor­
responding to constant momentum flux. Its index PI = 1 - 0: < 0 gives the zero 
of the Mellin function WI (PI) = 0 located on the left of the point s = O. Conse­
quently, the instability associated with this zero may be observed in the region 
of large k, i.e., just in the inertial interval [we suppose as usual v = m + d > 0: 
which, according to (3.1.13), corresponds to a positive energy flux and to a source 
at small k]. If the perturbations of the source have the form of the first angular 
harmonic, a drift mode may be formed (Le., determine the spectrum perturbation 
asymptotics at k -+ 00), if PI is the zero closest to the point s = O. Besides, in 
conformity with (4.2.55), the condition WI (0) > ° should be satisfied. From this 
follows the necessity of the condition 

W{(PI) = W{(1 - 0:) > 0 . (4.2.56) 

But, as we have seen in Sects. 3.1.3 and 4.1, the derivative of the collision integral 
with regard to the index of the stationary-state solution, specifies the sign of the 
corresponding flux. Thus, the condition (4.2.56) implies that in the decay case 
the drift mode is formed only for positive momentum flux, i.e., it has the same 
direction as the energy flux of the main solution. Physically this condition seems 
to be quite natural, as fluxes should be directed towards the damping region. 

This criterion (first formulated by Falkovich [4.6]) is also valid for any of the 
universal steady-state modes (4.1.9, 11, 13, 14, 16, 18,20,23): a neutntlly stable 
mode is formed and leads to structural instability of the Kolmogorov spectrum 
only when the flux of the integral of motion transferred by it has the same di­
rection as the flux of the main integral of motion. Indeed, in mirror-symmetric 
media, for the mode (4.1.11) dominating at large k, a sufficient instability con­
dition Wo(O) > ° is provided by the inequality Wa( -0:) > 0, i.e., by the positive 
character of the small-wave action flux. On the other hand, the modes (4.1.13-14) 
can lead to structural instability of a spectrum with an action flux if the fluxes 
transferred by those modes are directed towards small k: WaCo:) < 0, W{(1) < 0. 

Let us consider some examples. The integrals (4.2.16) determining the Mellin 
function are rather complex and cannot be calculated analytically. However, they 
may be calculated on a computer. Since it is sufficient to find only the Mellin 
function rotations (being integers), these computations can be rather inaccurate. 
In [4.10] one can find a transformation of the integrals (4.2.16) to a form suitable 
for machine computations. 

Let us start with the turbulence of gravitational waves on the surface of a deep 
incompressible fluid. The appropriate dispersion law is given by (1.1.42) and the 
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four-wave interaction coefficient, by (1.2.42), so that a :;::: 1/2, m :;::: 3, d :;::: 2. 
There are two Kolmogorov solutions, one with action flux towards the region of 
large scales (3.1.27) and the other one with energy flux towards the region of 
small scales (3.1.28). 

Calculations with formula (A.4.lO) show that for both spectra the values of 
all Mellin functions W/(s) on the imaginary axis (s = iw, -00 < w < 00) are lo­
cated in the left half-plane. [The calculations were performed for 1 = 0, 1, ... ,29; 
with growing l, the values of the function W/(iw) for -00 < w < 00 are displaced 
further into the left half-plane.] Consequently, rotations of all Mellin functions 
around the imaginary axis vanish and the Kolmogorov spectra (3.1.27-28) are 
stable. One can also directly verify that in this case the neutrally stable modes 
(4.1.11, 13-14) transfer backwards fluxes of action, energy and momentum, re­
spectively, that are small compared to the fluxes of the main integrals of motion. 
Consequently those nodes could not be realized. In real situations at very small 
k (k c:::: ko) and at very large k (k c:::: kd), the medium gives rise to damping 
(sometimes the damping may be due to the nonsteady state of the spectrum in 
the region of small or large k); pumping is observed in an intermediate range 
k c:::: k!. If the pumping and damping regions have sufficiently strong differ­
ences in their scales ko ~ kJ ~ kd, then in a stationary state all the energy 
pumped into the system should be transferred to the region of large k and all 
the wave action pumped in, to the region of small k, see (3.1.26). Thus (at least 
for weak anisotropic perturbations), the Kolmogorov spectrum (3.1.28) support­
ing an energy flux should be formed in the inertial interval kJ ~ k ~ kd and 
the Kolmogorov spectrum (3.1.27) supporting a wave action flux in the inertial 
interval ko ~ k ~ k!. 

A typical example for a system with a decay law and weak turbulence are 
turbulent capillary waves (on the surface of a deep incompressible fluid). The 
dispersion law of these waves and the interaction coefficient are determined by 
(1.2.40). Thus we have a :;::: 3/2, m:;::: 9/4, d = 2. Numerical computation shows 
that the rotations ,q(O) of the Mellin functions W/(s) are zero for all m =I ±1 
and x:± J (0) :;::: 1. Hence, the spectrum (3.1.15b) is unstable with regard to per­
turbations having the form of the first angular harmonic. Numerical computation 
also yields X:±J (-2/3) = O. This leads to the following conclusions. First, the 
instability of the first angular harmonic is of the interval type and is hard smce 
h = -3/4 < 0; this instability manifests itself in the region of large k. Second, 
in the strip II(-2/3, 0) the function Wl(S) has a single zero which occurs at 
s:;::: 1- a = -1/2 and corresponds to the universal mode (4.1.9). In this case the 
direction of the (small) momentum flux coincides with the one of the energy flux. 
Consequently, in a system of capillary waves under weak constant anisotropic 
action, a spectrum of the form (4.2.51) should be established: 

n(k) c:::: )..pl/2k- 17/ 4 { 1, 
constVk' cos (), 

k -+ 0, 
k-+oo. 
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Thus, the anisotropy extends into the region of large k and the hypothesis about 
local isotropy does not hold for capillary wave turbulence; small fluctuations at 
large scales will lead to large fluctuations at small scales. 

It is interesting to have a look at the structure of the stationary turbulence 
spectrum in the region of k-space in which the anisotropy is no longer small. The 
structural instability of the isotropic spectrum is associated with the stationary 
mode (4.1.9) transferring the momentum flux. Therefore it is natural to suppose 
that in the short-wave region a universal stationary distribution should be given 
by the fluxes of both conserved values P and R and have the form (4.1.5) 

n(k, P, R) = >..pl/2 k-m - d f(D, 

In Sect. 4.1 we discussed the properties of such a solution at ~ _ 0, which is 
almost isotropic with f(O) = 1. One can make the hypothesis that at ~ - +00 

(i.e., at k _ 00 and cos 0 > 0) the distribution should be determined only 
by the momentum flux. A necessary for this is f(~) <X Jf.. Finally, we assume 
f(~) - 0 at ~ - -00 to hold. Let us now describe in brief the properties of such 
a hypothetical solution. In the direction of the vector R, i.e., the pumping has a 
maximum (i.e., at 0 = 0), the occupation numbers should decrease slower than 
for the isotropic Kolmogorov solution n(k) <X k-15/ 4 • In transversal directions 
o = ±11" /2, the decrease of n(k) with increasing k coincides with the behavior 
of the isotropic case (3.1.15b): n(k) <X k-17/ 4• Most of the waves are found in 
the right part of the hemisphere with 101 < 11"/2. It should be noted that in the 
only case in which f(~) was determined unambiguously [for sound turbulence, 
see below (5.1.12, 14)], its properties proved to be identical to the above case: 
f(~) <X -If. at ~ - +00 and f(~) - 0 at ~ - -00. 

It should be remarked that such an instability does not occur for all media 
with a decay dispersion law. In general, the vaules of 11:,(0) can for 1 = 0,1, ... 
assume rather diverse sets of values. Thus we may consider a model with the 
same values of the parameters a, m, d as for capillary waves where we have 
11:1(0) = 1, 11:7(0) = 3 and for 1 other than 1 and 7 the value 11:,(0) = o. 

An important example of nondecay weak turbulence is the turbulence of 
Langmuir waves in plasmas. The dispersion law of these waves (1.3.3) may 
be considered to be scale-invariant with a = 2. If the main nonlinear process 
of plasmon interaction is the exchange of virtual ion sound oscillations, the 
interaction coefficient is given by (1.3.14) and has the scaling index m = O. 

In this situation, the only local power spectrum is a Kolmogorov spectrum 
with the wave action flux Q. In two dimensions, the computer calculation has 
shown this Kolmogorov spectrum to be unstable with regard to perturbations 
having the form of angular harmonics with 1 = 0, ±1; the other harmonics are 
stable. As we see, in this case the Kolmogorov solution is unstable with respect 
to isotropic perturbations. 

If the dynamic equations (1.1.14) depict the nonlinear Schrodinger equation 
(1.4.24) written in momentum representation, then a = 2, m = 0 and the in­
teraction coefficient is a constant. In this case the computations show the only 
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local Kolmogorov spectrum (with wave action flux) at d = 2 to be unstable with 
regard to the same angular harmonics as in the case of Langmuir turbulence. 

Both these instabilities are associated with universal modes (4.1.13-14). Cu­
riously, for both modes the (energy and momentum) fluxes are positive, i.e., are 
directed towards large k. However, for the initial spectra the wave action flux is 
also positive since no(k) ex: w-2/ 3 and according to (3.1.22) we have sign Q > O. 
It is the "wrong" direction of the flux Q that gives in these two cases rise to the 
spectrum instability of isotropic media according to the Frisch-Fournier criterion 
(see Sect. 3.1.3). 

In all cases considered, the instabilities of the Kolmogorov spectrum occur 
only for the zero and first angular harmonic and are associated with universal 
modes carrying small fluxes of the integrals of motion. These structural instabili­
ties obviously describe the rearrangement processes of single-flux distributions to 
multi-flux distributions as for equilibrium systems. In this case, the asymptotics 
of stationary turbulent distributions at k -+ 0,00 are determined by the directions 
of the fluxes of the integrals of motion. One can also assume that in general cases, 
structural instabilities of single-flux spectra may be associated only with the uni­
versal modes derived in Sect.4.1 which carry the fluxes of energy, momentum 
or wave action. We thus come to the more sophisticated form of the universality 
hypothesis: in the inertial interval, a stationary spectrum should be defined by 
those fluxes of the integrals of motion which are directed from the source to 
the sink. Such spectra are universal since they depend on the fluxes only, being 
independent of the fine structure of the source. However, a universal spectrum 
is not necessarily an isotropic one. If the momentum flux is directed from the 
pumping to the damping region, then the stationary spectrum is anisotropic and 
the isotropy hypothesis is incorrect while the universality hypothesis may still 
hold. 

In degenerate cases (for example, with additional integrals of motion) the 
structural instabilities of Kolmogorov spectra could be connected with angular 
harmonics larger than zero or unity. In the Sect. 5.1 we shall discuss structural 
instabilities of isotropic turbulence spectra for small-dispersion waves. Such wave 
systems are close to a degenerate system of nondispersive waves obeying a linear 
dispersion law that is intermediate between the decay and nondecay cases. 
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4.3 Nonstationary Processes 
and the Formation of Kolmogorov Spectra 

Of all happenings of Nature, 
explosion is the last to be deemed unexpected. 

M. Tscvetaeva 

In this section we shall discuss the nonstationary behavior of weakly turbulent 
distributions. We shall be concerned with both free evolution regimes (in the 
absence of external sources) and the formation of stable Kolmogorov distributions 
after pumping is switched on. As we shall see now, the character of the evolution 
dramatically depends on the sign of the index h = a:+d-so dealt with in Sect. 3.4-
4.2. Indeed, the index of the collision integral linearized against the background 
of the Kolmogorov solution is equal to -h. This means that if at some k the 
distribution deviates from a stationary one then the typical time for variations of 
the occupation numbers is 

t - I k-h 
NL ex: . (4.3.1) 

If there are no external effects to be considered then the energy should be con­
served so that the characteristic time of the system may be evaluated from the 
kinetic equation 

(4.3.2) 

where E = J wknkdk is the total energy of the distribution. Thus, in both cases 
the process of wave transfer, e.g., to large k is accelerated or slowed down 
depending on the sign of h. It is appropriate to draw attention to the point that the 
quantity h shows also at which end of the Kolmogorov distribution transporting 
an energy flux, the major part of the energy of the turbulence is concentrated 
(see Sect. 3.4.1) 

E = J wkn~dk ex: kh . (4.3.3) 

For example, for h > 0 most of the energy of the Kolmogorov spectrum is 
confined to the region of large k. As we can see from (4.3.1, 2), the motion of 
the distribution slows in this case down as it moves towards larger wave numbers 
while its evolution into the opposite direction (containing little or no energy) is 
an accelerated process. 

In Sect. 4.3.1 we shall first discuss the nonstationary behavior of weakly 
turbulent distributions of waves with a decay dispersion law and So = m + d 
and h = a - m, see (3.4.3). Since h is equal to the difference between the 



4.3 Nonstationary Processes and the Formation of Kolmogorov Spectra 191 

frequency index and the index of the interaction coefficient, its sign indicates 
which coefficient of the Hamiltonian grows quicker with k, the one responsible 
for linear phenomena or for the interaction. The dimensional analysis of Sect 4.3.1 
will show that distributions initially localized in the long-wave region evolve on 
their way towards large k in a self-similar manner. Mter a long-wave source 
has been switched on, the stationary Kolmogorov distribution is formed with the 
help of a self-similar relaxation front. 

Wave systems with the opposite sign of h, i.e., with h < 0 are characterized 
by an evolution of the front of spectrum formation according to an explosion 
law, i.e., it approaches infinity within a finite time. 

A strict analytical proof of the explosive character of pumping is given in 
Sect. 4.3.2 for the particular case of weak three-dimensional sound turbulence 
(h = -1/2). The idea of the proof is to consider the dynamics of the moments 
of the distribution function in k-space. Proceeding from the kinetic equation, 
one can prove that if initially some moments were finite (i.e., the distribution 
was decreasing fast) then they will become infinite within a finite time, which 
corresponds to the formation of the power asymptotics at k -+ 00. For the 
intermediate case h = 0 of two-dimensional acoustic turbulence, the same section 
gives analytical proofs of the nonexplosive character of the evolution. Section 
4.3.2 gives the results of numerical simulations which vividly support the ideas 
displayed in Sects. 4.3.1, 2. 

4.3.1 Analysis of Self-Similar Substitutions 

We start with the three-wave kinetic equation (2.1.12). For the sake of simplicity 
we assume the distributions to be isotropic. In this case, there is only one integral 
of motion, the energy. As usual we shall consider m+d > 0:, i.e., after its forma­
tion, the Kolmogorov distribution transfers energy to the short-wave region, see 
(3.1.13). We shall discuss two physically different statements of the problem: 1) 
extension of the Kolmogorov distribution into the region of large k; 2) decaying 
turbulence: the free evolution of the initially long-wave packet which should in 
an attempt to arrive at a equilibrium distribution be spread out over the entire 
k-space. 

It would be natural to assume that far from the source or from the initial 
localization site of a wave packet, the evolution will after some time become 
self-similar. Let us discuss possible self-similar substitutions for the three-wave 
kinetic equation. We shall seek the solution of the nonstationary equation (2.1.12) 
in the form 

(4.3.4) 

We assume the variable e to be dimensionless, measure k in units of ko 
(where ko is the initial location of the source or packet) and t in units of 
tN = vrlk'6m+dn2(ko)/w(ko). In here tN is the characteristic time of nonlin­
ear wave interaction in the region k ~ ko and Va the dimensional constant of the 
interaction coefficient, see (3.1.7c). 
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Substituting (4.3.4) into the three-wave kinetic equation 

an~, t) = l(k) , 

we obtain 

-(gf + pU') = I(Otp(2m-a+d)-q+l • 

(4.3.5) 

It follows that a, solution of the form (4.3.4) may only exist if the condition 

p(2m - a + d) - q + 1 = 0 (4.3.6) 

is satisfied. 
To obtain another relationship between the parameters p and q, we should 

consider cases 1) and 2) separately: 

1) In the region between the source and the relaxation front, the quasi­
stationary Kolmogorov distribution n~ <X k- m - d = k- so should be formed. 
This means that at ~ --+ 0 we should have f(~) <X ~-m-d and since we are 
dealing with a stationary state, 

p(m +d) = q . 

From (4.3.6, 7), we find q = (m + d)/(a - m) = so/h and get 

p = (a - m)-l = l/h , 

(4.3.7) 

(4.3.8) 

which is consistent with the estimate (4.3.1). The boundary of the Kolmogorov 
distribution corresponds to ~ ~ 1 and moves in the k-space according to the 
law kb <X t P = tl/h. We encountered this law already when considering the 
motion of small perturbations against the background of the stationary spectrum. 
It is obvious that the solution (4.3.4) describes in this case the evolution of the 
Kolmogorov spectrum towards large k only for h > O. The same conclusion will 
be arrived at by considering the kinetic equation in the self-similar variables 

-(qf + p~f') = l(~) (4.3.9) 

where 1(0 is the three-wave collision integral l(k) (3.1.11) in which k has been 
replaced by ~ . Substituting f(~) <X ~-m-d into (4.3.9), we see that l(~)/ f(O <X 

~-h, i.e., the l(~) term prevails in the region ~ ~ 1 [and f(~) has the Kolmogorov 
asymptotics there] at h > O. The front velocity measured on the logarithmical 
scale 

dln[kb~~/kb(O)] <X (ht)-l 

decreases with time, in line with the notion that the expansion process of the 
distributions with the expansion of the energy-containing region is a slowing­
down process. 
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At h -+ 0, the front velocity dramatically increases to be infinite at h ::: O. 
This indicates that at h < 0 the formation rate of the Kolmogorov spectrum is so 
high (to be more exact, it increases with time so quickly) that the relaxation front 
reaches infinity within a finite time. To obtain at h < ° a self-similar relaxation 
front moving towards large k, we replace the t in (4.3.4) by r ::: to - t: 

(4.3.10) 

Equations (4.3.6-8) for p and q will regain their previous form, but now the right 
boundary of the Kolmogorov distribution with kbr-P ~ 1 evolves according 
to the explosion law kb ex rl/h and reaches infinity within the finite time to 
determined by the initial distribution (see below). Since for a system with h < ° 
the energy of the Kolmogorov distribution is localized in the long-wave region, 
the relaxation of the stationary spectrum in the interval from a finite k to 00 

demands redistribution of the finite energy and takes finite time. 
It is of interest to clarify the behavior of the energy accumulated in the self­

similar part of the distribution. For the solutions (4.3.4) and (4.3.10) we have 

00 

E(t) ::: t2ph - 1 J f(ot,,+d-l d~ , 
o 

00 

E(t)::: r 2ph - 1 J fW~Q+d-Id~ , 
o 

(4.3. 11 a) 

(4.3. 11 b) 

respectively. p::: l/h leads to E ex t at h > 0 and E ex r::: to - tat h < o. 
The linear growth of the energy in systems with h > 0 means, that a self-similar 
solution is formed when the occupation numbers of the waves associated with the 
source do not change any longer and a constant energy flux has been established. 
In this case, the main portion of the energy is concentrated in the self-similar 
region. However, at h < 0 the portion of energy contained in the solution (4.3.10) 
decreases as the self-similar wave moves towards the short-wave region. 

Thus, very different time scales are realized for the universal relaxation 
regimes of the KOlmogorov spectra with h > 0 or h < O. At h > 0, the 
self-similar wave (4.3.4) is formed for a time much larger than the typical sta­
bilization time for the occupation numbers in the pumping region. For h < 0, 
the self-similar wave is realized for a small period of time (to - t ~ to), which 
is too small for the occupation numbers of long waves to undergo any essential 
changes. 

2) Now we consider the free evolution starting from the system with h < O. 
Since the wave (4.3.10) is self-accelerating 

dkb/dt 1/ -k-b- ex r, 

the behavior of the short-wave part of the distribution should be insensitive to the 
presence or absence of a long-wave source that changes the occupation numbers 
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not faster than exponentially. Hence, for times smaller than to, the free expansion 
of a turbulent distribution towards large k proceeds in the same way as in the 
case of the source: the self-similar wave n(k, t) = r-q f(kr-P) = r-q f(O with 
q = so/h,p = l/h moves according to an "explosion" or power law, leaving the 
Kolmogorov distribution behind, fW <X ~-80 at ~ ~ 1. Ahead of the relaxation 
front, the occupation numbers should rapidly decrease with growing ~ (and, 
accordingly, k). In [4.18] it has been assumed that if waves in the short-wave 
region of the distribution interact mainly with each other, then the (quasi-Planck) 
asymptotics are exponential nk <X exp[ -(Wk/Wb)] = exp[ -(k/kb)Ct]. Let us look 
for the conditions under which this is possible. Going over to the variable TJ = ~Ct , 
we write the kinetic equation (4.3.9) in the form 

1/ 

-[qf(TJ) + apTJfl(TJ)] = 1 [T]I (TJ - TJd]d/Ct-1TJ2m/Ct ff(TJ hI) 

o 

x Ll;1 [J(TJ1)f(TJ - TJd - f(TJ)f(TJ1) 

- f(TJ)f(TJ - TJl)]dTJI 
00 

- 2 I[TJ1(TJI - TJ)]d/Ct-1 TJim/ Ct fr(TJ/T]I)Ll;;1 

1/ 

x [J(TJ)f(T]I - TJ) - f(T]I)f(TJl - TJ) 

- f(TJdf(TJ)] dTJI . 

(4.3.12) 

Here fl is the structural function of the interaction coefficient (3.1.7c). Expressed 
in terms of the frequency ratio x = wI/wit has the properties it (x) = it (1 - x) 
and it(x) <X x m1 / Ct at x ~ O. The quantity Ll;1 is a result of angle averaging 
of the 8-function of wave vectors, see its definition in Sect. 3.1. Let us consider 
(4.3.12) at TJ ~ 1 and set q = so/h, p = l/h, f(TJ) = TJ-bexp(-TJ). Using the 
asymptotics of the function fl(X) at x ~ 0, we obtain from (4.3.12) 

I-b -1/ _ 2h -1/ (l-Ct+2m-2ml)/Ct-b aTJ e - - e TJ 

" 1 (d-l-a+2md/Ct-b(1 -1/1)2d 
X TJl - e TJl . 

1 

Hence, such asymptotics can only exist if the inequality 

1 
ml-m+a> --2 (4.3.13) 

is satisfied. For example, for capillary waves on a deep fluid this condition 
is satisfied (h = t, a = i, m = t, ml = ~) while it is violated for three­
dimensional sound (h = -~, a = 1, m = ~, ml = ~). The question with regard 
to the possibility of an analytical construction of the self-similar asymptotics 
in the region (~ ~ 1) if condition (4.3.13) is violated remains open. Numerical 
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simulations carried out for three-dimensional sound (see Fig. 4.4 below) show that 
here again nk is ahead of the wave front quickly diminished with the growth of 
k (i.e., quicker than by the Kolmogorov law). 

The total energy is conserved, since for t < to the asymptotics of the dis­
tribution at k -; 00 fall off steeper than the Kolmogorov one. What happens at 
t ~ to, when the right boundary of the Kolmogorov distribution will reach infin­
ity? The energy should start to decrease, because then nk <X k- sQ at k -; 00 and 
the energy flux at k = 00 is nonzero. Naturally, any realistic system has a sink 
at finite km so that the energy will start to decrease somewhat earlier than at to, 
namely, when the relaxation front reaches the sink. It would be natural to assume 
that after a large enough period of time (t ~ to), the decrease of the distribution 
would start to proceed according to the second self-similar regime with the en­
ergy decaying according to a power law. Such a behavior should be described 
by a self-similar solution of the form (4.3.4). The relationship between q and p 
is given by (4.3.6) and the energy decreases by the law (4.3.11a). To determine 
the index p, we have to solve the nonlinear eigenvalue problem (4.3.9) with the 
additional requirement 1<0 ~ 0 at 0 < ~ < 00. Starting from the condition 
ensuring the decrease of the energy, one can impose on p the limitation 

p> (2h)-1 . 

Since we consider negative h, this inequality allows p to be positive or negative. 
The solutions with positive p describe a distribution moving to the right and 
those with negative p move to the left. We can, however, suppose that, since 
the sink (be it at k = km or k = 00) is stationary, the distribution on the whole 
should be diminished without being in motion, i.e., p = 0 and E <X p-I. The law 
depicting the energy decrease may also be obtained from a sequence of estimates 
based on the same assumption as above to yield dE / dt <X P <X E2 => E <X rl. 
The results of numerical simulations (see below Fig. 4.9) are consistent with our 
supposition. Thus, at h < 0 the behavior is bi-self-similar. 

As time increases, the free evolution of systems with h > 0 should for large 
k approach a self-similar solution of the type (4.3.4). But now the energy should 
be conserved, therefore the index p is determined unambiguously by p = (2h)-1 
which is consistent with the estimate (4.3.2). The positiveness of p implies that 
the distribution moves towards the short-wave region. Such a solution has no 
Kolmogorov asymptotics at all, since the energy flux vanishes at k -; 0 and 
k -; 00. 

The intermediate case with h = 0 is degenerate since it has zero measure 
in the space of conceivable wave systems. We shall study it now to obtain 
a more complete general picture and to account for two systems observed in 
nature, gravitational-capillary (1.2.39a), (3.1.3) and capillary (1.2.39b, c) waves 
on shallow water. As a rule, there is a different type of self-similarity in the 
degenerate points separating regions of deviating behavior (h < 0 and h > 0). 
Indeed, according to (4.3.1, 2) the condition h = 0 implies the independence 
of the characteristic interaction time from the wave number. For this reason, 
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the velocity of the relaxation front measured on a logarithmical scale, should 
be constant which implies a self-similarity of the exponential rather than of the 
power type. 

n(k, t) = exp[ -qt]f(k exp[ -pt]) = exp[ -qt]f(C) (4.3.14) 

For (4.3.14) to be a solution of (4.3.5), one should have q = p(2m + d - a) = 
p(m + d) = pso. In this case the energy 

00 00 

E = exp[(pso - q)t] J f(€)€Ot+d-l d€ = J f(O€Ot+d-l d€ 

o 0 

remains unchanged, therefore such a self-similar solution corresponds to the free 
evolution regime. Having reached the sink, the evolution of the self-similar front 
(4.3.14) may switch over to the regime (4.3.11) in which the energy is diminished 
inversely proportional to time [see (4.3.11a) and Fig.4.l0 below]. 

According to the character of their evolution, wave systems with a decay 
dispersion law are divided into two classes: one with a > m (h > 0) and the 
other with a < m (h < 0). 

In the nondecay case, the classification also includes two Kolmogorov solu­
tions: nl (k) ex k- S1 , SI = d + 2m/3, with the energy flux towards the regiC'n 
of large k and n2(k) ex k- S2 , S2 = d + 2m/3 - a/3, with the wave action flux 
towards the long-wave region. Accordingly, there are two significant indices, 
hI and h2, determining the position of the energy-containing region of the nl 

solution and the region where the main part of wave action of the n2 solution is 
concentrated: 

E = J Wk n l(k)dk ex kOt+d-~1 = kOt- 2m / 3 == khl , (4.3.15a) 

(4.3.15b) 

Since we consider, as a rule, systems with a > 0, we usually have hI > h2• 

Consequently, in the space of systems there are three regions of parameters corre­
sponding to evolutions of weakly turbulent distributions with diverse characters: 
a) hI, h2 > 0; b) hI, h2 < 0; c) hI > 0 > hz. 

In the presence of a source, the Kolmogorov solution ni (k) at k --t 00 is 
established by a self-similar front of the form (4.3.4) for hI > 0 and an explosion 
front (4.3.10) for hI < 0, while the n2(k) solution at k --t 0 is established by the 
wave (4.3.4) for h2 < 0 and by (4.3.10) for hz > O. In all these cases we have 
p = Ilhi , i = 1,2. 

We shall now briefly outline the different cases of free evolution of turbulent 
distributions. In case a), the long-wave Kolmogorov asymptotics corresponding 
to a constant action flux is accomplished via an explosive power law: n(k, t) = 
(to - t)q f[k(to - t)-P], f(x) ex x-S2 at x ~ 1, p = I/h2, q = PS2. Then, at 
t > to, energy conservation leads to a self-similarity regime with (4.3.4) and 
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q = p(a + d), p = (3hl)-I. A time progresses, this distribution is shifted towards 
the short-wave region. Specifying the position of the energy-containing region in 
w-space by WE = E/N, energy is seen to be pumped over towards large w due 
to the fact that N is decreasing while E is conserved. In case b), the short-wave 
Kolmogorov asymptotics corresponding to a constant energy flux arise according 
to the explosion law (4.3.10). Then we observe the gradual formation of a wave 
which propagates into the long-wave region according to the self-similar law 
(4.3.4) with parameters q = pd, p = (3h2)-1 corresponding to conservation of the 
wave action integral. The maximum of the energy distribution WE decreases with 
time. Finally, in the case c) both integrals, E and N, should conserve, precluding 
the existence of two-parameter self-similar solutions (4.3.4) or (4.3.10), therefore 
the evolution is non-self-similar. 

For example, in the case of gravitational waves on deep water we have 
a = 1/2, m = 3, i.e., we are dealing with case b), since hI = -3/2 < 0, h2 = 
-11/6 < O. Thus, in the short-wave region a Kolmogorov spectrum with an 
energy flux is formed according to the explosion law n(k, t) = (to - t)8/3 f[k(to­
t)2/3). The long-wave spectrum with an action flux is formed by the decelerating 
relaxation front n(k, t) = t23/ ll f(kt6/ ll ). The boundary frequency of such a 
spectrum moves according to w ex: C 3 /11. What about the attenuation of waving 
after the wind (or pumping) abates? The distribution has Kolmogorov asymptotics 
with constant energy flux at k --+ 00, so the energy should not be conserved. The 
evolution of decaying turbulence should reach the self-similar regime n(k, t) = 
t4/ ll f(kt2/ 11 ). Thus, in the isotropic case, the mean waving frequency decreases 
according to WE ex: C l / ll • 

4.3.2 Method of Moments 

The treatment of the previous section was based on plausible arguments rather 
than rigorous proofs. Indeed, we left not only the transition of arbitrary distri­
butions to the regime (4.3.4) or (4.3.10) without substantiation, but did not even 
provide a proof for the existence of self-similar solutions of such form. 

However, it turns out that the most interesting property of evolution, the 
explosive character of the formation of the Kolmogorov asymptotics, may be 
strictly established for a particular case of weak sound turbulence. The idea of 
the proof is quite simple and was suggested by Falkovich [4.19]. It is based on 
consideration of the dynamics of the moments of the distribution n(k, t) 

Mi(t) = f kin(k, t)dk . 

Indeed, if at k --+ 00 the (power) asymptotics n(k) ex: k-a are established during 
a finite time, then the moments Mi with i > s - d should become infinite. (A 
similar train of thought has also been used in the discussion of approximate 
models of hydrodynamic turbulence [4.20]). 

The evolution of three-dimensional isotropic distributions of weak sound 
turbulence is described by (3.2.3). Going over to dimensionless variables, it 
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assumes the fonn 

k 

an(k, t) J 2 at = 471" (k - kd [n(k\)n(k - kd 

o 
- n(k)n(kd - n(k)n(k - kd]krdk\ 

00 

- 871" J (k\ - k)2[n(k)n(k\ - k) 

k 

- n(kdn(k\ - k) - n(k\)n(k)]kr dk\ 

(4.3.16) 

In the weak dispersion limit when Wk :::::; k, the energy is the first moment of 
the distribution function 

00 

E = M\ = J kn(k, t)dk = 471" J k3n(k, t) dk 

o 

It is conserved if, at k -t 00, the function n(k, t) decreases faster than by the 
Kolmogorov law (3.2.5) n(k) ex k-9/ 2• In our case of weak sound turbulence we 
have a = 1, m = ~, h = -~. 

Let us consider the behavior of other moments of the distribution function. 
For the zero moment, the total number of waves 

N(t) = 471" 100 
n(k, t)e dk 

is readily calculated from (4.3.16) 

00 00 

~ = - (471"f J k2dk J kr(k - k\)2[n(k)n(k\ - k) 

o k 

- n(kdn(k) - n(k\)n(k - kd]dk\ 
00 00 

(4.3.17) 

= (471")2 J k2n(k) dk J krn(k\) [( k - k\)2 - (k + k\ )2] dk\ 

o 0 

= -4E2 . 

In deriving this equation, we rearranged the integration limits, which is only 
correct if the integral fooo k3n(k)dk converge. Thus, (4.3.17) is valid, if at k -t 00 

the quantity n(k) diminishes quicker than k4. We shall note here that we assume 
that there are no singularities of n(k) at k = o. 

We see from (4.3.17) that an initial distribution that rapidly decreases at 
k -t 00 and that has finite and nonzero N and E, cannot remain unchanged for 
arbitrary long times. 
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The existence of the equality (4.3.17) prompts the following picture of evo­
lution: during the time to = N(O)/4E2, the initial long-wave packet will spread 
out over the k-space, N will vanish and the energy-containing scale kE = E/N 
will become infinite. This scenario implies that all the energy is pumped over to 
infinity (to large k) within a finite period of time. 

However, the evolution is actually different. Let us consider the behavior of 
the second moment M2 = 411" Iooo k2n(k)k2dk: 

00 

d~2 = 6Mi + 811" E J k3n(k)k2dk 

o 
00 u 

+ 3211"2 J u2n(u)du J v4(u - v)2n(v)dv ~ 8Mi . 

o 0 

Here we have used the simple inequality 

(4.3.18) 

The inequality (4.3.18) is valid if the integral M ex Iooo k4n(k)dk converges, i.e., 
if n(k) decays faster than k-5• 

The equation dx/dt = 8x2 has an explosive solution x(t) = x(O)/ (1-8x(O)t). 
Consequently, it follows from (4.3.18) that M2 should become infinite during the 
time t ~ tl = [8M2(O)]-I. It is easy to show tIl = 8M2(O) ~ 2tol = 8E2 / N(O) 
to hold. In other words, the "explosion" occuring when the second moment M2 
becomes infinite, takes place at least twice as quickly as the N vanish. We shall 
see below (see Figs.4.4-6) that as M2 increases, the Kolmogorov asymptotic 
k-9/ 2 is explosively formed in the region of large k. 

On the distribution n(k) ex k-9/ 2 , the energy is contained in the region of 
small k: e ex k-3/ 2• Therefore, during the relaxation time of the Kolmogorov 
asymptotics, only a small part of the initial energy of the turbulence is located 
in the region of large k. The effect of explosive formation of the Kolrnogorov 
distribution in the short-wave region may be compared to a weak collapse (see 
[4.21]) when the value of the integral of motion captured into a singularity region 
(in our case, into k ~ 00) tends to zero. 

Thus, the evolution of a weakly turbulent acoustic distribution should exhibit 
two stages. During the first, "explosive" stage energy is conserved, the number of 
waves decreases by a linear law and the second moment increases explosively. 
As a result, a finite energy flux will set on at k -+ 00, the total energy will 
start to diminish. Then at t ~ tlo the self-similar regime of the type (4.3.4) 
is established with p = 0 - n(k, t) = rl f(k) and with the energy decreasing 
by the power law E ex rl. The short-wave asymptotic in this case is of the 
Kolmogorov type n(k) ex k-9/2, so that (4.3.17) remains valid, i.e., the total 
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number of waves decreases monotonically (though this time not by the linear 
law, see Fig. 3.9 below). 

We also note that, as the averaged interaction coefficient in (4.3.16) is pro­
portional to k2, consideration of moments above the second one will not change 
this picture: their derivatives may be expressed in terms of lower-order moments. 

From (4.3.16) we see that the inverse of the time of nonlinear interaction 
riA <X kE [see (4.3.2)] grows with k slower than the dispersion correction to 
the frequency 8w = a2 P. This means that the applicability criterion of the weakly 
turbulent approximation, 8wtNL ~ 1, will be satisfied increasingly better as the 
distributions move towards large k. Consequently, the formation of the power­
type Kolmogorov asymptotics n(k) <X k-9/ 2 in an infinite k-space will proceed 
up to the absorption region or to k ~ a-I where the dispersion will cease to be 
small and (4.3.16) will become inapplicable. 

It should also be noted that the presence of an external wave source. i.e., the 
addition of positive terms Fk (external force) or 'Yknk (the instability increment) 
to the right-hand side of (4.3.16) does not violate the inequality (4.3.18). There­
fore, the stabilization of the stationary Kolmogorov spectrum should terminate 
at a finite time. 

4.3.3 Numerical Simulations 

Any realistic experiment, be it with the real or a model system or numerical. 
deals with a finite number of modes. This is due either to finiteness of the system 
and the discreteness of the medium or to strong damping of higher harmonics. 
With these considerations in mind. Falkovich and Shafarenko [4.22] carried out 
numerical simulations of (4.3.16) in two variants: 

(i) for a closed system of L modes, 

k 
an(k, t) '" 2 2 at = L.,.I (k -1) {n(l)n(k -1) - n(k)[n(l) + n(k -l)n 

1=1 

L 

- 2 L z2(l- k)2{n(k)n(I- k) 
(4.3.19a) 

I=k 

- n(l)[n(k) + n(l- k)l} = Wk , 

(ii) for an open system with wave drift [we set n(k) == 0 at k > L], 

L+k 

an~, t) = Wk _ 2n(k) L z2(1 - k)2n(1 - k) . 

I=L 

(4.3.19b) 

The last term in (4.3.19b) implies that due to confluence processes waves drift 
into the region with k > L. It plays the role of nonlinear damping and provides 
an efficient energy sink, see (3.4.18). 
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The evolution of the closed system should lead to the equilibrium distribution 
[n(k) = T / k at k ~ 1] with (4.3.19a) retaining the total energy 

L 

E= Lk3n(k). 
k=l 

For the total number of waves N = 'E~=l k2n(k) we have from (4.3.19a): 

L L 

a:;, = _4E2 + L k2n(k) L z2(k + lin(l) . 
k=l I=L-k 

The last term is an "overlap integral" covering the regions (1, L/2), (L/2, L). 
Consequently, the law describing the decrease of N will deviate more and more 
from a linear rule as the waves are distributed over the whole interval, 

In the open system (4.3.19b) the energy monotonically decreases 

due to similar "overlap integrals". 
Thus, if a wave packet was initially concentrated in the region k ~ L, its 

evolution will be the same for (4.3.19a) and for (4.3.19b), respectively, until 
the finiteness of k-space manifests itself. In a closed system, the waves will be 
accumulated near the right; in an open one the occupation numbers will decrease 
(as compared to the evolution in an infinite system) because of nonlinear damp­
ing. For those moments of time and regions of k-space for which the solutions 
(4.3.19a) and (4.3.19b) are close to each other, one can expect numerical exper­
iments to be a good simulation of the behavior of waves in an infinite medium. 
In these simulations, the initial distribution was chosen to be localized in the 
region of small k 

n(k,O) = exp[ _k2 /k5] = exp[ _k2 /10] 

and the equations (4.3.19) were solved numerically. The time derivative was 
approximated by the first difference 

an(k, t) n(k, t + Llt) - n(k, t) 
at ~ Llt 

where Llt was made sufficiently small (5 . 10-5 -72 . 10-8) to ensure stability of 
the numerical procedure. The number of modes was chosen to be 200, 400, and 
1000. 

Figure 4.4 presents the evolution of n(k, t) up to the time when the solutions 
(4.3.19a) and (4.3.19b) start to deviate from each other. At the moment t* = 
5.3 . 10-4 the Kolmogorov distribution transmitting the constant energy flux to 
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Fig. 4.4. The evolution of n(k, t) is illustrated. The curves ° to 4 represent In n(k) at the moments of 
time 0, 10-4, 3.10-4 and 5.3.10-4 , respectively. The dotted line depicts the Kolmogorov power 
law n(k)o = Ak-9 / 2 
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Fig_ 4.5. The dependence of the local index of the spectrum on k is shown for different moments 
of time. The curves labeled 0, 1, and 2 correspond to the times t = 4 . 10-3, t = 5.3 . 10-4 , and 
t = 6 . 10-4 , respectively 

large k is established almost over the whole interval of 1000 points. In detail 
this is illustrated in Fig. 4.5. 

s(k) == 
In(n(k)/n(k + 1)) 

In(k/k+ 1) 

The labels "a" and "b" indicate that the corresponding curve are based on 
(4.3.19a) and (4.3. 19b), respectively. An appreciable difference is noted between 
the behaviors of open and closed system when starting the evolution from t ~ t*. 
In the closed system, the distribution quickly becomes smoother [s(k) decreases] 
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and starting from the right end of the interval an equilibrium spectrum with 
s(k) == 1 is formed. 

Figure 4.6 shows the time dependence of all the three moments of the distri­
bution function. 

One can see that there are two well-separated evolution stages. Approximating 
the dependence M2- I (t) by a dashed line we get t* = 5.32.10-4 >=::j [8.7 M (0)]-1. 
The fact that M2- I (t) does not go down to zero and the energy starts to decrease 
earlier than the time t = t* is a result of the finiteness of the system, see also 
Fig. 4.7. 

E 

N 

\ ' 
\, o '------.-----'--r----' t X 10 4 Fig. 4.6. The three moments of the distribution 

4 8 function are shown for (4.3.19b), L = 1000 

Let us now verify the supposition formulated in Sect. 4.3.1, it indicates that 
the self-accelerated formation of Kolmogorov asymptotics involves the region 
k ~ ko at r = t* - t ~ t*. Equation (4.3.16) allows for a self-similar explosive­
type substitution 

n(k, t) = r-5p - 1 f(kr- P) = r-5p- 1 fez) (4.3.20) 

One can expect the formation of self-similar asymptotics, provided that in the re­
gion k ~ ko the occupation numbers change much quicker than at k ~ ko. Then 
the self-similar part of the solution can be matched with the energy-containing re­
gion k ~ ko via the quasi-stationary intermediate asymptotics. For these asymp­
totics to be of the Kolmogorov type, it is necessary that at z ~ 1 we have 
f ex z-9/2. From the steady state condition we get p = -2. Thus, the boundary 
of the region containing the Kolmogorov distribution should be specified by the 
condition z ~ 1 and should become infinite during the finite time kb ex (t* _t)-2. 
The numerical simulations give a qualitative confirmation of such a behavior 
[4.22]. 
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Fig. 4.7. The behavior of M 2-
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for different L-modes 

At t ~ t*, the energy E(t) approaches the power law E ex: r P as illustrated 
in Fig. 4.8 showing the time dependence of 

/3 =8lnE 
8lnt . 

According to our presumption, /3 should tend to unity with time which turns out 
to be consistent with Fig.4.8. 

Concluding this section, we shall consider two-dimensional weak sound tur­
bulence [(3.2.3) at d = 2] as an example of a system with h = O. The isotropic 
kinetic equation has a kernel which is polynomial in k, kJ 

8n(k, t) [k 
at = 271" 10 (k - kl)[n(kJ)n(k - k,) 

- n(k)n(kJ) - n(k)n(k - kdkJ dkJ 

- 471" 100 
(kl - k)[n(k)n(kl - k) 

(4.3.21) 

- n(kl)n(kJ - k) - n(kJ)n(k)]kJdkJ . 

Since the averaged interaction coefficient is proportional to the first power of k, 
it is reasonable to consider the behavior of the zeroth and first moments of the 
distribution function n(k). The first moment 1000 kn(k)kdk = E is the energy 
which is conserved if there is no external damping. For the zeroth moment (the 
total number of waves), we can obtain from (4.3.21) [4.19] the expression 
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d: = 2100 
kn(k)dk 1 00 

k'(k + k')n(k + k')dk' - 2N E 

= -100 
dk (100 

k'n(k')dk') 2 

Now we see that dN/dt ~ 0 holds, i.e., the energy-containing scale kE = E/N 
of an arbitrary distribution is monotonically shifted to large k. On the other hand, 
dN / dt ~ -2N E, i.e., N(t) does not decrease faster than by an exponential law. 
Falkovich and Shafarenko [4.22] examined the evolution of n(k, t) in terms of 
a discrete open system (3.4.18) corresponding to (4.3.21) up to times when the 
energy is decreased by almost a factor of three with regard to the initial value. 
From Fig. 4.9 (with L = 400) one can see that there are two stages of evolution. 
During the first stage the energy is conserved and the Kolmogorov distribution 
forms until the absorption region is reached [in the given case n(k) ex k-3 , see 
(3.2.5)]. 

0.9 

0.7 

6 8 10 tx104 

Fig. 4.8. The time dependence of (3 is illustrated 

The time tl required to form a constant energy dissipation rate, grows with 
the size of the system approximately logarithmically (L = 50, tJ ~ 5.70; L = 
100, tl ~ 8.05; L = 200, tl ~ 10.70; L = 400, tl ~ 13.49), which is in agree­
ment with (4.3.14). At t ~ tl the self-similar regime (4.3.4) is established and 
the energy decreases like rl. Such a regime persists until the energy concen­
trated in the region without external damping (approximately k ~ L /2) becomes 
comparable to the energy in the interval k ~ L/2. At this stage, the energy 
dissipation rate starts to decrease. 
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5. Physical Applications 

... a time to gather stones together 

Ecclesiastes 

Now it is time for our theory to bear fruit and for us to harvest. In this chapter we 
shall recollect the results concerning specific physical systems and shall obtain 
some new results by specializing general approaches from the previous chapters. 
We shall try to describe most hitherto known facts with regard to the spectra of 
developed weak turbulence. The general model of wave turbulence adopted in 
this book is based on the detailed consideration of the wave-wave interaction. 
The interaction with the external environment was described by the function 
r(k) specifiying the decrement of wave attenuation or the growth-rate of wave 
instability. Nature is naturally more complex (for example, the interaction of 
water waves with wind and currents or wave-particle interactions in plasmas). 
Nevertheless, we believe the following fomulas and interpretations to provide a 
good basis for the further development of the theory of wave turbulence in various 
systems each of which might require a separate monograph for an adequate 
detailed description. 

5.1 Weak Acoustic 'furbulence 

In this section we shall discuss wave turbulence with a near-sound dispersion 
law. Plenty of physical systems belong to this type. In spatially homogeneous 
media according to the Goldsone theorem, the wave frequency w(k) should van­
ish together with the wave number k. In most cases the frequency expansion at 
small k starts from the first (i.e., linear) term. So the large-scale perturbations 
produce acoustic waves in solids, fluids, gases, and plasmas. The dispersion is 
supposed to be weak but sufficiently large to justify applicability of the kinetic 
equation and to be greater than dissipation. The magnitude of the nonlinear inter­
action coefficient and the sign of the dispersive frequency addition are different 
for various media. As repeatedly mentioned above, the properties of acoustic 
turbulence strongly depend on the sign of dispersion and the dimension of the 
space. Indeed, for positive dispersion three-wave interactions are allowed, while 
for negative dispersion one should take four-wave processes into account. Differ­
ent kinetic equations are to be used in these cases. As far as the space dimension 
is concerned, we shall mention here only one fact to demonstrate the large differ­
ence between two- and three-dimensional cases. Considering acoustic turbulence 
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to be close to scale invariant turbulence and supposing the index of the Kol­
mogorov spectrum to be close to the general fonnula So = m + d, we obtain 
the correct value for the three-dimensional case only (see Sect. 3.2). For the two­
dimensional case it is not possible to use the scale-invariant approximation of the 
dispersion law w(k) = ck1+c instead of the physically better justified expression 
(1.2.22) 

(5.1.1) 

Even for the index of the Komogorov solution one gets different answers. Two­
dimensional sound turbulence may be referred to as "nonanalytical" with regard 
to the dispersion parameter, i.e., the solution depends on the way which the dis­
persion law tends to a linear one. We shall treat the case with positive dispersion 
in Sect. 5.1.1 (d = 3) and Sect. 5.1.2 (d = 2) and the one with negative dispersion 
in the first part of the Sect. 5.1.3. 

It should be noted that the dispersion law can be close to a linear one not 
only for long waves. There exist short acoustic-like waves in some systems. 
For example, the dispersion law of spin waves in an antiferromagnet (1.4.18) 
coincides with that of relativistic particle and has the fonn 

(5.l.2a) 

In the "ultrarelativistic" limit vk ~ wo the frequency is approximately equal to 

w(k) = ck + w5/(2vk) . (5.1.2b) 

The second tenn on the right-hand-side describes small dispersion. With the 
help of a figure like Fig. 1.1 it is easy to understand that both dispersion laws 
(5.1.2a, b) are of the nondecay type. Therefore in the case of short waves, the 
positive additional tenn leads to the four-wave kinetic equation as opposed to the 
long wave case. Generally speaking, the decay criterion for the almost acoustic 
dispersion law 

w(k) = ck + Q(k) , Q(k) ~ ck (5.1.3) 

can be fonnulated as follows 

. [ 0 Q(k)] SIgn Q(k) ok -;;;;- > 0 . (5.1.4) 

The dispersion law (5.1.2) is also valid for atmospheric inertio-gravity waves 
with lengths (~IOO-IOOO km) shorter than the Rossby radius. Such waves are 
two-dimensional. The second part of Sect. 5.1.3 deals with short-wave acoustic 
turbulence. 
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5.1.1 Three-Dimensional Acoustics with Positive Dispersion: 
Magnetic Sound and Phonons in Helium 

This subsection is devoted to long three-dimensional sound waves with positive 
dispersion thus allowing for three-wave interactions. In magnetized media, a pos­
itive dispersion term proportional to powers of k that are greater than unity is 
frequently oberved. The interaction between acoustic and spin-wave subsystems 
in crystals gives rise to the both dispersion and nonlinear interaction of sound, 
since the spin subsystem is usually strongly dispersive and nonlinear unlike the 
acoustic one. This interaction is especially strong in antiferromagnets [5.1]. Mag­
netic sound in plasmas possesses also positive dispersion [5.2]. In the presence 
of a magnetic field the dispersion law is usually nonisotropic. For example, in 
plasmas, the dispersive addition to the linear term depends on the angle and 
even changes sign at some angles. However, in the case of small dispersion only 
waves with close propagation directions interact with each other. Thus, the angu­
lar dependence can often be ignored. Considering locally isotropic and slightly 
anisotropic distributions seems thus reasonable. Within some interval of the val­
ues of the pressure, phonons in helium provide another example for systems with 
positive dispersion [5.3]. 

Thus, we consider three-dimensional waves with the dispersion law (5.1.1). 
The coefficient of the three-wave interaction can be represented in the extremely 
simple form 

(5.1.5) 

defined by a single dimensional constant b. Indeed, the scaling index m of the 
interaction coefficient of long acoustic waves can be obtained from a dimensional 
analysis: m = 3/2 (see Sect. 1.1.4). The powers of kl and kz should be equal 
because of the symmetry properties of the system. The power of k can be obtained 
by the following simple argument Let us consider the case k ~ kJ, kz with 
kl :::::; kz. The long k-wave can be regarded as giving rise to density variations 
thus varying also the frequency. Therefore, the interaction Hamiltonian 

J V(k, kl' kz)a(k)a(k1 )a*(kd dkdk1 dkz 

may be written in the form 

J ow(kdla(k1)lz dk1 . 

Consequently, V(k, kl' kl) varies with kl like 

lim V(k, kl' k1) ex k1k1/Z • 
k«.kl 

(5.1.6) 

If we add the requirement that the interaction coefficient has to vanish with 
every wave number k, kJ, or kz (since there should be no interaction with a 
homogeneous shift) then we arrive at (5.1.5) with an accuracy of a dimensionless 
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function of angles, see also (1.1.38). But the angular dependence of the interaction 
coefficient can be neglected, because the space-time synchronization condition 
w(k) = w(k1) + w(k - k 1) allows in the case of weak dispersion for interactions 
between waves with almost collinear wave vectors, see (3.2.2). 

Thus, we can write the kinetic equation for three-dimensional sound in the 
form 

on(k, t) J 3 {( 2 2) bOt = dkl dOl d<PI kkl (k - kr) 8 3ca k kl (k - k1) - 01 kkI/2 

x [n(k1)n(k - kl) - n(k)n(kr) - n(k)n(k - k l)] 

- 28(3ca2kk1(kl - k) - O~kkI/2) 
(5.1.7) 

x [n(k)n(k1 - k) - n(kl)n(k) - n(kr)n(kl - k)]} 

where we retained the small dispersion parameter a only in the arguments of the 
8-functions. The applicability criterion for this equation will be derived in the 
second volume of this book and is given by 

For isotropic distributions, (5.1.7) can be integrated over the angles to arrive at 
(3.2.3): 

- n(k) [n(kr) + n(k - kr)] } dk1 
00 -J k~(kl - k)2{n(k)n(k1 - k) 

k 

-n(k1)[n(k)+n(k1-k)]}dk1 . 

(5.1.8) 

Thus, the small dispersion parameter a is eliminated from the isotropic kinetic 
equation of the zeroth order. 

There exists only one isotropic Kolmogorov solution (2.4.5) 

(5.1.9) 

carrying the energy flux P. It was obtained by Zakharov [5.4] as the first 
example of a weakly turbulent Kolmogorov-like spectrum. Spectrally narrow 
pumping should generate at intermediate values of k a stationary distribution 
in the form of a chain of sharp peaks with the amplitudes dropping down like 

n(kj ) ex kill/2 with kj = jko (see Fig. 3.14) [5.5]. With the growth of k such a 
pre-Kolmogorov solution goes over into a Kolmogorov solution. 

According to the general formula (3.4.8), the flux P can be expressed in terms 
of the pumping characteristics. If an external environment generates waves with 



5.1 Weak Acoustic Turbulence 211 

wave numbers of the order of ko with the growth-rate ro, then the energy flux 
(i.e., the energy dissipation rate) can be evaluated by 

p ~ (rod)2 kal . 

We see that in this case the index h equals a - m = 1 - 3/2 = -1/2. So the 
long-wave part of the spectrum (5.1.9) is the one containing most of the energy 

E = 41l" J w(k)n(k)k2 dk ex: k;;l/2 . 

Given a stationary pumping, the spectrum in the short-wave region is formed 
according to an "explosive" power law. It can be described in terms of the 
self-similar solution (4.3.10) 

n(k, t) ex: (to - t)9 f (k(to - t)2) . 

For small keto - t)2 the distribution is quasi-stationary and almost a Kolmogorov 
one. The right tail of the Kolmogorov spectrum evolves according to the explo­
sive power law kb ex: (to - t)-2 and reaches infinity within a finite time. In the 
case of a free decay of acoustic turbulence, the Kolmogorov short-wave asymp­
totics (right up to the damping region) also have an explosive evolution. Once 
the right boundary of the Kolmogorov asymptotics has reached infinity, the total 
energy starts to decrease (see Sect. 4.3 for details). It should be noted that the 
distribution also expands to the long-wave region (to k < ko), but this is a self­
decelerating process. The relaxation to the distribution (5.1.9) was first observed 
in the numerical simulations by Zakharov and Musher [5.6]. The nonstationary 
behavior was studied by Falkovich and Shafarenko [5.7] (see also Sect.4.3.3). 

For the Kolmogorov spectrum the applicability parameter (3.1.33) of weak: 
turbulence has in this case the form 

c l = a2k3tNL ex: kS/ 2 • 

Thus the applicability criterion e- l ~ 1 will be satisfied increasingly better, as 
the distributions move towards large k. 

Let us discuss the stability of the isotropic spectrum with regard to anisotropic 
perturbations. As we shall now see, the stability problem for such systems is non­
trivial because of its closeness to the degenerate case. Indeed, in the limiting case 
of a linear dispersion law Wk = ck, the conditions of spatio-temporal synchro­
nization w(kl + k2) = w(kl )+w(k2) allow only interactions of waves propagating 
along a line. Waves traveling at different angles do not interact. Therefor, besides 
the energy integral 

E= J knk dk 

and components of the momentum 
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IIi = J COS Oi knk dk , 

the kinetic equation has (in the limit) Wk -+ ck an infinite set of integrals of 
motion 

J f(Oknk dk , 

where f (0 is an arbitrary function of the angular variables: ( = «(), ¢». Expanding 
f(O in angular harmonics, one can thus obtain an infinite series of integrals 

fl = J }'i(Oknk dk . (5.1.10) 

It is interesting to clarify what happens to these integrals under the action 
of small dispersion of the wave velocity. To use the stability theory developed 
in Sect. 4.2, we shall approximate the dispersion law by the scale-invariant ex­
pression Wk ex: kl+~, E: ~ 1. Due to the dispersion, the interaction of waves with 
noncollinear wave vectors becomes possible. However, it is easy to see from the 
analysis of the synchronization conditions that waves with wave numbers of the 
same order essentially interact only within a narrow cone of angles Oint ::: c1/ 2 

[see (5.1.24) below]. One can prove that for angular harmonics changing only a 
little bit on the scale of the interaction angle Oint (Le., for I ~ C 1/ 2), there exist 
integrals of motion of the linearized kinetic equation that are similar to (5.1.1 0) 

II = J 1'i(Okl+PI+~nk dk . (5.1.11) 

Accordingly, there are power corrections to the isotropic Kolmogorov spectrum 
that are the stationary solutions of the linearized equation and transfer the con­
stant fluxes of the integrals (5.1.11). These fluxes have the same direction as 
the energy flux of the isotropic solution. The latter is thus structurally unsta­
ble with respect to the excitation of angular harmonics with I ~ c-1/ 2. In this 
section we shall give a rigorous proof of the instability of the isotropic spec­
trum of three-dimensional sound turbulence and we shall analytically derive the 
anisotropic Kolmogorov solution supporting two fluxes, namely, of energy and 
momentum. Such an analytical derivation is possible due to the presence of the 
small parameter c. 

To apply the criteria obtained in Sect. 4.2 to the analysis of sound turbulence, 
we thus model the near-sound dispersion law by the scale-invariant expression 

(5.1.12) 

The use of this dispersion law instead of (5.1.3) is sensible only in the three­
dimensional case when in the acoustic limit the use of different dispersion laws 
leads to the same Kolrnogorov solutions. 

Let us substitute Wk and Vk1 2 specified by (5.1.12) and (5.1.5) into the three­
wave kinetic equation (2.1.12) 
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onk j[ & ::::; Uk12(nln2 - nlnk - n2nk) 

- 2Ulk2(nkn2 - nln2 - nlnk)] dk1dk2, 

B ~ 
Uk12::::; -(q + COS (hI + cos Ih2 + cos (h2t 

(5.1.13) 

c 
X c5 (kl+~ - k~+~ - ki+~) c5(k - kI - k2) . 

We shall restrict ourselves to the axially symmetric case when n(k) ::::; n(k, (}). 
Let us integrate (5.1.13) over dk2 using c5(k - kl - k2) and over d cos (}l using 
c5 (kl+~ - k~+e - ki+~), to obtain 

k 

1 onk j 2 (I+~ I+~)(2-e)/(1+e) B&::::; (q+COS(}kl +COS(}k2 +cos(}n) k - kl 

o 

X kr(nln2 - nknI - nkn2) dkI dcp 
00 

-2 j(q+COS(}kI +COS(}kZ+COS(}I2)2 

k 

(5.1.14) 

( I+e 1+~)(2-~)j(1+~) 2 
X kl -k kl(n2nk-nlnk-nIn2)dkldcp. 

Here cp ::::; CPl - CPk. and the arguments of nl == n(kl, (}l, cp) should be taken, in 
accordance with c5-functions from (5.1.13), on the surface given by 

(kkd _ _ k2 - kr - (kl+e _ kl+e)2/(1+~) 
~ = cos (}kl - 2kkl 

k - kl [kl k - kl ] 
~ 1+£~ kIlnT+(k-k1)ln-k-. 

in the first integral, and 

(kl+~ - kl+~)2/(1+~) - k2 - kr 
cos (}kl = 2kkl 

~ 1-£-- klln- - (kl - k)ln--kl - k [kl kl - k] 
k~ k k 

in the second integral. For 

n2::::; n(lkl+€ - kt+eI1/(l+e), (}2, cp) , 

one should use 

.(}.() kl 
SIll k2 = sm kl 1/(1 ) I kl+~ - kl+~ I +~ 

(5.1.15a) 

(5.1.15b) 

Similar expressions with the substitution kI f-+ k are valid for the second 
integral. Due to the smallness of the dispersion (£ ~ 1), the angles between 
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interacting waves are small, except for narrow regions in the k-space which are 
close to the integration limits kl = 0, k and kl -+ 00. However, these regions do 
not contribute to the collision integral because of the locality of the interaction, 
i.e., because of the convergence of the integrals with all the solutions obtained, 
see (5.1.18, 24). Thus, one can approximate all cosines by unity and use e = 
o everywhere except for calculations involving the angular arguments of the 
occupation numbers nl, n2. 

Let us obtain the stationary solutions of the kinetic equation (S.1.S) linearized 
with regard to a small deviation from the isotropic Kolmogorov solution. Let 

Making use of the smallness of the interaction angle, we employ the differential 
approximation for the angular variables and use in (S.1.14) the expansion 

(j2 
f(cos fh) = f(cos 0) - (I' cos 0 - f" sin2 0 cos2 rfJ) ~1 • (S.1.16) 

Thus we obtain from (S.1.14) an equation for f(cos 0) = fez) and the parameter 
p. This equation is a factor multiplied by the converging integral (which we met 
in Sect. 3.2.1, after the substitution x -+ 1/x it coincides with 13 ~ 0.2) 

1 

(ez iz -e 1 ~ z2 ~{ +Pf) J x 2(1- x)2[xlnx +(1- x)ln(1- x)] 

o 
x [x-9/2 + (1 - x)-9/2 - x-9/2(1 - x)-9/2] dx = 0 . 

In the parenthesis in front of the integral we have the Legendre equation pos­
sessing a regular solution of the form 

fl = P,(cos 0), 
1(1 + 1) 

PI=-C:-2- , (5.1.17) 

where the P, are Legendre polynomials. Thus, for not too high harmonics satis­
fying the differential approximation (el2 ~ 1) we obtain a set of neutrally stable 
modes of the form 

A(k,O) = kd (l+l)/2 P,(cos 0) . (5.1.18) 

For 1 = 1 the solution (5.1.18) coincides with the Kats-Kontorovich drift mode. 
Tqe formula (5.1.17) has been obtained by L'vov and Falkovich [5.8]. 

The existence of the set of stationary solutions (S.1.18) implies that in this 
approximation the Mellin functions W,(S) have (with an accuracy to terms of 
the order of c:2[4) zeros in the points S = PI. Does the exact expression (4.2.16a) 
for W,(S, c:) have a zero? At small c: it does due to the implicit function theorem 
[5.9]: if W,(S,O) has the zero W,(O,O) = ° and [8W,(s,c:)/8s]o,o =I 0, then 
W,(S, c:) also has a zero for sufficiently small c:. The derivatives of the Mellin 
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functions with respect to s may be calculated directly [S.I1] to verify that for 
I ~ e-1/ 2 we have 

(aw,(S,e») > 0, 
as ~=Rl 

i.e., the implicit function theorem is applicable to answer our question affinnative. 
It is also easy to prove that in the zeros s = P' of the W,(s) functions their 
derivatives are also positive. As we already know, this implies that the fluxes 
of the integrals of motion (S.1.11) transferred by the modes (S.1.18) are also 
positive. Since the initial isotropic solution also transfers a positive energy flux, 
the modes (S.1.18) should be fonned in the presence of an anisotropic source. 
Indeed, one can directly calculate that 

W,(O) = 1(1 + l)h > 0 , 

i.e., criterion (4.2.SS) is satisfied. 
It is also easy to check if the function W,(s) has a zero rotation interval. It 

is convenient to start from the zeroth spherical harmonic for which the Mellin 
function can be calculated directly and is expressed via the gamma functions 
[S.lO, 11] 

8 1 
Woes) = - 3 + (s2 - 1/4)(s + 3/2) 

r( -3/2)r(4 + s) 1 + cos 7rS + sin 7rS 

+ / . 4r(s+S 2) COS7rS 

(S.1.19) 

This function has the analyticity strip II ( -1/2, 1/2) and the zero rotation interval 
O"~ = -1/2, O"~ = O. At ez2 ~ 1 we have WI(S) ~ Woes) so that the functions 
WI(S) also have zero rotation intervals (O"~,O"~) close to (O"~,O"~). Thus, the 
conditions for structural instability are satisfied. This was first proved by Balk 
and Zakharov [S.10]. 

For PI < 0, the zeros of the Mellin functions are located on the left of s = O. 
Hence, the discussed instability is found in the region of large k, deep in the 
inertial interval. For three-dimensional sound, h = a - m = -1/2 < 0, i.e., the 
instability is of the hard interval type. Thus, a weakly anisotropic source should 
generate in the inertial interval a distribution of the fonn 

n(k,()=>..pl/2k-9/2 [1+ tC,PI(COS()k-t:l(/+I)/2]. 

1=1 

(S.1.20) 

As seen from (S.1.20), the higher the number of the angular harmonic, the quicker 
is the increase (with growing k) of its contribuiton to the stationary spectrum. 
Thus, a small anisotropy of a source located in the region of small k, leads to 
an essentially anisotropic spectrum in the short-wave region. This phenomenon 
was first predicted by L'vov and Falkovich [5.8]. 
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It is interesting to have a closer look at the form of the stationary spectrum 
in the region of large k where the anisotropic part of the solution is no longer 
small and the linear approximation is inapplicable. At I > 1 it is only in the 
linear approximation that the quantities (5.1.11) are integrals of motion. One can 
come up with the hypothesis that in the inertial interval an essentially anisotropic 
spectrum should be determined by the fluxes of the first two integrals (of energy 
(I = 0) and momentum (l = 1» which are also conserved quantities within the 
nonlinear kinetic equation (5.1.13). Such a two-flux universal solution general­
izing the Kolmogorov solution has been analytically constructed by L'vov and 
Falkovich [5.12]. According to the dimensional relation Pk ex: Rwko the two-flux 
spectrum should have the form (4.1.5) 

(Rk)w(k) 
y= Pk2 

(5.1.21) 

Here P, R are the energy and momentum fluxes, respectively. 
The form of the dimensionless function F(y) may in this case be found using 

the smallness of the dispersion and employing the differential approximation in 
the variable y. Indeed, for k and kl we obtain from (5.1.14) 

_ (Rk)w(kd _ () (kl)" 
Yl - Pkt = cos 1 ka 

~ [cos () + () k I sin () cos 4> + (dn ~ - ()~ I ) cos ()] (:J " , (5.1.22) 

i.e., IYl - yl ~ y. Now we expand in (5.1.14) the functions F(YI) and F(Y2) 
up to terms of the order of c. Then, we split the second integral up into two 
identical terms and make in one of them the substitution kl -+ k2 / kl and in the 
other, kl -+ HI /(k - kd (Zakharov transformations, see Sects. 3.1,2). Recalling 
then that nk ex: k-9/2 is an exact solution, we obtain to the first order in c the 
equation 

[(8F)2 &F] (k)" . 2 
8y + F 8y2 ka sm () 13 = 0 . 

The equation for F(y) is given by a factor multiplied by the converging integral 
h The solution is 

F(y) = {";ClY + C2 for y > -C2/C1 

o for y < -C2/CI . 
(5.1.23) 

According to (5.1.21) and (5.1.23), the distribution nk should vanish on a surface 
in the k-space. As a matter of fact, at y -+ -C2/CI the derivatives of F(y) 
increase sharply and in the close vicinity of the surface (at y + C2/CI ~ y'"i) 
the applicability conditions of the differential approximation are violated. This 
tells us that it is not sufficient to consider only the first and second derivatives. 
The solution of the initial equation (5.1.14) should lead to a smooth, but (on 
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the scale of the characteristic angle of interaction, i.e., ve) rapidly decreasing 
function F(y). At y --+ -00 the function F(y) should tend to zero. The integration 
constants Ct and C2 may be included into the definition of the fluxes Rand P. If 
that is intended, then the constant C l must be considered to be positive, because 
the substitution Cl --+ -Cl implies a simple rotation of the coordinate system 
o --+ rr - O. The two signs of C2 specify two different families of solutions 

= k-9/2 (Rwk cos 0 p)1/2 
nk k + • (5.1.24a) 

(5.1.24b) 

The first of these, (5.1.24a), corresponds to spectrum narrowing with the 
growth of k. In particular, it should describe a stationary distribution which 
is generated by a weakly anisotropic source located at k = ko and supports a 
small momentum flux [Rw(ko) ~ Pko]. Expansion of (5.1.24) in Rw(k)/(Pk) 
yields then at small k: in the zeroth order, the isotropic Kolmogorov solution; in 
the first order, the Kats-Kontorovich drift correction; in higher orders, the higher 
harmonics (5.1.17) whose contributions to the spectrum increase with k. At large 
k practically all waves are concentrated in the right hemisphere. 

The solution (5.1.24) describes an expanding spectrum. Its width b"O(k) in­
creases with k according to the law 

Pk 
cos b"O(k) = Rw 

k • 

If on the boundary of the inertial interval (at k = ko) Rw(ko) ~ Pko, then 
the initial width of the spectrum b"O(ko) may be very small. From below the 
quantity b"O(ko) is limited only by the interaction angle Vi, because at such a 
width the differential approximation used to obtain the solution (5.1.24) becomes 
invalid. Thus, the solution (5.1.24b) should presumably be generated by narrow 
sources with widths ve < b"O ~ rr /2. It is essential that in the limit of large 
k and at -rr/2 < 0 < rr/2 the solutions (5.1.24a) and (5.1.24b) coincide. The 
spectrum is entirely determined by the momentum flux and presents a wide jet 
whose angular form does not depend on the form of the boundary conditions 

nk --+ k-(9+I!)/'1(Rcos O)l/2 . 

As we see, the family of solutions (5.1.24) allows for a wide range of bound­
ary conditions at small k (in the vicinity of a source): from isotropic to extremely 
narrow with a width of the order of the interaction angle. If such a solution is 
really generated by arbitrary pumping, then the universality hypothesis is still 
alive in spite of the structural instability of the isotropic Kolmogorov spectrum. 
But the hypothesis should be reformulated in a more sophisticated form: a steady 
spectrum in the inertial interval should be defined by the influxes of all motion 
integrals whose fluxes are directed from source to sink. 
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5.1.2 Two-Dimensional Acoustics with Positive Dispersion: 
Gravity-Capillary Waves on Shallow Water 
and Waves in Flaky Media 

This section is devoted to the two-dimensional turbulence of sound with positive 
dispersion, see the dispersion law (5.1.1). We met it first in Sect. 1.2.5 when we 
studied short waves (k ~ J {!g / a with (!, a, 9 are the density, surface tension 
coefficient and gravity acceleration, respectively) on shallow water (kh ~ 1), 
see (1.2.39). Such a dispersion also describes the evolution of sound in flaky 
media with a weak interaction between the layers. Since we again consider the 
long-wave case, the interaction coefficient is given by (5.1.5). We can obtain the 
kinetic equation in the same way as in the case of (5.1.7) and it has also a rather 
similar form 

an(k, t) J 2 {( 2 2) bat = dkJdfhkkJ(k - kJ) 8 3ca kkJ(k - kJ) - BJkkI/2 

x [n(kJ)n(k - kJ) - n(k)n(kJ) - n(k)n(k - kd] 

- 28(3ca2kkJ(kJ - k) - BrkkJ/2) 

x [n(k)n(k J - k) - n(kJ)n(k) - n(kJ)n(kJ - k)]} . 

(5.1.25) 

As usual the applicability criterion for this equation has the form (2.1.25) 

For isotropic distributions we can integrate (5.1.25) over angles to obtain (3.2.3) 

an(k, t) 27rb 

at = V6a 
k 

X {J k,(k - k,J{ n(k,)n(k - k,) - n(k) [n(kd + n(k - k,)]} dk, 

o 

- ] k, (k, - k) (n{k)n(k, - k) - n(/q) [n{k) + n(/q - k) II dk} 

k 

Its isotropic Kolmogorov solution (2.4.5) 

(5.1.26) 

(5.1.27) 

carries the energy flux P. It was obtained by Falkovich [5.13] and Musher [5.14]. 
Spectrally narrow pumping at intermediate k should generate the stationary dis­
tribution (3.4.14-15) consisting of a chain of sharp peaks with the amplitudes 
obeying the law n(kj) ex kj\ kj = jko, see Fig.3.13 [5.6]. With growing k 
such a pre-Kolmogorov solution goes over into a Kolmogorov solution. 

According to the general formula (3.4.8), the flux P can be expressed in terms 
of the pumping characteristics (3.4.8). If an external environment generates waves 
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with wave numbers of the order ko with the growth-rate ro, then the energy flux 
(Le., energy dissipation rate) can be evaluated according to 

p ~ (roc>i , 

Le., it is indepedendent of ko. This is related to the fact that h :;;; 0 in this case. 
Thus the energy is uniformly distributed over all scales of the inertial interval. 
The spectrum is formed in a "nonexplosive" process. The free decay takes place 
in two stages - see Fig. 4.10. The first corresponds to energy conservation and 
can be described in terms of the exponential self-similar solution (4.3.14). When 
the boundary of the Kolmogorov spectrum has reached the damping region, the 
energy starts to decrease like E(t) ex rl. When going over towards large k, the 
applicability criterion for weak turbulence improves since in this case ~(k) ex ke, 
see (3.1.33). 

The stability of an isotropic spectrum of two-dimensional acoustic turbulence 
deserves special consideration for two reasons. First, in this case h :;;; m + d - So :;;; 
1 + 2 - 3 == 0, so that the stability criteria obtained in Sect. 4.2 are inapplicable. 
Second, in two dimensions the weak decay dispersion law cannot be modeled by 
the scale invariant formula Wk ex kl+,,; the true expression (5.1.1) has to be used. 
This gives rise to large mathematical difficulties in the treatment of the stability 
problem, because the kinetic equation has a scale-invariant limit at a ~ 0 only 
in the isotropic case, see (5.1.26). In the description of anisotropic perturbations, 
the dispersion length a enters the angular dependences of the occupation numbers 
and may not be separated out as a factor from the collision integral as in (5.1.26). 
Due to this, we shall treat the stability problem of Kolmogorov solutions with 
regard to isotropic perturbations analytically, while numerical simulations will 
have to be used for the anisotropic case. 

Let us follow Falkovich [5.13] in the treatment of the isotropic case. At h == 0, 
the operator of the linearized collision integral has the scaling index zero. The 
eigenfunctions of such an operator are obviously the power functions 

where the Mellin function W(s) is an eigenvalue. 
Thus the stability problem reduces to the calculation of W(s) and the study 

of the evolution of localized perturbations consisting of a superposition of eigen­
functions 

(5.1.28) 

where g(s) and the contour I are such that at k ~ 0,00 we have for the pertur­
bation 6n(k, t) ~ O. 

Let us linearize (5.1.26) with regard to small deviations from the Kol­
mogorov solution n~ :;;; N k-3• Substituting n(k, t) :;;; n~ + 6n(k, t) and using 

D:;;; 7rbJfi3:;;; 7rJfi3B/c we have 
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(5.1.29) 

Equation (5.1.29) has fundamental solutions of the form k-seW(s)t. The eigen­
values are determined by the integral 

2DN [00 x1- s x1- s 

W(s) = -a- Jo [(x _ 1)2 + (x + 1)2 - 2x l - s - 2x-2] dx 

2DN 7rS 
= -a-(I- s)cotT ' 

(5.1.30) 

which converges in the strip 2 < Re s < 4. This implies that among the per­
turbations having the asymptotics Snk ex: k-s , only those with Re s E (2,4) are 
local. For them the main wave interaction takes place between wave vectors of 
the same order. The evolution of nonlocal perturbations should not be discussed 
in terms of (5.1.29), but rather by implicitly introducing into the integration a 
cut-off on the scale of source and sink:, taking into account the distortions of the 
stationary solution that occur because of finiteness of the inertial interval. We 
shall restrict ourselves to the study of the evolution of local perturbations. We 
assume the evolution of nonlocal perturbations to proceed in two steps. The fast 
first process will - within times determined by the scales of the source ko or sink: 
kd -lead to a rearrangement of the perturbation (e.g., an initially' narrow packet 
will broaden and the slowly diminishing tails will damp and start to diminish 
rapidly). Further on it will become local and evolve in the manner discussed 
below. 

As seen from (5.l.30), we have W(3) = 0 which corresponds to an indifferent 
stability of the Kolmogorov solution with regard to variations in the energy flux. 
It should be noted that W(s) is complex in the strip Res E (2,4). This is due 
to the fact that the L operator of the kinetic equation linearized with regard to 
small deviations from the Kolmogorov spectrum is in general nonhermitian, in 
contrast to the weakly nonequilibrium case, see Sect 4.1. 

Among the fundamental solutions of the form k-seW(s)t there are solutions 
for which Re W(s) > 0, see (5.1.30). Since the eigenfunctions k-s do not satisfy 
the boundary conditions, this does not imply instability of the Kolmogorov so­
lution. It is more convenient to impose on the perturbations physical conditions 
in terms of F(x, t) = Sn(k, t)/n~, where x = In(k/ko) [in the variable x the rep­
resentation (5.1.28) goes over to the Fourier transformation of the perturbation]. 
Demanding finiteness of the perturbation energy 

6E = 100 
ck2Sn(k, t) dk ~ M < 00 (5.1.31) 

leads to the condition F(x) - 0 at x - ±oo, with F(x) oc exp(-CIX) at 
x - +00 and F(x) oc exp(c2x) at x - -00 with Cl, C2 > O. It is also convenient 
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to "translate" the analyticity strip by going over from 8 to z = (8 - 3)/2: 

a 
2DN W(z) = 2(1 + z) tan 7rZ • (5.1.32) 

As we shall show now, the function W(s) (5.1.30, 32) has such a structure that 
any perturbation localized in the k-space is swept over towards large k. Let us first 
consider hump-shaped perturbations given locally by F(x, t) = Fo exp[ -2zx + 
W(z)t] where z is a slow real function of x (Idz/dxl < Iz/xl), such that on the 
right of the maximum 0 ~ z < 1/2 and on the left -1/2 < z ~ O. As we are 
discussing local perturbations (-1/2 < z < 1/2), the evolution of each section 
is entirely determined by wave vectors of the same order, i.e., by the quantity 
W {z(x)}. From (5.1.20) we see that on the real axis sign W(z) =sign z holds 
at z E (-1/2, 1/2). This implies that a perturbation of the above type develops 
in the following way: the right slope increases, the left one decreases and the 
maximum value remains constant [W(z = 0) = 0]. This is readily understood 
to correspond to a packet traveling to the right Its top moves according to the 
law k(t) = ko exp[W' (O)t] = ko exp(2D N t / a). The exponential character of the 
motion is readily appreciated if it is borne in mind that the condition h == 0 
implies the independence of the characteristic nonlinear interaction time on k. 
Therefore, e.g., in its travel across the spectrum any wave doubles its wave vector 
during a period of time independent of k. 

The arbitrary localized solution of (5.1.29) may be written in the form of 
(5.1.28) where the contour "I extends into the analyticity strip ranging from -ioo 
to +ioo and g(z) is the Fourier transformation of the initial perturbation F(x, 0). 
Having aligned the contour "I with the axis Re s :; 0, S == ia, we see that arbitrary 
localized perturbations are damped, since aRe W(z) == -2DNa tanh a < O. 

Now we discuss this in more detail. First we take the narrow Gaussian wave packet g(z) = 
exp[(z - zo)2/6.2] with (6. ~ Izol = lit() + iO'ol)· We shall calculate the integral (5.1.28) by the 
saddle point method. The saddle point z. is specified by 

aw(z.) 2 z• - zo 2 0 t---+ --- z= 
8z 6.2 

(5.1.33) 

i.e., z.(z, t) depends on z and t. Let us discuss the behavior of the maximum of the envelope. We 
shall designate the coordinate of the maximum coordinate by zo(t). As may be easily seen from 
(5.1.32-33), zo(O) = -lto/6.2 holds and the saddle point z.(zo, t) = z~(t) with z = Zo is located at 
the imaginary axis 

z~(O) = iO'o, aW(iO'o) = 2DN(2itanhO'o - 20'0 tanh 0'0) . 

At t < 0'0 cosh2 0'0 (see below) we have 

Ito 8W(z~) 
zo(t) = --+tRe---

6.2 8z' 
z~(t) = -iO'o - it6.2 (tanh 0'0 + -4--) . 

cosh 0'0 

The saddle point z~(t) moves along the imaginary axis towards zero. Since on the imaginary axis 
the velocity is Re W'(iO') = 4DN/a COSh2 0' > 0, the narrow Gaussian packet travels towards large 
z, with a decreasing maximum of the envelope [Re W(iO') < 0]. As 1m W(iO') =/0, the damping of 
the packet is accompanied by oscillations. At 0'0 < 1, the oscillation period is much smaller than 
the damping time. 



222 5. Physical Applications 

But any perturbation is eventually transferred to large z leaving behind a trail damping out with 
time. Indeed, let us consider t -+ 00 and zit = v = const. For z -+ +00, the function g(z) is 
analytical at Re z ~ O. Shifting the integration contour to the right (to the saddle point which at 
v > W'(O) is located on the real axis and is given by W'(It) = v) we get 

It is easy to show that for the function (5.1.32) we have at It > 0 the relation W(It) - It W'(It) < 0 
which corresponds to a system without a convective instability. With regard to the trail left behind 
it has to be noted that at t -+ 00 the saddle point is for finite z (az ~ 2DNt) determined by the 
condition W'(z.) = 0 or sin 2rrz. = -2rr(1 + z.). This transcendental equation has two roots. They 
are located in the left half-plane (approximately z. ~ -1/4 ± 2i/5). Since Re W(z.) < 0 we thus 
have 

F(z, t) ex exp[z/2 + W(z.)tj , 

showing that the trail is indeed decaying or damped as time progresses. 

As we have seen above, the drift of the packet is detennined by the quantity 
W' (0). The same derivative is proportional to the energy flux of the Kolmogorov 
spectrum. 

Summarizing, we conclude that small isotropic perturbations against the back­
ground of the Kolmogorov spectrum should be driven towards the damping region 
without growing in magnitude. If the perturbation have a structure oscillating in 
k-space [0"0 10, F ex: exp(iO"o In k)], the drift is accompanied by damping and 
oscillations in time. 

Now we go over to discuss the stability of the isotropic spectrum of two­
dimensional sound turbulence with regard to anisotropic perturbations. Again, 
like in the three-dimensional case, one can try to analytically derive the station­
ary anisotropic solutions of the linearized kinetic equation. The small parameter 
characterizing the approximation of the dispersion law to the linear one is in this 
case the quantity (ak)2 rather than e. As a consequence, the drift solution 

Wk(Rk) 2 
A(k,8) = pp ex: (ak) cos 8 

has already for the first harmonic an index which is located outside the limits 
of the locality strip. The same holds for all subsequent harmonics; the linearized 
collision integral diverges for such solutions. The authors of Ref. 5.8 attempted 
an analytical derivation of the stationary anisotropic solutions by introducing a 
fonnal cut-off into the diverging integrals and requiring the most divergent tenns 
to vanish. This lead to stationary solutions of the form 

A 1(k,8) ex: (akli cos(l8) . (5.1.34) 

However, these calculations fail to provide a rigorous proof. The structure of a 
stationary spectrum in the presence of an anisotropic source may be discussed 
with the help of computer simulations. Let us consider the two-dimensional 
kinetic equation (5.1.25) with an external source 
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on(k, t) J [ bOt = o(k - kJ - k2)(nln2 - nknl - nkn2) 

X 0 (k - kl - k2 + a2(k3 - ki - k~») - 2o(kl - k - k2) (5.1.35) 
X o(kl - k - k2 +a\ki - k3 - k~») 

X (n2nk - nlnk - nl n2)] kklk2 dkldk2 + Tknk . 

As above, we have neglected the angular dependence in the interaction coefficient 
by using cos ()i ~ 1. Let us integrate (5.1.35) over dk2 using the o-function in 
the wave vectors and over d()l using the frequency o-function. To first order in 
(ak) we obtain an equation formally coinciding with (5.1.26) 

onk b27T" [ rk at = V6a 10 kl (k - kJ)(nl n2 - nknl - nkn2) dkl 

-2100 
(kl - k)kl (nkn2 - nl n2 - nl nk) dkl] + Tknk . 

In this equation we took nk = n(k, (), t) and assumed 

in the first integral and 

nl =n(kl ,()±V6a(kl -k),t), n2=n(kl -k,()±V6akl ,t) 

in the second one. 
To remove the constant factor in front of the collision integral, we shall 

renormalize the occupation numbers via the substitution nk -+ nkV6a/b27T". The 
resulting equation for the discrete case (k = iko, f.1. = V6ako) 

i-I 
on(i,(),t) ~ .(. '){ (j ()±' ') (' '() ') at = ~ Z Z -) n, f.1.z 1= f.1.) n z -), 1= f.1.J 

)=1 

- n(i, ()[n(j, () ± f.1.i 1= f.1.j) + n(i - j, () 1= f.1.j)J} 
L 

- 2 L j(j - i){n(i,()n(j - i,() ± f.1.j) 
j=i+l 

- n(j, () ± f.1.j =t= f.1.i)[n(i, () + n(j - i, () ± f.1.j)]} 
L+i 

+ Tin(i, () - 2n(i, () L j (j - i)n(j - i, () ± f.1.j) 
j=L 

(5.1.36) 

was numerically solved by Falkovich and Shafarenko [5.14] in (), i coordinates on 
a rectangular grid. At i > L the occupation numbers were assumed to be zero. As 
mentioned in Sect. 3.4, [see (3.4.18)], this assumption gives rise to the last term in 
(5.1.36) which plays the role of nonlinear damping. Periodic boundary conditions 
in the coordinate () were imposed. The dimensions of the coordinate grid were 
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chosen to be equal to 100 points in k and 32 points in (). The summations 
in (5.1.36) were perfonned separately for the upper and lower signs before {t. 

The integration path in the plane ()1, j is a line with the slope {t; at sufficiently 
small {t it passes through between the nodes of the grid. Therefore, the values 
n(j, () ± {ti =F {tj) and n(i - j, () =F {tj were calculated using a linear approximation 
inbetween the two closest grid nodes taking into account the periodicity in (). 

The evolution of the two-dimensional spectrum was modeled starting from 
the isotropic solution. A weak: angie modulation was imposed on the source 
(c: = .01) 

r(i,() = 100,1i1 (1 + c; cos m() . 

E 

8 

3 

4 2 

Fig.S.l. Dependence of the relative angular modulation 
e: on k for different angular harmonics I and dispersion 

'----,...,.---~.::---k parameters 1-': 1) 1= 1, I-' = 11'/256. 2) 1=2, I-' = 
o 40 80 11'/256. and 3) 1=1. I-' = 11'/128 

The results of the numerical simulations are represented in Fig. 5.1 showing 
the dependence of the relative depth of the modulation angle of the emerging 
spectrum [nmax = maxe n(k, ()] 

c;(k) = nmax(k) - nmin(k) 
nmax(k) + nmin(k) 

on the modules of the wave vector k. The quadratic dependence c; = c;o + vk2 

characterizes the initial section (for curve 3 up to k ~ 15, C;III 1c;/1 ~ 10-1), 

then the finiteness of {ti = V6ak starts to show itself. Comparison of curves 
2 and 1 shows that under the same conditions the first harmonic increases by 
1.02 x 10-2 and the second one, by 3.74 x 10-2• This corresponds approximately 
to the relationship (5.1.34) AI ex z2 [the difference by a factor of 3.7 rather than 4 
seems to be due to the fact that for the second harmonic finiteness of {ti begins to 
show itself at smaller i = klko and the growth of c;(k) slows down]. The fact that 
the reduced growth of the c;(k) is not only associated with influence of the right 
end of the inertial interval, but also with the finiteness of {ti follows, e.g., from a 
comparison of curves 1 and 2. For curve 1, c;(k) reaches its maximum at k = 90, 
and for 3 (corresponding to {t which is twice as high), at k = 78. The dependence 
of the occupation numbers on the angle is sinusoidal at all k. It reproduces the 



5.1 Weak Acoustic Turbulence 225 

form of the source to an accuracy not worse than 10-4• This is due to the 
smallness of the angular modulation (e ~ 1) and to the fact that the operator of 
the kinetic equation linearized against the background of the isotropic solution is 
diagonal with regard to the number of the angular harmonics. Increasing e. we 
go over into the nonlinear region where different angular harmonics interact with 
each other more strongly. Figure 5.2 corresponding to e = 1/5 shows the relative 
contributions of the first three angular harmonics of the emerging spectrum for 
different values of k. 

log n, / no 

1 
I 

-1 • 

-3 

I 

2 3 
Fig. S.2. Relative contributions of the first three hannonics: 
• k = 2,. k = 40, t:. k = 90 

The contributions from the higher harmonics are seen to increase with k. 
However, this does not imply that for large k the spectrum rapidly oscillates 
with the angle. Thus we have completed modeling the system at e = 1, i.e., for 
a strongly anisotropic source. The dependence of the spectrum on 0 is for all k 
smooth, see Fig. 5.3. The angular width of the spectrum 6.0 decreases with the 
growth of the wave vector (Fig. 5.3). 

It should be noted that up to k = 50, the quantity d6.0 / dk decreases with 
the growth of k. This possibly corresponds to 6.0 approaching an asymptotically 
constant value. The increase of d6.0 / dk at k > 50 may be attributed to the 
influence of the right end of the inertial interval. Also up to k ~ 50, the following 
effect is observed: in the direction of maximal values of the quantities r(O) 
and nk(6), the spectrum decays slower than the isotropic one and the index 
8(k) = 81n[n(k, 6)]/8 In k decreases from 8(3) = 3.0 to 8(50) = 2.4 while in the 
direction 6 = ±7r/2 it increases: 8(3) = 3.0 and 8(50) = 3.2. 

Such a behavior qualitatively corresponds to the properties of the two-flux 
solution (5.1.24a) obtained for three-dimensional sound. 
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...... "'-~_-.l. __ "'---'»oo-'-_ e Fig. 5.3. Dependence of the stationary spectrum on the angle 
-It o It (), 1) k = 2, 2) k = 50 

It is of interest to note the nonmonotonic character of the relaxation of the anisotropic spectrum 
at large e (e = 0.2, 1). Thus, for e = I, the angular width t::,.() for k ~ 5 diminishes at the final 
relaxation stage, for k > 5, it grows with time. For e = 0.2 the value t::,.() at first grows and is 
then reduced down to stationary values. It should be borne in mind that the initial distribution was 
isotropic. Now we would like to make a general remark. The effect of an increased anisotropy of 
the spectrum for growing k may be more pronounced at the relaxation stage than in the steady state 
(in which such an effect may not be observed at all). This is the result of a nonmonotonic evolution 
of occupation numbers during the formation stage and of the inversely proportional dependence of 
the relaxation time on the amplitude of the source. Indeed, let us consider as a model the limiting 
case of nondispersive sound w(k) = ck where only the waves with collinear wave vectors interact 
and relaxation occurs along the direction of each beam independently of the other beams. Clearly, 
towards the directions of increasing source amplitude, the spectrum is closer to the formed one, i.e., 
with growing k it decays from a certain moment of time onwards slower than in the directions into 
which the relative angular modulation of the spectrum e(k) is an increasing function of k. On the 
other hand, it is evident that in the stationary state of such a model the quantity e is independent 
of k and is equal to the relative modulation of the source. In a system with the dispersion relation 
d2w / dk2 allowing for the interaction of waves moving at different angles, such an "intermediate" 
anisotropy (at intermediate times) may be less pronounced or nonexistent. 

Taking into account the tenns of the next order", (ak)2 in the n(k) and 
V(k, kl, k2) does not change the conclusions arrived at [5.15]. 

Thus, the isotropic spectrum of turbulence is structurally unstable for two-and 
three-dimensional weak sound turbulence. For large k the spectrum should be 
essentially anisotropic. 
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5.1.3 Nondecay Acoustic Turbulence: Ion Sound, 
Gravity Waves on Shallow Water and Inertio-Gravity Waves 

Long-Wave Acoustic Turbulence. This section is devoted to acoustic waves 
with a nondecay dispersion law 

(5.1.37) 

The principal role in the interaction is played by four-wave scattering processes 
with the coefficient (1.1.29b) 

T' = _ U-I-212U-3-434 + VI: 212 V3+434 
p W3 +W4 +W3+4 WI +W2 - WI+2 

V'j'j1-3 V424-2 V2'42-4 V313-I 
W4-2 +W2 - W4 

V2'j2-3 V4I4-1 

W3-I +WI - W3 

V'j'41 -4 V323-2 
W4_1 + WI - W4 W3-2 + w2 - W3 

Here we used the notation (j ± i) = k j ± ki • 

(5.1.38) 

The stationary solutions can be found with the help of Kats-Kontorovich 
transformations the definition of which has been given in Sect. 3.2.1. In the 
three-dimensional case the stationary solutions are determined by (3.2.6): 

n (k P)=A p l / 3k- II / 3 I. , I , 

Both of these solutions are local [5.16] and correspond to the general formulas 
(2.3.10) with the renormalized index m = 1 of the interaction coefficient. Defining 
the indices hI = 1/3 and h2 = -1/3 in the usual manner [see (4.3.15)], we see 
that both spectra are formed by decelerating waves like (4.3.4) and that the fluxes 
may be expressed in terms of the pumping amplitude To and typical wave number 
ko: 

P r,3/2kl/2 
ex 0 0' 

Q r,3/2k-l/2 
ex 0 0 . 

For weak nonlinearity in the region of large k the applicability parameter for 
the solution ni should be evaluated according to (3.1.33b): 

C l (k) ex k3+hl = k iO/ 3 • 

Then the criterion for weak nonlinearity ~ ~ 1 is obeyed at large k. In the 
same way, one can see that for small k weak turbulence goes over into strong 
turbulence. 

The two-dimensional case corresponds to waves on shallow water. It should 
be recalled that to the zeroth order in the small parameter ak (where a is pro­
portional to the fluid depth) the interaction coefficient T(k, kI, k2, k3) vanishes 
on the resonance manifold w(k) +w(kj) = W(k2) +W(k3), k + kl = k2 + k3, see the 
end of Sect 3.2.1. Such a remarkable property is connected with the integrability 
of the Kadomtsev-Petviashvili equation (1.5.4). So, to first order in the (small) 
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water depth, there are neither nonlinear interaction nor an evolution of the spec­
trum to a stationary state. Considering also the subsequent expansion terms we 
can obtain the KOlmogorov solutions [5.16] 

n (k P) = \ p l / 3 k- IO/ 3 3, -'3 , 

with hI = 2/3 and h2 = -1 so that 

P ex r~/2ko, 

are seen to hold. 
The stability problem has not yet been solved. It is natural to expect a long­

wave structural instability of the spectra n2 and n4 with regard to an additional 
perturbation carrying a momentum flux, since for such a perturbation we have 

on(k,R)/n(k,P) ex l/k . 

Spectra carrying an energy flux should be stable, since 

on(k, R)/n(k, P) ex w(k)/k 

holds and the phase velocity decreases with k. 

Short· Wave Acoustic Turbulence. Concluding this section let us briefly con­
sider short-wave acoustic turbulence. In this case, the linear term in the dispersion 
law is supplemented by a positive term inversely proportional to k 

w(k) = ck +w5/2ck . (5.1.39) 

This dispersion relation is of the nondecay type. Stationary Kolmogorov solutions 
can be obtained by the general formulas (3.2.5) with f3 = -1. For d = 3 (which 
corresponds to spin waves in antiferromagnets and to ultrarelativistic particles) 

is obtained. So far neither locality nor stability of this solution has been checked. 
The two-dimensional case is of special interest. The dispersion relation 

(5.1.39) is encountered in different physical situations. The frequency gap wo 
could be connected either with a magnetic field (for plasmas) or with a rotation 
(for fluids or gases). The latter case is apparently realized in the Earth's atmo­
sphere. If the wavelength is larger than the height of the atmosphere (10 km), then 
the wave may be treated as being two-dimensional. Such motions (like inertio­
gravity waves in the atmosphere) is described in the framework of the shallow 
water equations [5.17]. If, in addition to the above, the wavelength is smaller 
than the Rossby radius (~ 3000km for medium latitudes) then it is reasonable to 
neglect the dependence of the Coriolis parameter f = 2!1 cos a (see Sect. 1.3.2) 
on the latitude a. In this case we have wo = J. The contribution of rotations to 
(5.1.39) is so small that the waves could be referred to as being "gravitational" 
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rather than "inertial", in spite of the fact that rotation gives rise to the dispersive 
term supplementing the linear acoustic term. 

Proceeding from (3.2.5), we get 

n,(k,P) ex k-'4/3, n2(k,Q) ex k- 13/ 3 . 

According to Falkovich and Medvedev [5.18], only the second solution is local. 
It carries the flux of the wave action towards the large-scale region. In contrast 
to the long-wave limit, the interaction coefficient (5.1.38) does not vanish on the 
resonant manifold. 

5.2 Wave Turbulence on Water Surfaces 

From Sect. 1.2.5 we see that there are several cases of wave turbulence for 
different interrelations both between wave length and water depth and between 
surface tension and gravity. Prominent examples of shallow-water waves were 
considered in Sect. 5.1 since they belong to acoustic-type waves. Other cases of 
capillary waves on shallow water will be considered in Sect. 5.2.3. 

5.2.1 Capillary Waves on Deep Water 

As mentioned in Sect. 1.1.4, for sufficiently short water waves (with wavelengthes 
not exceeding a centimeter) the restoring force should be entirely determined by 
surface tension. The dispersion relation and interaction coefficient are 

w(k) = ~ k3/ 2 , (5.2.1) 

1( )'/4[ (kk)'/4 V(k,12) = 871" 4~ (k, k2 + k, k2) 'k 2 

( k k)'/4 (kk )'/4] 
+(k,k - k,k) t + (kk2 - H 2) i ' 

(5.2.2) 

see also (1.2.41). This dispersion relation is of the decay type. There exists only 
a single isotropic stationary distribution (3.1.15b) as obtained by Zakharov and 
Filonenko [5.19]. It supports an energy flux 

n(k) = (~)'/2871"(4:3)'/\_'7/4. (5.2.3) 

Here a is the dimensionless constant from (3.1.13b) still to be evaluated. De­
termining the asymptotics of the interaction coefficient at k, ~ k we obtain 
ml = 7/2 to see that the locality conditions (3.1.12) are satisfied. The index his 
equal to a - m = 3/2 - 9/4 = -3/4. Consequently, the energy flux is expressed 
in terms of the pumping characteristics [see (3.4.8)]: 
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P ,.,2-1 
ex: .L OwO • 

Here Wo is the frequency of the waves generated and ro is the maximum growth­
rate of linear instability. Knowledge of h also allows us to predict the character of 
nonstationary evolution. Since h < 0, short-wave Kolmogorov-like asymptotics 
(5.2.3) are reached in an "explosive" manner [5.20] 

n(k, t) = (to - tF/3 f(k(to _ t)4/3) . 

Here f is a universal dimensionless function (see Sect. 4.3.1) and the dimension­
less quantities k and t, respectively, are measured in units of an initial ko and 
of the typical nonlinear interaction time at k = ko. At k -+ 0 such a solution has 
quasi-stationary Kolmogorov-like asymptotics f(x) ex: x-17/4. Before the front 
distribution falls exponentially: f(x) ex: exp( _x Ol ) (see Sect. 4.3.1). 

The dimensionless parameter of the nonlinearity level (3.l.33) has the k­
dependence 

e-1(k) = wktNL ex: k3/ 4 , 

hence, the weak-turbulence approximation is violated for small k. 
The isotropic distribution is structurally unstable as shown in Sect. 4.2. The 

relative contribution of the anisotropic part grows with k like fm(k)/n(k) ex: 
wk/k ex: Jk. In the short-wave region the stationary spectrum is thus substantially 
anisotropic. For positive angles (h between the wave vector and momentum flux, 
the stationary distribution of short waves should be defined by the momentum 
flux: 

n(k) = k-4JRcoSOk , 

compare with (5.1.24). 
Experiments with capillary waves generated in a wind-wave tunnel are dis­

cussed in Lleonart and Blackman [5.21]. 

5.2.2 Gravity Waves on Deep Water 

This is the kind of wave which is excited by wind blowing over the surfaces 
of seas and oceans. The corresponding kinetic equation was first obtained by 
Hasselmann [5.22]. The dispersion relation of gravity waves w(k) = .Jik is of 
the nondecay type. The interaction coefficients (1.2.43) are 

(5.2.4) 
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W(kl,23) = (kkIk2 k3)I/2 [R(k123) + R(k123) 
64t.nr2 

- R(k213) - R(k312) - R(12k3) - R(13k2)] , 
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(5.2.5) 

(5.2.6) 

Eliminating three-wave processes, the resulting coefficient of the four-wave 
interaction has the fonn (1.1.30) and possesses the same homogeneity properties 
as W(kl,23), see also (1.1.43). Therefore we have in this case a = 1/2, d = 2 
and m= 3. 

In the isotropic case there are two integrals of motion implying that there 
are also two isotropic Kolmogorov-like spectra (3.1.27-28). The first one was 
obtained by Zakharov and Filonenko [5.23]. It carries a constant energy flux to 
the short-wave region 

(5.2.7) 

Here aI is a dimensionless constant defined by the integral (3.1.13b) not yet eval­
uated for this particular case. The index hI = a - 2m/3 = -3/2 [see Sect. 3.4.1 
and (4.3.15a)] is negative and the spectrum (5.2.7) is thus fonned "explosively" 

n(k, t) = (to - t)8/3!I (k(to _ t)2/3) . 

Here II is a universal dimensionless function (see Sect. 4.3.1 for details) of the 
dimensionless variables k (measured in the units of an initial ko) and t (measured 
in the units of the typical nonlinear interaction time at k = ko). The spectrum 
behind the front is (5.2.7) II (x) ~ x-4 at x ~ O. The right boundary of the 
Kolmogorov spectrum evolves according to the explosive law kb ex (to - t)-2/3. 
The value of to is defined by the initial conditions. 

Isotropic spectrum is stable with regard to angular modulations, since the con­
tribution of the momentum-carrying additional tenn is proportional to the phase 
velocity w(k)/k and thus decreases with k. With regard to the applicability con­
dition of the weak turbulence approximation it is of note that the dimensionless 
nonlinearity parameter (3.1.33b) ~(k) ex k-a - h1 = k grows with k. Thus the 
short-wave turbulence is a strong one which manifests itself in the observation 
of breakers and whitecaps. 

The second stationary spectrum was obtained by Zakharov and Zaslavskii 
[5.24]. It carries a constant flux of wave action towards the long-wave region 

(5.2.8) 

The dimensionless constant a2 equals the integral (3.1.22b) and has not yet 
been computed. The locality of both spectra (5.2.7-8) could be proved using the 
following remarkable property of the interaction coefficient for kl II k 
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T(k k . k k ) = { k2 kl for k < kl , 
, 10 , I kkr for k > kl . 

The index h2 = (a - 2m)/3 = -11/6 [see Sect. 3.4.1 and (4.3.15b)] is 
negative and spectrum (5.2.8) is thus formed by a decelarating relaxation wave 

n(k, t) = t23/ 11 h(kt6/ 11 ) • 

Here h is a universal dimensionless function. Behind the front there exists the 
spectrum (5.2.8) with f(x) -- x-23 / 6 at x __ 00. The right boundary of the 
Kolmogorov spectrum moves according to kb ex r 6/ 11 • Considering both spectra 
(5.2.7-8), one can see that most of the wave energy is contained in the long-wave 
region. So the mean frequency of the distribution approximately corresponds to 
the left edge of the spectrum (5.2.8) and thus decreases like Wb ex r 3/ 11 • 

The isotropic spectrum (5.2.8) has been proved to be stable with regard to 
angular modulations, see Sect. 4.3.3. With regard to the applicability condition of 
the weak-turbulence approximation we would like to not that the dimensionless 
nonlinearity parameter (3.1.33c) ~(k) ex k- 0I - h2 = k4 / 3 grows with k. So the 
waving becomes weaker as the structure moves towards large k. 

In what way is the attenuation of waving effected when the wind abates? The 
short-wave part of the distribution has the Kolmogorov asymptotics (5.2.7) with 
constant energy flux implying that the energy decreases. The evolution of decay­
ing turbulence should approach the self-similar regime n(k, t) = t4/ 11 h(kt2/ 11 ) 

which describes the propagation into the long-wave region. Thus, in the isotropic 
case, the mean frequency of waving decreases like WE ex rl/Il. 

Several field and laboratory observations are summarized by Phillips [5.25], 
see also Forristall [5.26]. The findings presented therein agree with both versions 
(5.2.7-8), but do not allow to distinguish between them. 

5.2.3 Capillary Waves on Shallow Fluids 

Such waves exist on very shallow fluids with 110 ~ J q / eg. For intermediate 
wave numbers with J {!g / (7 « k « hoI, the dispersion relation and interaction 
coefficient have the extremely simple form (1.2.40) 

w(k) = J uh" k' 
e ' 

The dispersion law is of the decay type. For our purposes it is sufficient to 
consider only three-wave processes which are seen to correspond to a = 2, d = 
2, m = 2 ml = O. A stationary Kolmogorov-like solution with constant energy 
flux was found by Kats and Kontorovich [5.27] to have the form 

( )
1/4 

n(k) = pl/28..,fi e: k-4 . (5.2.9) 
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According to criterion (3.1.12) it is local and it has been proved to be stable 
with regard to isotropic perturbations [5.28]. In this case, the index h is given 
by h = a - m = 0 so that the energy is uniformly distributed over the scales in 
the inertial range. The spectrum is formed in a "nonexplosive" process. The free 
decay takes place in two steps, see Fig. 4.13. The first step conserves energy and 
can be described in terms of the exponential self-similar solution (4.3.14). When 
the boundary of the Kolmogorov spectrum has reached the damping region, 
the energy starts to decrease E(t) ex rl. The applicability criterion for weak 
turbulence is violated when going over to large k, since we have in this case 
~(k) ex k-2, see (3.1.33). 

With regard to anisotropic perturbations it is found that a locality strip exists 
only for even harmonics. Odd harmonics with the numbers 1 = 2j + 1 evolve 
in a nonlocal manner, perturbations in the inertial range strongly interact with 
both left and right edges. The sign of the time derivative of the perturbation 
is seen to be proportional to (-I)i. So the spectrum should be unstable with 
respect to harmonics with even j. The angular form of the spectrum should be 
substantially anisotropic in the inertial interval while index still be the same as 
in the isotropic case [5.28]. The transfer of energy is thus local while that of 
momentum is nonlocal in k-space, 

5.3 Thrbulence Spectra in Plasmas, Solids, and the Atmosphere 

The media listed in the title are sometimes anisotropic due to electromagnetic 
fields (for plasmas and magnetics) or to rotation (for the atmosphere). However, 
in some situations it can be regarded as locally isotropic for wave turbulence. 
So, both isotropic and anisotropic Kolmogorov spectra may arise. Isotropic tur­
bulence of ion sound waves was considered in Sect. 5.1. So we consider here an 
isotropic turbulence of plasmons. 

5.3.1 Langmuir Thrbulence in Isotropic Plasmas 

For weak external fields, plasmas can be regarded as isotropic and we shall use 
(1.3.3-5) 

(5.3.1) 

for the Hamiltonian coefficients. Here wp and rv are, respectively, plasma fre­
quency and the Oebye length 

2 47l"{!O 
wp =-2-' 

m 

The coefficient of the three-wave interactions has the form 
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[( ) 
l/Z 1 W1WZ 

Uk1Z = Vk1Z = M 3 -2- kCOSOlZ 
8y2rr {!O Wk 

WkWl WkWZ 
( )

1/2 ()l/Z 1 + 2wz kz COS 01 + 7t k1 COS Oz 

However, the dispersion relation (5.3.l) holds only in the long-wave range 
kr 0 « 1 and is of the nondecay type. Using the transformation (1.1.28), one can 
obtain an efficient Hamiltonian (1.1.29). In the range of kro ~ 1 the interaction 
coefficients U and V become scale-invariant with the scaling index unity and 
the efficient four-wave interaction coefficient (1.1.29b) has the scaling index two, 
since w(k) ~ wp 

1 
Tk1Z3 = -;;- [Vk+1,k1 V2+3,23 - V-k-1,k1 V-Z-3,23 - VkZ,k-Z Vi33-1 

p 

- Vk3,k-3 ViZZ-1 - VkZZ-k Vi31-3 - Vk33-k Vizz-I] . 

(5.3.2) 

Such a nonlinear interaction has an electronic origin. Let us briefly explain 
the conditions under which this interaction is the main one. Considering plasma 
turbulence, the following dimensionless parameters are usually introduced: kr D, 

which corresponds to the plasmon dispersion and E/nT which equals the ratio 
of the wave energy to the thermal one and is a measure of the nonlinearity level. 
So the typical time for turbulence evolution due to wave-wave interactions can 
be estimated from the kinetic equation to be roughly 

1 ( E )Z - '" wp(kro)z -T 
tNL n 

It should be smaller than the time of induced scattering interactions with ions 

.!.. '" W (krD)3~ . 
tj p nT 

Thus we obtain 

E 
nT > krD. 

It is necessary to demand the validity of the weak turbulence approximation. 
In the case of plasma turbulence that means that there should be no Langmuir 
collapse the typical time of which contains another small parameter, the mass 
ratio 

Requiring t N L « tc we obtain as a criterion for the weak turbulence approxi­
mation 
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_ ~ (kr D)-4/3 m E ( )1/3 
nT M 

Under such conditions, the Kolmogorov spectra of Langmuir turbulence can 
be obtained [5.29], see (3.1.29-30). The first one corresponds to a constant energy 
flux P towards the short-wave region 

(5.3.3) 

According to (4.3.15a), an "energy-containing" region is a short-wave region, 
since we have in that case hI = a - 2m/3 = 2 - 4/3 = 2/3 > O. So the spectrum 
(5.3.3) is formed by the decelerating wave (4.3.4) and the right boundary of the 
spectrum krb evolves according to krb(t) <X t3/ 2. The dimensionless parameter 
of the nonlinearity is according to (3.1.33b) given by ~ ~ (wtNd- 1 <X k-8/ 3 

implying a weak: short-wave turbulence. 
The second spectrum carries the flux of the wave action Q towards small k 

(5.3.4) 

In this case h2 = (a-2m)/3 = -2/3 and the action-containing region is the same 
as the pumping region (i.e., the right edge of the spectrum). The left boundary of 
the spectrum (5.3.4) moves with klb <X C 3/ 2• According to the estimate (3.1.33\.:), 
the dimensionless nonlinearity parameter behaves as ~ <X k-4/ 3• The long-wave 
turbulence should be strong. According to Zakharov [5.29] both spectra (5.3.3-4) 
are local. 

If the external pumping generates waves with some ko and a growth rate 
equal to r, then the fluxes are estimated to be 

The stability problem for such spectra is not yet solved. Both spectra (5.3.3-
4) have indices which are larger than the one of dispersion a = 2. According 
to the criterion (3.1.22), that means that both fluxes have correct directions: 
the spectrum (5.3.3) transfers energy towards the short-wave region while the 
spectrum (5.3.4) transfers action towards the long-wave end. Therefore, it is 
natural to expect that both spectra are stable in the isotropic case. As far as 
structural stability is concerned, they can be supposed to be unstable, since the 
contributions of the drift corrections (4.1.9,14) with constant momentum flux R 

8n(k) 

n(k,P) 
8n(k) 

n(k, Q) 

increase when going over from pumping to the inertial intervals. In this case 
further investigations are necessary to clarify all details of interest. 

Another case of Langmuir turbulence can be observed in a nonisothermal 
plasma (Ye ~ Ii) provided the conditions 



236 5. Physical Applications 

r: 2 E 2 m 
Te (krD) < nT < (krD) < M 

are satisfied. Then the plasmons interact via virtual ion sound waves. The coef­
ficient of the four-wave interaction is given by (1.3.14) 

wp(cos Okl cos 023 + cos Ok3 cos 012) 
81['3 nT 

Its scaling index is zero. All features of such a turbulence are the same as for 
optical turbulence (which corresponds to Tkl23 = const). So we shall treat them 
together. 

5.3.2 Optical. Thrbulence in Nonlinear Dielectrics 
and Turbulence of Envelopes 

As stated in Sect. 1.5, the nonlinear SchrOdinger equation describes the behavior 
of envelopes of quite general high-freguency quasi-monochromatic waves. We 
referred to such turbulence of envelopes as optical turbulence. It is characterized 
by waves with a quadratic dispersion law like (5.3.1) 

w(k) = wo + f3k2 • 

The constant wo may be eliminated by the canonical transformation (1.4.22). The 
only remaining memory of it is that three-wave processes are prohibited. The 
coefficient of the four-wave interaction is supposed to be a constant. Therefore, 
the correspondent kinetic equation has the form 

8n(k, t) J 2 2 2 2 at = T 8(k + kl - k2 - k3)8(k + kl - k2 - k3) 

x nknln2n3(nk'1 +nl1 - nil - nk'l) dkdkldk2dk3 . 

It is worthwhile to consider this equation for both two-dimensional media (which 
mainly corresponds to the envelopes of water waves) and three-dimensional ones. 
According to the general formula (3.1.9), its Kolmogorov solutions are equal to 

nl(k,P) = )..lpl/3k-d-2m/3 ex k-d , 

n2(k, Q) = )..2QI/3 k-d- 2m/3+a/3 ex k-d+2/3 . 
(5.3.5a) 

Substituting these solutions into the kinetic equation, one can see that the only 
local solution is n2 for both d = 2 and d = 3. Since the nonlinearity parameter 
behaves in this case like e ex k-8/ 3, the turbulence becomes strong at the long­
wave region. It corresponds to the collapse of envelopes (or self-focusing) which 
provides a sink for Kolmogorov spectra with action flux [5.30]. 

In the two-dimensional case, the only local solution n2(k, Q) ex k-4/ 3 ex 

w-;;2/3 has an index 2/3 smaller than unity. The implications are that for this 
solution the action flux is directed towards large k. From the Frisch-Fournier 
criterion in follows that this spectrum is unstable, even in the isotropic situation. 
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Rigorous stability theory demonstrates the presence of instabilities with regard 
to both the zero and the first angular harmonics (Sect. 4.2.3). What are the char­
acteristics of the stationary turbulence spectrum in this case? The answer is quite 
unexpected [5.32]. An external pump heates the wave system and creates a steady 
state which is close to thermodynamical equilibrium with a small nonequilibrium 
fraction carrying action flux towards small k. According to Sect 4.1, such a solu­
tion should have the form (4.1.23). In numerical simulations [5.30] it was found 
that the stationary turbulent distribution is close to the more general solution 

T 
n(wk) = -----:---=-

W + J.L+aQw2 /T'3 
(5.3.5b) 

with temperature, chemical potential, and action flux. It should be noted that 
the collision integral logarithmically diverges in this case. Probably, it hints that 
the Kolmogorov-like addition should slightly deviate from a power form (e.g., 
with a logarithmic factor) to ensure convergence. For the small-scale part of the 
spectrum the formally defined Kolmogorov index s = d = 2 is just equal to the 
equilibrium index s = 0: = 2. Hence, it is naturally to suppose the long-wave part 
of spectrum also to be close to the eqUilibrium distribution and to be slightly 
distorted either by a logarithmic factor (as in Sect. 3.2.2 where the coincidence 
index for plasmon-sound turbulence was considered) or by a small nonequlibrium 
additional contribution as for the long-scale part (5.3.5b). 

The stability problem has not been solved for the three-dimensional case. 
The spectrum with an action flux carries a negative flux so it should be stable 
with regard to isotropic perturbations. In this case, h2 = (0: - 2m)/3 = 2/3. In 
terms of the pumping characteristics the flux is given by 

Such a spectrum should be formed in an explosive way with the left boundary 
moving according to k'b oc (to _t)3/2. Its stability with regard to the first harmon­
ics depends on the sign of the momentum flux carried by the drift Kolmogorov 
solution (4.1.14). If the momentum flux is negative, then the isotropic spectrum 
with an action flux is structurally unstable. 

As far as a spectrum with energy flux is concerned, the collision integral 
diverges logarithmically for d = 3. It may be shown that the short-wave asymp­
totics of the stationary turbulent distribution slightly (e.g., logarithmically) differ 
from k-3 oc w;3/2, so the index might be close to 3/2. Numerical simulations 
[5.31] support such a hypothesis. 

5.3.3 Spin Wave Thrbulence in Magnetic Dielectrics 

Spin waves in ferro magnetics and antiferromagnetics may have the dispersion 
law (1.4.9a, 21) 

w(k) = Wo + f3k2 
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hence, a = 2. Spin waves in ferromagnets correspond to an interaction coefficient 
with m = 2. The KoImogorov solutions (3.1.29c, 30c) coincide (up to a constant) 
with (5.3.3-4) for Langmuir waves with a nonlinearity induced by electrons. Thus 
everything said above about plasmons, holds also for magnons. For spin waves 
in antiferromagnets, such a case corresponds exactly to optical turbulence. 

Now we shall discuss a somewhat detailed example of the KoImogorov solu­
tion for spin waves whose dispersion is due to the exchange interaction (1.4.9a) 
and the interaction coefficient, to the magnetic dipole interaction (1.4.12). Such a 
"hybrid" is realized for an intermediate range of wave numbers k, which are (i) 
sufficiently large to allow it to neglect the gap Wo in the dispersion law (1.4.9a) 
and consider it to be of the decay type 

and (ii) sufficiently small to neglect the four-wave exchange interaction (1.4.19b). 
The latter requirement, however, can always be satisfied assuming the turbulence 
level to be sufficiently small. The three-wave interaction coefficient (1.4.12) is 
in this case anisotropic 

Vk12 ex: sin2th exp(i4>d + sin2B2 exp(ih). (5.3.6) 

Here Bi , 4>i are, respectively, polar and azimuthal angle of k i (i = 1,2) with 
the constant magnetization direction M. The following fact found in [5.32] 
seemed a surprise: despite the angular dependence of the interaction coefficient, 
the three-wave kinetic equation (2.1.12) has an isotropic stationary solution. This 
is associated with the fact that on isotropic distributions n(k) == new), the angular 
dependence is the same for all terms in the collision integral. Indeed, substituting 
(5.3.10) into (2.1.12), going over to the variable w = k2 and integrating over 
angles, we get 

8n(w,t) 2 4 {fW 
at ex: (l + 2 cos B-3 cos B) 10 [n(w')n(w - w') 

- n(w)n(w - w') - n(w)n(w')] dw' - 2100 
[n(w)n(w') 

(5.3.7) 

- new + w)n(w' ) - new + w')n(w)] dw' } 

=I(w,B) . 

As we see, the angular dependence in the collision integral is separated out. Using 
Zakharov transformations (2.3.14), we obtain from (3.3.27) the stationary solution 
new) ex: w-3/ 2 , in accordance with the general formula new) ex: w-(m+til/OI (here 
m = 0, d = 3, a = 2). The solution is local as may be verified using (3.1.12) or 
(3.3.27), Solving div P = -wI(w, I), we find that the only nonzero component 
is the radial component of the flux, which depends only on the angle I): P ex: 
1 + 2 cos2 1) - 3 cos4 1). The flux is maximal at cos I) = ±1 / v'3. 
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This example shows that Kolmogorov distributions in anisotropic media may 
also be obtained analytically (when the frequency and the interaction coefficient 
are not bihomogeneous). However, it is obvious that the efficiency of an analytical 
treatment depends in such a case strongly on the particular forms of dispersion 
law and interaction coefficient. 

5.3.4 Anisotropic Spectra in Plasmas 

Before considering specific examples of spectra in anisotropic media, a general 
remark should be made. The theory of such spectra is far from being complete 
and well developed. The matching problem is not yet solved. As seen in Sect. 3.3, 
there exist families of power-like stationary spectra a good understanding of the 
physical meanings of which will require further studies. Hence, we present here 
briefly some known theoretical results concerning different anisotropic spectra. 

If a plasma is strongly magnetized, then the dispersion laws and interaction 
coefficients of ion sound and Langmuir waves are both bihomogeneous functions 
of the compoents of the wave vectors, i.e., they satisfy equations (3.3.1) in some 
angular intervals. 

Ion Sound Thrbulence in Magnetized Plasmas. Let us start from the ion sound 
which we considered in Sect. 5.1.3 for an isotropic plasma. Here we follow 
Kuznetsov [5.33] in considering the anisotropic case. 

For sound waves w(k z , kl.) = w(p, q) and Vkl 2 are according to (1.3.20) given 
by 

(5.3.8) 

Thus, a = 1, b = 1, u = 3/2, v = O. The presence of E)-functions in the interaction 
coefficient implies that only waves with P > ° are considered. The Kolmogorov 
solution supporting an energy flux is 

(5.3.9a) 

and with momentum flux 

(5.3.9b) 

Now we should verify locality of the resulting distributions. We shall substitute 
(5.3.8) into the kinetic equation (3.3.2). Consider first the convergence of the 
integral at zero, i.e., at qI ~ q and PI ~ p. Using the 5-functions we integrate 
now over the variables P2,Q2' The expression (3.3.3) for .12 will simplify to 

.12(ql,pd ~ ~J4qf - q2(pJ/p)2, 

and the integration will be only be performed for the region in which root in .12 
is positive. Let us gather all the terms that become infinite at qI ~ 0, PI ~ 0: 
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J J qp2pt 
2 dpI dqt L1 ( ) n(pt, ql) 

2 ql,PI 
X [n(p - pt, q + qpI/2p) + n(p + PI, q - qpI/2p) - 2n(p, q)] . 

This expression takes into account the presence of two identical singularities in 
the first term (3.3.2a), namely at (PI, ql) -t 0 and (PI, ql) -t (P, q). We see that. 
like for the isotropic solutions, see Sect. 3.1, the singularities are twice reduced. 
Let us expand the expression in square brackets up to the first nonvanishing terms 
(quadratic in the small parameters ql/q and PI/p). Introducing the dimensionless 
variables ( = qt/q,7J = pt/p and setting n(p,q) <X p-Zq-Y, we reduce the 
integral to 

l-Yp3-z 1 d((4- y-z 1 d7J7J3-z~. 
Whence, we obtain the convergence conditions x < 4 and x + y < 5. Both 

solutions (5.3.9), as well as the eqUilibrium solutions (3.3.9) (in the given case 
n <X p-1q-2,p- l ) satisfy these conditions. In a similar way we obtain the con­
vergence conditions for the integrals at ql -t 00, PI --+ 00 with 

L12(ql,PI) ~ ~ J4q2 - qr(P/PI)2. 

The most dangerous terms are arranged into the combination 

2 (P ) J d J d qlPI [8n(Pt, ql) 8n(pt, ql) ql ] 
pn,q PI qlL12(%PI) 8pI - 8ql 2Pl 

Going over to the dimensionless variables (= q/qJ, ." = (-Ip/ PI we obtain 

(x - y)l-zl-y d( (z+y-3 d7J'" . 1 11 z-2 

o 0 ~ 

The convergence of the integral is ensured for x > 1, x+y > 2. These conditions 
are satisfied for both distributions (5.3.9). By the way, in the given case we have 
for equilibrium distributions x = -1, Y = 0; x = -1, and y = -2, i.e., the 
ultraviolet convergence conditions are not satisfied. This certainly does not mean 
divergence of the collision integral of which every term is identically zero in 
equilibrium. It implies simply that for any wave belonging to the Rayleigh-Jeans 
distribution, the principal role in the equilibrium state is played by the interaction 
with high-frequency waves. Since at w ~ T jli the Rayleigh-Jeans decrease n <X 

w-I goes over to the Planck decrease n <X exp(-liwjT [see (2.2.12)], the main 
interaction takes place with thermal waves (for which w ~ T /Ii). 

Thus, for ion-sound turbulence in a magnetic field, both Kolmogorov distri­
butions are local. 

Langmuir Thrbulence in Magnetized Plasmas. For the Langmuir waves prop­
agating almost perpendicularly to a magnetic field, the dispersion relation has in 
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the limiting cases of strong and weak fields, respectively, a similar dependence 
on P and q, see (1.3.22, 24) 

Ipi w(p,q) ex - . 
q 

We consider waves moving in the entire k-space, i.e., p varies from -00 to +00. 

The total momentum vanishes for the power solution n ex Ipl-Xq-Y and (3.3.10d) 
should not exist. Indeed, the transformations (3.3.7) will cast the stationary kinetic 
equation into the form 

J i: dp1dP2 J 100 
dq1dq2 U(P,PI,P2,q,ql,q2)8(p-PI-P2) 

x 8(pal- pjqf - P2q~) [IPIP21-X(qlq2)-Y -lpPII-X(qqd-Y (5.3.10) 

-lpP21-X(qq2)-Y][1-I;r(~)Y -1;r(:J Y
] =0, 

see also (3.3.8). If we set x = -1, fj = ° like in (3.3.lOb), the left-hand side 
of (5.3.10) will not vanish because of the presence of Ip/pI! and Ip/P21 in the 
second square bracket. 

First we shall consider strong magnetic fields. In the angular range limited by 
the inequality I cos 6k I « wp / w H, the interaction coefficient is given by (1.3.23a) 

In this case u = v = 1/2 and 

(5.3.11) 

is the Kolmogorov solution with a constant energy flux. We can direct verify that 
it is local [5.34]. For a weak magnetic field, (1.3.24) holds for the interaction 
coefficient 

PIP2q (ql [hq2D [ 2· .] V ex -- q + qq2slgn (PP2) + qql SIgn (PPI) . 
qlq2P qqlq2 

Its indices u = v = 1/2 and the solution coincide with (5.3.11). Locality is also 
verified directly. 

The common turbulence of Langmuir and ion-sound waves has been de­
scribed in Sect. 3.2.2 as an example for the interaction of high- and low-frequency 
waves. 

One also knows the case in which simultaneously the properties of low­
and high-frequency wave interactions (see Sect. 3.2.2) and of bihomogeneity 
are observed. An example is the interaction of high-frequency Alfven waves 
(Wk = kzVA) with low-frequency magnetic sound Uh = kzcs) in a magnetized 
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plasma at low pressure (cs « VA) [5.35]. The kinetic equations are obtained 
from magnetohydrodynamic equations and have the form 

with 

T(k, kl, k2) = N(kdn(k2) - N(k)n(k2) - N(k)N(k1) , 

n(k), N(k) are the densities of sound and Alfven waves, respectively, and 

is a bihomogeneous function of the components of the wave vector 

The resulting Kolmogorov solution is 

n(k) = Alk;2k:L2, N(k) == BJk;2k:L2 , 

and corresponds to a constant flux of high-frequency waves. The Kolmogorov 
spectrum with a constant energy flux has the form 

For both spectra one can obtain the estimate AiCs '" BivA, (i == 1,2). 
Therefore, for stationary turbulence, the energies of Alfven and sound waves are 
of the same order. 

Checking the locality, we find that the integral over kz converges, while the 
integral over kl. is just about divergent, Le., it diverges logarithmically. To assert 
that such a turbulence is local, it is necessary to consider also dispersion (i.e., 
the next terms in Wk, ilk) [5.35]. 

5.3.5 Rossby Waves 

Let us now discuss the turbulence of the barotropic Rossby waves introduced 
in Sect. 1.3.2. Their k-space is two-dimensional, which does not allow to take 
over the results of the cases discussed above. Therefore we shall consider this 
example in more detail. We shall restrict ourselves to the region of small-scale 
(k ~ ko) motions close to zonal ones (for which kx == p « ky == q). In this 
limit the dispersion relation (1.3.31) and the interaction coefficient (1.3.54) are 
bihomogeneous functions of the wave vector components [5.36-37] 

W ex pq-2 , (5.3.12a) 
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Vex (PPll>2)I/\q\1 + qil _ q-I) (5.3.12b) 

so that we have a = 1, b = -2, u = 3/2, and v = -1. 
The kinetic equation for Rossby waves takes the form 

: = J 100 

dpi dP2 J 1: dql dq2 

x [U(k, kl' k2)(nl n2 - nnl - nn2) 
(5.3.13) 

- 2U(kl, k, k2)(nn2 - nnl - nln2)] , 

where 

U(k, kl' k2) = 1V128(p - PI - P2)8(q - ql - q2)8(pq-2 - PI q\2 - P2qi2) , 

n = n(p, q, t), ni = n(pi, qi, t), k = (p, q) . 

Equation (5.3.13) has three general integrals of motion: the energy 

E = J wndpdq 

and the zonal and meridional momentum components 

(zonal) J pn dpdq and (meridional) J qn dpdq , 

respectively. However, it would be wrong to suppose that this equation must have 
three stationary Kolmogorov solutions of the type n ex p-Xlql-Y corresponding 
to the fluxes of the three conserved quantities. Because of its parity with regard to 
q, the meridional component of the total momentum is identically zero on power 
distributions so that there should be no corresponding Kolmogorov distribution. 
Indeed, let us use the transformations (3.3.7) to reduce the stationary kinetic 
equation to 

This equation may have two solutions if the expressions in braces coincide with 
the arguments of the first or third 8-function. The first solution corresponds to 
the choice 2x - 4 = 1, 2y - 2 = 0 and should transfer the constant flux Rx of 
the zonal component of momentum: 

(5.3.15a) 
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The second solution corresponds to the constant energy flux P 

n(p, q) ex p 1/ 2p-5/2 . (S.3.ISb) 

The second o-function may not be utilized for obtaining an extra stationary 
solution, as the choice 2y - 2 = I, x = 2 reduces only the integral over the 
region q2/ q > ° to zero, cf. (3.3.20). 

It is interesting to mention the existence of an additional integral of motion recently obtained 
for Rossby waves [5.38]. It has the simple form J(w3 jq2)n dpdq. The corresponding Kolmogorov 

distribution n(p, q) oc p-7/2l is nonlocal. 

Substituting (S.3.1S) into (S.3.13), it is easy to verify that the local distribution 
is only (S.3.ISb). The energy flux in the k-space has two components proportional 
to the derivatives of the collision term (S.3.14) with respect to the solution indices. 
Calculating aI/ax and aI/ay at x = S/2, y = ° we see that Px > 0, Py < 0, 
Le., the flux is directed towards larger p and smaller Iql. Considering the form 
of the dispersion law (S.3.12a), we conclude that the Kolmogorov distribution 
transfers the energy flux into the high-frequency region [S.39]. 

The treatment of baroclinic Rossby waves is complicated by the presence of various vertical 
harmonics, see (1.3.61). If only the waves corresponding to I = 1 are excited, then (1.3.61) coincides 
with (3.3.22) and the problem reduces 10 the solved one. 

It is worthwhile to point out that anisotropic Kolmogorov spectra are more 
often found to be nonlocal than isotropic ones. In [S.40], a model of nonlocal tur­
bulence of Rossby waves has been proposed. It suggests that the waves from the 
inertial interval interact mainly with low-frequency waves. Such an interaction is 
almost elastic and redistributes the high-frequency waves over the surface of the 
constant frequency p - w(p, q) = const However. for the w(p, q) of (S.3.12a), the 
corresponding surface is not closed. Thus, the local interaction may pump waves 
from the source to the region of sufficiently large q of the damping ar~a. As a 
result, the evolution of the drift turbulence probably leads to the separation of 
the spectrum into two well-distinquished components; a small-scale component 
concentrated on a certain line in k-space and a large-scale zonal flow with its 
level determined by the interaction with the short-wave turbulence. Further in­
vestigations (possibly involving computer simulations) are necessary to find out 
whether drift turbulence is local or nonloca!. 
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There may be a Moral, though some say not; 
I think there's a moral, though I don't know what. 

A. Milne "Now We Are Six" 

Methodological Guide 

The reader who has worked his way through the book up to this place should 
have found out that the Kolmogorov spectra of wave turbulence are fairly easy 
to handle. Indeed, detailed treatment of any new case will not require much fur­
ther efforts. The answers to most questions, including rather subtle ones, may 
be obtained from dimensional analysis and from simple asymptotic estimates. 
Now, what is the procedure to be followed in such an analysis? Let us formu­
late the program to be carried out. This outline will simultaneously serve as a 
methodological guide for this volume: 

1. If we don't even know the dispersion relation of the waves, we have 
to determine from a dimensional analysis the form of the dependence of the 
frequency w on the wave vector k; in particular, the index of the dispersion 
relation a, see Sect. 1.1.4 (1.1.31). With the parameters of our problem we can 
now construct several different expressions having the dimension of a frequency. 
If these expressions depend differently on the wave vector, then scale-in variance 
and the universal Kolmogorov spectra of turbulence may only be observed in 
the region of k-space where one of the contributions to the frequency is by far 
larger than all others. The only exception occurs when the frequency consists of 
two terms, a constant w(O) and the dispersion ow(k). Then, in the nondecay case, 
the constant term w(O) does not enter the resonance conditions for four-wave 
processes 

and Kolmogorov solutions exist when w(O) and Ow are of the same order. How­
ever, such dispersion relations are frequently of the decay type in one region 
of k-space and of the nondecay type in another. Consequently they have to be 
treated differently. An example is the dispersion law w(k) = w(O) + fJk2 which 
goes for f3k2 > 2w(O) over to the decay type. 

2. From the form of the dispersion relation it is seen whether three- or four­
wave interactions, see (1.1.24, 29), are dominant. For different interaction types 
there are different numbers of the integrals of motion (see Sect. 2.2.1) and one can 
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also expect a different number of Kolmogorov spectra (Sect. 3.1) for them. From 
a dimensional analysis we can now extract the scaling index m of the respective 
interaction coefficient, Sect. 1.1.4 (1.1.32). Knowing a, m and the space dimen­
sion d, we may utilize one of the formulas (3.1.4-6) to obtain the Kolmogorov 
spectrum. 

3. In the next step we have to verify the locality of the interaction of the 
Kolmogorov spectrum (Le., stationary locality). For example, for three-wave in­
teractions the verification of locality by the aid of (3.1.12) requires the knowledge 
of the index ml determining the asymptotics of the interaction coefficient 

(6.1) 

From this step onwards it is therefore not sufficient to rely on dimensional anal­
ysis. It is necessary to carry out a real calculation. However, this calculation is 
a rather simple one since we do not need to obtain the exact expression for the 
interaction coefficient but only the index of its asymptotics. 

In most cases the asymptotic index ml may also be found from a dimensional analysis. For 
example, if the frequency parameter WI: depends on the medium parameter that oscillates for the 
wave alt with It -> 0, then the interaction Hamiltonian 

J V(k, k - 1t,It)a(lt)a(k)a·(k - It):::::: J V(k, k,lt)a(lt)a(k)a·(k) 

may be represented as 

As a consequence, the k-dependence of V(k, k,lt) should be similar to the one of the frequency, 
namely 

V(k, k, It) oc: kat Itm- at . 

Comparing (6.2) and (6.1) we obtain 

ml = 2(m - a) = -2h . 

(6.2) 

(6.3) 

For example, a sound wave with a small wave vector corresponds to a small density variation which 
is almost constant in space. Since, the frequency depends on the density we have ml = 2(m - a) = 
2(3/2-1) = I, compare with (5.1.6). It should be noted that for two-dimensional sound in (6.3), one 
should substitute the index of the initial interaction coefficient 3/2, rather than the angle-averaged one 
1. For shallow-water capillary waves, the waves alter the fluid height which in turn determines the 
frequency so that (6.3) is correct, see Sect. 3.1.2. But for deep-water capillary waves, the frequency 
does not depend on the depth so that (6.3) cannot be used. Indeed, according to (1.2.41b) we have 
in this case ml = 7/2 while (6.3) would lead to ml = 3/2. 

4. Thus we have made sure that the turbulence is local. Consequently the 
corresponding Kolmogorov solution exists. Now, (4.2.17) yields the index h. 
Knowing h, we can immediately answer two important questions simultaneously. 
Namely, with regard to 
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(i) the type of the dependence of the flux absorbed by the turbulence on the 
pumping frequency (3.4.8); 

(li) the character of the nonstationary behavior of the wave system. In par­
ticular, it is in the isotropic case possible to describe the formation process of a 
Kolmogorov distribution, see Sect. 4.3. 

5. Certainly, we can only speak about the formation of KOlrnogorov spectra 
after having checked their stability (at least with regard to isotropic perturbations). 
For this purpose it is sufficient to compare the index of the Kolrnogorov solution 
with the index of the respective eqUilibrium distribution. This allows to determine 
the sign of the flux, see (3.1.l3b, 22). In line with the Fournier-Frisch criterion 
(see Sect. 3.1.3 and the end of Sect. 4.2), positive-flux spectra are stable in the 
short-wave region and negative-flux spectra in the long-wave region. 

6. It is only when assessing the problem of structural stability of an isotropic 
spectrum that we will need to know the exact expression of the coefficient 
V(k, kJ, k2) or T(k, kJ, k2, k3) of the interaction Hamiltonian. This expression 
must be substituted into (4.2.16) for the Mellin functions W/(s). It is sufficient 
to analyse the first few harmonics. 

In general, the dispersion relation is nondegenerate (see the end of Sect. 2.2.1) 
and the interaction coefficient does not vanish on the resonance surface. So we 
cannot expect any anisotropic integrals of motion except the one for momentum. 
Therefore, it is in this case sufficient to consider only the first angular harmonic 
(I = 1) which is proportional to the cosine. Now we have to check the sign of the 
zero of the Mellin function. Positiveness of W/(O) implies according to (4.2.55) 
structural instability of the isotropic solution against perturbations of the form of 
the I-th harmonic. In this case determination of the growth rate of the anisotropic 
perturbation contribution with k makes it necessary to find that zero of the W/(s) 
function which is closest to the point s = O. For the first harmonic it can be found 
from a dimensional analysis, in line with (4.1.9, 14). If W/(p) = 0, the relative 
perturbation term behaves like A/(k) = on(k)/n(k) <X k-p • 

Let us take W/(O) < 0 to hold, a condition which does not ensure stability. 
We have to calculate the rotation 11:/(0) of the Mellin function W/(iO") around the 
imaginary axis (as 0" moves from -00 to +00). According to the Balk-Zakharov 
criterion (see Sect. 4.2.2) the isotropic spectrum is stable with regard to the given 
harmonic, provided Iq(O) = 0 holds. 

In the general case, when we are concerned with the first harmonic only, we 
can proceed in a much simpler way. The zero of the WI (s) function (i.e., the 
index of the indifferently stable mode) may be found from a dimensional analysis 
following (4.1.9, 14). Whether this mode may be excited (leading to structural 
instability of the isotropic solution) is according to the Falkovich criterion (see 
Sect. 4.2) determined by the sign of the momentum flux W{(P) it carries. 

7. Finally, we have to determine the applicability conditions for the obtained 
results. For this purpose, we have to determine scale and amplitude ranges to 
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which the weak turbulence approximation is applicable. This may be done fol­
lowing a dimensional analysis according to (1.1.34, 35) and (2.1.14, 15,21,25, 
27,30). 

With the recipe laid out in items 1. to 7. and the material provided in the pre­
ceding chapters of this volume the reader should have all tools at his disposition 
to investigate in details turbulence and Kolmogorov spectra. 



A. Appendix 

A.I Variational Derivatives 

Without giving a strict justification, we shall explain several simple rules for 
calculating variational derivatives. They follow from the fact that 8/8 f(r) gener­
alizes the notion of the partial derivative a/a f(r n) with discrete r n to continuous 
variables. 

1. The variational derivatives of a linear functional of the form I 
J ¢(r')f(r') dr' are calculated by 

8I J ' 8 f(r') , J' " 8f(r) = ¢(r) 8f(r) dr = ¢(r )8(r - r )dr = ¢(r) . (ALl) 

To obtain this formula, one can mentally substitute 8/8 f(r) by a/a f(r n), simul­
taneously replacing the integration by a summation to return after differentiation 
to the continuous version 

Symbollically this result may be represented by 

8f(r') , 
8f(r) =8(r-r). (A 1.2) 

2. If the function f in the functional is affected by differential operators, then 
application of the rule (A1.2) requires first to bring them to the left-hand-side 
and to integrate by parts. For example, 

8 J ' 8 J ' 8f(r) ¢Vf dr =-8f(r) fV¢dr=-V¢. (A 1.3) 

Here we assumed that the product f{r')¢{r') vanishes on the boundary of the 
integration region. 

The variational derivative of nonlinear functionals is calculated following a 
procedure similar to the one for the partial differentiation of a complex function: 



250 A. Appendix 

For example, 

oi<r) J r(r') dr' :::: nr-\r), etc. (AlA) 

3. Variation of multi-dimensional integrals over the function describing the 
boundary of the integration domain is not so trivial. Thus, in deriving the Hamil­
tonian description of waves on a fluid surface (see Sect 1.2), one should calculate 
the variational derivative oj oT)(r) of the following functional 

1 17/(>-) 
J= dr A[r,z; 7](r)] dz. (A 1.5) 

Here r :::: (x, y) is a two-dimensional vector, A[ r, z, T)( r)] depends not only on 
spatial variables but also on the form of the function TJ(r). For example, the 
boundary condition on A is given on the surface z :::: TJ(r). For the variation 
T} ----- T} + 8T}, the variation in J consists of two terms 

8J = J dr' A[r', z; T}(r')lz=7/0T}(r') + J dr'oA[r', z; T)(r')lz=7/. (A 1.6) 

The first term is due to the variation in the size of the integration domain; the 
second one, to the variation of the integrand, e.g. 8A :::: A(z + oz) - A(z) = 
8T)oAjoz, see (1.2.33). 

A.2 Canonicity Conditions of Transformations 

1. Let aj(r, t), aj(r, t) be the canonical variables, so that their equations of motion 
have the canonical form (1.1.6). Now we introduce new variables bt(r, t), bier, t) 
via transformations which are not explicit functions of time 

(A2.1) 

Here Ji is a functional. Let us obtain the conditions under which the equations 
of motion in the b, b* variables retain the form (1.1.6): 

obt(r, t) :::: ""' 1 dr' [-i 8bt(r) 8rt + i 8bt{r) ~l 
&t 7 8aj(r') 8aj * (r') 8aj(r') 8aJ<r') , 

8rt 1 d II [ 8rt 8bm (r") + 8rt 8b;;'(r ll )] 

8aj(r') :::: ~ r 8bm (r") 8aj(r') 8b;,.(r") baj(r') , 

i:' : ~ J dr' [8b~~r') {b,(r)b:'(r')}". 

(A2.2) 

+ 8b:~r') {b,(r)bm(r')}".]' 
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Here we have made use of the definition 

, "'J" [Sf(r) Sg(r') Sf(r) Sg(r')] 
{j(r)g(r )}aa* = ~ dr Sam(r") Sa:'n(r") - Sa:'n(r") Sam(r") 

m 

(A2.3) 

of Poisson brackets. Equations (A2.2) are to have the canonical form (1.1.6) if 
the following conditions are satisfied 

(A2.4) 

which are classical analogues of commutation equations for Bose operators. 
The canonicity conditions for transformations of Fourier images b(k, t) and 

b*(k, t) have the same form. Thus, for the linear U - v transformation (1.1.16) 
diagonalizing the quadratic part of the Hamiltonian 

bj(k) = L[ujl(k)al(k) + vjl(k)aj(-k)], 
I 

we obtain from (A2.4) the canonicity conditions 

L[Ujl(k)u:"l(k) - vjl(k)v:;'l(k)] = Sjm, 
I 

L[ujl(k)vml(-k) - vjl(k)uml(-k)] = O. 
I 

For quasi-linear transformations of the type 

b(k) = a(k) + J [A(k, kl' k2)a(kda(k2) + B(k, kl' k2)a*(kda(k2) 

+ C(k, kl' k2)a*(kl )a*(k2)] dkl dk2 , 

(A2.5) 

used in Sects. 1.1,2 to eliminate the nonresonant three-wave processes, the canon­
icity conditions are also obtained using the Poisson brackets (A2.4) with an 
accuracy to next order terms. They have the form [see also (A3.4)]: 

B(k, kl, k2) = B(kl, k, k2) = -2A *(k2, kl, k) , 

C(k, kl, k2) = C(kl, k, k2) = C(k, k2, kl) . 
(A2.6) 

2. The canonical transformations may be formulated in terms of generating 
functionals, which are the continuous analogues of the generating functions of 
finite-dimensional systems. It is known that the Hamilton equations of motion 
may be obtained from an extremal action principle of the form 

J [J 8q(r, t) ] 
8 dt p(r, t)-at dr -1-l{p, q} = O. (A2.7) 

In this equation, all coordinates and momenta should be varied independently. 
The equation in the new variables P and Q has a canonical form if the principle 



252 A. Appendix 

81 dt [1 P(r,t)aQ~,t) dr-1{{P,Q}] =0 (A2.8) 

is satisfied. 
These two principles will be equivalent if the (sub)integrands differ only by 

a total variation (the analogue of the total differential) of an arbitrary functional 
~ of coordinates, momenta and time 

8~ = 1 p(r)8q(r) dr - 1 P(r)8Q(r) dr + (1{' -1i)dt. 

Hence we obtain 

8~ 
P=--

8Q' 
1{' = 1{+ a~ 

at' 

(A2.9) 

(A2.10) 

specifying (at a given ~{ q, Q, t}) the relation between the old and new variables 
and the new Hamiltonian. 

In Sect. 1.2.4, we needed the generating functional in the Q, p-variables. To 
derive the transformation formulas for this case, one should subject (A2.9) to a 
Legendre transformation 

8(~+ 1 q(r)p(r)dr) = 1 q(r)8p(r)dr 

-1 P(r)8Q(r) dr + (1{' -1{) dt . 

(A2.11) 

The new generating functional is thus equal to F(p, Q, t) = ~ + pq, and 

P = _ 8F 1{' = 1{ + a~ . 
8Q' U~ 

(A2.12) 

It should be noted that usually the condition (A2.9) or (A2.l1) is taken as a 
definition of the canonicity of the transformation (p, q) --. (P, Q). Yet, it should 
be borne in mind that the canonical form of the equations of motion is retained 
by a wider class of transformations, for example, those in which the Hamiltonian 
is multiplied by an arbitrary constant. 

A.3 Elimination of Nonresonant Terms 
from the Interaction Hamiltonian 

We shall consider the nondecay case to show how a transformation may be used 
to eliminate three-wave and nonresonant four-wave processes from the interaction 
Hamiltonian. Let us seek the transformation in the form of a power series. Since 
expansion of the Hamiltonian starts with a quadratic term and ends (for us) with 
fourth-order terms, the transformation should contain linear, quadratic and cubic 
terms. 
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Let us demonstrate a simple method for computing the coefficients of a 
power series transformation. which is by its derivation canonical. That method 
is based on the fact that a hamiltonian system possesses at all times hamiltonian 
properties. Therefore. the transformation c(k,O) --f c(k, t) is canonical. Let us 
consider an auxiliary Hamiltonian in the standard form (1.1.24) 

it = ~ J 8(kl - k2 - k3)(Vi23cjc2c3 +c.c.) dk 1dk2dk3 

1 J (- * * * ) + (5 8(kl + k2 + k3) U123 cl C2 C3 + c.c dkldk2dk3 

+ ~ J 8(k l + k2 - k3 - k4)l-i!1234cj c2 C3C4 dk1 dk2dk3dk4 (A3.1) 

+ J 8(k1 - k2 - k3 - k4)(Gl234clc2c3C4 +c.c.) dkldk2dk3dk4 

+ J 8(k1 + k2 + k3 + k4)(R1234Cic2 c3C4 +c.c.) dkldk2dk3dk4. 

Here c.c. denotes the complex conjugate of the preceding term. 

Using a Taylor series we can express the old variables b(k, t) = c(k, t) in 
terms of c(k, 0) 

b(k ) = c(k 0) (aC(k, t)) t2 (&C(k, t)) , t ,+ t Ot + 2 Ot2 + . .. . 
t=O t=O 

(A3.2) 

According to (A3.1): 

( ac(k, t») = _ /H{ c(k, 0), c*(k, On 
at t=O 8c*(k,0) ' 

(a2C(k, t)) = _ i~ 8H 
at2 Ot 8c* . 

t=O 

(A3.3) 

Substituting for ac/Ot and &c/Ot2 and setting, for example, t = 1 (the other 
choice of t just corresponds to the redefinition of the transformation coefficients) 
we get the general form of the canonical transformations in terms of a power 
series: 



254 A. Appendix 

b(k) = c(k) - ~ J [Vkl2C(k - kl - k2)c1 C2 

+ 2iiik2C(k1 - k - k2)Cl ci + Uk12C(k + kl + k2)ci ci] dk1 dk2 

+ J [C(k - kl - k2 - k3)ct C2C3 (-Gkl23 - ~ Vklk-l V2+323 

1 - - ) -+ "4 Vikl-k U -2-323 + c(k + kl + k2 - k3)ci ci C3 ( -3iC3k12 

1- - 1- - 1- -
+ "4 Vk3k-3U -2-121 + "4 V'jk3-k V2:323 - 2: V32J-2 Vikl-k (A3.4) 

1- - ) i-
+ '2'Vi31-3U-k-2k2 + c(k + kl - k2 - k3)ciC2C3( -'2Wkl23 

1- - 1- - 1- -
- '2 Vk2k - 2 V'ji3-1 - 4 lt1:klk V2+323 + '2'Vi31-3 V2k2-k 

1 - - -
+ 2: U -k-lkl U -2-323) + 8(k + kl + k2 + k3)ci ci c3( -4iRkl23 

1 - - 1 - - )] - 4 lt1:klkU -2-323 + 4 V2: 323 U -k-lkl dk 1 dk2dk3 . 

In our shorthand notation we replace the krarguments by the j-indices. 
The transformation is seen to contain seven different terms made up of the 

five arbitrary functions 

V(k,kl,k2)' U(k,kt,k2), G(k,kl,k2,k3), R(k,kl,k2,k3), W(k,kl,k2,k3). 

These functions have also to satisfy the usual symmetry conditions (1.1.25) for 
Hamiltonian coefficients. The canonicity condition (A2.6) is satisfied identically. 

Let us now substitute (A3.4) into the Hamiltonian (1.1.24). The resulting 
Hamiltonian has the same form (1.1.24) but other coefficients. Demanding the 
coefficients of the cubic terms to be equal to zero, we obtain 

(A3.5) 

These are exactly the coefficients (2Al = -iV, A3 = -iU) given in (1.1.28b) 
for Wk = WI = W2 = WJ = w. 

The fact that the fourth-order terms with Cl C2C3Ck and ckcl C2C3 vanish allows 
one to obtain two more transformation coefficients. After proper symmetrization, 
we find 

.R- Rkl23 + i4(U-k-ikii'i+ljl + Vk+ikiU-j-ljl) 
z kl23 = 

Wi: +WI +wz + W3 

1 (- - - - ) + 48 V}+ljIU-k-iki - Vk+ikiU-j-ljl , 

.C- Gkl23 + HVkik-i'V;+ljl + Vii:i-i:U-I-jli) 
z kl23 = 

(A3.6) 

Wk - WI - WZ - W3 

1 (- - - -
+ 12 'Viki-kU'jl-i - Vi:ik-iVi+jlj) . 
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Here summation over the divergent values of i,j, 1 indices running over the 
numbers 1,2,3 is implied. 

Thus, since the denominators in (A3.5-6) do not vanish, the respective terms 
may be excluded from the Hamiltonian and the corresponding transformation 
coefficients may be obtained. In the new variables the rest of the interaction 
Hamiltonian has the form 

'Hint = 1i4 = ~ J 8(kl + k2 - k3 - k 4)cj ci C3C4 [W1234 + T1234 

- 1 - -
+ (WI + W2 - W3 - W4) ( iW1234 + 4 Vpip-i Vjqj_q 

1 - - )] - 4 Vq*jq_ j Vipi-p dkl dk2dk3dk4 , 

where 

2T U-3-434U-I-212 
1234 =-

U-3-434U-I-212 

WI +W2 +Wl+2 w3 +W4 +W3+4 

Vj:212 V3+434 

wl+2 - WI - w2 

Vj:212 V3+434 V;;i-p V qjq _ j 

W3+4 - w3 - w4 Wq_j +Wj - Wq 

(A3.7) 

and indices i, j run over the (divergent) numbers 1,2, indices p, q over the 3,4. 
The renormalized interaction coefficient satisfies the same symmetry conditions 
(1.1.25) as W I234 and W1234. 

Since we always can find k 1, ... ,k4 satisfying 

(A3.8) 

it is impossible to eliminate the term (A3.7) in all k-space. That particular Hamil­
tonian describes scattering processes allowed for all wave systems. 

Formula (1.1.29b) suffices to consider weak turbulence of wave interaction 
with wave vectors lying only on the resonance surface (A3.8) [where (A3.7) 
coincides with (1.1.29)]. But if intrinsically nonlinear phenomena are discussed 
(for example, when using truncated equations for the description of water waves 
[A. I D, the use of (1.1.29b) at WI + W2 =I W3 + W4 implies besides other errors that 
the energy is not conserved by the equations [A.2]. 

The arbitrary function W may be chosen as desired, it has only to satisfy the 
symmetry conditions (1.1.25). Varying W we simultaneously vary Ck, leaving bk 

constant. 
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