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The course was initially intended as a parting gift to those leaving physics
for greener pastures and wondering what is worth taking with them. Sta-
tistically, most of the former physicists use statistical physics, because this
discipline (and this course) answers the most frequent question: How much
can we say about something we do not know? The simplest phenomenologi-
cal approach (called thermodynamics) deals only with macroscopic manife-
stations of hidden degrees of freedom. It uses symmetries and conservation
laws to restrict possible outcomes and focuses on mean values (averaged over
many outcomes) ignoring fluctuations. More sophisticated approach is that
of statistical physics, which derives the governing laws by explicitly averaging
over the degrees of freedom. Those laws justify thermodynamic description
of mean values and describe the probability of different fluctuations.

I shall start by briefly reminding basics of thermodynamics and statisti-
cal physics and their double focus on what we have (energy) and what we
don’t (knowledge). When ignorance exceeds knowledge, the right strategy
is to measure ignorance. Entropy does that. We first study how irreversible
entropy change appears from reversible flows in phase space and learn the ba-
sics of dynamical chaos. We shall understand that entropy is not a property
of a system, but of our knowledge of the system. It is then natural to re-tell
the story using the language of information theory, which shows universal
applicability of this framework: From bacteria and neurons to markets and
quantum computers, one magic instrument appears over and over: mutual
information and its quantum sibling, entanglement entropy. We then focus
on the so far most sophisticated way to forget information - renormalization
group. Forgetting is a fascinating activity — one learns truly fundamental
things this way. At the end, I shall briefly describe stochastic thermodyna-
mics and modern generalizations of the second law.

The course teaches two complementary ways of thinking: continuous flows
and discrete combinatorics. Together, they produce a powerful and universal
tool, applied everywhere, from computer science and machine learning to
biophysics, economics and sociology. The course emphasis is less on giving
wide knowledge and more on providing methods to acquire knowledge. At
the end, recognizing the informational nature of physics and breaking the
barriers of specialization is also of value for those who stay physicists (no
matter what we are doing). People working on quantum computers and the
entropy of black holes use the same tools as those designing self-driving cars
and market strategies, studying animal behavior and trying to figure out how
the brain works. Small-print parts can be omitted upon the first reading.



1 Thermodynamics (brief reminder)

One can teach monkey to differentiate, integration requires humans.
Novosibirsk University saying
Physics is an experimental science, and laws appear usually by induction:
from particular cases to a general law and from processes to state functions.
The latter step requires integration (to pass, for instance, from Newton equa-
tions of mechanics to Hamiltonian or Lagrangian functions or from thermo-
dynamic equations of state to thermodynamic potentials). It is much easier
to differentiate than to integrate, and so deduction (or postulation approach)
is usually more simple and elegant. It also provides a good vantage point
for generalizations and appeals to our brain, which likes to theoretize even
before receiving any data. In such an approach, one starts from postulating
a variational principle for some function of the state of the system. Then one
deduces from that principle the laws that govern changes when one passes
from state to state. Here such a deduction is presented for thermodynamics
following the spirit of the book H. B. Callen, Thermodynamics (1965).

1.1 Basic notions

Our knowledge is always partial. If we study macroscopic systems, some
degrees of freedom remain hidden. For small sets of atoms or sub-atomic
particles, their quantum nature prevents us from knowing precise values of
their momenta and coordinates simultaneously. We believe that we found the
way around the partial knowledge in mechanics, electricity and magnetism,
where we have closed description of the explicitly known degrees of freedom.
Even in those cases our knowledge is partial, but we restrict our description
only to things that we can predict with full confidence. For example, planets
are large complex bodies, and yet the motion of their centers of mass in the
limit of large distances allows for a closed description of celestial mechanics.
Already the next natural problem — how to describe a planet rotation —
needs the account of many extra degrees of freedom, such as, for instance,
oceanic flows (which slow down rotation by tidal forces).

In this course we shall deal with observable manifestations of the hidden
degrees of freedom. While we do not know their state, we do know their
nature, whether those degrees of freedom are related to moving particles,
spins, bacteria or market traders. That means that we know the symmetries
and conservation laws of the system. Thermodynamics studies restrictions
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on the possible properties of macroscopic matter that follow from the symme-
tries of the fundamental laws. Therefore, thermodynamics does not predict
numerical values but rather sets inequalities and establishes relations among
different properties.

Thermodynamics started with physical systems, where the basic symme-
try is invariance with respect to time shifts, which gives energy conservation®.
That allows one to introduce the internal energy E. Energy change generally
consists of two parts: the energy change of macroscopic degrees of freedom
(which we shall call work) and the energy change of hidden degrees of free-
dom (which we shall call heat). To be able to measure energy changes in
principle, we need adiabatic processes where there is no heat exchange. We
wish to establish the energy of a given system in states independent of the
way they are prepared. We call such states equilibrium, they are those that
can be completely characterized by the static values of observable variables.

For a given system, any two equilibrium states A and B can be related by
an adiabatic process either A — B or B — A, which allows to measure the
difference in the internal energy by the work W done by the system. Now,
if we encounter a process where the energy decrease is not equal to the work
done, we call the difference the heat flux into the system:

dE = 6Q — 6W . (1)

This statement is known as the first law of thermodynamics. The energy is
a function of state so we use differential, but we use § for heat and work,
which aren’t differentials of any function. Heat exchange and work depend
on the path taken from A to B, that is they refer to particular forms of energy
transfer (not energy content).

The basic problem of thermodynamics is the determination of the equili-
brium state that eventually results after all internal constraints are removed
in a closed composite system. The problem is solved with the help of extre-
mum principle: there exists a quantity S called entropy which is a function
of the parameters of any composite system. The values assumed by the pa-
rameters in the absence of an internal constraint maximize the entropy over
the manifold of constrained equilibrium states.

'Be careful trying to build thermodynamic description for biological or social-economic
systems, since generally they are not time-invariant. For instance, living beings age and
the total amount of money generally grows (not necessarily in your pocket).



Thermodynamic limit. Traditionally, thermodynamics have dealt with
extensive parameters whose value for a composite system is a direct sum of
the values for the components. Of course, energy of a composite system is not
generally the sum of the parts because there is an interaction energy. To treat
energy as an extensive variable we therefore must make two assumptions: i)
assume that the forces of interaction are short-range and act only along
the boundary, ii) take thermodynamic limit V' — oo where one can neglect
surface terms that scale as V3 in comparison with the bulk terms that
scale as V. Other extensive quantities are volume V', number of particles N,
electric and magnetic moments, etc.

Thermodynamic entropy is an extensive variable?, which is a homogene-
ous first-order function of all the extensive parameters:

SAE,AV,...) = AS(E,V,...) . 2)

This function (called also fundamental relation) is everything one needs to
know to solve the basic problem (and others) in thermodynamics.

To avoid misunderstanding, note that (2) does not mean that S(F) is a
linear function when other parameters fixed: S(AE,V,...) # AS(E,V,...).
On the contrary, we shall see in a moment that it is a convex function. The
entropy is generally a monotonic function of energy?®, so that S = S(E,V,...)
can be solved uniquely for E(S,V,...) which is an equivalent fundamental
relation. We assume the functions S(E, X) and E(S, X) to be continuous
differentiable. Consider the case (0E/0S)x > 0. An efficient way to treat
partial derivatives is to use jacobians O(u,v)/d(z,y) = (Ou/0x)(0v/dy) —
(0v/0x)(0u/0y) and the identity (Ou/0z), = O(u,y)/0(x,y). Then
(85) PN <8E> _ 0(ES)I(EX) (85) <8E> _9

0X ), 0X ) J(XS)0(EX) 0X ), \0S )

Differentiating the last relation one more time we get
(0PE/0X%)g = —(0*S/0X*)E(0E/0S)x

since the derivative of the second factor is zero as it is at constant X. We
thus see that in the case (0E/0S)x > 0 the equilibrium is defined by the

2We shall see later that the most interesting, fundamental and practical things are
related to the non-extensive part of entropy.

3This is not always so, particularly for systems with a finite phase space, as shows a
counter-example of the two-level system in Section 2.2.
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energy minimum instead of the entropy maximum (very much like circle can
be defined as the figure of either maximal area for a given perimeter or of
minimal perimeter for a given area). It is important that the equilibrium
curve S(F) is convex, which guarantees stability of a homogeneous state.
Indeed, if our system would break spontaneously into two halfs with a bit
different energies, the entropy must decrease: 2S(F) > S(E + A) + S(E —
A) = 2S(FE) + S"A?/2, which requires S” < 0. On the figure, unconstrained
equilibrium states lie on the curve while all other states lie below. One can
reach the state A either maximizing entropy at a given energy or minimizing
energy at a given entropy:

S

One can work either in energy or entropy representation but ought to be
careful not to mix the two.

Experimentally, one usually measures changes thus finding derivatives
(called equations of state). The partial derivatives of an extensive varia-
ble with respect to its arguments (also extensive parameters) are intensive
parameters®. For example, for the energy one writes

oE oFE oFE

These relations are called the equations of state and they serve as definitions
for temperature T, pressure P and chemical potential pu, corresponding to
the respective extensive variables are S,V N. We shall see later that en-
tropy is the missing information, so that temperature is the energetic price
of information. From (3) we write

dE = 6Q — 6W = TdS — PdV + udN . (4)

Entropy is thus responsible for hidden degrees of freedom (i.e. heat) while
other extensive parameters describe macroscopic degrees of freedom. We see

4In thermodynamics we have only extensive and intensive variables, because we take
thermodynamic limit N — oo, V' — oo keeping N/V finite.
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that in equilibrium something is maximal for hidden degrees of freedom but
this "something” is not their energy.

Let us give an example how the entropy maximum principle solves the basic
problem. Consider two simple systems separated by a rigid wall which is
impermeable for anything but heat. The whole composite system is closed
that is Fy + Fy =const. The entropy change under the energy exchange,

05 0S5, dEy, dEy ( 1 1 ) JE, . (5)

dS—aiEldE1+67E2dE2—T1+T2— T
must be positive which means that energy flows from the hot subsystem to
the cold one (T} > Ty = AFE; < 0). We see that our definition (3) is in
agreement with our intuitive notion of temperature. When equilibrium is
reached, dS = 0 which requires T} = T5. If fundamental relation is known,
then so is the function T'(E, V). Two equations, T'(FE1, Vi) = T(Es, V) and
FE, + E5 =const completely determine F; and E,. In the same way one can
consider movable wall and get P, = P, in equilibrium. If the wall allows for
particle penetration we get p; = o in equilibrium.

Both energy and entropy are homogeneous first-order functions of its
variables: S(AE,A\V,AN) = AS(E,V,N) and E(AS,\V,AN) = AE(S,V,N)
(here V and N stand for the whole set of extensive macroscopic parameters).
Differentiating the second identity with respect to A and taking it at A = 1
one gets the Euler equation

E=TS—PV+uN . (6)

It may seem that a thermodynamic description of a one-component sy-
stem requires operating functions of three variables. Let us show that there
are only two independent parameters. For example, the chemical poten-
tial p can be found as a function of 7" and P. Indeed, differentiating (6)
and comparing with (4) one gets the so-called Gibbs-Duhem relation (in
the energy representation) Nduy = —SdT 4+ VdP or for quantities per mole,
s=8/N and v = V/N: du = —sdT + vdP. In other words, one can choose
A = 1/N and use first-order homogeneity to get rid of N variable, for in-
stance, F(S,V,N) = NE(s,v,1) = Ne(s,v). In the entropy representation,

1 P

!
- ~_ _NE
S T—l—VT T



the Gibbs-Duhem relation is again states that because dS = (dE + PdV —
wdN)/T then the sum of products of the extensive parameters and the dif-
ferentials of the corresponding intensive parameters vanish:

Ed(1/T) + Vd(P/T) — Nd(u/T) = 0 . (7)

Processes. While thermodynamics is fundamentally about states it is
also used for describing processes that connect states. Particularly important
questions concern performance of engines and heaters/coolers. Heat engine
works by delivering heat from a reservoir with some higher 7} via some system
to another reservoir with 7, doing some work in the process®. If the entropy
of the hot reservoir decreases by some AS; then the entropy of the cold one
must increase by some AS, > AS;. The work W is the difference between
the heat given by the hot reservoir ()1 = T1AS; and the heat absorbed by
the cold one @y = T»AS, (assuming both processes quasi-static). Engine
efficiency is the fraction of heat used for work that is
W_Ql—Q2_1_T2AS2 Ty Q,

= <1-—=. 8
1 1 TiAS, — T, Q, W (8)

One cannot overestimate the historical importance of this simple relation:
empirical studies of the limits of engine efficiency lead to the distillation of
the entropy concept. Indeed, maximal work is achieved for minimal entropy
change ASy = ASj, which happens for reversible (quasi-static) processes —
if, for instance, a gas works by moving a piston then the pressure of the
gas and the work are less for a fast-moving piston than in equilibrium. The
efficiency is larger when the temperatures differ more.

Similarly, refrigerator/heater is something that does work to transfer heat
from cold to hot systems. The performance is characterized by the ratio of
transferred heat to the work done. For the cooler, the efficiency is Qo/W <
T /(Ty — T), for the heater it is Q1/W < T /(11 — Tz). Now, the efficiency
is large when the temperatures are close, as it requires almost no work to
transfer heat.

Summary of formal structure: The fundamental relation (in energy re-
presentation) £ = E(S,V,N) is equivalent to the three equations of state

5Look under the hood of your car to appreciate the level of idealization achieved in
that definition.



(3). If only two equations of state are given then Gibbs-Duhem relation may
be integrated to obtain the third relation up to an integration constant; al-
ternatively one may integrate molar relation de = T'ds — Pdv to get e(s,v),
again with an undetermined constant of integration.

Example: consider an ideal monatomic gas characterized by two equations of
state (found, say, experimentally with R ~ 8.3 J/mole K ~ 2 cal/moleK ):

PV =NRT, E=3NRT/2. (9)

The extensive parameters here are F,V, N so we want to find the fundamental
equation in the entropy representation, S(E,V, N). We write (6) in the form

1

H
T :

S=F T

P
V—-—-N 10
+V (10)
Here we need to express intensive variables 1/T, P/T, u/T via extensive variables.
The equations of state (9) give us two of them:

P_NR_R 1 _SNR_3R

—_— 11
T 1% v T 2F e (11)

Now we need to find /T as a function of e,v using Gibbs-Duhem relation in
the entropy representation (7). Using the expression of intensive via extensive
variables in the equations of state (11), we compute d(1/T) = —3Rde/2¢? and
d(P/T) = —Rdv/v?, and substitute into (7):

i 3R R I 3R

Py 2202 L o-lhe-RI
d<T) 2ede vdv, T C 5 ne— Rlnv,

1 P I 3R. e v

— YR —In— In— . 12
SEpet T p T sty Rn (12)

Here eg, vy are parameters of the state of zero internal energy used to determine
the temperature units, and sg is the constant of integration.

1.2 Legendre transform

Let us emphasize that the fundamental relation always relates extensive
quantities. Therefore, even though it is always possible to eliminate, say,
S from E = E(S,V,N) and T = T(S,V,N) getting £ = E(T,V,N), this
is not a fundamental relation and it does not contain all the information.
Indeed, £ = E(T,V,N) is actually a partial differential equation (because
T = 0F/0S) and even if it can be integrated the result would contain unde-
termined function of V, N. Still, it is easier to measure, say, temperature than
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entropy so it is convenient to have a complete formalism with an intensive
parameter as operationally independent variable and an extensive parameter
as a derived quantity. This is achieved by the Legendre transform: We want
to pass from the relation Y = Y (X)) to that in terms of P = 0Y/0X. Yet it is
not enough to eliminate X and consider the function Y = Y[X(P)] = Y(P),
because such function determines the curve Y = Y (X) only up to a shift

along X: v //

For example, Y = P?/4 correspond to the family of functions ¥ = (X +
C)? for arbitrary C. To fix the shift, we specify for every P the position
¥(P) where the straight line tangent to the curve intercepts the Y-axis:
v=Y — PX:

Y=W+ XP

In this way we consider the curve Y (X) as the envelope of the family
of the tangent lines characterized by the slope P and the intercept . The
function ¥(P) = Y[X(P)] — PX(P) completely defines the curve; here one
substitutes X (P) found from P = 9Y(X)/0X. The function ¢ (P) is the
Legendre transform of Y (X). From d¢p = —PdX — XdP + dY = —XdP
one gets —X = 01/0P i.e. the inverse transform is the same up to a sign:
Y =9+ XP.

The transform is possible when for every X there is one P, that is P(X)
is monotonic and Y (X) is convex, dP/0X = 0*Y/0X? # 0. Sign-definite
second derivative means that the function is either concave or convex. This
is the second time we meet convexity, which can be also related to stability.
Indeed, for the function F(S), one-to-one correspondence between S and
T = OFE/0S guarantees uniformity of the temperature across the system.
Convexity and concavity will play an important role in this course.
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Different thermodynamics potentials suitable for different physical
situations are obtained replacing different extensive parameters by the re-
spective intensive parameters.

Free energy F' = F —T'S (also called Helmholtz potential) is that partial
Legendre transform of E which replaces the entropy by the temperature as
an independent variable: dF(T,V,N,...) = —=SdT — PdV + udN + . ... It is
particularly convenient for the description of a system in a thermal contact
with a heat reservoir because then the temperature is fixed and we have one
variable less to care about. The maximal work that can be done under a
constant temperature (equal to that of the reservoir) is minus the differential
of the free energy. Indeed, this is the work done by the system and the thermal
reservoir. That work is equal to the change of the total energy

d(E + E,) = dE + T,dS, = dE — T,dS = d(E - T,.S) = d(E = TS) = dF .

In other words, the free energy FF = E — T'S is that part of the internal
energy which is free to turn into work, the rest of the energy T'S we must
keep to sustain a constant temperature. The equilibrium state minimizes F',
not absolutely, but over the manifold of states with the temperature equal to
that of the reservoir. Indeed, consider F(T', X) = E[S(T, X), X]-TS(T, X),
then (OE/0X)s = (0F/0X)r that is they turn into zero simultaneously.
Also, in the point of extremum, one gets (0?°E/0X?)s = (0*F/0X?)r i.e.
both £ and F are minimal in equilibrium. Monatomic gas at fixed T, N
has F(V) = E—TS(V) = —NRT InV+const. If a piston separates equal
amounts NV, then the work done in changing the volume of a subsystem from
Vi to Vyis AF = NRT In[Va(V — Vi) /Vi(V — V4)].

Enthalpy H = F 4 PV is that partial Legendre transform of E which replaces
the volume by the pressure dH(S,P,N,...) = TdS + VdP + pdN + .... It is
particularly convenient for situation in which the pressure is maintained constant
by a pressure reservoir (say, when the vessel is open into atmosphere). Just as
the energy acts as a potential at constant entropy and the free energy as potential
at constant temperature, so the enthalpy is a potential for the work done by the
system and the pressure reservoir at constant pressure. Indeed, now the reservoir
delivers pressure which can change the volume so that the differential of the total
energy is

d(E + E,) = dE — P,dV, = dE + P,dV = d(E + P,V) = d(E + PV) = dH |

Equilibrium minimizes H under the constant pressure. On the other hand, the
heat received by the system at constant pressure (and N) is the enthalpy change:
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0Q = dQ =TdS = dH. Compare it with the fact that the heat received by the
system at constant volume (and N) is the energy change since the work is zero.

One can replace both entropy and volume obtaining (Gibbs) thermodynamics
potential G = E—TS+ PV which has dG(T, P,N,...) = =SdT+VdP+pudN +. ..
and is minimal in equilibrium at constant temperature and pressure. From (6) we
get (remember, they all are functions of different variables):

F=—P(T,V)V+u(T,V)N, H=TS+uN, G=uT,P)N. (13)

When there is a possibility of change in the number of particles (because our
system is in contact with some particle source having a fixed chemical potential)
then it is convenient to use the grand canonical potential Q(T,V,u) = E—TS—uN
which has dQ) = —SdT — PdV — Ndu. The grand canonical potential reaches its
minimum under the constant temperature and chemical potential.

Since the Legendre transform is invertible, all potentials are equivalent
and contain the same information. The choice of the potential for a given
physical situation is that of convenience: we usually take what is fixed as a
variable to diminish the number of effective variables.

2 Statistical mechanics (brief reminder)

Here we introduce microscopic statistical description in the phase space and
describe two principal ways (microcanonical and canonical) to derive ther-
modynamics from statistical mechanics.

2.1 Microcanonical distribution

Consider a closed system with the fixed number of particles N and the energy
Ey. Boltzmann assumed that all microstates with the same energy have equal
probability (ergodic hypothesis) which gives the microcanonical distribution:

p(p,q) = AS[E(p1...pN @1 - qn) — Eo] (14)

Usually one considers the energy fixed with the accuracy A so that the mi-
crocanonical distribution is

B {1/F for E € (Ey, By + A)

0 for E & (Ey Ey+A), (15)
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where I is the volume of the phase space occupied by the system

D(E,V,N,A) = / BN pd3Nyg . (16)
E<H<E+A

For example, for N noninteracting particles (ideal gas) the states with the

energy E = Y p?/2m are in the p-space near the hyper-sphere with the

radius v2mE. Remind that the surface area of the hyper-sphere with the

radius R in 3N-dimensional space is 27°V/2R3N=1/(3N/2 — 1)! and we have

T(E,V,N,A) < E3¥?*7WWNA/(3N/2 — 1) = (E/N)*M2VNA . (17)

To link statistical physics with thermodynamics one must define the fun-
damental relation i.e. a thermodynamic potential as a function of respective
variables. For microcanonical distribution, Boltzmann introduced the en-
tropy as

S(E,V,N)=InI['(E,V,N) . (18)

This is one of the most important formulas in physics® (on a par with F =
ma,E =mc® and E = hw).

Noninteracting subsystems are statistically independent. That means
that the statistical weight of the composite system is a product - indeed, for
every state of one subsystem we have all the states of another. If the weight
is a product then the entropy is a sum. For interacting subsystems, this is
true only for short-range forces in the thermodynamic limit N — oc.

Consider two subsystems, 1 and 2, that can exchange energy. Let’s see
how statistics solves the basic problem of thermodynamics (to define equili-
brium) that we treated above in (5). Assume that the indeterminacy in the
energy of any subsystem, A, is much less than the total energy E. Then

I'(E) = %?FI(EQFQ(E — L) . (19)

We denote Ey, By = E — E, the values that correspond to the maximal term
in the sum (19). To find this maximum, we compute the derivative of it,
which is proportional to (0T'1 /OE;)'s+(0l's/OE;)['y = (I'1['2)[(0S1/0FE1) 5, —
(0S2/0Fs)g,]. Then the extremum condition is evidently (9S5,/0FE))s =
(052/0Fs)g,, that is the extremum corresponds to the thermal equilibrium

6Tt is inscribed on the Boltzmann’s gravestone.
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where the temperatures of the subsystems are equal. The equilibrium is
thus where the maximum of probability is. It is obvious that ['(E;)['(E,) <
[(E) <T(E)T(FEy)E/A. If the system consists of N particles and Ny, Ny —
oo then S(E) = S1(E;) + Sa(Ey) + O(logN) where the last term is negligible
in the thermodynamic limit.

The same definition (entropy as a logarithm of the number of states) is
true for any system with a discrete set of states. For example, consider the
set of N particles (spins, neurons), each with two energy levels 0 and e. If
the energy of the set is F then there are L = E/e upper levels occupied. The
statistical weight is determined by the number of ways one can choose L out of
N: T(N,L) = C% = N!/L!(N —L)!. We can now define entropy (i.e. find the
fundamental relation): S(E,N) =InT ~ NIn[N/(N—L)|+ LIn[(N—L)/L]
at N > 1 and L > 1. The entropy as a function of energy is drawn in the
Figure:

T=co\ T=—0

0 NE

The entropy is symmetric about £ = Ne/2 and is zero at £ = 0, Ne when
all the particles are in the same state.. The equation of state (temperature-
energy relation) is 77! = 0S/OF =~ ¢ 'In[(N — L)/L]. We see that when
E > Ne¢/2 then the population of the higher level is larger than of the
lower one (inverse population as in a laser) and the temperature is negative.
Negative temperature may happen only in systems with the upper limit of
energy levels and simply means that by adding energy beyond some level
we actually decrease the entropy i.e. the number of accessible states. That
example with negative temperature is to help you to disengage from the
everyday notion of temperature and to get used to the physicist idea of
temperature as the derivative of energy with respect to entropy.

Available (non-equilibrium) states lie below the S(E) plot. The entropy max-
imum corresponds to the energy minimum for positive temperatures and to the
energy maximum for the negative temperatures part. Imagine now that the system
with a negative temperature is brought into contact with the thermostat (having
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positive temperature). To equilibrate with the thermostat, the system needs to
acquire a positive temperature. A glance on the figure shows that our system must
give away energy (a laser generates and emits light). If this is done adiabatically
slow, that is along the equilibrium curve, the system first decreases the tempe-
rature further until it passes through minus/plus infinity to positive values and
eventually reaches the temperature of the thermostat. That is negative tempera-
tures are actually ”hotter” than positive. By itself though the system is stable
since 92S/0E? = —N/L(N — L)€ < 0 at any temperature. Stress that there is no
volume in S(E, N) that is we consider only subsystem or only part of the degrees
of freedom. Indeed, real particles have kinetic energy unbounded from above and
can correspond only to positive temperatures [negative temperature and infinite
energy give infinite Gibbs factor exp(—FE/T)].

The derivation of thermodynamic fundamental relation S(E,...) in the
microcanonical ensemble is thus via the number of states or phase volume.

2.2 Canonical distribution and fluctuations

Consider a small subsystem or a system in a contact with a thermostat, which
can be thought of as consisting of infinitely many copies of our system — this
is so-called canonical ensemble, characterized by N,V T. Let us derive the
canonical distribution from the microcanonical. Here our system can have
any energy and the question arises what is the probability W(E). Let us
find first the probability of the system to be in a given microstate a with the
energy I/. Since all the states of the thermostat are equally likely to occur,
then the probability should be directly proportional to the statistical weight
of the thermostat I'g(Ey — E), where we assume E < FEjy, expand (in the
exponent!) I'o(Ey — E) = exp[So(Ey — E)] = exp[So(Ey) — E/T)] and obtain

wo(E) = Z " exp(~E/T) , (20)
7 = Zexp —E,)T) . (21)

Note that there is no trace of the thermostat left except for the temperature.
The normalization factor Z (7T, V, N) is a sum over all states accessible to the
system and is called the partition function.

The probability to have a given energy is the probability of the state (20)
times the number of states i.e. the statistical weight of the subsystem:

W(E) = D(E)w,(E) = T(E)Z " exp(—E/T) . (22)
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Here the weight I'(E) grows with E very fast for large N. But as £ — oo
the exponent exp(—F/T) decays faster than any power. As a result, W (FE)
is concentrated in a very narrow peak and the energy fluctuations around F
are very small. For example, for an ideal gas W (E) x E*N2exp(—E/T).
Let us stress again that the Gibbs canonical distribution (20) tells that the
probability of a given microstate exponentially decays with the energy of the
state while (22) tells that the probability of a given energy has a peak.

An alternative and straightforward way to derive the canonical distribution
is to use consistently the Gibbs idea of the canonical ensemble as a virtual set,
of which the single member is the system under consideration and the energy of
the total set is fixed. The probability to have our chosen system in the state a
with the energy F, is then given by the average number of systems 7, in this
state divided by the total number of systems N. Any set of occupation numbers
{na} = (no,n1,n2...) satisfies obvious conditions

> ng=N, Y Em,=E=¢eN. (23)
a a
Any given set is realized in W{n,} = N!/ng!nilns!... number of ways and the
probability to realize the set is proportional to the respective W:
W
g = 22 aWina} (24)
> Wing}

where summation goes over all the sets that satisfy (23). We assume that in
the limit when N,n, — oo the main contribution into (24) is given by the most
probable distribution that is maximum of W (we actually look at the maximum
of InW which is the same yet technically simpler) under the constraints (23).
Using the method of Lagrangian multipliers we look for the extremum of In W —
ad ,ng — B>, Eang. Using the Stirling formula Inn! = nlnn — n we write
InW =NInN-3",n,Inn,. We thus need to find the value n} which corresponds
to the extremum of >°, ngInn, —ad ,ng— B>, Eang. Differentiating we obtain:
Inn} = —a—1— BE, which gives

ng exp(—BE,)

Da i 25
N Za eXp(_/BEa) ( )
The parameter [ is given implicitly by the relation
E E, —BE,
N Za eXp<_BECL)

Of course, physically €(f) is usually more relevant than S(e).
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To get thermodynamics from the Gibbs distribution one needs to define
the free energy because we are under a constant temperature. This is done
via the partition function Z (which is of central importance since macroscopic
quantities are generally expressed via the derivatives of it):

F(T,V,N) =T Z(T,V,N) . (27)

To prove that, differentiate the identity Z = exp(—F/T) = >, exp(—FE,/T)
with respect to temperature, which gives

_ OF
poper(2)

equivalent to F' = F — T'S in thermodynamics.

One can also relate statistics and thermodynamics by defining entropy.
Remind that for a closed system Boltzmann defined S = InI" while the
probability of state was w, = 1/I". In other words, the entropy was minus
the log of probability. For a subsystem at fixed temperature both energy
and entropy fluctuate. What should be the thermodynamic entropy: mean
entropy —(Inw,) or entropy at a mean energy Inw,(E)? For a system that
has a Gibbs distribution, In w, is linear in F,, so that the entropy at a mean
energy is the mean entropy, and we recover the standard thermodynamic
relation:

S =— (Inw) =-> wylnw, => we(E,/T +1In2) (28)
— E/T+WZ=(E—F)/T=—Inw,(E) = S(E) .

Even though the Gibbs entropy, S = —3 w,Inw, is derived here for
equilibrium, this definition can be used for any set of probabilities w,, since
it provides a useful measure of our ignorance about the system, as we shall
see later.

Generally, there is a natural hierarchy: microcanonical distribution neg-
lects fluctuations in energy and number of particles, canonical distribution
neglects fluctuations in N but accounts for fluctuations in F, and eventu-
ally grand canonical distribution accounts for fluctuations both in £ and N.
The distributions are equivalent only when fluctuations are small. In des-
cribing thermodynamics, i.e. mean values, the distributions are equivalent,
they just produce different fundamental relations between the mean values:
S(E,N) for microcanonical, F(T,N) for canonical, (7, u) for grand ca-
nonical, which are related by the Legendre transform. How operationally
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one checks, for instance, the equivalence of of canonical and microcanonical
energies? One takes an isolated system at a given energy F, measures the
derivative OE/0S, then puts it into the thermostat with the temperature
equal to that JE/0S; the energy now fluctuates but the mean energy must
be equal to E (as long as system is macroscopic and all the interactions are
short-range).

To describe fluctuations one needs to expand the respective thermodynamic po-
tential around the mean value, using the second derivatives 925/9FE? and 92S/0ON?
(which must be negative for stability). That will give Gaussian distributions of
E — E and N — N. Of course, the probability distribution (22) is generally non-
Gaussian, but in the thermodynamic limit it can be approximated by Gaussian
not far from the (very sharp) maximum. A straightforward way to find the energy
variance (E — F)? is to differentiate with respect to 3 the identity £ — E = 0. For
this purpose one can use canonical distribution and get

9  eBE—Ea) _ _F OF -\ ptr—ra) _ OF _
MZ;(EG E)e _g(Ea E)<F+ﬁaﬁ Ea>e 55 =0,
(E-E)?= _g? =T°Cy . (29)

Magnitude of fluctuations is determined by the second derivative of the respective
thermodynamic potential:

#s_ o1 1or 1
0E2 OET  T20E  T2Cy

This is natural: the sharper the extremum (the higher the second derivative)

the better system parameters are confined to the mean values. Since both E

and Cy are proportional to N then the relative fluctuations are small indeed:

(E — E)?/E? < N~!. Note that any extensive quantity f = Zi\il fi which is a sum

over independent subsystems (i.e. f;fi = fifr) have a small relative fluctuation:
(-1 X -1 1

X — .

7 Zh? N

Let us repeat this important distinction: all thermodynamics potential
are equivalent for description of mean values but respective statistical distri-
butions are different. System that can exchange energy and particles with a
thermostat has its extensive parameters £ and N fluctuating and the grand
canonical distribution describes those fluctuations. The choice of description

19



is dictated only by convenience in thermodynamics because it treats only
mean values. But in statistical physics, if we want to describe the whole
statistics of the system in thermostat, we need to use canonical distribution,
not the micro-canonical one. That does not mean that one cannot learn
everything about the system by considering it isolated (micro-canonically).
Indeed, we can determine Cy (and other second derivatives) for an isolated
system and then will know the mean squared fluctuation of energy when we
bring the system into a contact with a thermostat.

2.3 Central limit theorem and large deviations

The true logic of this world is to be found in the theory of probability.
Maxwell

Mathematics, underlying most of the statistical physics in the thermodyn-
amic limit, comes from universality, which appears upon adding independent
random numbers. The weakest statement is the law of large numbers: the
sum approaches the mean value exponentially fast. The next level is the cen-
tral limit theorem, which states that not very large fluctuations around the
mean have Gaussian probability distribution. Consideration of really large
fluctuations requires so-called large-deviation theory. Here we briefly present
all three at the physical (not mathematical) level.

Consider the variable X which is a sum of many independent identically
distributed (iid) random numbers X = > y;. Its mean value (X) = N(y)
grows linearly with V. Here we show that its fluctuations X — (X)) not excee-
ding O(N'/?) are governed by the Central Limit Theorem: (X — (X))/N'/2
becomes for large N a Gaussian random variable with variance (y?) — (y)? =
A. The quantities y; that we sum can have quite arbitrary statistics, the only
requirements are that the first two moments, the mean (y) and the variance
A, are finite. Finally, the fluctuations X — (X)) on the larger scale O(N) are
governed by the Large Deviation Theorem that states that the PDF of X
has asymptotically the form

P(X) o e NHE/N) (30)
To show this, let us characterize y by its generating function (e*) = %)
(assuming that the mean value exists for all complex z). The derivatives of
the generating function with respect to z at zero are equal to the moments
of y, while the derivatives of its logarithm G(z) are equal to the moments of

20



(y — (y)) called cumulants:

X0 ) = - Xk (- X 20m) 1)
= o)+ (1) = ) e = 2 Sl D)) = X e

An advantage in working with the cumulants is that for the sum of
independent random variables their cumulants and the cumulant genera-
ting functions G' sum up. For example, consider two random quantities
A, B and the second cumulant of their sum: ((A + B — (A) — (B))?) =
(A= (A)* + (B — (B))?), which is true as long as (AB) = (A)(B) i.e.
A, B are independent. Generating functions are then multiplied. In our case,
all y-s in the sum are independent and have identical distributions. Then the
generating function of the moments of X has exponential dependence on NV:
(e®X) = (exp (z >N yl>) = N6 The PDF P(X) is then given by the
inverse Laplace transform ﬁ [ e #X+NGE) @y with the integral over any axis
parallel to the imaginary one. For large N, the integral is dominated by
the saddle point zy such that G'(zp) = X/N. This is similar to representing
the sum (19) above by its largest term. If there are several saddle-points,
the result is dominated by the one giving the largest probability. We now
substitute X = NG'(zp) into —zX + NG(z), and obtain the large deviation
relation (30) with

H = —G(Zo) + Z()G/(Zo) . (32)

We see that —H and G are related by the ubiquitous Legendre transform.
Note that NdH/dX = zy(X) and N?d?H/dX? = Ndz/dX = 1/G"(z).
The function H of the variable X/N — (y) is called Cramér or rate function
since it measures the rate of probability decay with the growth of IV for every
X/N. It is also sometimes called entropy function since it is a logarithm of
probability.

Several important properties of H can be established independently of
the distribution P(y) or G(z). It is a convex function as long as G(z) is
a convex function since their second derivatives have the same sign. It is
straightforward to see that the logarithm of the generating function has a
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positive second derivative (at least for real z):

@) = i [ eVP(y)dy
_ IPerP)dy e P@)dy 1] VPWBLE (a3
[/ e P(y) dy]

This uses the Cauchy-Bunyakovsky-Schwarz inequality which is a generali-
zation of (y?) > (y)?. Also, H(z) takes its minimum at z; = 0, i.e. for X
taking its mean value (X) = N(y) = NG'(0). The maximum of probability
does not necessarily coincides with the mean value, but they approach each
other when N grows and maximum is getting very sharp — this is called the
law of large numbers. Since G(0) = 0 then the minimal value of H is zero,
that is the probability maximum saturates to a finite value when N — oo.
Any smooth function is quadratic around its minimum with H”(0) = A~
where A = G”(0) is the variance of y. Quadratic entropy means Gaussian
probability near the maximum — this statement is (loosely speaking) the
essence of the central limit theorem. In the particular case of Gaussian P(y),
the PDF P(X) is Gaussian for any X. Non-Gaussianity of the y’s leads to
a non-quadratic behavior of H when deviations of X/N from the mean are

large, of the order of A/G"'(0).

A simple example is provided by the statistics of the kinetic energy, F =
211\7 p?/2, of N classical identical unit-mass particles in 1d. The Maxwell distribu-
tion over momenta is Gaussian:

p(p1, ..., pn) = (2nT) Nﬂexp( ZM/QT)-

The energy probability for any NV is done by integration, using spherical coordi-
nates in the momentum space:

N
p(E,N) = /P(p1>~--7pN)5 (E—sz?ﬂ) dp1...dpN
1

T
Plotting it for different IV, one can appreciate how the thermodynamic limit ap-
pears. Taking the logarithm and using the Stirling formula one gets the large-
deviation form for the energy R = E/FE, normalized by the mean energy E =

(34)
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NT/2:

lnp(E,N):%lng—lng!—gzg(l—l%—{—lnl%). (35)
This expression has a maximum at R = 1 i.e the most probable value is the mean
energy. The probability of R is Gaussian near maximum when R —1 < N—1/2
and non-Gaussian for larger deviations. Notice that this function is not symmetric
with respect to the minimum, it has logarithmic asymptotic at zero and linear
asymptotic at infinity.

One can generalize the central limit theorem and the large-deviation approach
in two directions: i) for non-identical variables y;, as long as all variances are
finite and none dominates the limit N — oo, it still works with the mean and
the variance of X being given by the average of means and variances of y;; ii) if
y; is correlated with a finite number of neighboring variables, one can group such
”correlated sums” into new variables which can be considered independent.

Asymptotic equipartition. The above law of large numbers state that
the sum of iid random numbers y; + ... + yy approaches N(y) as N grows.
One can also look at the given sequence 1, ...,yy and ask: how probable it
is? This blatantly self-referential question is meaningful nevertheless. Since
the numbers are independent, then the logarithm of the probability is the
sum that satisfies the law of large numbers:

N
P ) =~ S —(nP() = S(Y). (30)
We see that the log of probability converges to N times the entropy of y. But
how we find S(Y)? For a sufficiently long sequence, we assume that the fre-
quencies of different values of y; in our sequence give the probabilities of these
values; we thus estimate P(y) and compute S(Y). In other words, we assume
that the sequence is typical. We then state that the probability of the typi-
cal sequence decreases with N exponentially: p(y1,...,yn) = exp[—NS(y)].
Equivalently, the number of typical sequences grows with N exponentially
with entropy setting the rate of growths. That focus on typical sequences,
which all have the same (maximal) probability, is known as asymptotic equi-
partition and formulated as ”almost all events are almost equally probable”.
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3 Appearance of irreversibility

Ou sont les neiges d’antan?
Francois Villon
After we recalled thermodynamics and statistical physics, it is time for
reflection. The main puzzle here is how irreversible entropy growth appears
out of reversible laws of mechanics. If we screen the movie of any evolution
backwards, it will be a legitimate solution of the equations of motion. Will
it have its entropy decreasing? Can we also decrease entropy by employing
the Maxwell demon who can distinguish fast molecules from slow ones and
selectively open a window between two boxes to increase the temperature
difference between the boxes and thus decrease entropy?
These conceptual questions have been already posed in the 19 century.
It took the better part of the 20 century to answer these questions, resolve
the puzzles and make statistical physics conceptually trivial (and technically
much more powerful). This required two things: i) better understanding
dynamics and revealing the mechanism of randomization called dynamical
chaos, ii) consistent use of the information theory which turned out to be
just another form of statistical physics. This Chapter is devoted to the first
subject, the next Chapter — to the second one. Here we describe how ir-
reversibility and relaxation to equilibrium essentially follows from necessity
to consider ensembles (regions in phase space) due to incomplete knowledge.
Initially small regions spread over the whole phase space under reversible
Hamiltonian dynamics, very much like flows of an incompressible liquid are
mixing. Such spreading and mixing in phase space correspond to the appro-
ach to equilibrium. On the contrary, to deviate a system from equilibrium,
one adds external forcing and dissipation, which makes its phase flow com-
pressible and distribution non-uniform. Difference between equilibrium and
non-equilibrium distributions in phase space can then be expressed by the
difference between incompressible and compressible flows.

3.1 Evolution in the phase space

So far we said precious little about how physical systems actually evolve. Let
us focus on a broad class of evergy-conserving systems that can be described
by the Hamiltonian evolution. Every such system is characterized by its
momenta p and coordinates ¢, together comprising the phase space. We
define probability for a system to be in some ApAg region of the phase
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space as the fraction of time it spends there: w = limy_,,, At/T. Assuming
that the probability to find it within the volume dpdq is proportional to
this volume, we introduce the statistical distribution in the phase space as
density: dw = p(p,q)dpdq. By definition, the average with the statistical
distribution is equivalent to the time average:

T

- 1

f= / f(p,a)p(p a)dpdg = lim — /0 f(t)dt . (37)
The main idea is that p(p, q) for a subsystem does not depend on the initial
states of this and other subsystems so it can be found without actually sol-
ving equations of motion. We define statistical equilibrium as a state where
macroscopic quantities are equal to the mean values. Assuming short-range
forces we conclude that different macroscopic subsystems interact weakly and
are statistically independent so that the distribution for a composite system
p1o is factorized: p1o = p1po.

Since we usually do not know exactly the coordinates and momenta of
all particles, we consider the ensemble of identical systems starting from
different points in some domain of the phase space. In a flow with the
velocity v = (p, ¢) the density changes according to the continuity equation:
Jdp/0t + div (pv) = 0. For not very long time, the motion can be considered
conservative and described by the Hamiltonian dynamics: ¢; = OH/Jp; and
pi = —87'[/8(]1, so that

@_Zﬁﬂap _87—[8p
ot Op; 0q;  Oq; Op;

i

={p,H}.

Here the Hamiltonian generally depends on the momenta and coordinates
of the given subsystem and its neighbors. Hamiltonian flow in the phase
space is incompressible, it conserves area in each plane p;,q; and the total
volume: divv = 0¢;/dq; + 0p;/Op; = 0. That gives the Liouville theorem:
dp/dt = 0p/0t + (VV)p = —pdivv = 0. The statistical distribution is thus
conserved along the phase trajectories of any subsystem. As a result, p is an
integral of motion and it must be expressed solely via the integrals of motion.
Since in equilibrium In p is an additive quantity then it must be expressed
linearly via the additive integrals of motions which for a general mechanical
system are momentum P(p, ), the momentum of momentum M(p, ¢) and
energy E(p,q) (again, neglecting interaction energy of subsystems):

Inp, = aq, + fE(p,q) +¢-Pulp,q) +d-M(p,q) . (38)
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Here «, is the normalization constant for a given subsystem while the se-
ven constants 3, c,d are the same for all subsystems (to ensure additivity
of integrals) and are determined by the values of the seven integrals of mo-
tion for the whole system. We thus conclude that the additive integrals of
motion is all we need to get the statistical distribution of a closed system
(and any subsystem), those integrals replace all the enormous microscopic
information. Considering subsystem which neither moves nor rotates we are
down to the single integral, energy, which corresponds to the Gibbs’ canonical
distribution:

p(p,q) = Aexp|—BE(p,q)] - (39)

It was obtained for any macroscopic subsystem of a very large system, which
is the same as any system in the contact with thermostat. Note one subtlety:
On the one hand, we considered subsystems weakly interacting to have their
energies additive and distributions independent. On the other hand, precisely
this weak interaction is expected to drive a complicated evolution of any
subsystem, which makes it visiting all regions of the phase space, thus making
statistical description possible. Particular case of (39) is a microcanonical
(constant) distribution, which is evidently invariant under the Hamiltonian
evolution of an isolated system due to Liouville theorem.

Assuming that the system spends comparable time in different available
states (ergodic hypothesis) we conclude that since the equilibrium must be
the most probable state, then it corresponds to the entropy maximum. In
particular, the canonical equilibrium distribution (39) corresponds to the
maximum of the Gibbs entropy, S = — [ plnpdpdg, under the condition
of the given mean energy E = [ p(p,q)E(p, q) dpdq. Indeed, requiring zero
variation 0(S + BE) = 0 we obtain (39). For an isolated system with a
fixed energy, the entropy maximum corresponds to a uniform micro-canonical
distribution.

3.2 Kinetic equation and H-theorem

How the system comes to the equilibrium and reaches the entropy maximum?
What often causes confusion here is that the dynamics (classical and quan-
tum) of any given system is time reversible. The Hamiltonian evolution des-
cribed above is an incompressible flow in the phase space, divv = 0, so it con-
serves the total Gibbs entropy: dS/dt = — [dxIn p% = [dx Inpdivpv =
— [dx(vV)p = — [dxpdivv = 0. How then the entropy can grow? Boltz-
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mann answered this question by deriving the equation on the one-particle
momentum probability distribution. Such equation must follow from inte-
grating the N-particle Liouville equation over all N coordinates and N — 1
momenta. Consider the phase-space probability density p(x,t) in the space
x = (P,Q), where P = {p;...py} and Q = {qy...qn}. For the system
with the Hamiltonian ‘H = Y vy >i<; U(ds — q;), the evolution of the

i 2m
density is described by the following Liouville equation:
ap(P7Q7t) o | 8J; 0
ot T 2mod i !
where

0;; = 0(adi, Pi, 45, Pj) = -

For a reduced description of the single-particle distribution over momenta
p(p,t) = [ p(P,Q,t)0(p1 — p)dps - ..dpndq; ... dqy, we integrate (40):

8 7t ! / / /
pgz) 2/9(q,p;q,p/)p(q,p; d,p’) dgdq'dp’ , (41)

This equation is apparently not closed since the rhs contains two-particle
probability distribution. If we write respective equation on that two-particle
distribution integrating the Liouville equation over N — 2 coordinates and
momenta, the interaction f-term brings three-particle distribution, etc. Con-
sistent procedure is to assume a short-range interaction and a low density,
so that the mean distance between particles much exceeds the radius of inte-
raction. In this case we may assume for every binary collision that particles
come from large distances and their momenta are not correlated. Statistical
independence then allows one to replace the two-particle momenta distribu-
tion by the product of one-particle distributions.

Such derivation is cumbersome,” but it is easy to write the general form
that such a closed equation must have. For a dilute gas, only two-particle
collisions need to be taken into account in describing the evolution of the
single-particle distribution over moments p(p,t). Consider the collision of

two particles having momenta p, p;: ,
N 7\/p7

see e.g. http://www.damtp.cam.ac.uk/user/tong/kintheory/kt.pdf
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For that, they must come to the same place, yet we shall assume that the
particle velocity is independent of the position and that the momenta of two
particles are statistically independent, that is the probability is the product
of single-particle probabilities: p(p,p1) = p(p)p(p1). These very strong as-
sumptions constitute what is called the hypothesis of molecular chaos. Under
such assumptions, the number of such collisions (per unit time per unit vo-
lume) must be proportional to probabilities p(p)p(p1) and depend both on
initial momenta p, p; and the final ones p’, p}:

w(p, p1; P, Py)p(P)p(p1) dpdpidp’dp) . (42)

One may believe that (42) must work well when the distribution function
evolves on a time scale much longer than that of a single collision. We
assume that the medium is invariant with respect to inversion r — —r which
gives the detailed equilibrium:

w = w(p,p1; P, Py) = w(p,p;p,p1) =w . (43)

We can now write the rate of the probability change as the difference between
the number of particles coming and leaving the given region of phase space
around p by integrating over all p;p’p}:

9
% = / (w'p'py = wppr) dprdp'dp; (44)

We now use the probability normalization which states the sum of transition
probabilities over all possible states, either final or initial, is unity and so the
sums are equal to each other:

/w(p,pl;p’,p’l)dp’dp’l = /w(p’,p’l;p,pl)dp’dp’l : (45)

Using (45) we transform the second term (44) and obtain the famous Boltz-
mann kinetic equation (1872):

9]
675 - / w'(p'py — pp1) dprdp'dp) = 1, (46)
H-theorem. Let us look at the evolution of the entropy
as dp
== [Lmpdo =~ [ Tmpdp, (47)
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The integral (47) contains the integrations over all momenta so we may ex-
ploit two interchanges, p; <+ p and p, p1 <> p’, p!:

ds

i / w'(ppr — p'py) In p dpdp.dp’dp)
1

=3 / w'(ppr — p'py) In(pp1) dpdpidp'dp)
1

= [ w'op 0 22 dpdp, dp'dpl, > 0. (48)
2 PP

Here we may add the integral [w'(pp1 — p'p}) dpdp1dp’dp:1/2 = 0 and then
use the inequality xInx — z + 1 > 0 with x = pp,/p'p].

Even if we use scattering probabilities obtained from mechanics reversible
in time, w(—p, —p1; —p’, —p}) = w(p’, P}; P, P1), our use of molecular chaos
hypothesis made the kinetic equation irreversible. Equilibrium realizes the
entropy maximum and so the distribution must be a steady solution of the
Boltzmann equation. Indeed, the collision integral turns into zero by virtue
of po(P)po(P1) = po(P')po(P}), since In py is the linear function of the inte-
grals of motion as was explained in Sect. 3.1. All this is true also for the
inhomogeneous equilibrium in the presence of an external force.

One can look at the transition from (40) to (46) from a temporal view-
point. N-particle distribution changes during every collision when particles
exchange momenta. On the other hand, changing the single-particle distribu-
tion requires many collisions. In a dilute system with short-range interaction,
the collision time is much shorter than the time between collisions, so the
transition is from a fast-changing function to a slow-changing one.

Let us summarize the present state of confusion. The full entropy of the
N-particle distribution is conserved. Yet the one-particle entropy grows. Is
there a contradiction here? Is not the full entropy a sum of one-particle
entropies? The answer ("no” to both questions) requires introduction of the
central notion of this course - mutual information - and will be given in
Section 4.4 below. For now, a brief statement will suffice: If one starts from
a set of uncorrelated particles and let them interact, then the interaction
will build correlations and the total distribution will change, but the total
entropy will not. However, the single-particle entropy will generally grow,
since the Boltzmann equation is valid for an uncorrelated initial state (and for
some time after). Motivation for choosing such an initial state for computing
one-particle evolution is that it is most likely in any generic ensemble. Yet
that would make no sense to run the Boltzmann equation backwards from
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a correlated state, which is statistically a very unlikely initial state, since
it requires momenta to be correlated in such a way that a definite state is
produced after time ¢. In other words, we broke time reversibility when we
assumed particles uncorrelated before the collision.

One may think that for dilute systems there must be a regular expansions of dif-
ferent quantities in powers of density. In particular, molecular chaos factorization
of two-particle distribution p12 = p(q1,Pp1;92, p2) via one-particle distributions
p1 and po is expected to be just the first term of such an expansion:

p12 = p1p2 + /dQ3dP3J123P1P2P3 +... .

In reality such (so-called cluster) expansion is well-defined only for equilibrium
distributions. For non-equilibrium distributions, starting from some term (depen-
ding on the space dimensionality), all higher terms diverge. The same divergencies
take place if one tries to apply the expansion to kinetic coefficients like diffusivity,
conductivity or viscosity, which are non-equilibrium properties by their nature.
These divergencies can be related to the fact that non-equilibrium distributions do
not fill the phase space, as described below in Section 3.5. Obtaining finite results
requires re-summation and brings logarithmic terms. As a result, kinetic coeffi-
cients and other non-equilibrium properties are non-analytic functions of density.
Boltzmann equation looks nice, but corrections to it are ugly, when one deviates
from equilibrium.

3.3 Phase-space mixing and entropy growth

We have seen that one-particle entropy can grow even when the full N-
particle entropy is conserved. But thermodynamics requires the full entropy
to grow. To accomplish that, let us return to the full N-particle distribution
and recall that we have an incomplete knowledge of the system. That means
that we always measure coordinates and momenta within some intervals, i.e.
characterize the system not by a point in phase space but by a finite region
there. We shall see that quite general dynamics stretches this finite domain
into a very thin convoluted strip whose parts can be found everywhere in
the available phase space, say on a fixed-energy surface. The dynamics thus
provides a stochastic-like element of mixing in phase space that is responsible
for the approach to equilibrium, say to uniform microcanonical distribution.
Yet by itself this stretching and mixing does not change the phase volume
and entropy. Another ingredient needed is the necessity to continually treat
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our system with finite precision, which follows from the insufficiency of in-
formation. Such consideration is called coarse graining and it, together with
mixing, it is responsible for the irreversibility of statistical laws and for the
entropy growth.

The dynamical mechanism of the entropy growth is the separation of
trajectories in phase space so that trajectories started from a small neig-
hborhood are found in larger and larger regions of phase space as time
proceeds. Denote again by x = (P, Q) the 6 N-dimensional vector of the
position and by v = (P, Q) the velocity in the phase space. The relative
motion of two points, separated by r, is determined by their velocity diffe-
rence: 6v; = r;0v;/0x; = r;0;;. We can decompose the tensor of velocity
derivatives into an antisymmetric part (which describes rotation) and a sym-
metric part S;; = (Ov;/Ox; + 0v;/0x;)/2 (which describes deformation). We
are interested here in deformation because it is the mechanism of the entropy
growth. The vector initially parallel to the axis j turns towards the axis ¢
with the angular speed Jv;/0x;, so that 25;; is the rate of variation of the
angle between two initially mutually perpendicular small vectors along i and
j axes. In other words, 25;; is the rate with which rectangle deforms into
parallelograms: Sxyéy

oy Syxéx

|

Arrows in the Figure show the velocities of the endpoints. The symmetric
tensor S;; can be always transformed into a diagonal form by an orthogonal
transformation (i.e. by the rotation of the axes), so that S;; = S;0;;. Accor-
ding to the Liouville theorem, a Hamiltonian dynamics is an incompressible
flow in the phase space, so that the trace of the tensor, which is the rate
of the volume change, must be zero: Tro;; = >2;S; = divv = 0 — that
some components are positive, some are negative. Positive diagonal compo-
nents are the rates of stretching and negative components are the rates of
contraction in respective directions. Indeed, the equation for the distance
between two points along a principal direction has a form: r; = dv; = r;S; .
The solution is as follows:

ri(t) = 73(0) exp { / "5t dt’] . (49)

For a time-independent strain, the growth/decay is exponential in time. One
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Figure 1: Deformation of a phase-space element by a permanent strain.

recognizes that a purely straining motion converts a spherical element into an
ellipsoid with the principal diameters that grow (or decay) in time. Indeed,
consider a two-dimensional projection of the initial spherical element i.e. a

circle of the radius R at ¢ = 0. The point that starts at zg,yo = / R? — 23
goes into

x(t) =iy
y(t) 522ty _ 652215 /R2 — 132 _ 6522t\/R2 ( ) —25’11157
22 (t)e 25t 1y (t)e 252t = R2 (50)

The equation (50) describes how the initial circle turns into the ellipse whose
eccentricity increases exponentially with the rate |S1; — S2|. In a multi-
dimensional space, any sphere of initial conditions turns into the ellipsoid
defined by S0 x2(t)e~2%* =const.

Of course, as the system moves in the phase space, both the strain va-
lues and the orientation of the principal directions change, so that expanding
direction may turn into a contracting one and vice versa. Since we do not
want to go into details of how the system interacts with the environment,
then we consider such evolution as a kind of random process. The question
is whether averaging over all values and orientations gives a zero net result.
It may seem counter-intuitive at first, but in a general case an exponential
stretching persists on average and the majority of trajectories separate. Phy-
sicists think in two ways: one in space and another in time (unless they are
relativistic and live in a space-time).

Let us first look at separation of trajectories from a temporal perspective,
going with the flow: even when the average rate of separation along a given
direction, A;(t) = [y Si(t')dt'/t, is zero, the average exponent of it is larger
than unity (and generally growing with time):

lim [ S()dt =0, hm—/ dtexp[/ (’)dt'}zy (51)

t—oo Jo T—oo T
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Figure 2: The distance of the point from the origin increases if the angle
is less than ¢y = arccos[l + exp(2AT)]~"/2 > 7w/4. For ¢ = ¢y the initial
and final points are symmetric relative to the diagonal: x(0) = y(7') and

y(0) = 2(T).

This is because the intervals of time with positive A(t) give more contribution
into the exponent than the intervals with negative A(t). That follows from
the concavity of the exponential function. In the simplest case, when A is
uniformly distributed over the interval —a < A < a, the average A is zero,
while the average exponent is (1/2a) [, e dA = (e* — e7%)/2a > 1.
Looking from a spatial perspective, consider the simplest flow field: two-
dimensional® pure strain, which corresponds to an incompressible saddle-
point flow: v, = Az, v, = —\y. Here we have one expanding direction and
one contracting direction, their rates being equal. The vector r = (z,y)
(the distance between two close trajectories) can look initially at any di-
rection. The evolution of the vector components satisfies the equations
T = vy and ¥y = v,. Whether the vector is stretched or contracted after
some time 7" depends on its orientation and on 7T'. Since z(t) = xgexp(\t)
and y(t) = yo exp(—At) = xoyo/x(t) then every trajectory is a hyperbole. A
unit vector initially forming an angle ¢ with the x axis will have its length
[cos? p exp(2AT') +sin?  exp(—2AT)]/? after time T. The vector is stretched
if cos > [1 4+ exp(2AT)]7Y/2 < 1/4/2, i.e. the fraction of stretched directi-
ons is larger than half. When along the motion all orientations are equally
probable, the net effect is stretching, increasing with the persistence time 7.

The net stretching and separation of trajectories is formally proved in mat-

8Two-dimensional phase space corresponds to the trivial case of one particle moving
along a line, yet it is great illustrative value. Also, remember that the Liouville theorem
is true in p; — ¢; plane projection.
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hematics by considering random strain matrix ¢(t) and the transfer matrix W
defined by r(t) = W(t,t1)r(t1). It satisfies the equation dW /dt = 6W. The Liou-
ville theorem tr & = 0 means that det W = 1. The modulus r(t) of the separation
vector may be expressed via the positive symmetric matrix WTW. The main re-
sult (Furstenberg and Kesten 1960; Oseledec, 1968) states that in almost every
realization &(t), the matrix 11n WT(t,0)W (t,0) tends to a finite limit as ¢ — oo.
In particular, its eigenvectors tend to d fixed orthonormal eigenvectors f;. Geo-
metrically, that precisely means than an initial sphere evolves into an elongated
ellipsoid at later times. The limiting eigenvalues

Ai = lim ¢~ in |WA;| (52)
t—o0

define the so-called Lyapunov exponents, which can be thought of as the mean
stretching rates. The sum of the exponents is zero due to the Liouville theorem
so there exists at least one positive exponent which gives stretching. Therefore,
as time increases, the ellipsoid is more and more elongated and it is less and less
likely that the hierarchy of the ellipsoid axes will change. Mathematical lesson to
learn is that multiplying N random matrices with unit determinant (recall that
determinant is the product of eigenvalues), one generally gets some eigenvalues
growing and some decreasing exponentially with N. It is also worth remembering
that in a random flow there is always a probability for two trajectories to come
closer. That probability decreases with time but it is finite for any finite time.
In other words, majority of trajectories separate but some approach. The separa-
ting ones provide for the exponential growth of positive moments of the distance:
E(a) = limy_,oo t~ 1 In[{(r%(t)/r%(0))] > 0 for a > 0. However, approaching trajec-
tories have r(t) decreasing, which guarantees that the moments with sufficiently
negative a also grow. Mention without proof that E(a) is a concave function,
which evidently passes through zero, E(0) = 0. It must then have another zero
which for isotropic random flow in d-dimensional space can be shown to be a = —d,
see home exercise.

The probability to find a ball turning into an exponentially stretching
ellipse thus goes to unity as time increases. The physical reason for it is that
substantial deformation appears sooner or later. To reverse it, one needs to
contract the long axis of the ellipse, that is the direction of contraction must
be inside the narrow angle defined by the ellipse eccentricity, which is less
likely than being outside the angle:
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- Totransform ellipse to circle,

(‘ contracting direction
“__~ must bewithin the angle

This is similar to the argument about the irreversibility of the Boltz-
mann equation in the previous subsection. Randomly oriented deformations
on average continue to increase the eccentricity. Drop ink into a glass of
water, gently stir (not shake) and enjoy the visualization of Furstenberg and
Oseledets theorems.

Armed with the understanding of the exponential stretching, we now
return to the dynamical foundation of the second law of thermodynamics.
We assume that our finite resolution does not allow us to distinguish between
the states within some square in the phase space. That square is our ”grain”
in coarse-graining. In the figure below, one can see how such black square of
initial conditions (at the central box) is stretched in one (unstable) direction
and contracted in another (stable) direction so that it turns into a long narrow
strip (left and right boxes). Later in time, our resolution is still restricted
- rectangles in the right box show finite resolution (this is coarse-graining).
Viewed with such resolution, our set of points occupies larger phase volume
at t = =7 than at ¢ = 0. Larger phase volume corresponds to larger entropy.
Time reversibility of any trajectory in the phase space does not contradict the
time-irreversible filling of the phase space by the set of trajectories considered
with a finite resolution. By reversing time we exchange stable and unstable
directions (i.e. those of contraction and expansion), but the fact of space
filling persists. We see from the figure that the volume and entropy increase
both forward and backward in time. And yet our consideration does provide
for time arrow: If we already observed an evolution that produces a narrow
strip then its time reversal is the contraction into a ball; but if we consider
a narrow strip as an initial condition, it is unlikely to observe a contraction
because of the narrow angle mentioned above. Therefore, being shown two
movies, one with stretching, another with contraction we conclude that with
probability close (but not exactly equal!) to unity the first movie shows the
true sequence of events, from the past to the future.

When the density spreads, entropy grows (as the logarithm of the volume
occupied). If initially our system was within the phase-space volume €V,
then its density was py = € ®V inside and zero outside. After stretching to
some larger volume e*e%Y the entropy S = — [ pln pdx has increased by Mt.
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Figure 3: Increase of the phase volume upon stretching-contraction and
coarse-graining. Central panel shows the initial state and the velocity field.

The positive Lyapunov exponent A determines the rate of the entropy growth.
If in a d-dimensional space there are k stretching and d — k contracting
directions, then contractions eventually stabilize at the resolution scale, while
expansions continue. Therefore, the volume growth rate is determined by the
sum of the positive Lyapunov exponents 3% | ;.

We shall formally define information later, here we use everyday intuition
about it to briefly discuss our flow from this perspective. Apparently, if we
have a finite resolution of a flow with positive Lyapunov exponents, with
time we loose our ability to predict where the ensemble of the initially closed
systems goes. This loss of information is determined by the growth of the
available phase volume, that is of the entropy. But we can look backwards in
time and ask where the points come from. The two points along a stretching
direction that were hidden inside the resolution circle separate with time and
can be distinguished: - T

Moreover, as time proceeds, we learn more and more about the initial
locations of the points. The growth rate of such information about the past is
again the sum of the positive Lyapunov exponents and is called Kolmogorov-
Sinai entropy. As time lag from the present moment increases, we can say
less and less where we shall be and more and more where we came from. It
reminds me the Kierkegaard’s remark that the irony of life is that it is lived
forward but understood backwards.

After the strip length reaches the scale of the velocity change (when one
already cannot approximate the phase-space flow by a linear profile or),
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strip starts to fold because rotation (which we can neglect for a ball but not
for a long strip) is different at different parts of the strip. Still, however
long, the strip continues locally the exponential stretching. Eventually, one
can find the points from the initial ball everywhere which means that the
flow is mixing, also called ergodic. Formal definition is that the flow is
called ergodic in the domain if the trajectory of almost every point (except
possibly a set of zero volume) passes arbitrarily close to every other point. An
equivalent definition is that there are no finite-volume subsets of the domain
invariant with respect to the flow except the domain itself. Ergodic flow on an
energy surface in the phase space provides for a micro-canonical distribution
(i.e. constant), since time averages are equivalent to the average over the
surface. While we can prove ergodicity only for relatively simple systems,
like the gas of hard spheres, we believe that it holds for most systems of
sufficiently general nature (that vague notion can be make more precise by
saying that the qualitative systems behavior is insensitive to small variations
of its microscopic parameters).

At even larger time scales than the time of the velocity change for a trajec-
tory, one can consider the motion as a series of uncorrelated random steps. That
produces random walk considered in detail in Sect 7.1 below, where we will show
that the spread of the probability density ,0( ) is described by a simple diffu-
sion: dp/0t = kAp. The total probability [ p(r,t)dr is conserved but the entropy
increases monotonically under diffusion:

2
dt /p t)Inp(r )dr:—/ﬁ/Aplnpdr:/ﬁ/(vpp)erO. (53)

Asymptotically in time the solution of the diffusion equation takes the universal
form p(r,t) = (4mkt)~2exp (—r?/4kt) , see (148) below; substituting it into (53)
we obtain a universal entropy production rate, dS/dt = 1/2t, independent of k
(which is clear from dimensional reasoning).

Two concluding remarks are in order. First, the notion of an exponential
separation of trajectories put an end to the old dream of Laplace to be able
to predict the future if only all coordinates and momenta are given. Even
if we were able to measure all relevant phase-space initial data, we can do
it only with a finite precision €. However small is the indeterminacy in the
data, it is amplified exponentially with time so that eventually e exp(AT) is
large and we cannot predict the outcome. Mathematically speaking, limits
e — 0 and T' — oo do not commute. Second, the above arguments did not
use the usual mantra of thermodynamic limit, which means that even the
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systems with a small number of degrees of freedom need statistics for their
description at long times if their dynamics has a positive Lyapunov exponent
(which is generic) - this is sometimes called dynamical chaos.’

3.4 Baker map

We consider a toy model of great illustrative value for the applications of
chaos theory to statistical mechanics. Take the phase-space to be a unit
square in the (z,y)-plane, with 0 < x,y < 1. The measure-preserving trans-
formation is an expansion in the x-direction and a contraction in the y-
direction, arranged in such a way that the unit square is mapped onto itself
at each step. The transformation consists of two steps: First, the unit square
is contracted in the y-direction and stretched in the x-direction by a factor
of 2. This doesn’t change the volume of any initial region. The unit square
becomes a rectangle occupying the region 0 < x < 2; 0 < y < 1/2. Next, the
rectangle is cut in the middle and the right half is put on top of the left half
to recover a square. This doesn’t change volume either. That way bakers
prepare pasta. This transformation is reversible except on the lines where
the area was cut in two and glued back.

y y y

1 1

-_—
s =

12 L
< .. E
e ——— B
(0.0) 1 x 1 2 x {0,0) 1 x

If we consider two initially closed points, then after n such steps the
distance along z and y will be multiplied respectively by 2" = e"!"2 and
27" = ¢ "2 Tt is then easy to see, without a lot of formalities, that there are
two Lyapunov exponents corresponding to the discrete time n. One of them
is connected to the expanding direction and has the value A, = In2. The

9As a student, I've participated (as a messenger) in the discussion on irreversibility
between Zeldovich and Sinai. I remember Zeldovich asking why coarse-graining alone
(already introduced by Boltzmann) is not enough to explain irreversibility. Why one
needs dynamical chaos to justify what one gets by molecular chaos? I believe that Sinai
was right promoting separation of trajectories. It replaces arbitrary assumptions by clear
demonstration from first principles, which is conceptually important, even though possible
in idealized cases only.
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other Lyapunov exponent is connected to the contracting direction and has
the value A_ = —In2. For the forward time operation of the baker’s trans-
formation, the expanding direction is along the z-axis, and the contracting
direction is along the y-axis. If one considers the time-reversed motion, the
expanding and contracting directions change places. Therefore, for the for-
ward motion nearby points separated only in the y-direction approach each
other exponentially rapidly with the rate A\ = —In2. In the z-direction,
points separate exponentially with A\, = In2. The sum of the Lyapunov
exponents is zero, which reflects the fact that the baker’s transformation is
area-preserving.

Let us argue now that the baker transformation is mixing. Consider a
small square with the side of the length 2= inside the unit square. The
transformation will stretch this square horizontally and contract it vertically
so that after N steps it will be roughly of horizontal dimension unity, and
of vertical dimension 272%. As the number of steps continues to increase,
the original square is transformed into a large number of very thin horizontal
strips of length unity, distributed more and more uniformly in the vertical
direction. Eventually any small set in the unit square will have the same
fraction of its area occupied by these little strips of pasta as any other set
on the square. This is the indicator of a mixing system. We conclude that
a sufficiently smooth initial distribution function defined on the unit square
will approach a uniform (microcanonical) distribution on the square.

To avoid impression that cutting and gluing of the baker map are ne-
cessary for mixing, consider a smooth model which has similar behavior.
Namely, consider a unit two-dimensional torus, that is unit square with pe-
riodic boundary conditions, so that all distances are measured modulo 1
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in the z- and y-direction. — The transfor-
mation matrix 7 (an analog of the transfer matrix W from the previous
section) maps unit torus into itself if a, b, ¢, d are all integers. The eigenva-
lues \jo = (a+d)/2+ \/(a —d)%/4 + be are real when (a — d)?/4 + be > 0,
in particular, when the matrix is symmetric. For the transform to be area-
preserving, the determinant of the matrix 7', that is the product of the eigen-
values must be unity: A\jAs = ad — bc = 1. In a general case, one eigenvalue
is larger than unity and one is smaller, which corresponds respectively to
positive and negative Lyapunov exponents In A\; and In \.

Baker map is area-preserving and does not change entropy, yet is we
allow for coarse-graining along with the evolutions, then the entropy grows
and eventually reaches the maximum, which is the logarithm of the phase
volume, which befits the equilibrium microcanonical distribution.

Tutorial: Baker map as a reversible, deterministic, area-preserving trans-
form with an irreversible transport equation for a reduced distribution function
and an underlying stochastic-like microscopic dynamics. Dorfman 7.1-3, 8.3.

g
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3.5 Entropy decrease and non-equilibrium fractal me-
asures

As we have seen in the previous two sections, if we have indeterminacy in
the data or consider an ensemble of systems, then Hamiltonian dynamics (an
incompressible flow) effectively mixes and makes distribution uniform in the
phase space. Since we have considered isolated systems, they conserve their
integrals of motion, so that the distribution is uniform over the respective
surface. In particular, dynamical chaos justifies micro-canonical distribution,
uniform over the energy surface.

But what if the dynamics is non-Hamiltonian, that is Liouville theorem
is not valid? The flow in the phase space is then generally compressible.
For example, we accelerate particles by external forces f; and damp their
momenta with the dissipation rates 7;, so that the equations of motion take
the form: p; = f; —~ip; —O0H/q;, which gives generally divv = >,(0f;/Op;—
v) # 0. Let us show that such flows create quite different distribution.
Since divv # 0, then the probability density generally changes along a flow:
dp/dt = —pdivv. That produces entropy,

Cflf = /p(r,t)div v(r,t)dr = (pdivv) . (54)

with the rate equal to the Lagrangian mean of the phase-volume local ex-
pansion rate. If the system does not on average heats or cools (expands or
contracts), then the whole phase volume does not change. That means that
the global average (over the whole volume) of the local expansion rate is
zero: (divv) = [divvdr = 0. Yet for a non-uniform density, the entropy is
not the log of the phase volume but the minus mean log of the phase den-
sity, S = —(pIn p), whose derivative (54) is non-zero because of correlations
between p and divv. Since p is always smaller in the expanding regions
where divv > 0, then the entropy production rate (54) is non-positive. We
conclude that the mean logarithm of the density (i.e. entropy) decreases.
Since the uniform distribution has a maximal entropy under the condition of
fixed normalization, then the entropy decrease means that the distribution
is getting more non-uniform.

What happens then to the density? Of course, if we integrate density
over all the phase space we obtain unity at any time: (p) = [ p(r,t)dr = 1.
Let us now switch focus from space to time and consider the density of an
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arbitrary fluid element, which evolves as follows:

o(£)/p(0) = exp [— Ji " divv(t) dt'} _ €O (55)

As we have seen in (51), if a mean is zero, the mean exponent generally
exceeds unity because of concavity of the exponential function. Now the
contraction factor averaged over the whole flow is zero at any time, (C') = 0,
and its average exponent is larger than unity: (p(t)/p(0)) = () > 1. That
concavity simply means that the parts of the flow with positive C' give more
contribution into the exponent than the parts with negative C'. Moreover,
for a generic random flow the density of most fluid elements must grow non-
stop as they move. Indeed, if the Lagrangian quantity (taken in the flow
reference frame) div v(r,t) is random function with a finite correlation time,
then at longer times its integral [ div v(#') dt' is Gaussian with zero mean and
variance linearly growing with time (see section 2.3). Since the total measure
is conserved, growth of density at some places must be compensated by its
decrease in other places, so that the distribution is getting more and more
non-uniform, which decreases the entropy. Looking at the phase space one
sees it more and more emptied with the density concentrated asymptotically
in time on a fractal set. That is opposite to the mixing by Hamiltonian
incompressible flow.

In particular, for spatially smooth flow, the long-time Lagrangian average
(along the flow) ,

t
: - / /
tlg&g ; divv(t')dt' = Xi:)\i

is a sum of the Lyapunov exponents, which is then non-positive. It is im-
portant that we allowed for a compressibility of a phase-space flow v(r,?)
but did not require its irreversibility. Indeed, even if the system is invariant
with respect to t — —t, v — —v, the entropy production rate is generally
non-negative and the sum of the Lyapunov exponents is non-positive for the
same simple reason that contracting regions have more measure and give
higher contributions. Backwards in time the measure also concentrates, only
on a different set.

This can be illustrated by a slight generalization of the baker map, ex-
panding one region and contracting another, keeping the whole volume of
the phase space unity:
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0 ! 1
The transformation has the form

,_{x/l for 0 <z <l
T (x—=0)/r forl<z<l,
y,_{ry for 0 <z <

r+ly forl<x<1 ’ (56)

where 7 4+ [ = 1. The Jacobian of the transformation is not equal to unity
when r # [:

s ‘8(:13’, y)

O(z,y)

Like in the treatment of the incompressible baker map in the previous section,

consider two initially closed points. If during n steps the points find themsel-

ves np times in the region 0 < x <[ and ny = n — ny times inside | < x < 1

then the distances along z and y will be multiplied respectively by [~™1r="2
and r"1{". Taking the limit we obtain the Lyapunov exponents:

_(r/l forO<x<l

_{l/'r’ forl <oz <1, (57)

Ay =lim, o [2Int+2Inl] =—llnl—rlr, (58)

A =limy e S Inr 4+ 20l =rnr+nl (59)

The sum of the Lyapunov exponents, A\ + A_ = (I — r)In(r/l) = InJ,
is non-positive and is zero only for [ = r = 1/2. Long-time average volume
contraction of a fluid element and respective entropy production is the analog
of the second law of thermodynamics. The volume contraction means that
the expansion in the A, -direction proceeds slower than the contraction in
the A_-direction. Asymptotically our strips of pasta concentrate on a fractal
set, that is one having non-integer dimensionality. Indeed, define the (box-
counting) dimension of a set as follows

d = lim In N(e)

(1 /o) (60)
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where N(e) is the number of boxes of length ¢ on a side needed to cover
the set. After n iterations of the map, square having initial side § < 1
will be stretched into a long thin rectangle of length 6 exp(nA,) and width
dexp(nA_). To cover contracting direction, we choose € = § exp(nA_), then
N(e) = exp[n(Ay — A_)], so that the dimension is

At

d=1+ TN (61)
The dimension is between 1 and 2. The set is smooth in the z-direction
and fractal in the y-direction, which respectively gives two terms in (61).
We see the dramatic difference between equilibrium equipartition and non-
equilibrium fractal distribution. Relation between compressibility and non-
equilibrium is natural: to make system non-Hamiltonian one needs to act
by some external forces, which pump energy into some degrees of freedom
and, to keep a steady state, absorb it from other degrees of freedom —
expansion and contraction of the momentum part of the phase-space volume.
Thermal equilibrium requires fluctuation-dissipation theorem, which is thus
violated. In a non-equilibrium steady state, the entropy extraction rate by
the environment must be equal to the entropy production rate of the flow.

We thus see that the non-equilibrium steady state (NESS) distribution is sin-
gular, that is occupies zero-measure subset of the phase space. The singularity of
the non-equilibrium measure is probably related to non-analyticity of kinetic coef-
ficients and other quantities, mentioned at the end of the Section 3.2. In reality,
approach to NESS is asymptotic; not much is known what distribution modificati-
ons provide for a permanent entropy decrease. Most likely, lower-order cumulants
stabilize first, while farther and farther tails of the distribution continue to evolve.
Of course, to have already the entropy of the uniform distribution finite we need
a finite resolution or coarse-graining, which also stops the entropy decay in non-
equilibrium at a finite value. Adding any noise to the system or treating it with a
finite resolution makes the measure smooth.

To conclude this Chapter, let us stress the difference between the entropy
growth described in the Sections 3.3-3.4 and the entropy decay described in
the present Section. In the former, phase-space flows were area-preserving
and the volume growth of an element was due to a finite resolution which
stabilized the size in the contracting direction, so that the mean rate of
the volume growth was solely due to stretching directions and thus equal
to the sum of the positive Lyapunov exponents, as described in Section 3.3.
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On the contrary, the present section deals with compressible flows which
decrease entropy by creating more inhomogeneous distributions, so that the
mean rate of the entropy decay is the sum of all the Lyapunov exponents,
which is non-positive since contracting regions contain more trajectories and
contribute the mean rate more than expanding regions.

Looking back at the previous Chapters, it is a good time to appreci-
ate the complementarity of determinism and randomness expressed in terms
"statistical mechanics” and ”dynamical chaos”.

4 Physics of information

This section presents an elementary introduction into the information theory
from the viewpoint of a physicist. It re-tells the story of statistical physics
using a different language, which lets us to see the Boltzmann and Gibbs
entropies in a new light. An advantage of using different formulations is that
it helps to understand things better and triggers different intuition in different
people. What I personally like about the information viewpoint is that it
erases paradoxes and makes the second law of thermodynamics trivial. It also
allows us to see generality and commonality in the approaches (to partially
known systems) of physicists, engineers, computer scientists, biologists, brain
researchers, social scientists, market speculators, spies and flies. We shall see
how fast widens the region of applications of the universal tool of entropy
(and related notion of mutual information): from physics, communications
and computations to artificial intelligence and quantum computing.

4.1 Information as a choice

"Nobody knows what entropy really is, so in a
debate you will always have an advantage.”
von Neumann to Shannon

We want to know in which of n boxes a candy is hidden, that is we
are faced with a choice among n equal possibilities. How much informa-
tion we need to get the candy? Let us denote the missing information by
I(n). Clearly, I(1) = 0, and we want the information to be a monotonically
increasing!® function of n. If we have several independent problems then

10The messages ”in box 2 out of 27 and ”in box 2 out of 22” bring the same candy but
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information must be additive. For example, consider each box to have m
compartments. To know in which from mn compartments is the candy, we
need to know first in which box and then in which compartment inside the
box: I(nm) = I(n)+1(m). Now, we can write (Hartley 1927, Shannon 1948)

I(n)=1I(e)lnn=Fklnn (62)

If we measure information in binary choices or bits then k~! = In(2). That
information must be a logarithm is clear also from obtaining the missing in-
formation by asking the sequence of questions in which half we find the box
with the candy, one then needs log, n of such questions and respective one-bit
answers. We can easily generalize the definition (62) for non-integer rational
numbers by I(n/l) = I(n) — I(l) and for all positive real numbers by consi-
dering limits of the series and using monotonicity. So the message carrying
the single number of the lucky box with the candy brings the information
klnn.

We used to think of information received through words and symbols.
Essentially, it is always about in which box the candy is. Indeed, if we have
an alphabet with n symbols then every symbol we receive is a choice out of n
and brings the information kInn. That is n symbols like n boxes. If symbols
come independently then the message of the length N can potentially be one
of n possibilities so that it brings the information ¥N Inn. To convey the
same information by smaller alphabet, one needs longer message. If all the
26 letters of the English alphabet were used with the same frequency then
the word "love” would bring the information equal to 4log,26 ~ 4 - 4.7 =
18.8 bits. Here and below we assume that the receiver has no other prior
knowledge on subjects like correlations between letters (for instance, everyone
who knows English, can infer that there is only one four-letter word which
starts with “lov...” so the last letter brings zero information for such people).

I

Al B L z
Al B o) z
Al B V z
Al B E z

not the same amount of information.
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In reality, every letter brings on average even less information than log, 26
since we know that letters are used with different frequencies. Indeed, con-
sider the situation when there is a probability w; assigned to each letter (or
box) i = 1,...,n. It is then clear that different letters bring different infor-
mation. When there is randomness, we evaluate the average information per
symbol by repeating our choice, say, N times. As N — oo we know that
candy in the i-th box in Nw; cases, that is we know that we receive the first
alphabet symbol Nw; times, the second symbol Nw, times. etc. What we
didn’t know and what any message of the length N brings is the order in
which different symbols appear. Total number of orders is N!/II;( Nw;)! and
the information that we obtained from N symbols is

Iy = kIn(N!/TL;(Nwy)!) ~ —NEY w;lnw; + O(InN) . (63)

The mean missing information per symbol in the language coincides with the
entropy (28):

I(wl...wn):]\}Lr{l)OIN/N:—kailnwi. (64)

i=1

Note that when n — oo then (62) diverges while (64) may well be finite.
Knowledge of w; generally diminishes entropy.

Alternatively, one can derive (64) without any mention of randomness.
Consider again n boxes and define w; = m;/ > ; m; = m;/M, where m; is
the number of compartments in the box number ¢. The total information
in which compartment kIn M must be a sum of the information about the
box I plus the information about the compartment summed over the boxes:
kY " w;Inm;. That gives the information about the box (letter) as the
difference:

I = klnM—kailnmi = kailnM—kailnmi = —kailnwi .

i=1 =1 =1 i=1

The mean information (64) is zero for delta-distribution w; = §;;; it
is generally less than the information (62) and coincides with it only for
equal probabilities, w; = 1/n, when the entropy is maximum. Indeed, equal
probabilities we ascribe when there is no extra information, i.e. in a state of
maximum ignorance. In this state, message brings maximum information per
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symbol; any prior knowledge can reduce the information. Mathematically,
the property

I(1/n,....,1/n) > I(w; ... w,) (65)
is called convexity. It follows from the fact that the function of a single va-
riable s(w) = —w Inw is strictly concave since its second derivative, —1/w,

is everywhere negative for positive w. For any concave function, the average
over the set of points w; is less or equal to the function at the average value
(so-called Jensen inequality):

n

() < 5 (;zw) | (66)

—win W

S|

=1

S[(A+B)/2]>[S(A)+S(B)]/2

A (A+B)/2 B

From here one gets the entropy inequality:

[(wl...wn):zn:s(wi) < ns <1Zn:wi> =ns <1> :I<1,..., 1) . (67)

i=1 "= n n n
The relation (66) can be proven for any concave function. Indeed, the conca-
vity condition states that the linear interpolation between two points a, b lies
everywhere below the function graph: s(Aa+b—\b) > As(a)+(1—\)s(b) for
any A € [0, 1], see the Figure. For A = 1/2 it corresponds to (66) for n = 2.

To get from n = 2 to arbitrary n we use induction. For that end, we choose
A=(n—-1)/n,a=(n—-1)"1E"'w; and b = w, to see that

1 -1 n—1 N
3<Zw@->:s<n (n—l)lzwi—l—w)
i=1 n i=1 n

> n; Ly ((n— 1)12%) +71L8(wn)
2i23<wi>+ s(wn>=iils<wi>. (63)



In the last line we used the truth of (66) for n — 1 to prove it for n.

You probably noticed that (62) corresponds to the microcanonical des-
cription (18) giving information/entropy as a logarithm of the number of
states, while (64) corresponds to the canonical description (28) giving it as
an average. An advantage of Shannon entropy (64) is that is defined for
arbitrary distributions, not necessarily equilibrium.

4.2 Communication Theory

After we learnt, what information messages bring on average, we are ready to
discuss the best ways to transmit messages. That brings us to the Commu-
nication Theory, which is interested in two key issues, speed and reliability:

i) How much can a message be compressed; i.e., how redundant is the
information? In other words, what is the maximal rate of transmission in
bits per symbol?

ii) At what rate can we communicate reliably over a noisy channel; i.e.,
how much redundancy must be incorporated into a message to protect against
errors?

Both questions concern redundancy — how unexpected is the next let-
ter of the message, on the average. Entropy quantifies redundancy. We
have seen that a communication channel on average transmits one unit of
the information (64) per symbol. Receiving letter number ¢ through a bi-
nary channel (transmitting ones and zeros)'! brings information log,(1/w;) =
logy, M — log, m; bits. Indeed, the remaining choice (missing information) is
between m; compartments. The entropy —>7 , w;log, w; is the mean in-
formation content per letter. Note that less probable symbols have larger
information content, but they happen more rarely. The mean information
content for a given letter, —w log, w, is maximal for w = 1/2.

So the entropy is the mean rate. What about the maximal rate? Follo-
wing Shannon, we answer the question i) statistically, which makes sense in
the limit of very long messages, when one can focus on typical sequences, as
we did at the end of the Section 2.3. Consider for simplicity a message of
N bits, where 0 comes with probability 1 — p and 1 with probability p. To
compress the message to a shorter string of letters that conveys essentially
the same information it suffices to choose a code that treats effectively the

UBinary code is natural both for signals (present-absent) and for logic (true-false).
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typical strings — those that contain N(1 — p) 0’s and Np 1’st. The num-
ber of such strings is given by the binomial C¥, which for large N is 2M/®),
where I(p) = —plog, p — (1 — p) logy(1 — p). The strings differ by the order
of appearance of 0 and 1. To distinguish between these 2V/() messages, we
specify any one using a binary string with lengthes starting from one and
up to NI(p). That maximal length is less than N, since 0 < I(p) < 1 for
0 < p < 1. We indeed achieve compression with the sole exception of the
case of equal probability where I(1/2) = 1. True, the code must include a
bit more to represent atypical messages, but in the limit of large N we may
neglect the chance of their appearance and their contribution to the rate of
transmission. Therefore, entropy sets both the mean and the maximal rate in
the limit of long sequences. The idea of typical messages in the limit N — oo
is an information-theory analog of ensemble equivalence in the thermodyn-
amic limit. You may find it bizarre that one uses randomness in treating
information communications, where one usually transfers non-random me-
aningful messages. One of the reasons is that encoding program does not
bother to "understand” the message, and treats it as random. Draining the
words of meaning is necessary for devising universal communication systems.

But not any encoding guarantees the maximal rate of transmission. De-
signating sequences of the same length to letters with different probabilities
is apparently sub-optimal. Signal compression is achieved by coding common
letters by short sequences and infrequent letters by more lengthy combina-
tions - lossless compressions like zip, gz and gif work this way. Consider a
fictional creature whose DNA contains four bases A, T,C,G occurring with
probabilities w; listed in the table:

Symbol | w; | Code 1 | Code 2
A 1/2 00 0
T 1/4 01 10
C 1/8 10 110
G 1/8 11 111

We want a binary encoding for the four bases. Since there are exactly four
two-bit words, we can use the Code 1.

An alternative is a variable-length Code 2. Here we want the least pro-
bable C and G to have the longest codewords of the same length differing
by one bit that distinguishes between two of them. We then can combine C
and G into a single source symbol with the probability 1/4, that is coinciding
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with T. We thus need to code T by one bit less, etc. Home exercise is to see
which code, 1 or 2, uses less bits per base on average.

In English, the probability of "E” is 13% and of "Q” is 0.1%, so Morse!?
encodes "E” by a single dot and Q" by ”— — - —” (first British telegraph ma-
naged to do without C,J,Q,U,X). One-letter probabilities give for the written
English language the information per symbol as follows:

— > w;logy w; &~ 4.11 bits ,

i=a

which is lower than log, 26 = 4.7 bits. Apart from one-letter probabilities,
one can utilize more knowledge about the language by accounting for two-
letter correlation (say, that ”Q” is always followed by ”U”). That will further
lower the entropy, which now can be computed as the entropy of a gas with
binary interactions. The simplest of such models is a 1d spin chain where
we assume that each letter correlates only with two other letters. More ela-
borate Ising-type model is applied in the Section 5.1 below to a system of
interacting neurons. We shall also discuss there how neurons encode informa-
tion. Returning to English, long-range correlations lower the entropy down
to approximately 1.4 bits per letter.

English messages bring 1.4 bits per letter if no other information given. If it was
known that administrative messages related to this course contain restricted vo-
cabulary, say, 9 nouns (professor, students, room, date, hour, lecture, tutorial,
homework, exam), then the first word in ”Students are smart” brings log, 9 bits.
The whole message brings the same amount of information as the message ” Pro-
fessor is stupid”.

Comparing 1.4 and 4.7, we conclude that the letters in an English text
are about 70% redundant. This is illustrated by the famous New York City
subway poster of the 1970s:

"If u cn rd ths u cn gt a gd jb w hi pal”

We talked a lot about letters, but the human language encodes infor-
mation not in separate letters but in words. An insight into the way we
communicate is given by the frequency distribution of words and their me-
anings (Zipf 1949). It was found empirically that if one ranks words by the

12Great contributions of Morse were one-wire system and the simplest possible encoding
(opening and closing the circuit), far more superior to multiple wires and magnetic needles
of Ampere, Weber, Gauss and many others.
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frequency of their appearance in texts, then the frequency decreases as an
inverse rank. For example, the first place with 7% takes “the”, followed by
“of” with 3.5%, "and” with 1.7%, etc.

Probably the simplest model that gives such a distribution is random typing:
all letters plus the space are taken with equal probability (Wentian Li 1992).
Then any word with the length L is flanked by two spaces and has the probability
P(L)= (M +1)"t72/Z where i = 1,2,...,M* and M is the alphabet size. The
normalization factor is Z = 2, MY (M + 1)71=2 = (M + 1)2/M. On the other
hand, the rank r(L) of any L-word satisfies the inequality

MO )/ 1) = 3 M < (D) < 30 M = MO 1/ 1),
=1 =1

which can be written as P;(L) < C[r(L)+B] ® < P;(L—1) with a = log;(M+1),
B=M/(M —1)and C = B/M. In the limit of large alphabet size, M > 1, we
obtain

Pry=(r+1)~". (69)

This asymptotic actually takes place for wide classes of letter distributions, not
necessarily equiprobable. Closely related way of interpreting statistical distribu-
tions is to look for variational principle it satisfies. One may require maximal
information transferred with the least effort. The rate of information transfer
is S = =Y, P(r)log P(r). The effort must be higher for less common words,
that is to grow with the rank. Such growth can be logarithmic (for instance,
when the effort is proportional to the word length). The mean effort is then
W =3, P(r)logr. Looking for the minimum of S — AW, we obtain P(r) oc r—.
Zipf law corresponds to A = 1, when goals and mean are balanced, In what follows
we shall be minimizing a lot of two-term functionals and looking for a conditional
entropy maximum (which is what most of statisticians do most of the time).
Does then the Zipf law trivially appear because both number of words (inverse
probability) and rank increase exponentially with the word size? The answer is
negative because the number of distinct words of the same length in real language
is not exponential in length and is not even monotonic. It is reassuring that our
texts are statistically distinguishable from those produced by an imaginary monkey
with a typewriter. Moreover, words have meaning. The number of meanings
(counted, for instance, from the number of dictionary entries for a word) grows
approximately as the square root of the word frequency: m; o< v/P;. Meanings
correspond to objects of reference having their own probabilities, and it seems that
the language combines these objects into groups whose sizes are proportional to
the mean probability of the group p;, so that P, = m;p; m? It is tempting
to suggest that the distributions appeared due to the balance between minimizing
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efforts of writers and readers, speakers and listeners. Writers and speakers would
minimize their effort by having one word meaning everything and appearing with
the probability one. On the other end, difficulty of perception is proportional to the
depth of the memory keeping the context, needed, in particular, for choosing the
right meaning. Readers and listeners then prefer a lot of single-meaning words. So
far, no convincing optimization scheme giving different features of word statistics
was found.

In distinction from lossless coding, jpeg, mpeg, mp3 and telephone use lossy
compression which removes information presumed to be unimportant for humans.
Moreover, any transcript of the spoken words has much lower entropy (by orders
of magnitude) than the acoustic waveform, which means that it is possible to
compress (much) further without losing any information about the words and
their meaning, as will be discussed in the next subsection. Linguists define the
phoneme as the smallest acoustic unit that makes a difference in meaning. Their
numbers in different languages are subject to disagreements but generally are in
tens. For example, most estimates for English give 45, that is comparable with the
number of letters in the alphabet. Incidentally, the great invention of alphabetic
writing, which dramatically improved handling of information (and irreversibly
changed the ways we speak, hear and remember), was done only once in history.
All known alphabets derive from that seminal (Semitic) script.

4.3 Mutual information as a universal tool

Answering the question i) in Sect. 4.1, we have found that the entropy of
the set of symbols to be transferred determines the minimum mean number
of bits per symbol, that is the maximal rate of information transfer. In this
section, we turn to the question ii) and find out how this rate is lowered if
the transmission channel can make errors. How much information then is
lost on the way? In this context one can treat measurements as messages
about the value of the quantity we measure. One can also view storing and
retrieving information as sending a message through time rather than space.

When the channel is noisy the statistics of inputs P(B) and outcomes
P(A) are generally different, that is we need to deal with two probability
distributions and the relation between them. Treating inputs and outputs as
taken out of distributions works for channels/measurements both with and
without noise; in the limiting cases, the distribution can be uniform or peaked
at a single value. Relating two distributions needs introducing conditional
and relative entropies and mutual information, which turn out to be the most
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powerful and universal tools of information theory.

The relation between the message (measurement) A; and the event (quan-
tity) B; is characterized by the so-called conditional probability (of B; in
the presence of A;), denoted P(B;|A;). For every A;, this is a usual nor-
malized probability distribution, and one can define its entropy S(B|A4;) =
—>2; P(Bj|A;) log, P(Bj|A;). Since we are interested in the mean quality of
transmission, we average this entropy over all values of A;, which defines the
so-called conditional entropy:

S(BIA) = Y P(A)S(BIA) = Y P(A) P(B;| ;) log, P(B;] )

= Y P(A;, Bj)log, P(Bj|A;) . (70)
ij

Here we related the conditional probability to the joint probability P(A;, B;)
by the evident formula P(A;, B;) = P(B;|A;)P(A;). The conditional entropy
measures what on average remains unknown after the value of A is known.
The missing information was S(B) before the measurement and is equal to
the conditional entropy S(B|A) after it. Then what the measurements bring
on average is their difference called the mutual information:

I(A,B) = S(B) — S(BJA) = ZP(A“ B;) log, l%] . (71)

Non-negativity of information means that on average measurements increase
the conditional probability: (log,[P(B;|A;)/P(B;)]) > 0. For example, if B
is a choice out of n equal possibilities (P(B) = 1/n and S(B) = log,n),
but A can happen only in m cases out of those n (P(B|A) = 1/m and
S(B|A) = log,m), then I(A, B) = logy(n/m) bits. If m =1 then A tells us
all we need to know about B.

The formula P(A;, B;) = P(B;|A;)P(A;) gives the chain rule, S(A, B) =
S(A)+S(B|A)=S(B)+S(A|B), S(A) S}A,B) S(B)

and I(A, B) in a symmetric form: g

I(A,B) =S(B)—S(B|A)=S(A)+S(B)—S(A, B) = S(A) — S(A|B) (72)

When A and B are independent, the conditional probability is independent
of A and the information is zero. When they are dependent, P(B,A) >
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P(A)P(B), so that that the information is indeed positive. When A, B
are related deterministically, S(A) = S(B) = S(A,B) = I(A, B), where
S(A) = =, P(A;)logy P(A;), etc. And finally, since P(A|A) = 1 then the
mutual information of a random variable with itself is the entropy: [(A, A) =
S(A). So one can call entropy self-information. Non-negativity of the mutual
information also gives the so-called sub-additivity of entropy:

S(A) + S(B) > S(A, B) . (73)

One also uses P(A, B) = P(B|A)P(A) = P(A|B)P(B) for estimating
the conditional probability of the event B given the marginal probability of
the measurements A:

P(A|B)

P(BIA) = P(B)—5 s

(74)

For example, experimentalists measure the sensory response of an animal to
the stimulus, which gives P(A|B)/P(A) or build a robot with the prescribed
response. Then they go to the natural habitat of that animal/robot and
measure the distribution of stimulus P(B) (see example at the beginning of
Section 5.1). After that one obtains the conditional probability (74) that
allows animal /robot to function in that habitat.

Mutual information sets the maximal rate of reliable communication thus
answering the question ii) from the Section 4.2. Indeed, the number of
possible outputs for a given input is an inverse of the conditional proba-
bility P(A;|By). For each typical input N-sequence, we have [P(A|B)]™Y =
2NVS(AIB) possible output sequences, all of them equally likely. To identify the
input without error, we need to divide the total number of typical outputs
2NS(A) into sets of size 2V9MIB) corresponding to different inputs. There-
fore, we can distinguish at most 2V5(4) /2NS(AIB) — oNI(A.B) sequences of the
length N, which sets I(A, B) as the maximal rate of information transfer.

If one is just interested in the channel as specified by P(B|A), then one
maximizes I (A, B) over all choices of the source statistics P(B) and call it the
Shannon’s channel capacity, which quantifies the quality of communication
systems or measurements: C = maxp(g) (A, B) in bits per symbol. For
example, if our channel transmits the binary input exactly (zero to zero, one
to one), then the capacity is 1 bit, which is achieved by choosing P(B =
0) = P(B =1) = 1/2. Even if the channel has many outputs for every input
out of n, the capacity is still log,n, if those outputs are non-overlapping
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for different inputs, so that the input can be determined without an error
and P(BJA) = 1, as in the case of m = 1 above. The capacity is lowered
when the same outputs appear for different inputs, say, different groups of m
inputs each gives the same output, so that P(B|A) = 1/m. In this case, one
achieves error-free transition choosing only one input symbol from each of
n/m groups, that is using P(B) = m/n for the symbols chosen and P(B) = 0
for the rest; the capacity is then indeed C = log,(n/m) bits. Lowered capacity
means increased redundancy, that is a need to send more symbols to convey
the same information.

In most cases, however, noise does not allow to separate inputs into groups
with completely disjoint outputs, so errors always present. It was thought
that in such cases it is impossible to make probability of error arbitrarily
small when sending information with a finite rate R. Shannon have shown
that it is possible, if there is any correlation between output A and input
B, that is C > 0. Then the probability of an error can be made 2-N(€-1)
that is asymptotically small in the limit of N — oo, if the rate is lower
than the channel capacity. This (arguably the most important) result of
the communication theory is rather counter-intuitive: if the channel makes
errors all the time, how one can decrease the error probability treating long
messages? Shannon’s argument is based on typical sequences and average
equipartition, that is on the law of large numbers (by now familiar to you).

In particular, if in a binary channel the probability of every single bit
going wrong is ¢, then A is binary random variable, so that S(A) = log, 2 = 1.
Conditional probabilities are P(1|0) = P(0|1) = ¢ and P(1|1) = P(0]|0) =
1—gq, so that S(A|B) = S(BJA) = S(q) = —qlog, ¢— (1 —¢q) logy(1 —q). The
mutual information I(A, B) == S(A) — S(A|B) = 1— S(g). This is actually
the maximum, that is the channel capacity: C = maxpp) S(B) — S(BJA) =
1—5(q), because the maximal entropy is unity for a binary variable B. The
rate of transmission is bounded from above by the capacity. That can be
explained as follows: In a message of length N, there are on average qNN
errors and there are N!/(gN)!(N — gN)! ~ 2V9@ ways to distribute them.
We then need to devote some m bits in the message not to data transmission
but to error correction. Apparently, the number of possibilities provided by
these extra bits, 2, must exceed 2V%@  which means that m > NS(q), and
the transmission rate R = (N —m)/N < 1 — S(¢). The channel capacity
is zero for ¢ = 1/2 and is equal to 0.988 bits per symbol for ¢ = 1073.
The probability of errors is binomial with the mean number of errors ¢q/NV
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and the standard deviation 0 = {/Nq(1 — ¢). If we wish to bound the error
probability from above, we must commit to correcting more than the mean
number of errors, making the transmission rate smaller than the capacity.

How redundant is the genetic code? There are four bases, which must
encode twenty amino acids. There are 42 two-letter words, which is not
enough. The designer then must use a triplet code with 4% = 64 words, so
that the redundancy factor is about 3. Number of ways to encode a given
amino acids is approximately proportional to its frequency of appearance.

What are the error rates in the transmission of the genetic code? Typical
energy cost of a mismatched DNA base pair is that of a hydrogen bond, which
is about ten times the room temperature. If the DNA molecule was in thermal
equilibrium with the environment, thermal noise would cause error probability
e 19 ~ 107* per base. This is deadly. A typical protein has about 300 amino
acids, that is encoded by about 1000 bases; we cannot have mutations in every
tenth protein. Moreover, synthesis of RNA from DNA template and of proteins
on the ribosome involve comparable energies and could cause comparable errors.
That means that Nature operates a highly non-equilibrium state, so that bonding
involves extra irreversible steps and burning more energy. This way of sorting
molecules is called kinetic proofreading (Hopfield 1974, Ninio 1975) and is very
much similar to the Maxwell demon discussed below in Section 4.6.

Another example of redundancy for error-protection is the NATO pho-
netic alphabet used by the military and pilots. To communicate through a
noisy acoustic channel, letters are encoded by full words: A is Alpha, B is
Bravo, C is Charlie, etc.

When the measurement /transmission noise ¢ is additive, that is the out-
put is A = g(B) 4+ £ with an invertible function g, we have S(A|B) = S(&)
and

I(A, B) = S(4) - S(¢) . (75)

The more choices of the output are recognizable despite the noise, the more is
the capacity of the channel. In general, when the conditional entropy S(A|B)
is given, then to maximize the mutual information we need to choose the
measurement /coding procedure (for instance, g(B) above) that maximizes
the entropy of the output S(A).

Gaussian Channel. As an illustration, consider a linear noisy channel:
A = B+¢, such that the noise is independent of B and Gaussian with (§) =0
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and (€2) = N. Then P(A|B) = (2aN)~'/2 exp[—(A—B)?/2N]. If in addition
we have a Gaussian input signal with P(B) = (27)~ /2 exp(—B2/2S), then
P(A) = 27(N + 8)]7 Y2 exp[—A2/2(N + S)]. Now, using (74) we can write

N+S S+N A N2
P(BJA) = |2 _@*‘ ) _
(BIA) =\ e l N STN
In particular, the estimate of B is linearly related to the measurement A:

A 4 SNR
S+N ~1+SNR’

where signal to noise ratio is SNR = S/N. The rule (76) makes sense:
To ”decode” the output of a linear detector we use the unity factor at high
SNR, while at low SNR we scale down the output since most of what we are
seeing must be noise. As is clear from this example, linear relation between
the measurement and the best estimate requires two things: linearity of the
input-output relation and Gaussianity of the statistics. Let us now find the
mutual information (75):

I(A, B)=5(A)=S(A|B)=S(A)=S(B+¢|B) =S(A)=S5(§|B) = 5(A)=5(¢)
= 1 [log, 2me(1 + N) — log, 2meN| = 1 log,(1 + SNR) . (77)

B:/BHBMMB: (76)

Here we used the formula for the entropy of the Gaussian distribution. The
capacity of such a channel depends on the input statistics. One increases
capacity by increasing the input signal variance, that is the dynamic range
relative to the noise. For a given input variance, the maximal mutual in-
formation (channel capacity) is achieved by a Gaussian input, because the
Gaussian distribution has maximal entropy for a given variance. Indeed,
varying [ dxp(z)(Ax* — In p) with respect to p we obtain p(x) o< exp(—Az?).

Mutual information also sets the limit on the data compression A — C,
if coding has a random element so that its entropy S(C) is nonzero. In this
case, the maximal data compression, that is the minimal coding length in

bits, is min (A, C).

compression . .. transmission
limit Possible communication limit
; hem

min I(A,C) schemes max I(A.B)

Take-home lesson: entropy of the symbol set is the ultimate data com-
pression rate; channel capacity is the ultimate transmission rate. Since we
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cannot compress below the entropy of the alphabet and cannot transfer faster
than the capacity, then transmission is possible only if the former exceeds
the latter, which requires positivity of the mutual information.

4.4 Hypothesis testing and Bayes’ rule

All empirical sciences need a quantitative tool for confronting data with
hypothesis. One (rational) way to do that is statistical: update prior beliefs
in light of the evidence. It is done using conditional probability. Indeed, for
any e and h, we have P(e,h) = P(e|h)P(h) = P(hle)P(e). If we now call h
hypothesis and e evidence, we obtain the rule for updating the probability
of hypothesis to be true, which is the Bayes’ rule:

Pe|h)
P(e)

P(hle) = P(h) . (78)

That is the new (posterior) probability P(hle) that the hypothesis is correct
after we receive the data e is the prior probability P(h) times the quotient
P(e|lh)/P(e) which presents the support e provides for h. Without exag-
geration, one can say that most errors made by experimentalists in science
and most wrong conclusions made by conspiracy theorists are connected to
unfamiliarity with this simple formula. For example, your hypothesis is the
existence of a massive covert conspiracy inside the US government and the
evidence is September 11 terrorist attack. In this case P(e|h) is high: a ter-
rorist act provoking increase of the state power is highly likely given such a
conspiracy exists. This is presumably why some people stop thinking here
and accept the hypothesis. But of course, absent such an event, the prior pro-
bability P(h) is vanishingly small. Only sequence of probability-increasing
events may lead us to accept the hypothesis.

If choosing between two mutually exclusive hypotheses, h; and hs, then

P(e]hl)

Phnle) = PUn) by P (elin) + Pl Plelhs)

(79)

Suppose that a test for using a particular drug is 99% sensitive and 99%
specific. That is, the test will produce 99% true positive results for drug users
(hypothesis hy) and 99% true negative results for non-drug users (hypothesis
hy). If we denote e the positive test result, then P(elhy) = 0.99 and P(e|hs) =
1 —10.99 = 0.01. Suppose that 0.5% of people are users of the drug, that is
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P(hy) = 0.005. The probability that a randomly selected individual with a
positive test is a drug user is 0.005 - 0.99/(0.99 - 0.005 + 0.01 - 0.995) ~ 0.332
that is less that half. The result is more sensitive to specificity approaching
unity than to sensitivity. In particular, checking an a priori improbable
hypothesis, P(h1) < P(hy), it is better to design experiment which minimizes
P(e|hy) rather than maximizes P(e|h), that is rules our alternative rather
than supports the hypothesis. To see the combination of probabilities which
defines the posterior probability of the hypothesis being true, it is instructive
to present the result in the following form:

P(hle) = [1+ P(ha)P(e|ha) /P(h1) P(e|hy)] - (80)

There is evidence that perception of our brain is inferential, that is based on the
prediction and hypothesis testing. Among other things, this is manifested by the
long known phenomenon of binocular rivalry and the recently established fact that
signals between brain and sensory organs travel in both directions simultaneously.
It is then likely that even our unconscious activity uses rational Bayes’ rule, where
e is sensory input. See e.g. ”The Predictive Mind” by J. Hohwy.

Note a shift in interpretation of probability. Traditionally, mathemati-
cians and gamblers treated probability as the frequency of outcomes in re-
peating trials. Bayesian approach defines probability as a degree of belief,
that definition allows wider applications, particularly when we cannot have
repeating identical trials. The approach may seem unscientific since it is de-
pendent on the prior beliefs, which can be subjective. However, repeatedly
subjecting our hypothesis to variable enough testing, we hope that the re-
sulting flow in the space of probabilities will eventually come close to a fixed
point independent of the starting position.

Relative Entropy. If the true distribution is p but our hypothetical dis-
tribution is ¢, what is the number N of trials we need to find out that our
hypothesis is wrong? For that we need to estimate the probability of the
stream of data observed. We shall observe the result ¢ number of times
which is p; N and judge the probability of it happening as qiiN times the
number of sequences with those frequencies:

|
P11 ak

I (p; V) (81)
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This is the probability of our hypothetical distribution being true. Conside-
ring limit of large N we obtain a large-deviation-type relation like (30):

P ox exp —NZpi In(p;/q:)| - (82)

The probability of not-exactly-correct hypothesis to approximate the data
exponentially decreases with the number of trials. To measure the rate of that
decrease, one introduces the relative entropy (also called Kullback-Liebler

divergence):
D(plg) = >_piln(p:/a:) = {In(p/q)) - (83)

The relative entropy determines how many trials we need: we prove our
hypothesis wrong when N D(p|q) becomes large. The closer is our hypothesis
to the true distribution, the larger is the number of trials needed. On the
other hand, when N D(p|q) is not large, our hypothetical distribution is just
fine.

Relative entropy also quantifies how close to reality is the asymptotic
equipartition estimate (36) of the probability of a given sequence. Assume
that we have an N-sequence where the values/letters appear with the fre-
quencies qx, where kK = 1,..., K. Then the asymptotic equipartition (the
law of large numbers) advices us that the probability of that sequence is
[har™ = exp(NYpqrlng,) = exp[—~NS(g)]. But if the true probabi-
lities of the letters are {px}, then the probability of the sequence is ac-
tually TTypp * = exp(N Ty qxInpr) = exp[N Sy(gr In g + gx In(pr/qi))] =
exp[—NS(q) + D(qlp)].

How many different probability distributions {g;} (called types in infor-
mation theory) exist for an N-sequence? Since g, = n/N, where n can take
any of N + 1 values 0,1,..., N then the number of possible K-vectors {q}
is at most (N + 1)X, which grows with N only polynomially. Since the
number of sequences grows exponentially with N, then there is an exponen-
tial number of possible sequences for each type. The probability to observe
a given type (empirical distribution) is determined by the relative entropy
P{ax} o< exp[-ND(q|p)].

The relative entropy measures how different is the hypothetical distribu-
tion ¢ from the true distribution p. Note that D(p|q) is not the difference
between entropies (which just measures difference in uncertainties). The re-
lative entropy is not a true geometrical distance since it does not satisty
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the triangle inequality and is asymmetric, D(p|q) # D(q|p). Indeed, there
is no symmetry between reality and our version of it (no matter how some
philosophers want us to believe). Yet D(p|q) has important properties of a
distance. Since the probability does not exceed unity, the relative entropy
is non-negative, it turns into zero only when distributions coincide, that is
p; = q; for all 7.

Mutual information is the particular case of the relative entropy when
we compare the true joint probability p(x;,y;) with the distribution made
out of their separate measurements ¢(z;,y;) = p(x;)p(y;), where p(x;) =
> p(xi,y;) and p(y;) = Xip(wi,y;): Diplg) = S(X) +S(Y) = S(X,Y) =
I(X,Y) > 0. It is also monotonic: I(X,YZ) > I(X,Y).

If we observe less variables, then the relative entropy is less (property
called monotonicity) D[p(z;,y;)|q(xi,y;)] > D[p(z;)|q(x;)] where as usual
p(z;) = X, p(xi,y;) and q(x;) = 355 q(24,9;). When we observe less variables
we need larger N to have the same confidence. In other words, information
does not hurt (but only on average!). For three variables, one can define
q(xi,y;, zx) = p(x:)p(Y;, 2 ), which neglects correlations between X and the
rest. What happens to D[p(x;,y;, zi)|q(x:, yj, 2)] if we do not observe Z at
all? Integrating Z out turns ¢ into a product. Monotonicity gives

Dip(zi, yj, z1)lq(xi, yj, z1)] = Dp(xi, yj)la(zi, y;)] -

But when ¢ is a product, D turns into I and we can use (72): D[p(z;, y;, zi)|q(xi, yj, 2)] =
S(X)+ S(Y,Z) — S(X,Y,Z) so we obtain S(X,Y) + S(Y,Z) > S(Y) +
S(X,Y, Z), which is called strong sub-additivity.

Relative entropy also measures the price of non-optimal coding. As we dis-
cussed before, a natural way to achieve an optimal coding would be to assign
the length to the codeword according to the probability of the object encoded:
l; = —logy pi. Indeed, the information in bits about the object, logs(1/p;), must
be exactly equal to the length of its binary encoding. For an alphabet with d
letters, I; = —log;p;- The more frequent objects are then coded by shorter
words, and the mean length is the entropy. The problem is that [; must all be
integers, while —log,p; are generally not. A set of integer I; effectively corre-
sponds to another distribution with the probabilities ¢; = d~ /> d~t. Assume
for simplicity that we found encoding with 3", d~% = 1 (unity can be proved to
be an upper bound for the sum). Then [; = —log; ¢, and the mean length is
L=730pili = =3 piloggqi = — 32, pi(loggpi — loggpi/qi) = S(p) + D(plq), that
is larger than the optimal value S(p), so that the transmission rate is lower. In
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particular, if one takes I; = [log,(1/p;)|, that is the integer part, then one can
show that S(p) <1< S(p)+ 1.

If ¢ in p; runs from 1 to M we can introduce D(p|u) = log, M — S(p),
where u is a uniform distribution. That allows one to show that both relative
entropy and mutual information inherit from entropy convexity properties.
You are welcome to prove that D(p|q) is convex with respect to both p and
q, while I(X,Y") is a concave function of p(x) for fixed p(y|xr) and a convex
function of p(y|x) for fixed p(x). In particular, convexity is important for
making sure that the extremum we are looking for is unique and lies at the
boundary of allowed states.

Remarks on the connections to Statistical Physics. The second law

of thermodynamics is getting trivial from the perspective of mutual informa-
tion. We have seen in Section 3.2 that even when we follow the evolution
with infinite precision, the full N-particle entropy is conserved, but one par-
ticle entropy grows. Now we see that there is no contradiction here: sub-
sequent collisions impose more and more correlation between particles, so
that mutual information growth compensates that of one-particle entropy.
Indeed, the thermodynamic entropy of the gas is the sum of entropies of
different particles Y- S(p;,¢;). In the thermodynamic limit we neglect inter-
particle correlations, which are measured by the generalized (multi-particle)
mutual information Y-, S(pi, ¢i) —S(P1 -+ - Prs @15 - @) = L(P1,G1; - - -3 Py Gn)-
Deriving the Boltzmann kinetic equation (44) in Section 3.2, we replaced
two-particle probability by the product of one-particle probabilities. That
gave the H-theorem, that is the growth of the thermodynamic (uncorrelated)
entropy. Since the Liouville theorem guarantees that the phase volume and
the true entropy S(pi...pn,q1,-.-qn) do not change upon evolution, then
the increase of the uncorrelated part must be compensated by the increase
of the mutual information. In other words, one can replace the usual se-
cond law of thermodynamics by the law of conservation of the total entropy
(or information): the increase in the thermodynamic (uncorrelated) entropy
is exactly compensated by the increase in correlations between particles ex-
pressed by the mutual information. The usual second law then results simply
from our renunciation of all correlation knowledge, and not from any intrinsic
behavior of dynamical systems. Particular version of such renunciation has
been presented in Section 3.3: the full N-particle entropy grows because of
phase-space mixing and continuous coarse-graining.
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The nonnegativity of the relative entropy between an arbitrary distribu-
tion {p;} and the Gibbs distribution ¢; = exp[3(F — E;)] implies that the
latter has the lowest possible free energy at a given temperature:

D(plg) = >_piln(pi/q;) = =S(p) + BE(p) — BFs = B[F(p) — F5 > 0 .

Relative entropy allows also to generalize the second law for non-equilibrium
processes. In general, entropy can either increase upon evolution towards
thermal equilibrium or decrease upon evolution towards a non-equilibrium
state, as seen in Section 3.5. However, the relative entropy between the
distribution and the steady-state distribution monotonously decreases with
time. Also, the conditional entropy between values of any quantity taken
at different times, S(Xyy-|X:), grows with 7 when the latter exceeds the
correlation time.

Continuous distributions. For the sake of completeness, we generalize (64)
for a continuous distribution by dividing into cells (that is considering a limit of
discrete points). Different choices of variables to define equal cells give different
definitions of information. It is in such a choice that physics (or other specific
knowledge) enters. Physics (quantum mechanics) requires that for Hamiltonian
system the equal volumes in phase space contain equal number of states, so the
measure is uniform in canonical coordinates; we then write the missing information
in terms of the phase space density p(P,Q,t), which may also depend on time:

(1) = — / plnpdPdQ . (84)

It is maximal for the uniform distribution p = 1/T', I = InT". To avoid trivial
errors, always consider I > 0.

If the density of the discrete points in the continuous limit is inhomogeneous,
say m(x), then the proper generalization is

1) = = [ p(o) nlp(x)/m(x)) dx

It is invariant with respect to an arbitrary change of variables x — y(x) since
p(y)dy = p(x)dx and m(y)dy = m(x)dx while (84) was invariant only with
respect to canonical transformations (including a time evolution according to a
Hamiltonian dynamics) that conserve the element of the phase-space volume. If
we introduce the normalized distribution of points p/(x) = m(x)/T", then

1) = 1T~ [ p(ox) Infp(x)/p/(0)] dix (85)
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The last term in (85) turns into zero when p and p’ coincide and thus presents
some measure of the difference between the distributions.

Since statistics and information is ultimately about counting, it must be dis-
crete. Continuous treatment is just an approximation often convenient for analytic
treatment; to avoid infinities and divergencies (like log of zero) it is convenient to
work with differentials.

One can also write a continuous version of the mutual information:
p(z|y) p(z,9)
1(Z)Y :/dzdypz,yln[ }:/dzdypz,yln[ . 86
(,Y) (2:9) p(y) (2:9) p(2)p(y) (86)

Here we used p(z,y) = p(z|y)p(y) - the probability to get y,z is the probability
to get y times the probability to get z for this y. Note that (86) is the particular

case of multidimensional (85), where one takes x = (y,z2), p' = p(z)p(y), that
is mutual information measures the difference between the true joint distribution
and the distribution taken as if the quantities were statistically independent. It is
straightforward to generalize it from the pair to many quantities.

4.5 Distribution from information

So far, we defined entropy and information via the distribution. Now, we
want to use the idea of information to get the distribution. Statistical physics
is a systematic way of guessing, making use of partial information. How
to get the best guess for the probability distribution p(z,t), based on the
information given as (R;(x,t)) = r;, i.e. as the expectation (mean) values of
some dynamical quantities? Our distribution must contain the whole truth
(i.e. all the given information) and nothing but the truth that is it must
maximize the missing information, that is the entropy S = —(In p). This is
to provide for the widest set of possibilities for future use, compatible with
the existing information. Looking for the maximum of

S+ Z)\j<Rj(x, t)) = /p(x,t){— In[p(z,t)] + Z )\jRj(:c,t)} dx |

we obtain the distribution

plat) = Z  exp|= SN Ri(x, )] (87)
J
where the normalization factor
Z(N) = /exp{— Z)\jRj(x,t)} dzx

J
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can be expressed via the measured quantities by using

olnZz
O\

For example, consider our initial ”candy-in-the-box” problem (think of an
impurity atom in a lattice if you prefer physics). Let us denote the number
of the box with the candy j. Different attempts give different j (for impurity,
think of X-ray with wavenumber k scattering on the lattice) but on average
after many attempts we find, say, (cos(kj)) = 0.3. Then

p(i) = 271 () expl—Acos(k)

=—r;. (88)

=Y exp[Acos(kj)], (cos(kj)) =dlogZ/d\=0.3.
j=1

We can explicitly solve this for k < 1 < kn when one can approximate the
sum by the integral so that Z(\) ~ nly(\) where I is the modified Bessel
function. Equation [j(\) = 0.31y(\) has an approximate solution A =~ 0.63.

Note in passing that the set of equations (88) may be self-contradictory
or insufficient so that the data do not allow to define the distribution or allow
it non-uniquely. If, however, the solution exists then ( 87) define the missing
information S{r;} = —>; p(j) In p(j), which is analogous to thermodynamic
entropy as a function of (measurable) macroscopic parameters. It is clear
that S have a tendency to increase whenever a constraint is removed (when
we measure less quantities R;).

Making a measurement R one changes the distribution from p(z) to (ge-
nerally non-equilibrium) p(z|R), which has its own conditional entropy

S(z|R) = /ddep R)p(z|R)Inp(z|R) = /da:dRp z,R)Inp(z|R) .
(89)
The conditional entropy quantifies my remaining ignorance about x once I
know R. Measurement decreases the entropy of the system by the mutual
information (71,72) — that how much information about z one gains:

S(z|R) — /p | R) In p(z|R) dde+/p ) In p(z) da
= [ plw, R)np(e, B)/p(x)p(R)] dudR = S(z, R) — S(R) — 5(x) .(90)

Assume that our system is in contact with a thermostat having temperature
T, which by itself does not mean that it is in thermal equilibrium (as, for
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instance, a current-carrying conductor). We then can define a free energy
F(p) = E —TS(p). If the measurement does not change energy (like the
knowledge in which half of the box the particles is), then the entropy decrease
(90) increases the free energy, so that the minimal work to perform such a
measurement is F(p(x|R)) — F(p(z)) = T[S(x) — S(x|R)]. We shall consider
the energy price of information processing in more detail in Section 4.6.

If we know the given information at some time ¢; and want to make
guesses about some other time ¢ then our information generally gets less
relevant as the distance |t; — 3| increases. In the particular case of guessing
the distribution in the phase space, the mechanism of loosing information
is due to separation of trajectories described in Sect. 3.2. Indeed, if we
know that at t; the system was in some region of the phase space, the set
of trajectories started at ¢; from this region generally fills larger and larger
regions as |t; — to| increases. Therefore, missing information (i.e. entropy)
increases with |t; — t3|. Note that it works both into the future and into the
past. Information approach allows one to see clearly that there is really no
contradiction between the reversibility of equations of motion and the growth
of entropy.

Yet there is one class of quantities where information does not age. They
are integrals of motion. A situation in which only integrals of motion are
known is called equilibrium. The distribution (87) takes the canonical form
(38,39) in equilibrium. On the other hand, taking micro-canonical as constant
over the constant-energy surface corresponds to the same approach of not
adding any additional information to what is known (energy).

From the information point of view, the statement that systems approach
thermal equilibrium is equivalent to saying that all information is forgotten
except the integrals of motion. If, however, we possess the information about
averages of quantities that are not integrals of motion and those averages do
not coincide with their equilibrium values then the distribution (87) deviates
from equilibrium. Examples are currents, velocity or temperature gradients
like considered in kinetics.

Traditional way of thinking is operational: if we leave the system alone,
it is in equilibrium; we need to act on it to deviate it from equilibrium.
Informational interpretation lets us to see it in a new light: If we leave the
system alone, our ignorance about it is maximal and so is the entropy, so
that the system is in thermal equilibrium; when we act on a system in a way
that gives us more knowledge of it, the entropy is lowered, and the system
deviates from equilibrium.
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We see that looking for the distribution that realizes the entropy extre-
mum under given constraints is a universal powerful tool whose applicability
goes far beyond equilibrium statistical physics. A distribution that corre-
sponds to the (conditional) maximum of entropy and yet does not describe
thermal equilibrium is a universal tool. A beautiful example of using this
approach is obtaining the statistical distribution of the ensemble of neurons
(Schneidman, Berry, Segev and Bialek, 2006). In a small window of time, a
single neuron either generates an action potential or remains silent, and thus
the states of a network of neurons are described naturally by binary vectors
o; = x1. Most fundamental results of measurements are the mean spike
probability for each cell (o;) and the matrix of pairwise correlations among
cells (0;0;). One can successfully approximate the probability distribution
of o; by maximum entropy distribution (87) that is consistent with the two
results of the measurement. These models are thus Ising models , and the
probability distribution of the neuron signals that maximizes entropy is as
follows:

p({U}) = Z_l exp tho—z + ;ZJUO'Z'O']‘ s (91)

i i<j

where the Lagrange multipliers h;, J;; have to be chosen so that the averages
(0:), (0;0;) in this distribution agree with the experiment. One can also
measure some multi-cell correlations and check how well they agree with
those computed from (91). Despite apparent patterns of collective beha-
vior, that involve many neurons, it turns out to be enough to account for
pairwise correlations to describe the statistical distribution remarkably well.
This is also manifested by the entropy changes: measuring triple and multi-
cell correlations imposes more restrictions and lowers the entropy maximum.
One then checks that accounting for pairwise correlations changes entropy
significantly while account for further correlation changes entropy relatively
little. The sufficiency of pairwise interactions provides an enormous simplifi-
cation, which may be important not only for our description, but also for the
brain. The reason is that brain actually develops and constantly modifies
its own predictive model of probability needed in particular to accurately
evaluate new events for their degree of surprise. The dominance of pairwise
interactions means that learning rules based on pairwise correlations could
be sufficient to generate nearly optimal internal models for the distribution
of codewords in the brain vocabulary, thus allowing the brain to accurately
evaluate probabilities.

68



It is interesting how entropy scales with the number of interacting neurons
N. The entropy of non-interacting (or nearest-neighbor interacting) neurons
is extensive that is proportional to N. The data show that J;; are non-zero
for distant neurons as well. That means that the entropy of an interacting
set is lower at least by the sum of the mutual information terms between all
pairs of cells. The negative contribution is thus proportional to the number
of interacting pairs, N(N — 1)/2, that is grows faster with N, at least when
it is not too large. One can estimate from low-N data a "critical” N when
entropy is expected to turn into zero and it corresponds well to the empirically
observed sizes of the clusters of strongly correlated cells. The lesson is: even
when pairwise correlations are weak, sufficiently large custers can be strongly
correlated. It is also important that the interactions J;; have different signs,
so that frustration can prevent the freezing of the system into a single state
(like ferromagnetic or anti-ferromagnetic). Instead there are multiple states
that are local minima of the effective energy function, as in spin glasses.

The distribution (91) corresponds to the thermal equilibrium in the auxi-
liary Ising model, yet it describes the brain activity, which is apparently far
from thermal equilibrium (unless the person is brain dead).

4.6 Exorcizing Maxwell demon

Demon died when a paper by Szilard appeared, but it continues
to haunt the castles of physics as a restless and lovable poltergeist.
P Landsberg, quoted from Gleick ”The Information”

Here we want to adress the relation between information and energy, particu-
larly, find out if information has any energy price. Since energy and entropy (in-
formation) have different dimensionalities, we need something to relate them. For
example, this can be temperature, which is the derivative of the energy with respect
to the entropy. That makes it natural to consider a system in contact with a ther-
mostat. but not necessarily in thermal equilibrium. The Gibbs-Shannon entropy
(64) and the mutual information (85,71,90) can be defined for arbitrary distributi-
ons. As we mentioned after (4.6), one can then define a free energy for any system
in a contact with a thermostat having temperature T' as F(p) = E(p) — T'S(p),
even when the distribution of the system itself is not equilibrium. Thermody-
namics interprets F' as the energy we are free to use keeping the temperature.
Information theory reinterprets that in the following way: If we knew everything,
we can possibly use the whole energy (to do work); the less we know about the
system, the more is the missing information S and the less work we are able to
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extract. In other words, the decrease of F' = E —T'S with the growth of S measu-
res how available energy decreases with the loss of information about the system.
Maxwell understood that already in 1878: ”Suppose our senses sharpened to such
a degree that we could trace molecules as we now trace large bodies, the distinction
between work and heat would vanish.”

The concept of entropy as missing information!® (Brillouin 1949) allows one
to understand that Maxwell demon or any other information-processing device do
not really decrease entropy. Indeed, if at the beginning one has an information
on position or velocity of any molecule, then the entropy was less by this amount
from the start; after using and processing the information the entropy can only
increase. Consider, for instance, a particle in the box at a temperature 7. If we
know in which half it is, then the entropy (the logarithm of available states) is
In(V/2). That teaches us that information has thermodynamic (energetic) value:
by placing a piston at the half of the box and allowing particle to hit and move it
we can get the work TAS = T'In2 out of thermal energy of the particle:

On the other hand, the law of energy conservation tells that to get such an
information one must make a measurement whose minimum energetic cost at fixed
temperature is Wieqs = TAS = T'In2 (that was realized by Szilard in 1929 who
also introduced ”bit” as a unit of information). The same is true for any entropy
change by a measurement (90). The entropy change generally is the difference
between the entropy of the system S(A) and the entropy of the system interacting
with the measuring device S(A, M). More generally, when there is a change in the
free energy AF)s of the measuring device, the measurement work is

Wineas > TAS + AFy = T[S(A) — S(A, M)] + AFy; . (92)

If we cannot break the first law of thermodynamics, can we at least break
the second one by constructing a perpetuum mobile of the second kind, regularly
measuring particle position and using its thermal energy to do work? To make a
full thermodynamic cycle of our demonic engine, we need to return the demon’s

13that entropy is not a property of the system but of our knowledge about the system
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memory to the initial state. What is the energy price of erasing information? Such
erasure involves compression of the phase space and is irreversible. For example,
to erase information in which half of the box the particle is, we may compress the
box to move the particle to one half irrespective of where it was. That compression
decreases entropy and is accompanied by the heat T'ln 2 released from the system
to the environment. If we want to keep the temperature of the system, we need to
do exactly that amount of work compressing the box (Landauer 1961). In other
words, demon cannot get more work from using the information S(M) than we
must spend on erasing it to return the system to the initial state (to make a full
cycle). More generally, we can lower the work at the price of cooling the measuring
device:

Weras > TS(M) — AFyy . (93)

Together, the energy price of the cycle is the temperature times what was
defined in the Section 4.3 as the mutual information:

Weras + Wineas = T[S(A) + S(M) — S(A, M) =TI . (94)

Thermodynamic energy cost of measurement and information erasure depends
neither on the information content nor on the free-energy difference; rather the
bound depends only on the mutual correlation between the measured system and
the memory. Inequality (94) expresses the trade off between the work required
for erasure and that required for measurement: when one is smaller, the other
one must be larger. The relations (92,93,94) are versions of the second law of
thermodynamics, in which information content and thermodynamic variables are
treated on an equal footing.

Landauers principle not only exorcizes Maxwells demon, but also imposes the
fundamental physical limit on irreversible computation. Indeed, when a computer
does logically irreversible operation (which does not have a single-valued inverse)
the information is erased and heat must be generated. Any Boolean function that
maps several input states onto the same output state, such as AND, NAND, OR
and XOR, is therefore logically irreversible. It is worth stressing that one cannot
make this heat arbitrarily small making the process adiabatically slow: T In2 per
bit is the minimal amount of dissipation to erase a bit at a fixed temperature.

Take-home lesson: processing information without storing an ever-increasing
amount of it must be accompanied by a finite heat release at a finite temperature.
Of course, any real device dissipates heat just because it works at a finite rate.
Lowering that rate one lowers the dissipation rate too. The message is that no
matter how slowly we process information, we cannot make the dissipation rate
lower than T'In 2 per bit. This is in distinction from usual thermodynamic proces-
ses where we can make heat release arbitrarily small making the process slower,
apparently because there is no information processing involved.
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Experiment. Despite its fundamental importance for information theory and
computer science, the erasure bound has not been verified experimentally until
recently, the main obstacle being the difficulty of doing single-particle experiments
in the low-dissipation regime (dissipation in present-day silicon-based computers
still exceeds the Landauer limit by a factor 102 = 103 but goes down fast). The
experiment realized erasure of a bit by treating colloidal particle in a double-well
potential as a generic model of a one-bit memory (Berut et al, Nature 2012; Jun,
Gavrilov, Bechhoefer, PRL 2014). The initial entropy of the system is thus In 2.
The procedure is to put the particle into the right well irrespective of its initial
position, see Figure below. It is done by first lowering the barrier height (Fig. b)
and then applying a tilting force that brings the particle into the right well (Fig
ce). Finally, the barrier is increased to its initial value (Fig f). At the end of this
reset operation, the information initially contained in the memory has been erased

and the entropy is zero.
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The heat/work was determined by experimentally observing the particle tra-
jectory x(t) and computing the integral of the power using the known potential
U(z,t): -

T, 0U(x,t
W=am=- [ ="
This heat was averaged over 600 realizations.
thermodynamics,

dt . (95)

According to the second law of

(@) >-TAS=Th2 . (96)

One can see in the right panel of the figure above how the limit is approached as
the duration of the process increases. We shall return to the Brownian particle in
a potential in Section 7.3 where we present a generalization of (92,93).
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5 Applications of Information Theory

My brothers are protons, my sisters are neurons

Gogol Bordello ”Supertheory of Supereverything”

This Chapter puts some content into the general notions introduced above.
Choosing out of enormous variety of applications, I tried to balance the desire
to show beautiful original works and the need to touch diverse subjects to let
you recognize the same ideas in different contexts. The Chapter is concerned with
practicality no less than with optimality; we often sacrifice the latter for the former.

5.1 Flies and spies

What lies at the heart of every living thing is not a fire,
not warm breath, not a ’spark of life.” It is information.
Richard Dawkins

One may be excused thinking that living beings consume energy to survive,
unless one is a physicist and knows that energy is conserved and cannot be con-
sumed. All the energy, absorbed by plants from sunlight and by us from food, is
emitted as heat. Instead, we consume information and generate entropy by inter-
cepting entropy flows to high-entropy body heat from low-entropy energy sources
— just think how much information was processed to squeeze 500 kkal into 100
grams of a chocolate, and you enjoy it even more.

If an elementary act of life as information processing (say, thought) generates
AS, we can now ask about its energy price. Similar to our treatment of the
thermal engine efficiency (8), we assume that one takes @ from the reservoir with
Ty and delivers Q — W to the environment with 75. Then AS = S, — 51 =

(Q —W)/Ty — Q/T1 and the energy price is as follows: E
1
THoAS + W ST | Qo
Q = 71 — T /T1 . S=(Q-W)T,| Q -W
T

2

When T} — T3, the information processing is getting prohibitively ineffective,
just like the thermal engine. In the other limit, 77 > T5, one can neglect the
entropy change on the source, and we have Q = TbAS + W. Hot Sun is indeed a
low-entropy source.

Let us now estimate our rate of information processing and entropy production.
A human being dissipates about W = 200 watts of power at T" = 300 K. Since
the Boltzmann constant is k = 1.38 x 10723, that gives about W/kT ~ 10?3 bits
per second. The amount of information processed per unit of subjective time (per
thought) is about the same, assuming that each moment of consciousness lasts
about a second (Dyson, 1979).
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We now discuss how such beings actually process information.

Maximizing capacity. Imagine yourself on the day five of Creation designing
the response function for a sensory system of a living being;:

Response
state

Input

For given value intervals of input and response, should we take the solid line
of linear proportionality between response and stimulus? Or choose the lowest
curve that treats all weak-intensity inputs the same and amplifies difference in
strong signals? The choice depends on the goal. For example, the upper curve was
actually chosen (on the day six) for the auditory system of animals and humans:
our ear amplifies differences in weak sounds and damp strong ones, sensing loudness
as the logarithm of the intensity. That way we better hear whisper of a close one
and aren’t that frightened by loud threats.

If, however, the goal is to maximize the mean information transfer rate (capa-
city) at the level of a single neuron/channel, then the response curve (encoding)
must be designed by the Creator together with the probability distribution of vi-
sual stimuli. That it is indeed so was discovered in probably historically the first
application of information theory to the real data in biology (Laughlin 1981). It
was conjectured that maximal-capacity encoding must use all response levels with
the same frequency, which requires that the response function is an integral of the
probability distribution of the input signals (see Figure). First-order interneurons
of the insect eye were found to code contrast rather than absolute light inten-
sity. Subjecting the fly in the lab to different contrasts x, the response function
y = g(z) was measured from the fly neurons; the probability density of inputs,
p(x), was measured across its natural habitat (woodlands and lakeside) using a
detector which scanned horizontally, like a turning fly.
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The coding strategy for maximizing information capacity by ensuring that all response levels are used with equal
frequency. Upper left curve: probability density function for stimulus intensities. Lower left curve: the response function,
which ensures that the interval between each response level encompasses an equal area under the distribution, so that
each state is used with equal frequency. In the limit where the states are vanishingly small this response function
corresponds to the cumulative probability function. Right panel: The contrast-response function of fly neuron compared to
the cumulative probability function for natural contrasts. Simon Laughlin, Naturforsch. 36, 910-912 (1981)

We can now explain it noting that the representation with the maximal capa-
city corresponds to the maximum of the mutual information between input and
output: I(z,y) = S(y) — S(y|z). We assume that the measurement is noiseless
and error-free, so that the conditional entropy S(y|x) is zero. Therefore, according
to Section 4.3, we need to maximize the entropy of the output assuming that the
input entropy is given. Absent any extra constraints except normalization, the en-
tropy is maximal when p(y) is constant. Since p(y)dy = p(z)dz = p(x)dydz/dy =
p(x)dy/g'(x), then

S = [ @) alp(@)/g @) do = S(@) + (tnlg' @) (97)
S 9 p .o
e = =0 = d@ =),

as in the Figure. Since the probability is positive, the response function y = g(z)
is always monotonic i.e. invertible. Note that we utilized only the probability
distribution of different signal levels, similar to language encoding which utili-
zes different frequencies of letters (and not, say, their mutual correlations). We
have also applied quasi-static approximation, neglecting dynamics. Let yourself
be impressed by the agreement of theory and experiment — there were no fitting
parameters. The same approach works well also for biochemical and genetic input-
output relations. For example, the dependence of a gene expression on the level
of a transcription factor is dictated by the statistics of the latter. That also works
when the conditional entropy S(y|z) is nonzero but independent of the form of the
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response function y = g(z).

This approach turns out quite useful in image and speech recognition by com-
puters using unsupervised learning. That can be done by considering the ”training
set” of z-s to approximate the density p(z). We then choose some form of the re-
sponse function y = g(z,w) characterized by the parameter w and find optimal
value of w using an ”online” stochastic gradient ascent learning rule giving the

change of the parameter:

d 9g(z,w)

A —In( ) . 98

e ow . ( ox ) (98)

For example, the form of the response function y(u) popular for its flexibility is

the two-parametric asymmetric generalized logistic function defined implicitly by

dy/du = yP(1 — y)". Symmetric examples are given in the Figure, choosing p # r
one can work with skewed distributions as well.

(@) (b)

©

-

[

p=1,r=1

=g(u)

y=g(u)
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y=g(u)

)
o
c

dy/du
dy/du
dy/du

u u

After choosing the form of g, we need to properly center and normalize the
output signal u = wx 4+ wy. Using (98) one trains computer to optimize the data
processing with respect to all the parameters.

Let us now pass from a single channel to N inputs and outputs (neurons/channels).
Consider a network with an input vector x = (z1,...,2yx) which is transformed
into the output vector y(x) monotonically, that is det[0y;/0x)| # 0. The multiva-
riate probability density function of y is as follows:

_ )
ply) = det[0ys/Ozr] (99)

Making it flat (distribute outputs uniformly) for maximal capacity is not straight-
forward now. Maximizing the total mutual information between input and output,
which requires maximizing the output entropy, is often (but not always) achieved
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by minimizing first the mutual information between the output components. For
two outputs we may start by maximizing S(y1,y2) = S(y1)+S(y2) — I(y1, y2), that
is minimize I(yi1,y2). If we are lucky and find encoding in terms of independent
components, then we choose for each component the transformation (97), which
maximizes its entropy making the respective probability flat. For a good review
and specific applications to visual sensory processing see Atick 1992.

For particular types of signals, practicality may favor non-optimal but simple
schemes like amplitude and frequency modulation (both are generally non-optimal
but computationally feasible and practical). Even in such cases, the choice is dic-
tated by the information-theory analysis of the efficiency. For example, neuron
either fires a standard pulse (action potential) or stays silent, which makes it na-
tural to assume that the information is encoded as binary digits (zero or one) in
discrete equal time intervals. Yet one can imagine that the information is enco-
ded by the time delays between subsequent pulses. On the engineer’s language,
the former method of encoding is a limiting case of amplitude modulation, while
the latter case is that of frequency modulation. The maximal rate of information
transmission is the former case is only dependent on the minimal time delay bet-
ween the pulses determined by the neuron recovery time. On the other hand, in
the latter case, the rate depends on both the minimal error of timing measurement
and of admissible maximal time between pulses. In the home exercise, you shall
compare the two schemes. In reality, brain activity ”depends in one way or another
on all the information-bearing parameters of an impulse — both on its presence
or absence as a binary digit and on its precise timing” (MacKay and McCulloch
1952).

Minimizing correlation between components. Finding least correlated
components can be a practical first step in maximizing capacity. Note how to
mazrimize the mutual information between input and output, we minimize the
mutual information between the components of the output. This is particularly
true for natural signals where most redundancy comes from strong correlations
(like that of the neighboring pixels in visuals). In addition, finding an encoding
in terms of least dependent components is important by itself for its cognitive
advantages. For example, such encoding generally facilitates pattern recognition.
In addition, presenting and storing information in the form of independent (or
minimally dependent) components is important for associative learning done by
brains and computers. Indeed, for an animal or computer to learn a new association
between two events, A and B, the brain should have knowledge of the prior joint
probability P(A, B). For correlated N-dimensional A and B one needs to store
N x N numbers, while only 2N numbers for quantities uncorrelated (until the
association occurs).
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Another cognitive task is the famous ” cocktail-party problem” posed by spies:
N microphones (flies on the wall) record N people speaking simultaneously, and
we need the program to separate them — so-called blind separation problem. Here
we assume that uncorrelated sources si,..., sy are mixed linearly by an unknown
matrix A. All we receive are the N superpositions of them x1,...,zn. The
task is to recover the original sources by finding a square matrix W which is the
inverse of the unknown A, up to permutations and re-scaling. Closely related is
the blind de-convolution problem also illustrated in the Figure below (from Bell
and Sejnowski, 1995): a single unknown signal s(¢) is convolved with an unknown
filter giving a corrupted signal z(t) = [ a(t — t')s(¢') dt’, where a(t) is the impulse
response of the filter. The task is to recover s(t) by integrating z(¢) with the inverse
filter w(t), which we need to find by learning procedure. Upon discretization, s,
are turned into N-vectors and w into N X N matrix, which is lower triangular
because of causality: w;; = 0 for j > ¢ and the diagonal values are all the same
wi; = w. The determinant in (99) is simplified in this case. For y = g(wx)
we have det[dy(t;)/0x(t;)] = detw [ v/ (t;) = @V [TV v/ (t:;). One that applies
some variant of (98) to minimize mutual information. What was described is a
single-layer processing. More powerful are multi-layer nonlinear schemes, where
computing determinants and formulating learning rules is more complicated.
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Figure 3: Network architectures for (a) blind separation of 5 mixed signals,
and (b) blind deconvolution of a single signal.

Ideally, we wish to find the (generally stochastic) encoding y(x) that achieves
the absolute minimum of the mutual information >, S(y;) — S(y). One way to
do that is to minimize the first term while keeping the second one, that is under
condition of the fixed entropy S(y) = S(x). In general, one may not be able to find
such encoding without any entropy change S(y)—.S(x). In such cases, one defines
a functional that grades different codings according to how well they minimize both
the sum of the entropies of the output components and the entropy change. The
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simplest energy functional for statistical independence is then

E= Z S(yi) = BIS(y) = Sx)] = Z S(yi) — BIndet[dy;/Oxy] . (100)

A coding is considered to yield an improved representation if it possesses a smaller
value of E. The choice of the parameter (8 reflects our priorities — whether
statistical independence or increase in indeterminacy is more important. Similar
minimization procedures will be considered in the next Section.

Maximizing information transfer and reducing the redundancy between the
units in the output is applied practically in all disciplines that analyze and process
data, from physics and engineering to biology, psychology and economics. So-
metimes it is called infomax principle, the specific technique is called independent
component analysis (ICA). Note that the redundancy reduction is usually app-
lied after some procedure of eliminating noise. Indeed, our gain function provides
equal responses for probable and improbable events, but the latter can be mostly
due to noise, which thus needs to be suppressed. Moreover, if input noises were
uncorrelated, they can get correlated after coding. And more generally, it is better
to keep some redundancy for corrections and checks when dealing with noisy data.

5.2 Rate Distortion and Information Bottleneck

When we transfer information, we look for maximal transfer rate and thus define
channel capacity as the maximal mutual information between input and output.
But when we encode the information, we may be looking for the opposite: what is
the minimal number of bits, sufficient to encode the data with a given accuracy.

For example, description of a real number requires infinite number of bits.
Representation of a continuous input B by a finite discrete rate of the output
encoding generally leads to some distortion, which we shall characterize by the real
function d(A, B). How large is the mean distortion D = ., P(A;, Bj)d(A;, By)
for a given encoding with R bits and 2% values? It depends on the choice of the
distortion function, which specifies what are the most important properties of the
signal B. For Gaussian statistics (which is completely determined by the variance),
one chooses the squared error function d(A4, B) = (A — B)2. We first learn to use
it in the standard least squares approximations — now we can understand why
— because minimizing variance minimizes the entropy of a Gaussian distribution.
Consider a Gaussian B with (B) = 0 and (B?) = o2. If we have one bit to
represent it, apparently, the only information we can convey is the sign of B.
To minimize squared error, we encode positive/negative values by A = +0+/2/7,
which corresponds to

D) = (27)" /2 /OOO (B oy/2/n)° exp[—BQ/202]? —02/4 .
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Let us now turn the tables and ask what is the minimal rate R sufficient to provide
for distortion not exceeding D. This is called rate distortion function R(D). We
know that the rate is the mutual information I(A, B), but now we are looking
not for its maximum (as in channel capacity) but for the minimum over all the
encodings defined by P(B|A), such that the distortion does not exceed D. It is
helpful to think of distortion as produced by the added noise £ with the variance
D. For a fixed variance, maximal entropy S(B|A) corresponds to the Gaussian
distribution, so that we have a Gaussian input with (B?) = 02 plus (imaginary)
Gaussian channel with the variance ((B — A)?) = D, and the minimal rate is given
by (77):

R(D) = I(A,B)=S(B)—S(B|A)=S8(B)—-S(B—AJA)>S(B)—-S(B-A4)

logy, — . (101)

It turns into zero for D = o2 and goes to infinity for D — 0. Presenting it as
D(R) = 02272k we see that every bit of description reduces distortion by a factor
of 4.

One can show that the rate distortion function R(D) is monotonous and convex
for all systems. In solving practical problems, it is usually found as a solution of the
variational problem, where one needs to find normalized P(B|A) which minimizes
the functional

_ _ AP 1 D BilA) B,
F=I1+pD= iZjP(BﬂAZ)P(AZ) {m #Bj) + Bd(A;, B])} : (102)

After variation with respect to P(Bj|A;) and accounting for the identity P(B;) =
> P(Bj|A;)P(A;) we obtain

P(Bj|4;) = Z];z(‘l%eﬁd(Ai’Bj) : (103)

where the partition function Z(4;,3) = 3_; P(B;)e P4(4i:B) is the normaliza-
tion factor. Immediate physical analogy is that this is a Gibbs distribution with
the ”energy” equal to the distortion function. Maximizing entropy for a given
energy (Gibbs) is equivalent to minimizing mutual information for a given dis-
tortion function. Choice of the value of the inverse temperature S reflects our
priorities: at small 5 the conditional probability is close to the unconditional one,
that is we minimize information without much regard to the distortion. On the
contrary, large 8 requires our conditional probability to be sharply peaked at the
minima of the distortion function.
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Similar, but more sophisticated optimization procedures are applied, in parti-
cular, in image processing. Images contain enormous amount of information. The
rate at which visual data is collected by the photoreceptor mosaic of animals and
humans is known to exceed 10° bits/sec. On the other hand, studies on the speed
of visual perception and reading speeds give numbers around 40-50 bits/sec for
the perceptual capacity of the visual pathway in humans. The brain then have
to perform huge data compressions. This is possible because visual information is
highly redundant due to strong correlations between pixels. Mutual information
is the main tool in the theory of (image, voice, pattern) recognition and Al.

measurement  encoding

BQ//i>A HD:{>C

The measured quantity A thus contains too much data of low information value.
We wish to compress A to C while keeping as much as possible information about
B. Understanding the given signal A requires more than just predicting/inferring
B, it also requires specifying which features of the set of possible signals {A} play
a role in the prediction. Here meaning seeps back into the information theory.
Indeed, information is not knowledge (and knowledge is not wisdom). We formalize
this problem as that of finding a short code for {A} that preserves the maximum
information about the set { B}. That is, we squeeze the information that A provides
about B through a bottleneck formed by a limited set of codewords {C'}. This is
reached via the method called Information Bottleneck, targeted at characterizing
the tradeoff between information preservation (accuracy of relevant predictions)
and compression. Here one looks for the minimum of the functional

I(C, A) — BI(C, B) . (104)

The coding A — C' is also generally stochastic, characterized by P(C|A). The
quality of the coding is determined by the rate, that is by the average number of
bits per message needed to specify an element in the codebook without confusion.
This number per element A of the source space {A} is bounded from below by
the mutual information I(C, A) which we thus want to minimize. Effective coding
utilizes the fact that mutual information is usually sub-extensive in distinction
from entropy which is extensive. Note the difference from the Section 4.3, where
in characterizing the channel capacity (upper bound for the error-free rate) we
mazximized I(A, B) over all choices of the source space {B}, while now we mini-
mize I(C, A) over all choices of coding. To put it differently, there we wanted to
maximize the information transmitted, now we want to minimize the information
processed. This minimization, however, must be restricted by the need to retain
in C the relevant information about B which we denote I(C, B). Having cho-
sen what properties of B we wish to stay correlated with the encoded signal C,
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we add the mutual information I(C, B) with the Lagrange multiplier —f to the
functional (104). The sign is naturally chosen such that 8 > 0 (analog of inverse
temperature), indeed, we want minimal coding I(A, B) preserving maximal infor-
mation I(C, B) (that is I(C, B) is treated similarly to the channel capacity in the
previous section). The single parameter § again represents the tradeoff between
the complexity of the representation measured by I(C, A), and the accuracy of
this representation, measured by I(C, B). At § = 0 our quantization is the most
sketchy possible — everything is assigned to a single point. At 8 grows, we are
pushed toward detailed quantization. By varying 8 one can explore the tradeoff
between the preserved meaningful information and compression at various resolu-
tions. Comparing with the rate distortion theory functional (103), we recognize
that we are looking for the conditional probability of the mapping P(C|A), that
is we explicitly want to treat some pixels as more relevant than the others.

However, the constraint on the meaningful information is now nonlinear in
P(CJA), so this is a much harder variational problem. Indeed, variation of (104)
with respect to the conditional probability now gives the equation (rather than an
explicit expression):

P(Cj) P(By|Ai)
P(C;|A;) = ——L_exp |— P(By|A;) log —— 2| 105
The conditional probability in the exponent is given by the Bayes’ rule
1
P(Bk|Cj) = WZP(AUP(BHAQP(CHAO ; (106)
17

Technically, this system of equations is usually solved by iterations, for instance,
via deep learning (which is one of the most successful paradigms for unsupervised
learning to emerge over the last 15 years). Doing compression procedure many
times, A — C; — (... is used in multi-layered Deep Learning Algorithms. Here
knowledge of statistical physics helps in several ways, particularly in identifying
phase transitions (with respect to /3) and the relation between processing from
layer to layer and the renormalization group: features along the layers become
more and more statistically decoupled as the layers gets closer to the fixed point.

Practical problems of machine learning are closely related to fundamental pro-
blems in understanding and describing the biological evolution. Here an important
task is to identify classes of functions and mechanisms that are provably evolvable
— can logically evolve into existence over realistic time periods and within rea-
listic populations, without any need for combinatorially unlikely events to occur.
Quantitative theories of evolution in particular aim to quantify the complexity of
the mechanisms that evolved, which is done using information theory.
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5.3 Information is money

This section is for those brave souls who decided to leave physics for gambling. If
you have read till this point, you must be well prepared for that.

Let us start from the simplest game: you can bet on a coin, doubling your bet if
you are right or loosing it if you are wrong. Surely, an intelligent person would not
bet money hard saved during graduate studies on a totally random process with
a zero gain. You bet only when you have an information that sides have unequal
probabilities: p > 1/2 and 1 — p. Betting all your money on the more probable
side and retiring after one bet is not an option for two fundamental reasons: you
haven’t saved enough and you don’t like a nonzero probability to loose it all. To
have a steady income and an average growth you want to play the game many
times. To avoid loosing it all, you bet only a fraction f of your money on the more
probable p-side. What to do with the remaining money, keep it as an insurance or
bet on a less probable side? The first option just diminishes the effective amount
of money that works, so we choose the second option and put 1 — f on the side
with 1 — p chance. If after IV such bets the p-side came n times then your money
is multiplied by the factor (2f)"[2(1 — f)]Y~" = exp(NA), where the rate is

A(f):1n2+;\‘[1nf+(1—;>1n(1—f). (107)

As N — oo we approach the mean rate, which is A =In2+ pln f + (1 — p) In(1 —
f). Note the similarity with the Lyapunov exponents from Sections 3.3-3.5 —
we consider the logarithm of the exponentially growing factor since we know
limy_o0(n/N) = p (it is called self-averaging quantity because it is again a sum
of random numbers). Differentiating with respect to f you find that the maximal
growth rate corresponds to f = p (proportional gambling) and equals to

Ap) =In2+pp+ (1 —p)n(l -p)=S(u) - S(p), (108)

where we denoted the entropy of the uniform distribution S(u) = In2. We thus
see that the maximal rate of money growth equals to the entropy decrease, that is
to the information you have (Kelly 1950). What is beautiful here is that the proof
of optimality is constructive and gives us the best betting strategy. It is straight-
forward to generalize that for gambling on horse races, where many outcomes have
different probabilities p; and payoffs g;. Maximizing Y p; In(f;g;) we find f; = p;
independent of g;, so that

AP, g) = sz' In(pigi) - (109)

Here you have a formidable opponent - the track operator, who actually sets the
payoffs. Knowing the probabilities, the operator can set the payoffs, g; = 1/p;, to
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make the game fair and your rate zero. More likely is that the operator cannot
resist the temptation to set the payoffs a bit lower to make your A negative and
relieve you of your money. Your only hope then is that your information is better.
Indeed, if the operator assumes that the probabilities are ¢; and sets payoffs as
gi = 1/Zq; with Z > 1, then

Ap,q) =—InZ+ sz' In(p;/qi) = —InZ + D(plq) . (110)

7

That is if you know the true distribution but the operator uses the approximate
one, the relative entropy D(p|q) determines the rate with which your winnings
can grow. Nobody’s perfect so maybe you use the distribution ¢/, which is not
the true one. In this case, you still have a chance if your distribution is closer to
the true one: A(p,q,¢') = —InZ + D(p|lq) — D(p|¢’). Remind that the entropy
determines the optimal rate of coding. Using incorrect distribution incurs the cost
of non-optimal coding. Amazingly, (110) tells that if you can encode the data
describing the sequence of track winners shorter than the operator, you get paid
in proportion to that shortening.

To feel less smug, note that bacteria follow the same strategy without ever
taking this or other course on statistical physics. Indeed, analogously to coin
flipping, bacteria are often face the choice between growing fast but being vulne-
rable to antibiotic or grow slow but being resistant. They then use proportional
gambling to allocate respective fractions of populations to different choices. There
could be several lifestyle choices, which is analogous to horse racing problem (called
phenotype switching in this case).

Bacteria, as well as gamblers, face the problem we haven’t mentioned yet:
acquiring information, needed for proportional gambling, has its own cost. One
then looks for a tradeoff between maximizing growth and minimizing information
cost. Assume that the environment is characterized by the parameter A, say, the
concentration of a nutrient. The internal state of the bacteria is characterized by
another parameter B, which can be the amount of enzyme needed to metabolize the
nutrient. The growth rate is then the function of these two parameters r(A, B). We
are looking for the conditional probability P(B|A), which determines the mutual
information between the external world and the internal state:

I(A4,B) = /dA P(A) /dBP(B|A) log, P(]Z'BA;) . (111)
To decrease the cost al of acquiring this information, we wish to let P(B|A) closer
to P(B). Yet we also wish to maintain the average growth rate

A= / dAP(A) / dB P(B|A)r(A, B) . (112)
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Therefore, we look for the maximum of the functional F' = A — al, which gives
similarly to (102,103)
_ P(B) Br(A,B

P(B|A) = 245" (4.B) (113)
where 8 = a~'In2 and the partition function Z(A,3) = [dBP(B)e (4B is
the normalization factor. We now recognize the rate distortion theory from the
previous subsection; the only difference is that the energy now is minus the growth
rate. The choice of 8 reflects relative costs of the information and the metabolism.
If information is hard to get, one chooses small §, which makes P(B|A) weakly
dependent of r(A, B) and close to unconditional probability. If information is
cheaper, (113) tells us that we need to peak our conditional probability around the
maxima of the growth rate. All the possible states in the plane r, I are below some
monotonic convex curve, much like in the energy-entropy plane in Section 1.1. One
can reach optimal (Gibbs) state on the boundary either by increasing the growth
rate at a fixed information of by decreasing the information at a fixed growth rate.

Economic activity of humans is not completely reducible to gambling and its
essence understood much less. Therefore, when you earn enough money, it may be
a good time to start thinking about the nature of money itself. These days, when
most of it is in bits, it is clear to everyone that this is not matter (coins, banknotes)
but information. Moreover, the total amount of money grows on average, but could
experience sudden drops when the next crisis arrives. Yet in payments money
behaves as energy, satisfying the conservation law. I have a feeling that we need
a new concept for describing money, which has properties of both entropy and
energy.

Concluding this Chapter, which is essentially a long list of representation ex-
amples of various efficiency, mention briefly the standard problem of choosing how
many fitting parameters to choose. While it is intuitively clear that one should not
use too many parameters for too few data points, mutual information makes this
choice precise. If we work with a given class of functions (say, Fourier harmonics)
then it is clear that increasing the number K of functions we can approximate our
N points better and better. But we know that our data contain noise so it does
not make much sense to approximate every fluctuation. Technically, we need to
minimize the mutual information of the representation, which would consist of two
parts: ND + Ks. Here the first term comes from an imperfect data fitting, so it
contains the relative entropy D between our hypothetical distribution and the true
one, while the second term is the entropy related to our K degrees of freedom. For
not very large IV, increasing K decreases D, so it is a competition between two
terms. When we obtain more data and N is getting large, the value of K, which
gives a minimum, usually saturates.
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6 Renormalization group and entanglement
entropy

6.1 Analogy between quantum mechanics and statisti-
cal physics

Many aspects of quantum world are bizarre and have no classical analog. And yet
there are certain technical similarities between descriptions of quantum random-
ness and thermal noise, related to the necessity of summing over different possi-
bilities. One can see one such similarity using the formalism of the path integral,
where one sums over different trajectories, — that will be briefly discussed in the
Section 7.1 below. Here we describe the similarity in using the formalism of the
transfer matrix for the systems with nearest neighbor interaction, which we shall
also need in the next subsection. Indeed, in a nutshell, quantum mechanics is
done by specifying two sets of states |¢) and (p|, which has ortho-normality and
completeness: (p|q) = d4p and 3, [g)(¢| = 1. Physical quantities are represen-
ted by operators, and measurement corresponds to taking a trace of the operator
over the set of states: trace P=3_ (g|P|g). One special operator, called Hamil-
tonian H, determines the temporal evolution of all other operators according to
P(t) = exp(iHt)P(0)exp(—iHt). The operator T'(t) = exp(iHt) is called time
translation operator or evolution operator. The quantum-mechanical average of
any operator () is calculated as a trace with the evolution operator normalized by
the trace of the evolution operator:

t T(t .
Q) = W ; Z(t) = trace T(t) = » e~ Ea (114)
a
The normalization factor is naturally to call the partition function, all the more if
we formally consider it for an imaginary time ¢t = i3

Z(B) = traceT(iB) = Ze_’BE“ . (115)

If the inverse ”temperature” S goes to infinity then all the sums are dominated by
the ground state, Z () ~ exp(—SEp) and the average in (115) are just expectation
values in the ground state.

That quantum mechanical description can be compared with the transfer-
matrix description of the Ising model (which was formulated by Lenz in 1920
and solved in one dimension by his student Ising in 1925). It deals with the dis-
crete spin variable o; = £1 at every lattice site. The energy includes interaction
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with the external field and between nearest neighbors (n.n.):
J N— 1
5 — 0i0i41) - (116)
2 z:l

It is better to think not about spins but about the links between spins. Starting
from the first spin, the state of the chain can be defined by saying whether the
next one is parallel to the previous one or not. If the next spin is opposite it gives
the energy J and if it is parallel the energy is zero. There are N — 1 links. The
partition function is that of the N — 1 two-level systems:

Z = 2[1 +exp(—3J)|V 1. (117)

Here 2 because there are two possible orientations of the first spin.

To avoid considering the open ends of the chain (which must be irrelevant in
the thermodynamic limit), we consider it on a ring so that oy11 = o1 and write
the partition function as a simple sum over spin value at every cite:

N—-1
Z = exp l_BQJ Z (1—01-01-“)] (118)
{o:} i=1
N-—1
= Z H exp [_%](1_0—1'0—1'—&—1) (119)

{oi} =1

Every factor in the product can have four values, which correspond to four different
choices of o; = +1, 0,41 = 1. Therefore, every factor can be written as a matrix
element of 2 x 2 matrix: (oj|T|oj11) = Ts,0,0 = exp[=BJ(1 — 0i0i11)/2]. Tt is
called the transfer matrix because it transfers us from one cite to the next.

Tva T
T = ’ ’ 120
( T 11 T-1,1 ) (120)

where Ty = T1,1 =1, T 11 = Th,—1 = e BJ. For any matrices A,B the
matrix elements of the product are [AB];;, = A;;Bji. Therefore, when we sum
over the values of the intermediate spin, we obtain the matrix elements of the
matrix squared: Y. Ty, 10, 1,00, = [T%]i 101, - The sum over N — 1 spins gives
TN=1. Because of periodicity we end up with summing over a single spin which
corresponds to taking trace of the matrix:

2= ToiosTosos---Toyor = . (o1|TNHoy) = traceTV"1 . (121)
{o;} o1==%1
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The eigenvalues A, Ao of T" are given by
Ma=1+eP . (122)
The trace is the sum of the eigenvalues
Z =2\t (123)

Therefore

F=-Tlog\ '+ )\ = —Tl(N —1)log(\)

N-1
+ log <1 + (;\\2> )] — —NTlogA1 as N — (124)
1

Note that the partition functions (123) and (117) give the same free energies only
at the thermodynamics limit when a ring is indistinguishable from a chain with
open ends.

We thus see that taking the sum over two values of o at every cite in the Ising
model is the analog of taking trace in quantum-mechanical average. If there are
m values on the cite, then T is m x m matrix. For a spin in n-dimensional space
(described by so-called O(n) model), trace means integrating over orientations.
The translations along the chain are analogous to quantum-mechanical translations
in (imaginary) time. This analogy is not restricted to 1d systems, one can consider
2d strips that way too.

6.2 Renormalization group and information loss

Statistical physics in general is about lack of information. One of the most fruitful
ideas of the 20-th century is to look how one looses information step by step and
what universal features appear in the process. Most often we loose information
about microscopic properties. We can do that by averaging over small-scale fluctu-
ations in a procedure called coarse-graining. A general formalism which describes
how to make a coarse-graining to keep only most salient features in the description
is called the renormalization group (RG). It consists in subsequently eliminating
degrees of freedom, renormalizing remaining ones and looking for fixed points of
such a procedure. There is a dramatic shift of paradigm brought by the renor-
malization group approach. Instead of being interested in this or that probability
distribution, we are interested in different RG-flows in the space of distribution.
Whole families (universality classes) of different systems described by different dis-
tribution flow under RG transformation to the same fixed point i.e. have the same
large-scale behaviour.
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Renormalization group - brief reminder. Let us first describe the simplest
case of RG, where we consider a set of random iid variables {z; ... xn}, each having
the probability density p(z) with zero mean and unit variance. The two-step RG
reduces the number of random variables by replacing any two of them by their sum
and re-scales the sum to keep the variance: z; = (z2;_1 +2;)/v/2. Since summing
doubles the variance we divided by v/2. The new random variables each has the
following distribution: p'(z) = /2 [ dxdyp(x)p(y)d(z+y — 2v/2). The distribution
which does not change upon such procedure is called fixed point:

p(z) = V2 / dyp(y)p(vV2z —y) .

Since this is a convolution equation, the simplest is to solve it by the Fourier
transform, p(k) = [ p(x)e’**dz, which gives p(kv/2) = p?(k). The solution is
p(k) ~ e and p(z) = (2r)~Y2e~%*/2. We thus proved the central limit the-
orem and have shown that the Gaussian distribution is fixed point of repetitive
summation and re-scaling of random variables.

Let us now present a physical model in a discrete version - block spin transfor-
mation. For Ising model, to eliminate small-scale degrees of freedom, we divide all
the spins into groups (blocks) with the side k so that there are k? spins in every
block (d is space dimensionality). We then assign to any block a new variable
o’ which is &1 when respectively the spins in the block are predominantly up or
down. We assume that the phenomena very near critical point can be described
equally well in terms of block spins with the energy of the same form as original,
E' =W}, 00— J' /2%, 0i0% but with different parameters J' and A’

Let us demonstrate how it works using 1d Ising model with h = 0 and J/2T =
K. The partition function is now Z(K) = 2(2cosh K)¥~! for the chain with
open ends and Z(K) = (2cosh K)V~! + (2sinh K)V~! for the ring, yet the re-
normalization group has the same action. Let us transform the partition function
> {0} €XP {K > Jiai“} by the procedure (called decimation'#) of eliminating de-
grees of freedom by ascribing (undemocratically) to every block of k = 3 spins the
value of the central spin. Consider two neighboring blocks o1, 09,03 and oy, 05, 0¢
and sum over all values of 03,04 keeping o] = o9 and oy, = o5 fixed. The re-
spective factors in the partition function can be written as follows: exp[Ko3o4] =
cosh K + o304 sinh K, which is true for o304 = +1. Denote = tanh K. Then
only the terms with even powers of o3 and o4 contribute the factors in the parti-
tion function that involve these degrees of freedom (assuming a chain of spins, i.e

14the term initially meant putting to death every tenth soldier of a Roman army regiment
that run from a battlefield.
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OitN = 03):

Z exp|K (003 + 0304 + 040%)]

03,04=%1
= cosh® K Z (1 + z0h03)(1 + xo403)(1 + zohoy)
o3,04=%1
= 4cosh® K(1 4 230 0%) = 795 cosh K'(1 + /0 0h) (125)

h K’
COS > (126)

K) = n (SO
9(K) n<4cosh3K

The expression (125) has the form of the Boltzmann factor exp(K'c)o%) with the
re-normalized constant K’ = tanh™!(tanh® K) or 2/ = 2% — this formula and
(126) are called recursion relations. The partition function of the whole system in

the new variables can be written as

Z exp{—g(K)N/S + K’ Z JQJQH} .
{0’} i

The term proportional to g(K') represents the contribution into the free energy of
the short-scale degrees of freedom which have been averaged out. This term does
not affect the calculation of any spin correlation function. Yet the renormalization
of the constant, K — K’, influences the correlation functions. Let us discuss this
renormalization. Since K o 1/T then T' — oo correspond to z — 0+ and 7' — 0 to
x — 1—. One is interested in the set of the parameters which does not change under
the RG, i.e. represents a fixed point of this transformation. Both z =0 and z =1
are fixed points of the transformation x — 2, the first one stable and the second
one unstable. Indeed, iterating the process for 0 < x < 1, we see that x approaches
zero and effective temperature infinity. That means that large-scale degrees of
freedom are described by the partition function where the effective temperature
is high so the system is in a paramagnetic state in agreement with the general
argument on impossibility of long-range order in one-dimensional systems with
short-range interaction. At this limit we have K, K’ — 0 so that the contribution
of the small-scale degrees of freedom is getting independent of the temperature:

o o e . .
O G G 0 O GG & .« e .
1d 2d
temperature. 1-0 K=0 T=0 Tc K=0

Similarly, we may sum over every second spin:

Z exp| K (oak—102k + 02k02k+1] = 2 cosh[K (ook—1 + oak41)] , - (127)
02k=:|:1
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which gives the recursive relation 2%’ = cosh 2K .

It is done similarly in a continuous case. Every stage of the renormalization
group consists of three steps: coarse-grain, re-scale, re-normalize. Thee first step
is to decrease the resolution by increasing the minimum length scale from the mi-
croscopic scale a to ba where b > 1. This is achieved by integrating out small-scale
fluctuations which we denote ¢. The result is a renormalization of the probability
distribution, which is now expressed in terms of a coarse-grained field 7, whose
profile smoother than the original and fluctuate less. In other words, the coarse-
grained ”picture” is grainier than the original and has less contrast. The original
resolution can be restored by the second step called re-scaling: decreasing all length
scales by a factor b. To restore the contrast, renormalizes the field, multiplying by
b-dependent factor.

One starts from the Gibbs distribution that contains microscopic Hamiltonian:
exp[B(F — H)]. After averaging it over microscopic degrees of freedom at a given
large-scale field n(r), we obtain macroscopic probability distribution exp[3(F —F)].
As we average over the small-scale degrees of freedom we incur an information loss
S(n,¢) — S(n) > 0, which was defined in (89) as the conditional entropy - the
average entropy of the fast variables for a given configuration of slow variables:
S(¢ln) = S(n,¢) — S(n). One can think of ¢ as an input of a channel while 7
is the signal received. The entropy of the remaining variables decreases upon the
renormalization group flow. That happens even when the RG flow is towards a
high-temperature fixed point, where the system is getting disordered. That means
that this measure of the information loss is not very informative about the flow in
the space of coupling constants, it just measures the overall loss in the degrees of
freedom. We expect, however, the entropy per degree of freedom (or lattice site) to
increase, reflecting irreversibility of the transformation. Another extensive (that is
also not very useful) information characteristic is the relative entropy between the
distribution at any point in the RG flow and its fixed point value. Such relative en-
tropy monotonously decreases upon the flow. The last natural step on this road is
to subtract the information lost from the total information and obtain the mutual
information I(n, ¢) = S(¢) — S(¢|n) = S(n) + S(¢) — S(n, ¢), compare with (90).
It shows how much information about the eliminated variables is still stored in the
renormalized effective action. Such quantity is also of much interest for computer
modeling of systems with many degrees of freedom, which is usually done for a
subset of modes. The mutual information is identically zero without interaction;
multi-mode mutual information I = Y, Sx — S{n} is the relative entropy D(p|q)
between the true distribution p{n;} and the distribution of non-interactive modes
q¢ = IIx ¢(nk). Eliminating short modes generally decreases I, but re-scaling and
renormalization may increase it. This is apparently because some of the informa-
tion about eliminated degrees of freedom is stored in the renormalized values of
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the parameters of the distribution. Increase or decrease of I upon RG thus shows
whether the large-scale behavior is respectively ordered or disordered.

For the decimation procedure, it is useful to define the mutual information
between two sub-lattices: eliminated and remaining. The positivity of the mutual
information then implies the monotonic growth of the entropy per site h(K) =
S(K,N)/N. Indeed, consider, for instance, the RG eliminating every second spin,
N — N/2, and renormalizing the coupling constant by K — K’. Subtracting
the entropy of the original lattice from the sum of the entropies of two identi-
cal sub-lattices gives MI: I = 2S5(N/2,K') — S(N,K) = N[h(K') — h(K)] > 0.
Unfortunately, this is still rather trivial in 1d, where RG moves systems towards
disorder, so that K/ < K and h(K') > h(K). In higher dimensions, on the other
hand, the next iteration of decimation cannot be performed.

In a finite system with short-range correlations, the entropy for large N is
generally as follows:

S(N)=hN +C, I =N[h(K")—h(K)]+2C"-C . (128)

In the critical point the extensive terms in MI cancel and I = C > 0. One can
explain positivity of C saying that a finite system appears more random than it
is.

Mutual information also naturally appears in the description of the information
flows in the real space. Points in space are generally correlated even when Fourier
modes are not. Indeed, for a set of non-interacting waves, the total entropy is a
direct sum: S = ), Sy = >, logmeny. The pair correlation function between two
points separated by r space is f(0) = 3, nxe'®”, which is delta-function only for k-
independent ng. By the same token, the mutual information between these points
is —log[l — f(r)/f(0)]. For example, in thermal equilibrium, energy equipartition
gives ny = T /hwy, and non-constancy of wy (and thus ny) encodes information
about the interaction between spatial sites. For 1d N-chain, it pays to consider
breaking it into two parts, M and N — M. The mutual information between two
parts of the chain (or between the past and the future of a message) is as follows:
I(M,N—-M)=S5(M)+S(N—M)—S(N). Here, the extensive parts (linear in
M, N) cancel in the limit N, M — oo. Therefore, such mutual information, also
called excess entropy, is equal to C from (128).

For example, the partition function of the 1d Ising chain is Z(K) = 2(2 cosh K)V~1,
Remind that the entropy is expressed via the partition as follows:

E—-F OlnZ
=—7 = T o7 +InZ .
So that we obtain for the chain: h = In(2cosh K') — K tanh K and C = K tanh K —
In(cosh K). Upon RG flow, these quantities monotonously change from h(K) ~

S
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3e72K C~1In2at K — oo to h(K) ~1In2, C — 0 at K — 0. One can interpret
this, saying that C' = In ¢, where ¢ is the degeneracy of the ground state, i.e. of the
largest eigenvalue of the transfer matrix T ¢ = exp(Kss’). Indeed, ¢ = 2 at zero-
temperature fixed point due to two ground states with opposite magnetization,
while ¢ = 1 in the fully disordered state. So this mutual information (and the
excess entropy) indeed measures the how much information one needs to specify per
one degree of freedom (for non-integer ¢, obtained mid-way of the RG flow, one can
think of it as viewing the system with finite resolution). Note that the past-future
mutual information also serves as a measure of the message complexity (that is the
difficulty of predicting the message). Without going into details, note also that C'
depends on the boundary conditions. For the ring, C' = K tanh K — In(2 cosh K),
but then the ring is not separated by one cut and I does not make sense.

It is important to stress the difference between the mutual information between
points and regions in space and modes in Fourier space. For non-interacting modes,
the MI is zero, but the MI between the points in physical space is not. Indeed,
if the occupation numbers of the modes are nj, then the total entropy of the
respective Gaussian distribution is > In(emny). The variance in every space point

is N~'STNV_ ., so that the respective entropy is ln(ewN‘1 SN nk> The sum

of the entropies of the points is N In (eﬁN*1 fozl nk), while the total entropy of
the system is the same for both representations. The difference between the sum
of the point entropies and the total entropy is the N-point mutual information,
I(zy,...,zN) = Nln(ewal SN nk) — > In(emny), which is positive because of
convexity, whenever ny are not all the same. For example, in thermal equilibrium,
when ny = T'/wg, the dependence of the frequency on the wave number encodes
the information about interaction between points in space, which is measured by
I(z1,...,2n). Only when the spectrum of occupation numbers is flat, different
spatial points are uncorrelated.)

In two dimensions, consideration is much more involved, and the reader de-
serves a warning: the discussion is getting quite superficial. Breaking a single
bond now does not really separate, so in a plane H we consider a (finite) line L
and break the direct interactions between the degrees of freedom on the different
sides of it. That is we make a cut in a plane and ascribe to its every point two
(generally different) values on the opposite sides. The statistics of such set is now
characterized not by a scalar function - probability on the line - but by a matrix,
similar to the density matrix in quantum statistics. As we shall describe in the
next subsection, in a quantum case, we take the whole system in a ground state,
trace out all the degrees of freedom outside the line and obtain the density matrix
pr, of the degrees of freedom on the line. For that density matrix one defines von
Neumann entropy S(L) = —T'rpr, log pr,
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For long lines in short-correlated systems, that information can be shown to
depend only on the distance r between the end points (and not on the form of a
line connecting them, that is information flows like an incompressible fluid). Mo-
reover, this dependence is not linear but logarithmic at criticality (when we have
fluctuations of all scales and the correlation radius is infinite). Then one defines
the function ¢(r) = rdSr(r)/dr (to cancel non-universal terms depending on the
microscopic details) and shows that this is a monotonic zero degree function using
positivity of the mutual information (sub-additivity of the entropy) between li-
nes with r and r + dr (Zamolodchikov 1986, Casini and Huerta 2006). The same
function changes monotonically under RG flow and in a fixed point takes a finite
value equal to the so-called zero charge of the respective conformal field theory,
which is again some measure of relevant degrees of freedom which respond to
boundary perturbations. Moment reflection is enough to understand how difficult
it must be to introduce proper intensive measure of information flow in dimen-
sions higher than two, and yet recently, such function was also found for d = 4
(Komargodsky and Schwimmer 2011) and Dd = 3 (Klebanov).

6.3 Quantum information

this chapter should have been called

”quantum information theory for the impatient”

J Preskill

Since our world is fundamentally quantum mechanical, it is interesting what
that reveals about the nature of information. Most important here are two aspects
of a measurement in a quantum world: i) it irreversibly changes the system and
this change cannot be made arbitrarily small, and ii) the results are truly random
(not because we did not bother to learn more on the system). Apart from that
fundamental aspect, interest in quantum information is also pragmatic. Classical
systems, including computers, are limited by locality (operations have only local
effects) and by the classical fact that systems can be in only one state at the
time. However, a quantum system can be in a superposition of many different
states at the same time, which means that quantum evolution exhibit interference
effects and proceeds in the space of factorially more dimensions than the respective
classical system. This is a source of the parallelism of quantum computations.
Moreover, spatially separated quantum systems may be entangled with each other
and operations may have non-local effects because of this. Those two basic facts
motivate an interest in quantum computation and then in quantum information
theory. Non-surprisingly, it is also based on the notion of entropy, which is similar
to classical entropy yet differs in some important ways. Uncertainly and probability
exist already in quantum mechanics where our knowledge of the state of the system
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is complete. On top of that we shall consider quantum statistics due to incomplete
knowledge, which is caused by considering subsystems. In this subsection I'll give
a mini-introduction to the subject, focusing on entropy. The presentation mostly
follows Witten lectures with an occasional borrowing from the Preskill’s book at

https://arxiv.org/pdf/1805.11965.pdf
http://www.theory.caltech.edu/ preskill/ph219/chap10_6A.pdf

Quantum mechanics describes a system by presenting its stationary states and
possible jumps between those states. The fundamental statement is that any sy-
stem can be in a pure state v; (like, for instance, eigenstate of a Hamiltonian,
which has fixed energy) or in a superposition of states: ¢ = >7; \/pit;. This is
the total breakdown from classical physics, where those states (say, with different
energies) are mutually exclusive. There are two things we can do with a quantum
state: let it evolve (unitarily) without touching or measure it. Measurement is
classical, it produces one and only pure state from the initial superposition; imme-
diately repeated measurements will produce the same outcome. However repeated
measurement of the identically prepared initial superposition find different states,
the state ¢ appears with probability p;. A property that can be measured is called
an observable and is described a self-adjoint operator.

There is an uncertainty already in a pure state of an isolated quantum system.
Quantum uncertainty principle states that if the operators of two observables are
non-commuting, then the values of the observables cannot fixed at the same time.
In particular, momentum and coordinate are such pair, so that we cannot describe
quantum states as points in the phase space. Indeed, quantum entanglement is ulti-
mately related to the fact that one cannot localize quantum states in a finite region
— if coordinates are zero somewhere, then the momenta are not. The uncertainty
restriction was formulated initially by Heisenberg in terms of variances: for a free
quantum particle, the variances of the coordinate and the momentum along the
same direction satisfy the inequality /0,04 > h/2. However, variances are suffi-
cient characteristics of uncertainty only for Gaussian distributions. Indeed, taking
log of the Heisenberg relation, we obtain log(20,/h)+log(204/h) = S(p)+S(q) > 0,
recasting it as requirements on the entropies of the Gaussian probability distribu-
tions of the momentum and the coordinate of a free particle. In d dimensions,
different components commute, so that ,/o,0q > dh/2 and S(p) + S(q) > logd.
When the respective probability distributions of non-commuting variables are not
Gaussian, formulation in terms of variances does not make sense; yet the entropic
uncertainty relation remains universally valid and is thus fundamental (Deutsch
1982).

More formally, if we measure a quantum state p by projecting onto the ortho-
normal basis {|z)}, the outcomes define a classical probability distribution p(z) =
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(x|p|x), which is a probability vector whose entries are the diagonal elements of p
in the z-basis. The Shannon entropy S(X) quantifies how uncertain we are about
the outcome before we perform the measurement. If |z) is another orthonormal
basis, there is a corresponding classical probability distribution of outcomes when
we measure the same state p in the z-basis. If the operators projecting on «, z do
not commute, the two bases are incompatible, so that there is a tradeoff between
our uncertainty about X and about Z, captured by the inequality

S(X)+8(2) 2 log(1/e), e = max |(z]2) 2.

We say that two different bases {|x)}, {|2)} for a d-dimensional Hilbert space
are mutually unbiased if for all |(z;]|z;)|?> = 1/d. That means that if we measure
any x-basis state in the z-basis, all d outcomes are equally probable and give the
same contribution into the total probability: 3= [(zi]2)|* = 3, [(zi]2k)|? = 1. For
example, if a particle is in a definite point, all momentum directions are equally
probable. For measurements in two mutually unbiased bases performed on a pure
state, the entropic uncertainty relation becomes

S(X)+ S(Z) > logd.

Clearly this inequality is tight, as it is saturated by x-basis (or z-basis) states, for
which S(X) = 0 and S(Z) = logd. In particular, in one dimension logd = 0.
The uncertainty increases if p is not a pure state but a mixture, characterized by
additional S(p):

S(X)+ S(Z) >log(1/c)+ S(p).

In reality we always study subsystems, which requires us to pass from quantum
mechanics to quantum statistics and brings the fundamental notion of the density
matrix. Consider a composite system AB, which is in a pure state ¥ 4p5. Denote
by z the coordinates on A and by y on B. The expectation value of any O(x)
can be written as O = [ dedyy* (z, y)O(x)Yap(z,y). For non-interacting sub-
systems, one has ¥ap(z,y) = Ga(@)s(y) and O = [ dzg(2)0(x)a(z), so
that one can forget about B. But generally, dependencies on x and y are not
factorized, so one ought to characterize A by the so-called density matrix p(z,z’) =
[ dyd* 5 (2!, y)hap(z,y), so that O = [ dz[O(z)p(z, 2')]g—s, where O(z) acts only
on x and then we put 2/ = x.

More formally, if the pure state 1 4p is a (tensor) product of pure states of A
and B, ¥ap = ¥4 ® 15, then any operator O 4 acting only in A has the expectation
value

(¥aBl0A Q) 1plvas) = (a|Oala)(¥B|1s[vE) = (YalOaltba) .
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However, a general pure state 1 4p is not a (tensor) product of pure states, it is
what is called entangled: some generic M x N matrix where N, M dimensionalities
of A, B respectively:

Yok ... il

vivE o VXYY
We can make it N x N diagonal with IV positive eigenvalues /p; and extra M — N
rows of zeroes by applying unitary transformation in A and B, that is making
PYap — UhapV with M x M unitary V-matrix and N x N U-matrix. That is
called Schmidt decomposition by orthonormal vectors Y, %%, which allows us to
present the state of AB as a sum of the products:

Yap = Z\/@%@)%, (130)

(129)

If there is more than one term in this sum, we call subsystems A and B entangled.
We can always make 145 a unit vector, so that ), p; = 1 and these numbers can
be treated as probabilities (to be in the state i). Now

(Wapl0a R 1plvan) = D /oip; (Wa|Oal) (Wi 15[wh)
1,7
= VP (Wal0Al) 6 =D pila|Oalely) = TrapaOa,

1,J %

where the density matrix in such notations is written as follows:
pa =Y pilda) (Wl - (131)
i

It is all we need to describe A. The matrix is hermitian, it has all non-negative
eigenvalues and a unit trace. Every matrix with those properties can be ”purified”
that is presented (non-uniquely) as a density matrix of some pure state 14 in the
extended system AB. Possibility of purifications is quantum mechanical with no
classical analog: the classical analog of a density matrix is a probability distribution
which cannot be purified.

Statistical density matrix describes the mixed state (or, in other words, an
ensemble of states), which must be distinguished from quantum-mechanical super-
position. The superposition is in both states simultaneously; the ensemble is in
perhaps one or perhaps the other, characterized by probabilities - that uncertainty
appears because we do not have any information of the state of the B-subsystem.

Let us illustrate this in the simplest case of a qubit — a quantum system
having only two states: |0) and |1). The most general state of a qubit A is a
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superposition of two states, ¥4 = a|0) + b|1), then any observable is as follows:
(©a[Oaltba) = [a|*(0]0.410) + [b]*(1|O4[1) + (a*b + ab*)(0]Oa|1) - (132)

Normalization requires |a|®> + [b|> = 1 and the overall phase does not matter,
so a qubit is really characterized by two real numbers. However, qubit is not
a classical bit because it can be in a superposition, nor can it be considered a
random ensemble of classical bits with the probability |a|? in the state |0), because
the phase difference of the complex numbers a, b matter.

Consider now a pure quantum state of the two-qubit system A, B of the form

Yap = al00) +b|11) . (133)
A and B are correlated in that state. Now any operator acting on A gives

(V48|04 Q) 1p[vas) = (a*(00] + b*(11))O4 ) 15[(a|00) + b|11))
= |al?(0]0.4[0) + [b]*(1]O41) , (134)

2 2 la> 0
pa = laf? 10) 0] + [bf 1) <1r=[ " ] (135)
We can interpret this as saying that the system A is in a mixed state, that is with
probability |a|? in the quantum state |0), and with probability |b|? it is in the state
1). In distinction from (132), the same result (134) is obtained if (0|0 4]1) # 0 due
to the orthogonality of B-states. Being in a superposition is not the same as being
in mixed state, where the relative phases of the states |0),|1) are experimentally
inaccessible.
General 2 x 2 density matrix is characterized by three real numbers, P =
(Pl, PQ, Pg):
1 1— P1 P2 + 2P3
PPV =31 p_p, 14p | (136)
Non-negativity of the eigenvalues requires P? = PZ + P + P§ < 1, that is the
space of such density matrices is a ball. The boundary P? = 1 corresponds to
zero determinant, that is to eigenvalues 0 and 1 — that means that p is a one-
dimensional projector and the subsystem is in a pure state.
We call the system entangled if its density matrix has more than one nonzero
eigenvalue, so that there is more than one term in the sum (131).

The von Neumann entropy of a density matrix p4 is defined by the formula
analogous to the Gibbs-Shannon entropy of a probability distribution:

S(pa) =8Sa=—-Trpalogpa. (137)
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It is manifestly invariant under a unitary transformation pq — UpaU~!, which
is an analog of the Liouville theorem on the conservation of distribution by Ha-
miltonian evolution. Just like the classical entropy, it is non-negative, equals to
zero only for a pure state and reaches its maximum log d for equipartition (when
all d non-zero eigenvalues are equal). It also satisfies concavity (67). What does
not have a classical analog is that the purifying system B has the same entropy
as A (since the same p; appears in its density matrix). Moreover, von Neumann
entropy of a part S4 > 0 can be larger than of the whole system Syp (which is
zero for a pure state, for instance). For a quantum system, but not for a classical
one, information can be encoded in the correlations among the parts A, B of the
system, yet be invisible when we look at one part. That purely quantum correla-
tion between different parts is called entanglement, and the von Neumann entropy
of a subsystem of pure state is called entanglement entropy.

Are thermalization and entropy growth possible for a quantum system which
as a whole remains in a pure quantum state? Yes they are! Thermalization and
entropy growth take place for any subsystem of a large system if the dynamics is
ergodic. Then the system as a whole acts as a thermal reservoir for its subsystems,
provided those are small enough. As a quantum subsystem approaches equilibrium,
the von Neumann entropy reaches its maximum. Information which is initially
encoded locally in an out-of-equilibrium state becomes encoded more and more
nonlocally as the system evolves, eventually becoming invisible to an observer
confined to the subsystem.

Is there any quantum analog of chaos which underlies thermalization the same
way that dynamical chaos underlies mixing and thermalization in the classical sta-
tistics, as described in Sect. 3.37 Writing the classical formula of exponential sepa-
ration, 0z (t) = dx(0)e* as Ox(t)/0x(0) = e and replacing quantum-mechanically
the space derivative by the momentum operator, one naturally comes to con-
sider the commutator of x(t) and p(0). Indeed, 9z(t)/0z(0) = {z(t),p(0)} —
h1[z(t),p(0)]. Of course, the mean value of this commutator is zero, but its
square is not, which brings the concept of a so-called out-of-time-order correlator
(x(t)p(0)x(t)p(0)) - such quantities are found to grow exponentially in time in
some quantum systems (complicated enough to allow chaos and simple enough to
allow for analytic solvability). Respective Lyapunov exponent dimensionally must
be temperature divided by & and indeed 27T /h was shown to be a universal limit
(reached by black holes, for instance).

The Von Neumann entropy of a density matrix is the Shannon entropy S(p) =
— >, pilog p; of its vector of eigenvalues, which is the probability distribution {p;}
of its orthonormal eigenstates. In particular, S(pa) = —|a|?log, |a|? — |b]? logs, |b|?
for (133,134). The maximum S(p4) = 1 is reached when a = b = 1/4/2, which
is called a state of maximal entanglement. Pure state of a qubit can store one
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bit. The four maximally entangled states of the qubit pair, (|00) & |11))/v/2 and
(J01) £ [10))/+/2 can store two bits, yet when we trace out B (or A) we wipe out
this information: any measurement on A or B cannot tell us anything about the
state of the pair, since both outcomes are equally probable. On the contrary, when
either b — 0 or @ — 1, the entropy S(pa) goes to zero and measurements (of either
A or B) give us definite information on the state of the system.

If a pure state AB was built from non-orthogonal states, taken with proba-
bilities ¢;, then the density matrix is non-diagonal. There is then the difference
between the Shannon entropy of the mixture and the von Neumann entropy of the
matrix, S{g;} —S(pa). It is non-negative and quantifies how much distinguishabi-
lity is lost when we mix nonorthogonal pure states. Measuring p4 we can receive
S(pa) bits, which is less than S{q¢;} bits that was encoded mixing the states with
probabilities {g;}.

On the other hand, we may measure by projecting p4 on the orthogonal
set {|v%)} which is different from the basis of eigenvectors {|¢%)}, where ps =
Sk k0% (9% is diagonal. In this case, the outcome i happens with the pro-
bability ¢'(i) = (Y4lpalvly) = S prDij, where Dy = [(}4]¢)]* is so-called
double stochastic matrix, that is > ; Dy = >, Dix = 1. The Shannon en-
tropy of that probability distribution is larger than the von Neumann entropy,
S(¢") = S(p) + >k Dirlog D;k > S(p) = S(pa), that is such measurements are
less predictable.

Similar to the classical conditional entropy (70) and the mutual information
(71) we can define

S(A|B)=Sap—SB, I(A,B)=S4+Sp—Sap . (138)

Quantum [ is non-negative as well as classical, but generally is different. For
example, when AB is in an entangled pure state then Sap = 0, A and B together
are perfectly correlated, but separately each one is in a mixed state, so that S4 =
Sp > 0. Classically, the mutual information of perfectly correlated quantities is
equal to each of their entropies, but quantum mutual information is their sum
that is twice more: I(A, B) = Sq + Sp — Sap = 254. Quantum correlations are
stronger than classical.

Quantum S(A|B) is even more bizarre; this is not an entropy conditional on
something known, moreover it is not zero for correlated quantities but negative!
Indeed, for pure AB, one has S(A|B) = —Sp < 0. Classical conditional entropy
measures how many classical bits we need to add to B to fully determine A.
Similarly, we would expect quantum conditional entropy to measure how many
qubits Alice needs to send to Bob to reveal herself. But what does it mean when
S(A|B) is negative?
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That negativity allows for a quantum trick of teleportation of a quantum state.
Imagine that Alice has in her possession a qubit Ag. Alice would like to help
Bob create in his lab a qubit in a state identical to Ag. However, she wants to
communicate by sending a classical message (sat, over the telephone). If Alice
knows the state of her qubit, there is no problem: she tells Bob the state of her
qubit and he creates one like it in his lab. If, however, Alice does not know the
state of her qubit, all she can do is make a measurement, which will give some
information about the prior state of qubit Ag. She can tell Bob what she learns,
but the measurement will destroy the remaining information about Ay and it will
never be possible for Bob to recreate it.

Suppose, however, that Alice and Bob have previously shared a qubit pair
A1, By in a known entangled state, for example,

1
,l/}AlB1 = ﬁ

Bob then took B with him, leaving A; with Alice. In this case, Alice can solve
the problem by making a joint measurement of her system AgA; in a basis, that is
chosen so that no matter what the answer is, Alice learns nothing about the prior
state of Ag. In that case, she also loses no information about Ay. But after getting
her measurement outcome, she knows the full state of the system and she can tell
Bob what to do to recreate Ay. To see how this works, let us describe a specific
measurement that Alice can make on AgA; that will shed no light on the state of
Ap. The measurement must be a projection on a state where the probability of
Ap to be in the state |0) is exactly equal to the probability to be in the state |1).
The following four states of AgA; satisfy that property:

1 1
V2 V2

The states are chosen to be entangled, that is having Ag, A; correlated. We don’t
use the state with |00) + |10), which has equal probability of zero and one for A,
but no correlation between the values of Ag, A;.

Denote the unknown initial state of the qubit Ay as a|0) + §]1), then the
initial state of AgA1By is

(100) + [11)) 4,3, - (139)

(100) £ [11)) 494, » (101) £[10)) 494, - (140)

(@ ]000) + @ [011) + B 1100) + B [111)) a1, 5, - (141)

V2

Let’s say that Alice’s measurement, that is the projection on the states (140),
reveals that AgA; is in the state

1

ﬁ(!00> — 1)) a0, - (142)
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That means that only the first and the last terms in (141) contribute (with equal
weights but opposite signs). After that measurement, B; will be in the state
(a]0) — B 1)) B, , whatever the (unknown) values of a, 8. Appreciate the weirdness
of the fact that By was uncorrelated with Ag initially, but instantaneously acquired
correlation after Alice performed her measurement thousand miles away. Knowing
the state of By, Alice can send two bits of classical information, telling Bob that
he can recreate the initial state o |0) + 8 |1) of Ap by multiplying the vector of his
1 0

0 -1

the basis. The beauty of it is that Alice learnt and communicated not what was
the state Ag, but how to recreate it.

To understand the role of the quantum conditional entropy (138), we symme-
trize and purify our problem. Notice that A; and B; are maximally entangled
(come with the same weights), so that Sp = logy2 = 1. On the other hand,
A1 B is in a pure state so Sa, 5, = 0. Let us now add another system R which is
maximally entangled with Ap in a pure state, say

qubit By by the matrix , that switches the sign of the second vector of

VAR = \}5

Neither Alice nor Bob have access to R. From this viewpoint, the combined system
RAB = RApA 1B starts in a pure state which is a direct product ¥ra, @ ¥4, B, -
Since Ap is maximally entangled with R then also S4, = log, 2 = 1 and the same
is the entropy of the AB system S(ApA1B1) = S(Ap) = 1 since A1 B; is a pure
state. Therefore, S(A|B) = S(ApA1|B) = S(ApA1B1)— S(B1) = 0. One can show
that teleportation only possible when S(A|B) is non-positive.

Recall that classically S(A|B) measures how many additional bits of informa-
tion Alice has to send to Bob after he has already received B, so that he will have
full knowledge of A. Quantum analog of this involves qubits rather than classi-
cal bits. Suppose that S(A|B) > 0 and Alice nevertheless wants Bob to recreate
her states. She can simply send her states. Alternative is to do teleportation,
which requires sharing with Bob an entangled pair for every qubit of her state.
Either way, Alice must be capable of quantum communication, that is of sending a
quantum system while maintaining its quantum state. For teleportation, she first
creates some maximally entangled qubit pairs and sends half of each pair to Bob.
Each time she sends Bob half of a pair, S4p is unchanged but Sp goes up by 1,
so S(A|B) = Sap — Sp goes down by 1. So S(A|B), if positive, is the number
of such qubits that Alice must send to Bob to make S(A|B) non-positive and so
make teleportation possible without any further quantum communication. Nega-
tive quantum conditional entropy measures the number of possible future qubit
teleportations.

(100) +[11)) 4o - (143)
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Quantum communication poses the same natural question: i) How much
can a message be compressed, that is what is the maximum information one can
transmit per quantum state - is it given by von Neumann entropy? Now the letters
of our message are quantum states picked with their respective probabilities py,
that is each letter is described by the density matrix and the message is a tensor
product of N matrices. If the states are mutually orthogonal then the density
matrix is diagonal and it is essentially the classical case, that is the answer is
given by the Shannon entropy S(p) = — > pk log pr, which is the same as von
Neumann entropy in this case. The central issue in quantum information theory
is that nonorthogonal quantum states cannot be perfectly distinguished, a feature
with no classical analog. For non-orthogonal states sending classical information
about the probabilities of different states is not optimal since non-orthogonal states
are not completely distinguished. For pure states the answer is given by S(p) — von
Neumann entropy is the number of qubits of quantum information carried per letter
of a long message, and it is the best possible rate of quantum information transfer
(the only difference from the classical case is that instead of typical sequences we
consider typical subspaces). It is easy to see that S(p) wont be the answer for
mixed states. To give a trivial example, suppose that a particular mixed state pg
with S(pg) > 0 is chosen with probability pg = 1. Then the message po @ po & - . .
carries no information. If, however, our alphabet is made of mixed yet mutually
orthogonal states, then the states are distinguishable and the problem is classical,
since we can just send the probabilities of the states, so the maximal rate is the
Shannon entropy. However, it is now different from von Neumann entropy because
every mixed state p; has a nonzero entropy:

S(p)==>_Tr(prpr)log(prpr)
P

== (prlogpi + piTr pilog pi) =S(p) +>_ piS(pr) -
P P

Now Shannon entropy is less than von Neumann entropy:
S(p) =S(p) — > _prS(px) = S (me:) = > orS(or) = x(propi) - (144)
k k k

It is believed that this quantity x (called in quantum communications Holevo infor-
mation) defines the limiting compression rate in all cases including non-orthogonal
mixed states when it does not coincide with S(p). The reason is that x is mono-
tonic (i.e. decreases when we take partial traces), but S(p) is not - indeed one can
increase von Neumann entropy by going from a pure to a mixed state. It follows
from concavity that x is always non-negative. We see that it depends on the pro-
babilities py that is on the way we prepare the states. Of course, (144) is a kind
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of mutual information, it tells us how much, on the average, the von Neumann
entropy of an ensemble is reduced when we know which preparation was chosen,
exactly like classical mutual information I(A, B) = S(A) — S(A|B) tells us how
much the Shannon entropy of A is reduced once we get the value of B. So we see
that classical Shannon information is a mutual von Neumann information.

Early idea of entanglement was conjured in 17 century precisely for communi-
cations: it was claimed that if two magnetic needles were magnetized at the same
place and time, they would stay ”in sympathy” forever at however large distances
and the motion of one is reflected on another. One con man tried to sell this idea
to Galileo, but the latter naturally wanted to see an experiment first.

Area Law for entanglement entropy and mutual information. En-
tropy is extensive that is proportional to the system volume or total number of
degrees of freedom. We already noticed that extensive (volume) terms cancel in the
entanglement entropy and mutual information, which are thus sub-extensive. This
is a manifestation of the so-called area law. If we define, according to (131,137), the
von Neumann entropy S4 of the region A or consider its classical analog, the mu-
tual information between A and its complement H/A, they both are proportional
to the boundary area rather than to the volume of A.

In particular, the entanglement entropy is thought to be responsible for the
entropy of the black holes which is proportional to the boundary area and not to
the volume. The area law behavior of the entanglement entropy in microscopic
theories could be related to the holographic principle the conjecture that the
information contained in a volume of space can be represented by a theory which
lives in the boundary of that region.

In looking for fundamental characteristics of order in fluctuating systems in
higher dimensions, one can go even deeper. For instance, one can consider for
quantum system in 241 dimensions the relative entanglement of three finite planar
regions, A, B, C, all having common boundaries. For some classes of systems, one
can show (Kitaev, Preskill 2006) that in the combination S4 + Sp + Sc + Sapc —
Sap — Spc — Sac, the terms depending on the boundary lengthes cancel out
and what remains (if any) can be thus independent of the deformations of the
boundaries, that is characterizing the topological order if it exists in the system.

Problem-solving session: remind about the block-spin renormalization.

Gaussian distribution as a fix point of the renormalization group.
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7 Stochastic processes

In this Section we further reveal connection between quantum fluctuations and
thermal noise and present modern generalizations of the second law and fluctuation-
dissipation relations. This is best done using the fundamental process of a random
walk in different environments. It is interesting both for fundamentals of science
and for numerous modern applications related to fluctuations in nano-particles,
macro-molecules, stock market prices etc.

7.1 Random walk and diffusion

Consider a particle that can hop randomly to a neighboring cite of d-dimensional
cubic lattice, starting from the origin at ¢ = 0. We denote a the lattice spacing, 7
the time between hops and e; the orthogonal lattice vectors that satisfy e; - e; =
a25ij. The probability to be in a given cite x satisfies the equation

1 d
P(x,t+T) =54 P(x+e;,t)+ P(x —e;,t)] . (145)
z:l

The first (painful) way to solve this equation is to turn it into averaging exponents
as we always do in statistical physics. This is done using the Fourier transform,
P(x) = (a/27)? [ e**P(k) d%k, which gives

P(k,t+7) Z cosak; P(k,t) . (146)

The initial condition for (145) is P(x,0) = d(x), which gives P(k,0) = 1 and
P(k,t) = (d Z —1 cos ak; ) o . That gives the solution in space as an integral

t/T
P(x,t) = (a/2m) / ( Zcosak) d . (147)

We are naturally interested in the continuous limit ¢ — 0,7 — 0. If we take
7 — 0 first, the integral tends to zero and if we take a — 0 first, the answer
remains delta-function. A non-trivial evolution appears when the lattice constant
and the jump time go to zero simultaneously. Consider the cosine expansion,

- Y cosak; =(1—a"k"/2d+ ... ,
(15 em) = )
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where k? = ;-1:1 k?. The finite answer exp(—xtk?) appears only if one takes the
limit keeping constant the ratio x = a?/2d7. In this limit, the space density of the
probability stays finite and is given by the integral:

2
p(x,t) = P(x,t)a" % ~ (2m)~¢ / Mx—thk? qdf — (A7it) =¥ 2exp (-L) . (148)
K
The second (painless) way to get this answer is to pass to the continuum limit
already in the equation (145):

d
Plx,t+7)— idz (x+ei,t) + P(x — e, t) — 2P(x,8)] . (149)

This is a finite difference approximation to the diffusion equation
(0 — KA)P(x,t) =0 . (150)

Of course, p satisfies the same equation, and (148) is its solution. Note that
(148,150) are isotropic and translation invariant while the discrete version re-
spected only cubic symmetries. Also, the diffusion equation conserves the to-
tal probability, [ p(x,t)dx, because it has the form of a continuity equation,
Op(x,t) = —divj with the current j = —kVp.

Another way to describe it is to treat e; as a random variable with (e;) = 0
and (e;ej) = a?d;j, so that x = Zf/q e;. The probability of the sum is (148),
that is the product of Gaussian distributions of the components, with the variance
growing linearly with ¢.

A path of a random walker behaves rather like a surface than a line. Two-
dimensionality of the random walk is a reflection of the square-root diffusion law:
(x) oc V/t. Indeed, one can define the dimensionality of a geometric object as a
relation between its size R and the number N of standard-size elements(with fixed
volume or area) needed to cover it. For a line, N o« R, generally N o< R?. For a
random walk, the number of elements is of order of the number of steps, N o t,
while R o« = so that d = 2. Surfaces generally intersect along curves in 3d, they
meet at isolated points in 4d and do not meet at d > 4. That is reflected in special
properties of critical phenomena in 2d (where random walker fills the surface) and
4d (where random walkers do not meet and hence do not interact).

The properties of random walks can be expressed alternatively in terms of sums
over different paths. Let us write the transition probability indicating explicitly
the origin: p(x,t;0,0). Then we can write the convolution identity which simply
states that the walker was certainly somewhere at an intermediate time ¢;:

p(x,t;0,0) = /p(x,t;xl,tl)p(xl,tl;0,0) dxy . (151)
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We now divide the time interval ¢ into an arbitrary large number of intervals and
using (148) we write

dxii1 (Xi—i-l - Xi)2
t;0,0) = [IIL T Ar(ti — 1)
Pl 40,0) / O lma(ti — )2 [ Ak(tiyr — ti)

R / Dx(t') exp [—41& /0 tdt’th(t’)} . (152)

The last expression is an integral over paths that start at zero and end up at x
at t. Notation Dx(t') implies integration over the positions at intermediate times
normalized by square roots of the time differences. The exponential it gives the
weight of every trajectory.

Looking at the transition probability (152), one can also see the analogy bet-
ween the statistical physics of a random walk and quantum mechanics. According
to Feynman, for a quantum non-relativistic particle with a mass M in the exter-
nal potential U(x), the transition amplitude T'(x,¢;0,0) from zero to x during ¢
is given by the sum over all possible paths connecting the points. Every path is
weighted by the factor exp(iS/h) where S is the classical action:

7 t x‘2
T(x,60,0) = [Dxlt)ex [n /0 dt' <M2 —U(x)ﬂ o (5)

Comparing with (152), we see that the transition probability of a random walk is
given by the transition amplitude of a free quantum particle during an imaginary
time. Note the action is an integral of the Lagrangian Mi?/2 — U(x) rather than
Hamiltonian M32/2+U (). In quantum theory, one averages over quantum rather
than thermal fluctuations, yet the formal structure of the theory is similar.

7.2 Brownian motion

Let us see how the properties of the random walk and diffusion appear a physical
system. We consider the motion of a small particle in a fluid. The momentum of
the particle, p = Mv, changes because of collisions with the molecules. When the
particle M is much larger than the molecular mass m then the particle velocity v is
small comparing to the typical velocities of the molecules vy ~ /T /m. Then one
can write the force f(p) acting on it as Taylor expansion in p, keeping the first two
terms, independent of p and linear in p: f;(p,t) = fi(0,t) + p;(t)0fi(0,t)/0p;(t)
(note that we neglected the dependence of the force of the momentum at earlier
times). Such expansion makes sense if the second term is much smaller than the
first one; then one may ask what is the reason to keep both. The answer is that
molecules hitting standing particle produce force whose average is zero. The mean
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momentum of the particle is zero as well. However, random force by itself would
make the squared momentum grow with time exactly like the squared displacement
of a random walker in the previous section. To describe the particle in equilibrium
with the medium, the force must be balanced by resistance which is also provided
by the medium. That resistance must be described by the second term, which
then may be approximated as 0f;/0p; = —\d;;. If the particle radius R is larger
than the mean free path ¢, in calculating resistance, we can consider fluid as a
continuous medium and characterize it by the viscosity n >~ mnuvrf, where n is
the concentration of the molecules. For a slow moving particle, v < vpf¢/R, the
resistance is given by the Stokes formula

A =6mnR/M . (154)

We then obtain
p=f—\p. (155)

The solution of the linear equation (155) is

p(t) = /t N £t Vat (156)

We must treat the force f(t) as a random function since we do not track mo-
lecules hitting the particle, which makes (155) Langevin equation. We assume
that (f) = 0 and that (f(¢') - £(¢' + t)) = 3C(t) decays with t during the cor-
relation time 7 which is much smaller than A~!. Since the integration time in
(156) is of order A~! then the condition A7 < 1 means that the momentum of a
Brownian particle can be considered as a sum of many independent random num-
bers (integrals over intervals of order 7) and so it must have a Gaussian statistics
p(p) = (2m02) =32 exp(—p?/202) where

o’ = <p§>=<p§>=<p§>=/o C(ty — ta)e 1 H12) e dt,
o) 2t 1 0
~ / e [ o) dr ~ — / o) dt . (157)
0 —2t 2M J o

On the other hand, equipartition guarantees that (p2) = MT so that we can
express the friction coefficient via the correlation function of the force fluctuations
(a particular case of the fluctuation-dissipation theorem):

I S Ry
A= [wC(t)dt . (158)

Displacement

/

Ar(t) = r(t + ') — r(t) = /0 (") dt”
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is also Gaussian with a zero mean. To get its second moment we need the different-
time correlation function of the velocities

(v(t) - v(0)) = BT/M) exp(=Alt]) (159)

which can be obtained from (156). Note that the friction makes velocity correlated
on a longer timescale than the force. That gives

<‘Ar‘2(t’)> _ /Ot dt1 Ot dtg(V(tl)V(t2)> = ]\31;2 (At/ +€—At’ _ 1) .

The mean squared distance initially grows quadratically (so-called ballistic regime
at A’ < 1). In the limit of a long time (comparing to the relaxation time A\~!
rather than to the force correlation time 7) we have the diffusive growth ((Ar)?) ~
6Tt /MA. Generally ((Ar)?) = 2dxt where d is space dimensionality and & -
diffusivity. In our case d = 3 and then the diffusivity is as follows: Kk = T/MX —
the Einstein relation. Using (154) one can rewrite it as follows

T T
k=——= :
MM 6mmR

(160)

Note that the diffusivity depends on particle radius, but not mass. Heavier parti-
cles are slower both to start and to stop moving. Measuring diffusion of particles
with a known size one can determine the temperature!®.

The probability distribution of displacement at At' > 1,
p(Ar,t') = (4mkt’) =32 exp[—|Ar)? /4kt']

satisfies the diffusion equation dp/dt' = kV2p. If we have many particles ini-
tially distributed according to n(r,0) then their distribution n(r,t) = [p(r —
', t)n(r’,0) dr’, also satisfies the diffusion equation: On/dt' = kV?n.

In the external field V(q), the particle satisfies the equations
p=-Ap+f—09,V, q=p/M. (161)

Note that these equations characterize the system with the Hamiltonian H =
p?/2M + V(q), that interact with the thermostat, which provides friction —\p
and agitation f - the balance between these two terms expressed by (158) means
that the thermostat is in equilibrium.

15With temperature in degrees, (160) contains the Boltzmann constant, k = kM\/T,
which was actually determined by this relation and found constant indeed, i.e. independent
of the medium and the type of particle. That proved the reality of atoms - after all, kT is
the kinetic energy of a single atom.
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We now pass from considering individual trajectories to the description of the
"cloud” of trajectories. Consider the over-damped limit \>M > ang, where we
can neglect the acceleration term on timescales exceeding the force correlation
time 7: Ap > p. For example, if we apply to a charged particle an electric field
E = —04V constant in space, then 8ng = 0; averaging (coarse-graining) over
times exceeding 7, we can neglect acceleration, since the particle move on average
with a constant velocity E/AM. In this limit our second-order equation (161) on
q is reduced to the first-order equation:

Ap =AM =f—09,V . (162)

We can now derive the equation on the probability distribution p(g,t), which
changes with time due to random noise and evolution in the potential, the two
mechanisms can be considered additively. We know that without V,

a(t) - a(0) = (M)~ /Ot f(¢)dt’, (la(t) —a(0)*) = 2Dt,

and the density p(q,t) satisfies the diffusion equation. The dynamical equation
without any randomness, AM ¢ = —9,V, corresponds to a flow in g-space with the
velocity w = —0qV/AM. In that flow, density satisfies the continuity equation
Op = —divpw = —0gw;p. Together, diffusion and advection give the so-called
Fokker-Planck equation

1 0 oV

20+ — = —div] . 1
V<p + /\Mc?qipé)qi divJ (163)

o _,
ot

More formally, one can derive this equation by writing the Langevin equation
(162) as ¢; — w; = n; and taking the random force Gaussian delta-correlated:
(n:(0)n;(t)) = 2Kd;;6(t). Since it is the quantity ¢ — w which is Gaussian now,
then the path integral representation (152) changes into

1 t
plat:0.0) = [Daityess |~ [ arla-w| . (164)
0

To describe the time change, consider the convolution identity (151) for an infini-
tesimal time shift €, then instead of the path integral we get simply the integral
over the initial position q’. We substitute q¢ = (q — q’)/€ into (164) and obtain

[q—q — ew(q))?

dre

pld,t—e€) .  (165)

p(a,t) = / dq/ (47rke) " exp

What is written here is simply that the transition probability is the Gaussian
probability of finding the noise 1 with the right magnitude to provide for the
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transition from q’ to q. We now change integration variable, y = q' + ew(q’) — q,
and keep only the first term in e: dq’ = dy[l — €0q - w(q)]. Here 0q - w = Qjw; =
divw. In the resulting expression, we expand the last factor p(q’,t — €):

p(q,t) = (1 — €dgq - W) /dy(47rf€e)_d/2e_y2/4“p(q +y—ew,t—¢)
~ (1 ey w) [ dy(amne) 21 p(a, ) + (3 - ew) - apla, )

+(yiy; — 2eyiw; + Eww;)9;0;p(q, 1) /2 — edip(q, t)}
= (1 —€dgq-W)[p— ew - Ogp + exAp — edip + O(€?)] , (166)

and obtain (163) collecting terms linear in e. Note that it was necessary to expand
until the quadratic terms in y, which gave the contribution linear in €, namely the
Laplacian, i.e. the diffusion operator.

The Fokker-Planck equation has a stationary solution which corresponds to
the particle in an external field and in thermal equilibrium with the surrounding
molecules:

p(q) o< exp[=V(q)/AM K] = exp[-V (q)/T] . (167)

Apparently it has a Boltzmann-Gibbs form, and it turns into zero the probability
current: J = —pdV/0q — k0p/dq = e V/Td(pe"/T)/0q = 0. We shall use the
Fokker-Planck equation in the next section for the consideration of the detailed
balance and fluctuation-dissipation relations.

7.3 General fluctuation-dissipation relation

Fluctuation-dissipation theorem and Onsager reciprocity relations treated small
deviations from equilibrium. Recently, a significant generalization of equilibrium
statistical physics appeared for systems with one or few degrees of freedom devi-
ated arbitrary far from equilibrium. This is under the assumption that the rest
of the degrees of freedom is in equilibrium and can be represented by a ther-
mostat generating thermal noise. This new approach also allows one to treat
non-thermodynamic fluctuations, like the negative entropy change.

Consider again the over-damped Brownian particle with the coordinate z(t) in
a time-dependent potential V' (z,t):

i=—0,V+n. (168)

Here the random function 7n(t) can be thought of as representing interaction with
a thermostat with the temperature 7" so that (n(0)n(t)) = 27°4(t). This equation
(used very often in different applications) can be applied to any macroscopic ob-
servable, where one can distinguish a systematic and random part of the evolution.
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The Fokker-Planck equation for the probability p(z,t) has the form (163):
Op = T@ip + 0. (p0, V) = —ﬁpp,o . (169)

We have introduced the Fokker-Planck operator,

o [0V 0
Hpp = o ((‘33: +T(9a:> )

which allows one to exploit another instance of the analogy between quantum
mechanics and statistical physics. We may say that the probability density is the
y-function is the x-representation, p(x,t) = (z[1(t)). In other words, we consider
evolution in the Hilbert space of functions so that we may rewrite (169) in a
Schrodinger representation as d|)/dt = —Hpp|th), which has a formal solution
|t(t)) = exp(—tHpp)|1(0)). The only difference with quantum mechanics is that
their time is imaginary (of course, they think that our time is imaginary). The
transition probability is given by the matrix element:

p(z’ t' 2, t) = (2| exp[(t —t')Hpp)|z) . (170)

Without the coordinate-dependent field V(x), the transition probability is sym-
metric, p(2’,t;2,0) = p(x,t;2’,0), which is formally manifested by the fact that
the respective Fokker-Planck operator 92 is Hermitian. This property is called the
detailed balance.

How the detailed balance is modified in an external field? If the potential V'
is time independent, then we have a Gibbs steady state p(z) = Z; " exp[—BV (z)],
where Zy = [exp|—pV (z,0)] dx. That state satisfies a modified detailed balance:
the probability current is the (Gibbs) probability density at the starting point
times the transition probability; forward and backward currents must be equal in
equilibrium:

p(a’ t;2,0)eV /T = p(z, t;27,0)e ™V VT (171)
<x/|€—tHFp—V/T|$> _ <3§‘|6_tHFP_V/T|$/> _ <33"6_V/T_tH1TPP|1'> ]
Since this must be true for any x,z’ then eftHlT”P = V/Te=tHrre=V/T gnd
oV o\ 0
Hip=(2 —-T—) = =e""THppe /T 172
Fp <0:U 83:) or  © Fpe ’ (172)

ie. eV/?TH F pe_V/ 2T is hermitian, which can be checked directly.

If we now allow the potential to change in time then the system goes away
from equilibrium. Consider an ensemble of trajectories starting from the initial
positions taken with the equilibrium Gibbs distribution corresponding to the initial
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potential: p(x,0) = Z;'exp[—BV(z,0)]. As time proceeds and the potential
continuously changes, the system is never in equilibrium, so that p(z,t) does not
generally have a Gibbs form. Indeed, even though one can define a time-dependent
Gibbs state Z; ' exp[—BV (x,t)] with Z; = [exp[—BV (z,t)]dz, one can directly
check that it is not any longer a solution of the Fokker-Planck equation (169)
because of the extra term: Oip = —Bp0;V. Indeed, the distribution needs some
time to adjust to the potential changes and is generally dependent on the history
of these. For example, if we suddenly broaden the potential well, it will take
diffusion (with diffusivity 7') to broaden the distribution. Still, can we find some
use of the Gibbs factor and also have anything generalizing the detailed balance
relation (171) we had in equilibrium? Such relation was found surprisingly recently
despite its generality and relative technical simplicity of derivation.

To find the quantity that has a Gibbs form (i.e. have its probability determined
by the instantaneous partition function Z;), we need to find an equation which
generalizes (169) by having an extra term that will cancel the time derivative of
the potential. It is achieved by considering, apart from a position z, another
random quantity defined as the potential energy change (or the external work
done) during the time t:

v oV (z(t),t)
_ /
W, = /0 dt' =" (173)

The time derivative is partial i.e. taken only with respect to the second argu-
ment. The work is a fluctuating quantity depending on the trajectory x(¢'), which
depends on the initial point and noise.

Let us now take many different realizations of the noise 7(t), choose initial x(0)
with the Gibbs probability pp and run (168) many times with every initial data and
every noise realization. It will give us many trajectories having different endpoints
x(t) and different energy changes W accumulated along the way. Now consider
the joint probability p(x, W,t) to come to x acquiring energy change W. This
two-dimensional probability distribution satisfies the generalized Fokker-Planck
equation, which can be derived as follows: Similar to the argument preceding
(163), we note that the flow along W in @ — W space proceeds with the velocity
dW/dt = 0,V so that the respective component of the current is pd;V and the
equation takes the form

Ohp = B2 + 0u(p0sV) — By O,V | (174)
Since Wy = 0 then the initial condition for (174) is

p(x, W,0) = Zy " exp[—BV (2,0)]5(W) . (175)
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While we cannot find p(x, W, t) for arbitrary V (¢) we can multiply (174) by exp(—SW)
and integrate over dW. Since V(z,t) does not depend on W, we get the closed
equation for f(z,t) = [dWp(z, W,t) exp(—LW):

Oif = B0 + 0u(f0.V) = BFOV (176)
Now, this equation does have an exact time-dependent solution
f(x,t) = Zy L exp[—BV (x,1)],

where the factor Z; ! is chosen to satisfy the initial condition (175). Note that
f(x,t) is instantaneously defined by V(z,t), no history dependence as we have
generally in p(x,t). In other words, the distribution weighted by exp(—/SW;) looks
like Gibbs state, adjusted to the time-dependent potential at every moment of time.
Remark that the entropy is defined only in equilibrium, yet the work divided by
temperature is an analog of the entropy change (production), and the exponent
of it is an analog of the phase volume change. Let us stress that f(x,t) is not a
probability distribution. In particular, its integral over x is not unity but the mean
phase volume change, which remarkably is expressed via equilibrium partition
functions at the ends (Jarzynski 1997):

_ Zy [e PVl

=7 = feaeog (0T

/f(as, t)dx :/p(ﬂs, W, t)e PWdzdW = <e_BW>
Here the bracket means double averaging, over the initial distribution p(x,0) and
over the different realizations of the Gaussian noise 7(t) during the time interval
(0,). We can also obtain all weighted moments of x like (z" exp(—8W;)) 6. One
can introduce the free energy Fy = —T'In Z;, so that Z;/Zy = exp[B(Fy — F})].

Let us reflect. We started from a Gibbs distribution but considered arbitrary
temporal evolution of the potential. Therefore, our distribution was arbitrarily far
from equilibrium during the evolution. And yet, to obtain the mean exponent of
the work done, it is enough to know the partition functions of the equilibrium Gibbs
distributions corresponding to the potential at the beginning and at the end (even
though the system is not in equilibrium at the end). This is, of course, because
the further relaxation to the equilibrium at the end value of the potential is not
accompanied by doing any work. Remarkable that there is no dependence on the
intermediate times. One can also look from it from the opposite perspective: no
less remarkable is that one can determine the truly equilibrium property, the free
energy difference, from non-equilibrium measurements (which could be arbitrary
fast rather than adiabatically slow as we used to do in traditional thermodyna-
mics).

167 thank R. Chetrite for this derivation.
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We can write for the dissipation Wy = W — F} + Fj (the work minus the free
energy change) the following identity:

(e~ FWay — / AWap(Wo) exp(—BW,y) = 1, (178)

which is a generalization of the second law of thermodynamics. Indeed, the mean
dissipation divided by temperature is the thermodynamic entropy change. Using
the Jensen inequality (e4) > ef4) one can obtain the usual second law of thermo-
dynamics in the following form:

(BW,) = (AS) > 0.

Moreover, the Jarzynski relation is a generalization of the fluctuation-dissipation
theorem, which can be derived from it for small deviations from equilibrium. Na-
mely, we can consider V(z,t) = Vy(x) — f(t)x, consider limit of f — 0, expand
(177) up to the second-order terms in f and express the response to the field as
the time derivative of the second moment.

When information processing is involved, it must be treated on equal footing,
which allows one to decrease the work and the dissipation below the free energy
difference:

(e7BWa=ly — (¢=B5) =1 | (179)

(Sagawa and Uedo, 2012; Sagawa 2012). We have considered such a case in
Section 4.6, where we denoted Wy = @ and used (W) > —IT = —TAS. The
exponential equality (179) is a generalization of this inequality and (94).

So the modern form of the second law of thermodynamics is an equality rather
than an inequality. The latter is just a partial consequence of the former. Compare
it with the re-formulation of the second law in Section 3.3 as a conservation law
rather than a law of increase. And yet (179) is not the most general form. The
further generalization is achieved by relating the entropy production to irreversibi-
lity, stating that the probability to have a change —AS in a time-reversed process
is as follows (Crooks 1999):

pI(—AS) = p(AS)e 25 . (180)

Integrating this relation one obtains (177,178,179).

Let us prove this relation for our toy model of the generalized baker map
from the Section 3.5. Remind that we derived there a long-time average rate of
the entropy production, which corresponded to the volume contraction of a fluid
element. However, during a finite time n there is always a finite probability to
observe an expansion of an element. This probability must decay exponentially
with n, and there is a universal law relating relative probabilities of the extraction
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and contraction. If during n steps a small rectangular element finds themselves
n1 times in the region 0 < x < [ and ny = n — ny times inside [ < x < 1 then its
sides along x and y will be multiplied respectively by [7™r~"2 and r™["2. The
volume contraction for such n-sequence is AS = nlnJ = niln7 + no ln% and
its probability is P(InJ) = [™r"2. Opposite sign of InJ will takes place, for in-
stance, in a time-reversed sequence. Time reversal corresponds to the replacement
x — 1—y,y — 1—uz, that is the probability of such sequence is P(—In J) = r™{"2.

Therefore, denoting the entropy production rate ¢ = —In J, we obtain the univer-
sal probability independent of 7, (:
P(A P [\™ ™
( S) — (0) — () — 0 — eAS ) (181)
P(-AS) P(—o) r

In a multi-dimensional case, apart from making the potential time-dependent,
there is another way to deviate the system from equilibrium: to apply in addition
to the random thermal force f(¢) a coordinate-dependent force F(q,¢) which is
non-potential (not a gradient of any scalar). Again, when the dynamical equation
are non-Hamiltonian, contact with the thermostat does not lead to thermal equi-
librium. Indeed, there is no Gibbs steady solution to the Fokker-Planck equation
and the detailed balance is now violated in the following way:

H}. = M Hppe P" 4 B(F - p) , (182)

The last term is again the power (F - p) = (F - q) divided by temperature i.e. the
entropy production rate. A close analog of the Jarzynski relation can be formulated
for the production rate averaged during the time ¢:

o) = % /Ot(F Lq)dt . (183)

Would F = dV/dq, that is a gradient of a scalar, then (F -q) = dV (q(t))/dt. The
quantity (183) fluctuates from realization to realization. The probabilities P (o)
satisfy the relation, analogous to (180), which we give without general derivation

P(ot)

Pl—oy) x et . (184)

The second law of thermodynamics states that to keep the system away from
equilibrium, the external force F' must on average do a positive work. Over a
long time we thus expect o; to be overwhelmingly positive, yet fluctuations do
happen. The relations (184,181) show how low is the probability to observe a
negative entropy production rate - this probability decays exponentially with the
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time of observation. Such fluctuations were unobservable in classical macroscopic
thermodynamics, but they are often very important in modern applications to nano
and bio objects. In the limit ¢ — oo, when the probability of the integral (183)
must have a large-deviation form, P(oy) o exp[—tH (oy)], so that (184) means that
H(o) — H(—0¢) = —oy, as if P(oy) was Gaussian.

One calls (180,184) detailed fluctuation-dissipation relations since they are
stronger than integral relations of the type (177,178). Indeed, it is straightforward
to derive (exp(—to;)) = 1 from (184).

The relation similar to (184) can be derived for any system symmetric with
respect to some transformation, to which we add perturbation anti-symmetric with
respect to that transformation. Consider a system with the variables si,...,sy
and the even energy: Fy(s) = Ep(—s). Consider the energy perturbed by an odd
term, £ = Ey — hM /2, where M(s) = > s; = —M(—s). The probability of the
perturbation P[M(s)] satisfies the direct analog of (184), which is obtained by
changing the integration variable s — —s:

Pla)= / ds6[M (s) —a]ePha—Fo) / dsS[M (s)+ale~Pha+Fo) — p(_q)e2Pha

The validity condition for the results in this Section is that the interaction with the
thermostat is represented by noise independent of the the evolution of the degrees
of freedom under consideration.

8 Conclusion

The Chapter is an attempt in compressing the course to its most essential elements.

8.1 Take-home lessons

1. Thermodynamics studies restrictions imposed on observables by hidden. It deals
with two fundamental extensive quantities. The first one (energy) is conserved for
a closed system, and its changes are divided into work (due to observable degrees
of freedom) and heat (due to hidden ones). The second quantity (entropy) can
only increase for a closed system and reaches its maximum in thermal equilibrium,
where the system entropy is a convex function of the energy. All available states
lies below this convex curve in S — E plane.

2. Temperature is the derivative of the energy with respect to the entropy.
Extremum of entropy means that temperatures of the connected subsystems are
equal in equilibrium. The same is true for the energy derivative with respect to
volume (pressure). The entropy increase (called the second law of thermodyna-
mics) imposes restrictions on thermal engine efficiency, that is the fraction of heat
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used for work:
1

K:M:1_T2ASQ<1_E Q
Q1 Q1 T1AS, — T Q,

Similarly, if information processing generates AS, its energy price is as follows:

ToAS + W

1-To/T7 5=QT, | Q

W
$=(Q-W)/T, | Q -W

3. Statistical physics defines the (Boltzmann) entropy of a closed system as
the log of the phase volume, S = logI" and assumes (for the lack of better options)
the uniform (microcanonical) distribution w = 1/I". For a subsystem, the (Gibbs)
entropy is defined as the mean phase volume: S = — ), w; logw;; the probability
distribution is then obtained requiring maximal entropy for a given mean energy:
logw; o< —FE;. We generalize this approach in 13 below within the information
theory.

4. Basic mathematical object is the sum of independent random numbers X =
SN | yi. Three concentric statements are made. The weakest statement is that X
approaches its mean value X = N (y) exponentially fast in N. The next statement
is that the distribution P(X) is Gaussian in the vicinity N~'/2 of the maximum.
For even larger deviations, the distribution is very sharp: P(X) oc e NH (X/N)
where H > 0 and H({y)) = 0. Applying this to the log of the probability of
a given sequence, limy 0o p(y1...yn) = —NS(Y), we learn two lessons: i) the
probability is independent of a sequence for most of them (almost all events are
almost equally probable), ii) the number of typical sequences grows exponentially
and the entropy is the rate.

5. Irreversibility of the entropy growth seems to contradict Hamiltonian dyna-
mics, which is time-reversible and preserves the N-particle phase-space probability
density. However, one can obtain the equation on a one-particle density for a di-
lute gas, where only pair collisions matter. If we then assume that before every
collision the two particles were independent, then we obtain the Boltzmann kinetic
equation, which, in particular, describes the irreversible growth of the one-particle
entropy. Since the total entropy is concerned, while the sum of one-particle en-
tropies grow, we conclude that their difference must grow too. Later, we call it
mutual information.

6. The N-particle entropy growth comes due to incomplete knowledge of ini-
tial conditions, which requires one to consider finite regions in phase space. These
regions spread over the whole phase space under a generic reversible Hamiltonian

Q=
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dynamics, very much like flows of an incompressible liquid are mixing. Such spre-
ading and mixing in phase space correspond to the approach to equilibrium. On
the contrary, to deviate a system from equilibrium, one adds external forcing and
dissipation, which makes its phase flow compressible and distribution non-uniform.

7. Another simple mathematical property we use throughout is convexity.
We first use it in the thermodynamics to make sure that the extremum is on
the boundary of the region and to make Legendre transform of thermodynamic
potentials. We then use convexity of the exponential function in establishing that
even when the mean of a random quantity is zero, its mean exponent is positive,
which provides for an exponential separation of trajectories in an incompressible
flow and exponential growth of the density of an element in a compressible flow.

8. Since the lack of knowledge or uncertainty play so prominent role, we wish to
quantify it. That will measure simultaneously the amount of information needed to
remove that uncertainty. This is consistently done in a discrete case, for instance,
by counting the number of bits, that is answers to ”yes-no” questions. That way
we realize that the information is the logarithm of the number of equally probable
possibilities (Boltzmann entropy) or the mean logarithm if the probabilities are
different (Shannon-Gibbs entropy). Here convexity of the function —w logw helps
us to prove that the information/entropy has its maximum for equal probabilities
(when our ignorance is maximal).

9. The point 4 above states that the number of typical sequences grows with the
rate equal to entropy. That means that the entropy is both the mean and the fastest
rate of the reception of information brought by long messages/measurements. If
the natural source brings highly redundant information (like in visual signals), to
achieve the fastest rate we need to compress it, squeezing all the unnecessary bits
out. That can be also accomplished by encoding.

10. If the transmission channel B — A makes errors, then the message does
not completely eliminate uncertainty, what remains is the conditional entropy
S(B|A) = S(A, B)—S(A), which is the rate of growth of possible number of errors.
Sending extra bits to correct these errors lowers the transmission rate from S(B)
to the mutual information (A, B) = S(B) —S(B|A), which is the mean difference
of the uncertainties before and after the message. The great news is that one can
still achieve an asymptotically error-free transmission if the transmission rate is
lower than I. The maximum of I over all source statistics is the channel capacity,
which is the maximal rate of asymptotically error-free transmission. In particular,
to maximize the capacity of sensory processing, the response function of a living
beings or a robot must be a cumulative probability of stimuli.

11. Very often our goal is not to transmit as much information as possible,
but to compress it and process as little as possible, looking for an encoding with a
minimum of the mutual information. For example, the rate distortion theory looks
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for the minimal rate I of information transfer to guarantee that the signal distor-
tion does not exceed the threshold D. This is done by minimizing the functional
I + BD. Another minimization task could be to separate the signal into inde-
pendent components with as little as possible (ideally zero) mutual information
between them.

12. The conditional probability allows for hypothesis testing by the Bayes’ rule:
P(hle) = P(h)P(e|lh)/P(e). That is the probability P(hle) that the hypothesis is
correct after we receive the data e is the prior probability P(h) times the support
P(e|h)/P(e) that e provide for h. Taking a log and averaging we obtain familiar
S(hle) = S(h) — I(e,h). If our hypothesis concerns the probability distribution
itself, then the difference between the true distribution p and the hypothetical
distribution ¢ is measured by the relative entropy D(p|q) = (logs(p/q)). This is yet
another rate — with which the error probability grows with the number of trials.
D also measures the decrease of the transmission rate due to non-optimal encoding:
the mean length of the codeword is not S(p) but bounded by S(p) + D(p|q).

13. Since so much hangs on getting the right distribution, how best to guess it
from the data? This is achieved by maximizing the entropy under the given data
— ”the truth and nothing but the truth”. That explains and makes universal the
approach from the point 3. It also sheds new light on physics, telling us that on
some basic level all states are constrained equilibria.

14. Information is physical: to learn AS = S(A) — S(A, M) one does the work
TAS, where A is the system and M is the measuring device. To erase information,
one needs to convert T'S(M) into heat. Both acts require a finite temperature.
The energetic price of a cycle is T' times the mutual information: TI(A, M).

15. Looking at Renormalization Group as a way to forget information we find
that the proper measure is again the mutual information, which can defined in
two ways: either between remaining and eliminated degrees of freedom or between
different parts of the same system. In particular, it shows us examples of the area
law, when I is sub-extensive.

16. That area law was the initial motivation for the quantum information
theory, since the entropy of a black hole is proportional to its area rather than
volume. Nowadays, of course, it is driven by the quest for a quantum computer.
Already quantum mechanics has a natural entropic formulation. Quantum sta-
tistics appears when we treat subsystems and must deal with the density matrix
and its entanglement entropy, which is a sibling of the mutual information, since
it also measures the degree of correlation. We learn that entropy of the whole can
be less than the entropy of a part.

17. The last lesson is two progressively more powerful forms of the second law
of thermodynamics, which originally was AS > 0. The first new one, (e=2%) =1,
is the analog of a Liouville theorem. The second one relates probabilities of forward
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and backward process: pf(—AS) = p(AS)e™25.

8.2 Epilogue

The central idea of this course is that learning about the world means building a
model, which is essentially finding an efficient representation of the data. Opti-
mizing information transmission or encoding may seem like a technical problem,
but it is actually the most important task of science, engineering and survival.
The mathematical tool is an ensemble equivalence in the thermodynamic limit, its
analog is the use of typical sequences in communication theory. The result is two
roles of entropy: it defines maximum transmission and minimum compression.

Our focus was mainly on finding a data description that is good on average.
Yet there exists a closely related approach that focuses on finding the shortest
description and ultimate data compression for a given string of data. The Kol-
mogorov complexity is defined as the shortest binary computer program able to
compute the string. It allows us to quantify how much order and randomness is in
a given sequence — truly random sequence cannot be described by an algorithm
shorter than itself, while any order allows for compression. Complexity is (approx-
imately) equal to the entropy if the string is drawn from a random distribution,
but is actually a more general concept, treated in courses on Computer Science.

Another central idea is that entropy is not a property of the physical world,
but is an information we lack about it. And yet the information is physical —
it has an energetic value and a price. Indeed, the difference between work and
heat is that we have information about the former but not the later. That means
that one can turn information into work and one needs to release heat to erase
information. We also have learnt that one not only pays for information but can
turn information into money as well.

Reader surely recognized that no rigorous proofs were given, replaced instead
by plausible hand-waving argument or even a particular example. Those interested
in proofs for Chapter 3 can find them in Dorfman ” An Introduction to Chaos in
Nonequilibrium Statistical Mechanics”. Detailed information theory with proofs
can be found in Cowen & Thomas ” Elements of Information Theory”, whose Chap-
ter 1 gives a concise overview. Nor the examples given are representative of the
ever-widening avalanche of applications; more biological applications can be found
in ”Biophysics” by Bialek, others in original articles and reviews. Numerous re-
ferences scattered through the text, like (Zipf 1949), give you the most compact
encoding of what is to google to find details.

I invite you to reflect on the history of our attempts to realize limits of possible,
from heat engines through communication channels to computations.

Looking back one may wonder why accepting the natural language of informa-
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tion took so much time and was so difficult for physicists and engineers. Generati-
ons of students (myself including) were tortured by ”paradoxes” in the statistical
physics, which disappear when information language is used. I suspect that the
resistance was to a large extent caused by the misplaced desire to keep scientist
out of science. A dogma that science must be something ”objective” and only
related to the things independent of our interest in them obscures the simple fact
that science is a form of human language. True, we expect it to be objectively
independent of personality of this or that scientist as opposite, say, to literature,
where languages (and worlds) of Tolstoy and Dostoevsky differ so much. However,
science is the language designed by and for humans, so that it necessarily reflects
both the way body and mind operate and the restrictions on our ability to obtain
and process the data. Presumably, omnipresent and omniscient supreme being
would have no need in the statistical information approach described here. One
may also wonder to what extent essential presence of scientist in science may help
us understand the special status of measurement in quantum mechanics.

I wish to thank my colleagues whose advices were invaluable in preparing
the course: Yakov Sinai, Alexander Zamolodchikov, Massimo Vergassola, Eric
Siggia, Leonid Levitov. Special thanks to Michal Shavit for preparing tutorials
and catching numerous errors (the remaining ones are my responsibility alone).

As we learnt here, better understanding must lead to a more compact presen-
tation; hopefully, the next version of these lecture notes will be shorter.
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