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Abstract

This work demonstrates high-�delity ion-qubit measurement, crucial not only for the read-

out of states in the course of a computation, but also for e�ective quantum error correction.

We trap and cool a single, or few, 88Sr+ ions. A quantum bit is encoded in the two spin

states of the single valence electron of the ion. Qubit readout is performed by shelving one of

the qubit states to a metastable D level using a narrow linewidth laser at 674 nm followed by

state-selective �uorescence detection. To reach high �delity qubit readout, the laser frequency

has to be highly stabilized, and the linewidth of the laser has to be narrowed to the order of

1kHz. For this purpose we use an external cavity diode laser at 674nm and lock it to an ultra

low expansion glass reference cavity, thus reaching a relative frequency uncertainty of ∼ 10−12.

Careful analysis of the statistics of the photons detected at the �uorescence stage, allows us

to reach a detection error of 2 · 10−3, compatible with recent estimates of the detection error

threshold required for fault-tolerant computation.
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1 Introduction

A quantum computer performs computations using quantum mechanical principles for its opera-

tion. Several algorithms were introduced that make use of quantum mechanics to speed up di�erent

information processing tasks such as locating entries in a large database [4] or the e�cient factor-

ization of prime numbers [16].

Ideally quantum computers are more e�cient than their classical counterparts for certain tasks.

However, in the presence of noise quantum systems tend to "loose" their quantum nature or

decohere. Moreover, the susceptibility of a quantum state to noise increases linearly with the

dimension of the corresponding Hilbert space and therefore exponentially with the number of

quantum bits (qubits). For this reason, quantum computers were considered as no more than a

theoretical anecdote for a long time. Only in the last decade it was shown that by using active

error-correction it is possible to actively suppress decoherence. Furthermore it was shown that if

the error in any single quantum operation is smaller than a given, calculated, threshold a quantum

register can involve an arbitrarily large number of qubits and still remain coherent to a large extent,

thus mitigating the above exponential law.

Successful implementation of quantum algorithms, therefore, requires high �delity state prepa-

ration, logic gates and state measurement. This work focuses on demonstration of high-�delity

ion-qubit measurement. It is important to note, that high accuracy state measurement is crucial

not only for the readout of states in the computation, but is also a generic part of most quantum

error correction protocols. The exact detection error threshold, required for fault tolerant quan-

tum computation, depends on many factors such as the type of noise, the quantum error-correction

protocol used and quantum register architecture, however under quite general assumptions error

values of the orders of 10−2 − 10−4 were obtained [6].

In our experiment we trap and cool a single, or few, 88Sr+ ions. A quantum bit is encoded in the

two spin states of the single valence electron of the ion. The typical energy separation between the

two Zeeman split spin states in the experiment is ' 10 MHz. Qubit readout is done by shelving

one of the qubit states to a metastable D level using a narrow linewidth laser at 674nm followed by

state-selective �uorescence detection. To reach high �delity in qubit readout, the laser frequency

has to be highly stabilized, and the linewidth of the laser has to be narrowed to the order of

1 kHz. For this purpose we use an external cavity diode laser at 674nm and lock it to an ultra

low expansion glass reference cavity. The relative frequency uncertainty of our shelving laser is

∼ 10−12. Finally, careful analysis of the statistics of the photons detected at the �uorescence stage,

allows us to reach a detection error of 2 · 10−3, compatible with recent estimates of the detection

error threshold required for fault-tolerant computation.
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2 Quantum bit

2.1 Two level system

A classical bit (binary digit) is a variable that can take one of two logical values - 0 or 1, that

is be in one of the two physical states corresponding to these values. A qubit (quantum bit) is

a quantum two state system. Meaning, it can be not only in one of the two states, but also in

their arbitrary superposition. Usually the two states correspond to the two eigenstates of the

unperturbed qubit. If we denote the two states by | ↓〉 and | ↑〉 - the most general superposition

state, up to a global phase, can be written as

|Ψ〉 = cos

(
θ

2

)
| ↓〉+ eiϕsin

(
θ

2

)
| ↑〉 (1)

and represented as a vector on a unit sphere (Bloch sphere representation) as shown in Fig. 1.

Figure 1: Bloch sphere representation of a two level system. The | ↑〉 and | ↓〉 states are represented
by the north and south poles respectively. All states are characterized by the angles θ and φ
indicating the direction of the Bloch vector.

2.2 Qubit measurement

One of the basic requirements for a physical implementation of a qubit, formulated by DiVincenzo

[3], is the ability to faithfully measure it's state. If the qubit's state is given by the density matrix

ρ = p |↓〉〈↓|+ (1− p) |↑〉〈↑|+ α |↓〉〈↑|+ α? |↑〉〈↓| (2)

an ideal measurement should give outcome | ↓〉 with probability p and | ↑〉 with probability (1− p),
independent of α and of any other parameters of the system. A measurement can be also performed

in a di�erent basis. This is done by mapping the basis one would like to use for the measurement

to the basis in which the actual measurement is performed. The mapping is done using qubit

rotations. Note that the measurement discussed here is not a measurement of the exact state of

the qubit. The exact state of a qubit can be found only given many copies of the qubit, e.g. using

state tomography [?].
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2.3 Fidelity and fault tolerance

Many quantum computation algorithms rely on long sequences of gating operations and qubit

measurements. Suppose there is some error probability ε0 in any single gate or measurement. The

error in the result of a computation is ε ' 1 − (1− ε0)N , where N is the total number of gates

and measurements in the computation. The exponential dependence of the error on N prohibits

large scale computation. However, we can use quantum error correction to protect states and

decrease accumulated errors. It turns out that quantum computation with an arbitrary low error

can be achieved even with noisy gates, using certain error correction schemes and provided that

the single gate error is bellow a corresponding threshold [11]. In order to theoretically estimate

the threshold for fault tolerant QIP the speci�c noise models assumed, quantum error-correction

protocols used and the architecture of the quantum register, have to be taken into consideration.

Recent estimates for fault tolerant error thresholds under assumptions that are quite general are

of the orders of 10−2 − 10−4.

The measurement error is de�ned as follows. For a qubit in state ρ = |↓〉〈↓| the probability for the

outcome to be | ↓〉, in a perfect measurement, should be equal to 1. Due to imperfect measurement

the probability is less than 1, namely 1−ε|↓〉. Similarly for a qubit in state ρ = |↑〉〈↑|, the probability
for the outcome to be | ↑〉 is in practice 1− ε|↑〉. The error of the measurement is the mean error

ε =
ε|↑〉+ε|↓〉

2
. The �delity of the measurement is F = 1− ε.

The experimental sequence used to �nd the measurement error consists of �rst initializing the

qubit in the | ↓〉 state or the | ↑〉 state and then performing measurement. Therefore, the error

due to imperfect state initialization will be added to the measurement error. The experiment is

repeated many times for each of the qubit states, and the probabilities (fraction of experiments)

P (↓ | ↑), for the outcome of the measurement to be | ↓〉when the qubit is initialized in the | ↑〉
state, and P (↑ | ↓), for the outcome of the measurement to be | ↑〉 when the qubit is initialized in

the | ↓〉state, are obtained. Following the de�nition, the error is

ε =
P (↓ | ↑) + P (↑ | ↓)

2
. (3)
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3 Physical implementation of quantum bits

3.1 Trapped 88Sr+ ion

The physical implementation of a qubit in our system is based on the electronic energy states of

an 88Sr+ ion. To allow addressing of a single ion, it needs to be con�ned in a well de�ned and

small region in space. Therefore it needs to be cooled and trapped.

3.1.1 Atomic level scheme and motional degrees of freedom

Strontium is an alkaline earth metal with two electrons in its valence shell. After a single ionization

we get a Sr+ ion with only one valence electron, hence resembling an alkali atom. 88Sr+ has no

nuclear spin and accordingly no hyper�ne structure. When a small magnetic �eld is applied ion's

energy levels are Zeeman split. The relevant electronic energy levels and their Zeeman splittings

are shown in Fig. 2.

5S1/2

5P1/2 (8ns)

5P3/2 (8ns)

(435ms) 4D3/2

(390ms) 4D5/2

422nm

408nm

1092nm

1033nm

2

1+=sm

2

1
−=sm

2.8 MHz/G

674nm

Figure 2: A schematic drawing of the relevant 88Sr+ electronic energy levels

In addition to the internal energy levels of the ion, its motional degrees of freedom have to be taken

into account. The ion is trapped in a pseudo-harmonic potential and hence can be treated as a 3D

quantum harmonic oscillator. However, due to a strong con�nement in two of the dimensions (the

radial directions of the trap) , motional degrees of freedom along these directions can be usually

neglected. The ion can then be treated as a 1D harmonic oscillator with energy levels given by

En = ~ωtrap
(
n+ 1

2

)
.

3.1.2 Optical qubit

To turn the ion into a qubit we need to choose two energy levels that will encode the | ↑〉 and | ↓〉
states. One option for this encoding is to use one of the states from the S1/2 ground level as the
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| ↓〉 state and one from the D5/2 metastable (390ms) level as the | ↑〉 state. Such a qubit is called

an optical qubit since the energetic separation between the two qubit levels is in the optical range

(4.45 × 1014Hz, corresponding to a photon wavelength of 674 nm). The readout scheme for this

qubit is relatively simple and will be explained in section 3.2.1. However, its lifetime is limited by

the lifetime of the D5/2 metastable level and is therefore relatively short. Moreover, both magnetic

�eld and laser phase �uctuations lead to qubit dephasing.

3.1.3 Zeeman qubit

At zero magnetic �eld the S1/2 ground level is doubly degenerate, due to the spin of the electron

that can point in two opposite directions. When a magnetic �eld is applied, the two states are split

as shown in Fig. 2. We can therefore encode the qubit in the Zeeman manifold of the S1/2 ground

level, choosing the ms = −1
2
level to represent the | ↓〉 state and the ms = +1

2
level to represent

the | ↑〉 state. The splitting between the two energy levels is 2.8Mhz
G

. The natural lifetime of the

| ↑〉 state is practically in�nite. Here too, �uctuations in the ambient magnetic �eld will lead to

qubit dephasing. However, contrary to optical qubit, the local oscillator for this qubit is in the RF

range and therefore is not likely to limit qubit coherence due to phase �uctuations for a relatively

long time.

3.2 Readout scheme

3.2.1 Optical qubit

For an optical qubit, state detection is performed using state-selective �uorescence. Detection is

performed with a laser beam, resonant with the S1/2 → P1/2 transition. If the qubit is in the

| ↓〉 state the ion will scatter photons in all directions (�uoresce) at a rate determined by the P1/2

linewidth. We place a detector o� of the 422nm laser beam axis and detect the scattered photons.

However, if the qubit is in the | ↑〉 state laser light at 422nm cannot excite the ion and no scattered

photons are observed.

3.2.2 Zeeman qubit

For a Zeeman qubit, in a small (few Gauss) magnetic �eld the above scheme can not be applied,

since the energy splitting between the two qubit states is less than the spectral width of the P1/2

level. Hence, both qubit states are simultaneously resonant and �uoresce. State detection of a

Zeeman qubit is performed by �rst mapping the Zeeman qubit onto an optical one. This is done

by shelving the electron from the S1/2,+1/2 level (the | ↑〉 state) to one of the D5/2 Zeeman split

levels. Once the electron is shelved, state detection of an optical qubit is performed. The �delity
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of Zeeman qubit detection is therefore a�ected both by the electron shelving e�ciency and optical

qubit detection �delity.

3.3 Laser-Ion interactions

3.3.1 Doppler cooling

Ion motion inside the trap decreases electron shelving e�ciency, as is explained in section 3.3.4,

and thus prevents high �delity state detection of a Zeeman qubit. For this reason we want to

decrease the thermal motion of the ion in the trap. This is equivalent to decreasing the mean

harmonic oscillator level occupied by the ion, n̄.

The �rst cooling stage we use is Doppler laser cooling on the S1/2 → P1/2 transition. Optimal

cooling is achieved when the laser is detuned by half the excited level linewidth, Γ
2
red of the

resonance. The temperature reached is

kBT =
~Γ

4
(1 + α) , (4)

where α = 2
5
the transition used for cooling is a dipole transition [?]. Assuming a Boltzmann

distribution for the harmonic oscillator levels occupations

Pn =
1∑
Pn
e
− ~ωtrapn

kBT =
1

n̄+ 1

(
n̄

n̄+ 1

)n
, (5)

where the mean occupation number satis�es

n̄ =
1

e
~ωtrap
kBT − 1

. (6)

Combining the last two equations we get

n̄ =
1

e
4ωtrap
Γ(1+α) − 1

(7)

Substituting ΓP1/2
= 21 MHz and ωtrap = 1.1 MHz (the axial frequency of the trap), we obtain

n̄ ' 6.2.

3.3.2 Optical pumping

As is discussed in section 2.3, part of the measured error is due to imperfect initialization of

the qubit state. For a Zeeman qubit the initialization scheme is based on optical pumping using
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circularly polarized light and is depicted in Fig. 3.

Photons are continuously scattered from a 422 nm laser beam resonant with the S1/2 → P1/2

transition. At a low magnetic �eld, Zeeman splitting between the two S1/2 states is smaller than

the width of the excited P1/2 level (Γ ' 21 MHz). Hence both spin states are excited. However,

if the polarization of the 422 nm beam is σ+, due to angular momentum conservation, only a

∆ms = +1 transition is allowed. Hence the S1/2,−1/2 state is coupled to the P1/2,+1/2 state, whereas

the S1/2,+1/2 state is does not couple to the P1/2 level and is therefore dark. As the ion is excited to

the P1/2 level it spontaneously decays back to either of the two states - S1/2,±1/2. As this sequence

is repeated, the S1/2,−1/2 population decays exponentially with the number of photons scattered.

This way all the population is eventually transferred to S1/2,+1/2 and the qubit is initialized in the

| ↑〉 state. Using a σ− polarized beam the ion is initialized in the | ↓〉 state. The �delity of this

initialization procedure is limited by the polarization purity of the laser.

S1/2

P1/2
|1/2〉

|-1/2〉 =|↓〉

|-1/2〉

σ +

|1/2〉 =|↑〉

σ +

Figure 3: Schematic drawing of optical pumping. Straight lines represent laser beams, wiggly lines
represent spontaneous decay.

3.3.3 Quadrupole transition

Electron shelving from the S1/2,+1/2 state to the D5/2 metastable level is done using narrow

linewidth laser light at 674 nm. For a laser �eld given by E = E0e
i(~k·~r−ωt) + c.c. , where E0

is the electric �eld amplitude, ~k is the wave-vector of the beam, ~r is the position operator and

ω = ck is the light angular frequency. The position vector ~r can be decomposed to ~r = ~x + ~re,

where ~x is the location of the ion nucleus and ~re is the position of the electron relative to the

nucleus. The ei
~k·~x part will then lead to a position dependent phase of the �eld, while the ei

~k·~re

part can be treated using the standard long wavelength approximation. In �rst order (dipole)

approximation, the 5S1/2 → 4D5/2 transition is forbidden due to the equal parity of the S and the

D levels. However, this transition is allowed in the next order (quadrupole) approximation. The
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laser-ion interaction Hamiltonian can be written as

Hint = i~Ω0e
i(~k·~x−ωt)|n, S,m〉〈n′, D,m′|+ h.c. , (8)

where n = 5, n′ = 4 are the principal quantum number of the corresponding energy levels. The

Rabi frequency, Ω0, denotes the coupling strength between the two levels and is given by [5]

Ω0 =

∣∣∣∣eE0ω0

2~c
〈n, S,m| (~r · ~ε) (~r · ~n) |n′, D,m′〉

∣∣∣∣ . (9)

Here ~n is a unit vector in the direction of ~k and ~ε is the polarization of the �eld.

Note that Ω0 depends on both the propagation direction and the polarization of the beam. For

the beam con�guration used in the experiment and shown in Fig. 8, the angle between the laser

beam and the magnetic �eld φ
(
~k, ~B

)
= 0◦, hence the only allowed transitions are ∆mJ = ±1

transitions, and the polarization of the beam does not change the Rabi frequency.

A detailed calculation of the Rabi frequencies for the relevant transitions is given in Appendix A.1.

For a laser beam power of 120µW focused to a Gaussian waist of ω0 = 30µm on the ion, the calcu-

lated Rabi frequencies are Ω0

(
S1/2,1/2 → D5/2,3/2

)
= (2π) 53 kHz and Ω0

(
S1/2,1/2 → D5/2,−1/2

)
=

(2π) 38 kHz.

3.3.4 Rabi �opping and the Lamb-Dicke regime

As was already mentioned in 3.1.1, the motion of the ion is mostly along the axial direction of

the trap due to the strong con�nement in the radial direction. This will be elaborated at the end

of this section. For now, motional degrees of freedom along the radial direction will be neglected.

The position vector ~x can be written as ~x = x~ex, where ~ex is a unit vector along the axial direction

of the trap. Recall that the position x of the ion is an operator and denote it by x̂.

Using the harmonic oscillator raising and lowering operators â and â†, the position operator of the

ion x̂ can be expended

x̂ =

√
~

2mωtrap

(
â+ â†

)
and the interaction Hamiltonian becomes

Ĥint = i~Ω0e
i(η(â+â†)−ωt)|n, S,m〉〈n′, D,m′|+ h.c. , (10)

where

η = kcos (φ)

√
~

2mωtrap
(11)

is the Lamb-Dicke parameter. The angle between the axis of the trap (~ex) and the direction of
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laser light propagation (~n) is φ. In our experiment φ = 45◦ (see Fig. 8a), ωtrap = 1.1 MHz and

we calculate η ' 0.12. The interaction Hamiltonian can be expended in orders of η

eiη(â+â†) = 1 + iη
(
â+ â†

)
−
η2
(
â+ â†

)2

2
+ ... (12)

To 0th order in the expansion, the interaction Hamiltonian is simply

Ĥint = i~Ω0e
−iωt|n, S,m〉〈n′, D,m′|+ h.c.

In the interaction picture representation (or equivalently, in a rotating wave frame with respect to

the ion) it is transformed to

Ĥint = i~Ω0e
−i∆t|S,m〉〈D,m′|+ h.c. ,

where ∆ = ω − ω0 is the detuning of the laser frequency from the resonant transition frequency

ω0. Assuming ∆ is large with respect to Ω0 for all S1/2,m → D5/2,m′ transitions except for one,

and performing the rotating wave approximation we end up with a two level system described by

standard Rabi oscillations. For the initial conditions P↓(t = 0) = 1, time dependent population

inversion is given by P↑(t) = P↑,maxsin
2
(

ΩRt
2

)
. The oscillation frequency is ΩR =

√
Ω2

0 + ∆2 and

the maximal population inversion is P↑,max =
Ω2

0

Ω2
0+∆2 . Notice that in this case no HO creation or

annihilation operators appear in Ĥ and therefore the motion of the ion as una�ected by light. This

excitation preserves the HO level n and is referred to as the carrier excitation.

Including higher orders of η, the �rst term in the expansion allows transitions from the nth motional

state to the n± 1th states. The e�ective coupling strength for these sideband transitions are

Ωn,n+1 = Ω0〈n+ 1|iη
(
â+ â†

)
|n〉 = iΩ0η

√
n+ 1 (13a)

and

Ωn,n−1 = Ω0〈n− 1|iη
(
â+ â†

)
|n〉 = iΩ0η

√
n . (13b)

The n→ n+ 1 (n− 1) transition is referred to as the Blue (Red) sideband transition.

The next term (second order in η) allows transitions from the nth motional state to the n±2th state

and also gives a small correction to the carrier transition Rabi frequency Ωn,n = Ω0

(
1− η2

(
n+ 1

2

))
.

Although small, this correction limits electron shelving e�ciency at a �nite temperature as is shown

bellow.

Assume the ion has some harmonic oscillator levels occupation distribution. Initially in the | ↓〉
state and with an ideal laser, resonant with the carrier transition, the probability of �nding the
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ion in the | ↑〉 state as function of time is

P↑(t) = ΣpnP↑,n(t) = ΣpnP↑,n,maxsin
2

(
ΩR,nt

2

)
, (14)

where pn is the probability of the ion being in the nth harmonic oscillator level. For pn following

a thermal distribution with n̄ ' 6.2, the lowest value reachable with Doppler cooling in our trap,

the time evolution for P↑(t), at zero detuning, is plotted in Fig. 4. As seen, dephasing between the

di�erent Rabi frequencies, corresponding to di�erent n, limit the maximal population inversion

reached to P↑,max ' 0.97.
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P
-(t

)

97%

Figure 4: Population inversion as function of time for detuning ∆ = 0. The blue dashed line shows
Rabi oscillations for an ion in the ground state of the HO (T = 0). The red solid line shows Rabi
oscillations for a thermal distribution in the occupation of HO levels, with n̄ ' 6.2 (T ' 55 µK).

Now consider the a�ect of the radial motion of the ion. Since the 674 nm laser ~k vector has a

component in the radial direction of the trap as well (see Fig. 8a), the Lamb-Dicke parameter for

the radial motion will be non zero and the distribution of radial harmonic level numbers will also

have an a�ect on the shelving e�ciency. However, due to the stronger con�nement in the radial

direction ωr > ωax the e�ect is much smaller. The angle between the radial direction of the trap

and the direction of laser light propagation is φ = 45◦. The radial trap frequency is ωr ' 2.5MHz.

According to Eqs. 7 and 11 the mean harmonic level occupation number is n̄r ' 2.5 and the

Lamb-Dicke parameter is ηr ' 0.08, leading to an estimated population inversion error of ' 0.2%.

This compares to the previously calculated ' 3% error due to the axial motion.
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4 State discrimination

As was mentioned in 3.2, qubit state detection is based on the statistics of photons detected by the

PMT. However, a well de�ned criterion for state discrimination is required. In order to �nd the

optimal criterion and to estimate its �delity, the statistics of photon detection events are analyzed

in detail. In this section two di�erent methods of state discrimination are presented, and the e�ect

of imperfect state preparation and shelving are discussed.

4.1 Cuto� method

4.1.1 Perfect state preparation

The number of photons n, detected by the PMT during a given detection time tdet is a random

variable. This random variable will be denoted by nb if the ion is in the �uorescing (bright) state

S1/2, and nd if the ion is in the non-�uorescing (dark) state D5/2. Photons are detected when the

ion is in the dark state due to detectors dark counts, background room light and scattering and

mainly due to scattering of the laser beam from trap surfaces. The e�ciency of state discrimination

is determined by the overlap of the probability distribution functions (PDFs) of these two random

variables.

The simplest way to discriminate between the two states is to introduce a cuto� on the number of

photons detected, nc. If the number of photons detected is greater than this cuto�, n > nc, then

we infer that the ion is in the bright state. Whereas, if the number is smaller, n 6 nc, we infer

that the ion is in the dark state. Given the probability distribution functions for nb, nd we �nd

the error in the detection of the bright and dark states to be εb = pb (n 6 nc) and εd = pd (n > nc)

respectively. We want to �nd the parameters tdet, nc that minimize the mean error

ε =
εb + εd

2
=
pb (n 6 nc) + pd (n > nc)

2
. (15)

To �nd the PDFs, �rst assume that the lifetime of the D5/2 level is in�nite. Hence, the ion does not

decay to the �uorescing S1/2 state during the detection period. In this case the random variables

nb, nd follow a Poisson distribution. The mean of these distributions n̄b and n̄d increase linearly

with detection time, tdet. More speci�cally, given photon detection rates Rb and Rd in the bright

and dark state respectively, the means are n̄b,d = Rb,dtdet. The two distribution functions are

plotted in Fig. 5a. Clearly, as the detection time is increased the overlap between the two PDFs

decreases, resulting in higher state discrimination �delity.

Now consider the a�ect of the D5/2 level �nite lifetime. Assume that the ion is initially in the

D5/2 state. As long as it remains in this dark state, the photon detection rate is Rd. For a
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given time t?, the probability the ion decays to the S1/2 ground state level at t < t? is given by

P (t?) = 1 − e−t?/τ , where τ is the lifetime of the D5/2 level. Upon decay, the photon detection

rate becomes Rb. Therefore, the probability to detect n photons during the time tdet is

pd (n) =

(
1− tdet

τ

)
Poiss (n, Rdtdet) +∫ tdet

0

dt′
1

τ

n∑
k=0

Poiss (k, Rdt
′)Poiss (n− k, Rb (tdet − t′)) . (16)

Here Poiss (n, n̄) denotes the probability to detect n photons for a Poissonian distribution with

mean n̄. The �rst term in Eq. 33 accounts for the case in which the ion did not decay. The

second term integrates over the periods of time dt′ at which decay occurred. The probability for

decay to happen during the time period (t′, t′ + dt′) is dt′

τ
e−t

′/τ and can be approximated by dt′

τ
for

t′ < tdet � τ . For any 0 < t′ < tdet, the total number of photons detected is both due to photons

scattered while the ion was in the dark state during the time period (0, t′), and due to photons

scattered when the ion was in the bright state during the time period (t′, tdet) . Hence the sum

over all possible combinations of photons scattered during the two periods appears. This sum can

be simpli�ed to give

n∑
k=0

Poiss (k, Rdt
′)Poiss (n− k, Rb (tdet − t′)) = Poiss (n, n̄) . (17)

Hence, if the decay occurred at some instance 0 < t′ < tdet, the number of detected photons still

follows a Poissonian distribution, with the weighed mean n̄ = n̄d
t′

tdet
+ n̄b

(
1− t′

tdet

)
. Equation 33

can then be written explicitly

pd (n) =

(
1− tdet

τ

)
Poiss (n, n̄d) +

tdet
τ

Γ (n̄b n+ 1)− Γ (n̄d, n+ 1)

n̄b − n̄d
(18)

using the incomplete gamma function Γ (x, a) = 1
Γ(a)

∫ x
0
e−tta−1dt. See Appendix A.2 for a detailed

derivation of Eqs. 17 and 18. The obtained PDF for nd is shown in Fig. 5b together with the

PDF for nb which is una�ected by the �nite lifetime of the D5/2 level, for tdet = 10−3τ . Note the

increase in the overlap between the two functions.
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Figure 5: Probability density functions for the number of photons detected by the PMT in the
dark (D5/2, red) and the bright (S1/2, blue) states. (a) Assuming in�nite dark state lifetime. (b)
A �nite lifetime τ = 103tdet of the D5/2 level is taken into account.

Here, as the detection time is increased the overlap between the two functions initially drops, due

to the larger spacing between the two Poisson peaks, but at some point starts increasing due to

the growing tail of the dark distribution. Hence an optimal detection time and threshold number

of photons exist such that the e�ciency of state discrimination is maximal. Figure 6 shows a

contour plot for the state discrimination error, de�ned in Eq. 15, as function of the detection time

tdet and the cuto� on the number of photons nc. Our measured detection rates of Rb = 65 kHz,

Rd = 1.3 kHz are used, as well as the known lifetime of the D5/2 level, τD5/2
= 390ms [8].
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Figure 6: Contour plot of the state discrimination error (in %) as function of the detection time tdet
and the cuto� on the number of photons nc. Measured detection rates for the system Rb = 65kHz,
Rd = 1.3kHz are used, as well as the known lifetime of the D5/2 level, τD5/2

= 390ms.
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A minimal error of ε ' 3 · 10−4 is calculated at a detection time of tdet = 310µs and a cuto� on

the number of photons of nc = 5.

4.1.2 Imperfect state initialization

The actual distributions measured in the experiment are also a�ected by state preparation error,

and an error resulting from an imperfect shelving of the ion to the metastable state. The state

preparation errors, εb,init and εd,init for the bright and dark states respectively, are the fraction

of experiments in which the ion was initialized in the wrong state. The shelving error for the

dark state εd,shelving is the probability that the ion remained in the S1/2 level after shelving was

performed. For the bright state, εb,shelving is the probability that the ion was shelved to the D5/2

level due to o�-resonant light. The resulting PDFs for the bright and dark states are given by

p̃b (n) = (1− εb,init) (1− εb,shelving) pb (n) +

[εb,init (1− εd,shelving) + (1− εb,init) εb,shelving] pd (n) (19a)

and

p̃d (n) = (1− εd,init) (1− εd,shelving) pd (n) +

[εd,init (1− εb,shelving) + (1− εd,init) εd,shelving] pb (n) (19b)

respectively. Here pd (n) is the dark distribution given by Eq. 18.

Since all errors εb/d,init/shelving and
tdet
τ

are small (of the order of 10−3), second order errors can be

neglected and we get,

p̃b (n) ' (1− εb,tot)Poiss (n, n̄b) + εb,totPoiss (n, n̄d) (20a)

p̃d (n) '
(

1− εd,tot −
tdet
τ

)
Poiss (n, n̄d) +

tdet
τ

Γ (n̄b n+ 1)− Γ (n̄d, n+ 1)

n̄b − n̄d
+ εd,totPoiss (n, n̄b) (20b)

Note that only the sum of the initialization error and the shelving error appears εb/d,tot = εb/d,init +

εb/d,shelving. This prevents us from distinguishing state preparation error from state detection error.
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The total mean detection error,

ε̃ =
ε̃b + ε̃d

2
=
p̃b (n 6 nc) + p̃d (n > nc)

2
, (21)

can be related to the error ε resulting from the �nite lifetime of the metastable level alone, obtained

in section 4.1.1

ε̃ = ε (1− (εb,tot + εd,tot)) +
εb,tot + εd,tot

2
' ε+

εb,tot + εd,tot
2

. (22)

In particular, the minimum of ε̃ is obtained for the same values of detection time tdet and cuto�

on the number of photons nc, as the minimum of ε.

4.2 Photon arrival times

For better state discrimination, the state-dependent likelihood of detecting not only a certain

number of photons also their arrival times sequence can be considered.. Using this information

some of the events in which the ion decayed during the detection time and scattered more than

nc photons can be identi�ed. Therefore, using this method εd can be decreased. Given a set of

photon arrival times {ti} we calculate the likelihood for this set to be obtained given that the ion

was in the bright state pb, and similarly for the dark state pd. If pb > pd we conclude the ion was

in the bright state, and vice verse.

For convenience, each data set is arranged in bins of duration tbin = 10µs and the number of

photons in each bin {ni} is considered. The number of bins is N = tdet
tbin

. Then, using a similar

treatment to Myerson et al. [10] the corresponding PDFs are

pb ({ni}) =
N∏
i=1

Poiss (ni, Rbtbin) (23a)

pd ({ni}) =

(
1− tdet

τ

) N∏
i=1

Poiss (ni, Rdtbin) +
tbin
τ

N∑
j=1

j−1∏
i=1

Poiss (ni, Rdtbin)
N∏
i=j

Poiss (ni, Rbtbin)

(23b)

The improvement in detection e�ciency is primarily due to dark events in which the decay occurred

late enough, such that the time distribution of photon detection times is highly non-uniform. These

events will now be correctly identi�ed as dark. Assuming that these events correspond to decay

times tdecay > 1
2
tdet, we get a rough estimate on the decrease of the dark error from εd to

1
2
εd. Since

the bright error is una�ected by this process the total error reduces from ε to 3
4
ε. Using the value

of ε ' 3 · 10−4 obtained in section 4.1.1, this corresponds to a small error reduction of ∼ 10−4.
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5 Ion trap apparatus and lasers

5.1 RF Paul trap

The ions are trapped in a linear RF Paul Trap [12]. A generic con�guration of such a trap is shown

in Fig. 7.

Vendcap

trap axis
VRF

ΩRF

Figure 7: A schematic drawing of a linear RF Paul trap. The ion in the middle of the trap is
indicated in red. Two short electrodes on both sides of the ion are held at a constant voltage
VDC . The Light blue electrodes are connected to an RF source oscillating at frequency ΩRF and
amplitude VRF , and the remaining two electrodes are grounded.

The ion is captured in the trapping region between the end-cap electrodes held at a DC voltage of

Vendcaps ' 5− 60 V . Two other electrodes are connected to an RF source oscillating at frequency

ΩRF ' 20MHz and with an amplitude VRF ' 100− 200V . The last two electrodes are grounded.

The potential formed by this con�guration is approximately an electric quadrupole potential. The

end-caps constantly con�ne the positively charged ion in the axial direction (along the trap axis).

In the radial direction - during one half of the oscillation period the ion is con�ned in one axis

and anti-con�ned in the other, whereas during the second half of the period the directions of

con�nement and anti-con�nement are interchanged. Due to these rapid oscillations the ion doesn't

have enough time to escape from the trap and rather its motion is dominantly governed by a

resulting pseudo pondermotive potential. A full treatment of the motion of the ion in RF Paul

traps, both classical and quantum, is given in references [7, 19]. The pseudo-potential can be well

approximated to be harmonic in all three directions. The e�ective harmonic oscillator frequencies

in the radial direction ωr and in the axial direction ωax depend both on VRF and on Vendcaps. In

our experiment the radial (axial) trap frequency is ωr ' 2.5MHz (ωax ' 1.1MHz).

5.2 RF electrode

Direct coupling between the two Zeeman states of the S1/2 ground level is achieved via magnetic

dipole coupling, Hint = −g ~B · ~S. Resonant coupling occurs when a small magnetic �eld, perpen-

dicular to the quantization �eld oscillates at a frequency matching the Zeeman separation between
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the states. To this end, we drive an oscillating current through an additional electrode which is

parallel to the trap axis. The ion electrode distance is 1.7 mm. An arbitrary waveform generator

(Keithley model 3390) is used to push a current of I = 200 mA, impedance matched to 1 Ω. The

current is a sine wave oscillating at Zeeman splitting frequency of ωZeeman ' (2π) 10.7MHz. The

resulting Rabi oscillation observed on the S1/2,1/2 → S1/2,−1/2 transition has a period of 16 µs

(tπ ' 8µs).

5.3 Magnetic �eld

To remove the degeneracy between the di�erent Zeeman levels and to have a well de�ned quantiza-

tion axis we need a controlled stable magnetic �eld on the trapped ion. The control of the magnetic

�eld on the ion is achieved via three orthogonal Helmholtz pairs of coils located around the trap

vacuum chamber as shown in Fig. 8b. Two sets of coils - horizontal and vertical - are used to

cancel any stray (e.g. earth) magnetic DC �eld orthogonal to the quantization axis. The third pair

(quantization coils) are used to set the desired energy level splitting and de�ne the quantization

axis direction. We typically work at a current of ' 250mA through the coils providing a magnetic

�eld of ' 4G on the ion.
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Cooling
Detection
π excitation

(422nm)

Shelving (674nm)

σ± excitation
(422nm)

Photo-ionization 
(405nm, 461nm)

D3/2�P1/2 Repumper (1092nm)

D5/2�P3/2 Repumper (1033nm)
Trap axis

(a)
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Trap axis

Quantization
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Horizontal
Coils

Vertical
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Figure 8: Vacuum chamber, laser beams and magnetic �eld coils layout. (a) The propagation
direction of the 674 nm laser forms an angle φ = 45◦ both with the axial and the radial direction
of the trap. (b) The quantization coils are used to generate magnetic �eld along the designated
direction. The vertical and horizontal coils are used to cancel any stray magnetic DC �eld in the
orthogonal directions.

5.4 Imaging system

As was discussed in section 3.2 the detection of qubit state is eventually based on the detection

of spontaneously scattered photons. The direction of �uorescence collection is perpendicular to

the quantization axis and the laser beams propagation plane. A 0.31 numerical aperture objective

lens that corrects for the view-port spherical aberrations collects �uorescence light from the ion. A
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�ipping mirror switches between two possible measurements: either a di�raction limited imaging

of the ions onto a CCD camera, or single photon counting by two photomultiplier tubes (PMT)

each on a di�erent side of a polarizing beam splitter (PBS) cube.

CCD

x

y z
B

PMT

V

H

Flipping 
mirror

objective

Wave plate 
λ/2

Lasers

Figure 9: Schematic drawing of the imaging system. A 0.31 numerical aperture objective lens
collects �uorescence light from the ion. A �ipping mirror is used to switch between di�raction
limited imaging of the ions onto a CCD camera and single photons counting by two photomultiplier
tubes (PMT) each on a di�erent side of a polarizing beam splitter (PBS) cube.

5.5 Loading of the trap

The trap is loaded by photo-ionizing neutral Strontium atoms from a thermal beam intersecting

the trap center. A thermal beam of Sr atoms is produced by resistively heating a cannon-shaped

Sr oven pointing towards the center of the trap. The ionization of the neutral Sr is performed

by two-photon ionization. First a 461 nm laser, generated by a 921 nm diode laser doubled in

a periodically poled KTP (PPKTP) non-linear crystal, transfers the ion to 5s5p 1P1 level. The

spectral width of this level is (2π) 32 MHz. The laser beam is roughly perpendicular to the Sr

beam to avoid Doppler broadening. Then a free-running 405 nm diode laser transfers it to the

auto-ionizing level 5p2 1D2. The spectral width of this auto-ionizing state is 1 nm.

5.6 Doppler cooling, optical pumping and �uorescence detection - 422 nm

Doppler cooling, optical pumping and detection are all done with a laser close to resonance with

the S1/2 → P1/2 transition at 422 nm. The 422 nm laser is a doubled diode laser manufactured by

Toptica. The fundamental light is generated by a 844nm laser and is frequency doubled using am

intra-cavity non-linear crystal. The cavity is locked to the laser by the method of Pound-Drever-

Hall, leading to a relatively high doubling e�ciency (10%). The emission wavelength is locked to

a 87Rb line at 422 nm, which is only 440MHz red of the S1/2 → P1/2 transition of 88Sr+.
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Figure 10: Two-photon ionization scheme for Sr.

5.7 D3/2 repumping - 1092 nm

Spontaneous decay from the P1/2 level has a ' 1
14

probability to be to the D3/2 metastable state.

The 1/e lifetime of this level is τD3/2
' 440ms and therefore, unless repumped, during this,

relatively long, period of time no operations on the ion can be carried out. To repump the ion

from the D3/2 level back to P1/2 level we use a DFB diode laser at 1092nm (Toptica, model DL100

DFB) . The laser is locked to a home built, sealed, Invar cavity using the Hänsch-Couillaud method

for intermediate term stability. For longer term stability the Invar cavity is locked in turn to an,

in vacuum, Zerodur cavity via the 1033 nm light (see below).

5.8 Electron shelving - 674 nm

Zeeman qubit state detection is done by shelving the electron in the S1/2,1/2 state to the D5/2

metastable state, using a narrow linewidth diode laser at 674 nm. A detailed description of this

laser is given in section 6.

5.9 D5/2 repumping - 1033nm

Once the electron is shelved to the D5/2 state it remains there for a mean time of τD5/2
' 390ms

(D5/2 metastable state 1/e lifetime) before it decays back to the ground state. For high repetition

rate of the experiment the electron has to be repumped out of the D5/2 state via the P3/2 state,

which has a 1/e lifetime of τP3/2
' 8 ns. This is done using a diode laser at 1033 nm (Toptica,

model DL100). The laser is locked to an in vacuum Zerodur cavity (thermal expansion coe�cient

α ' 10−7 1
K
), using the lock-in method, for long term frequency stability. Note that once the

electron is repumped to the P3/2 state, it has a small, though �nite probability, to decay to the

D3/2 state. Therefore the 1092 nm laser has to be on during the repumping.
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6 Narrow linewidth diode laser at 674 nm

High �delity Zeeman qubit readout requires the 674 nm laser used for shelving to have a spectral

linewidth much narrower than its Rabi frequency. As mentioned in section 3.3.3 the expected Rabi

frequency is of the order of 50 kHz. Thus for high �delity Zeeman qubit detection the linewidth

of the laser has to be on the order of 1 kHz. A typical linewidth of a laser diode however is of the

order of a few tens of MHz. In addition, a long term frequency stability (on the order of few kHz)

is required to keep the laser on resonance with the S1/2 → D5/2 transition. Both requirements

are ful�lled by using an external cavity for the diode laser and locking the laser to a high �nesse

ultra-stable cavity as described bellow.

6.1 674 nm laser scheme

The basic scheme for the 674 nm laser is shown in Fig. 11. An acousto-optic de�ector (AOD)

in a double-pass con�guration is used to shift the frequency of the laser before it's locked to an

in-vacuum (10−8 Torr) high �nesse Ultra Low Expansion (ULE) Glass cavity using a PDH locking

method. This method requires phase modulation at a high frequency which is done by an EOM.

The error signal used for feedback on the laser is extracted from demodulation of the signal re�ected

from the cavity. Before hitting the ion, the laser beam frequency is shifted with an Acousto-Optic

Modulator (AOM) switch.

Figure 11: Schematic drawing of the 674 nm laser frequency and intensity feedback loops. Red
lines represent the propagation of laser light.
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The AOM frequency is computer controlled. The AOM allows for fast (< 1 µs) on-o� switching

of beam. The switch AOM also controls the laser intensity by varying its input RF. We then use

this control to stabilize the laser intensity to a �xed value via a closed loop as described in Sec.

6.4. The di�erent frequencies appearing in this scheme and relations between them are shown in

Fig. 12.

Figure 12: Schematic drawing of the 674 nm laser frequencies. The AOD shifts the frequency of
the laser to a frequency coinciding with a resonant line of the ULE cavity. The AOM compensates
for the frequency di�erence between the laser and the resonance of the ion.

6.2 Frequency stabilization and linewidth narrowing

6.2.1 Laser linewidth and diode laser frequency noise

A noisy laser �eld can be written in the form

E(t) = E0(1 + ε(t))ei(ω0t+φ(t)), (24)

where ε(t) corresponds to amplitude noise, and φ(t) corresponds to phase noise. Since amplitude

noise is relatively small in diode lasers above lasing threshold we neglect it hereafter. Phase noise

is related to frequency noise by 2πδν(t) = ωinst(t)− ω0 = φ̇(t).

The optical spectrum is de�ned by I(ω) =
∣∣∣Ẽ(ω)

∣∣∣2 where Ẽ(ω) is the Fourier transform of the

laser �eld, E(t). The linewidth of a laser is the Full Width at Half Maximum (FWHM) of its

optical spectrum. The lineshape and linewidth of a laser depend on the type of frequency noise

present. Di�erent types of noise are usually characterized by their Power Spectral Density (PSD).

The PSD, Sδν(ω), of a given frequency noise is the Fourier transform of the noise auto-correlation

function, Rδν(τ) =< δν(t)δν(t+ τ) >,

Sδν(ω) =

∫
Rδν(τ)e−iωτdτ. (25)

The relation between Sδν(ω) and I(ω) is given by [18],

I(ω) = E2
0

∫ ∞
0

cos [(ω0 − ω) τ ] exp

[
−4

∫ ∞
0

Sδν(ω)
sin2 (ωτ/2)

(ω/2π)2 dω

]
dτ. (26)
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Diode lasers typically exhibit two types of noise; white frequency noise with a constant PSD,

leading to a Lorentzian intensity pro�le, and �icker frequency noise with a 1/f PSD, leading to a

Gaussian intensity pro�le. The combination of the two leads to a Voigt line pro�le.

White frequency noise This type of noise is characterized by constant power spectral density,

Sδν(f) = h0 resulting a Lorentzian lineshape with a FWHM = 2π2h0.

One example of white frequency noise, which is inherent to all lasers, originates from spontaneous

emission in the laser gain medium, enhanced by the resonator cavity, which leads to phase �uctu-

ations of the laser �eld. Starting with the laser �eld equations and introducing a Langevin term

with a delta-function correlation in time, representing spontaneous emission, one can obtain the

constant frequency dependence of the resulting frequency noise PSD [13, 20]. The Lorentzian

lineshape can also be directly calculated from the response of the laser to the pumping process

[18, 17]. The obtained linewidth, originally calculated by Schawlow and Townes [15], is

∆ν =
πhν0

P
(∆νc)

2 , (27)

where ν0 is the lasing frequency, P is the output power of the laser and ∆νc is the linewidth of the

resonator cavity. This value is the quantum limit for laser frequency noise and yields the natural

laser linewidth (in the absence of feedback narrowing the line).

Spontaneous emission has an additional contribution to the frequency noise PSD. This contribution

is due to the fact that it leads to carrier density �uctuations which in turn give rise to �uctuations

in the refractive index of the gain medium and hence change the resonant emission frequency. Two

di�erent approaches exist in treating this contribution. In one, the optical spectrum retains the

Lorentzian lineshape however broadened [13, 20], whereas in the other the lineshape is modi�ed

due to an additional 1/f noise PSD [18] as is discussed in the next paragraph.

Flicker frequency noise This type of noise is also known as 1/f noise, since the corresponding

power spectral density has the form Sδν(f) = h−1

f
. The optical spectrum obtained under this noise

has a Gaussian shape with variance σ2 = 3.56h−1 and hence, FWHM = 2
√
ln2σ = 3.14

√
h−1.

It is suggested [18] that the physical origin of this noise lies in �uctuations of the charge carriers

density that have a Gaussian statistics. These �uctuations are both due to spontaneous emission

in the laser and due to other �technical� sources e.g. �uctuations in the pumping process. As was

already mentioned, carriers density �uctuations lead to �uctuations in the refractive index of the

gain medium and thus change the laser frequency.

Voigt line pro�le In order to account for both types of frequency noise, we can treat the charge

carriers density, n, as a random variable with Gaussian probability distribution p(n). For each
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realization of n, the resonant frequency of the laser is ω0(n), and the emission spectrum has a

Lorentzian lineshape centered at this value. The resulting lineshape is the convolution of the

Lorentzian lineshape with the Gaussian probability distribution for n. The resulting function is

called the Voigt function which was shown to give a good quantitative �t to diode lasers spectra

[18].

6.2.2 External cavity diode laser (ECDL)

The optical spectrum of bare laser diodes can reach few nanometers (hundreds of GHz) due to

simultaneous oscillation of multiple longitudinal resonator modes. For single mode diodes the

spectrum is much narrower, typically with a linewidth of hundreds of MHz, but they also may

exhibit mode-hopes with the slightest change of temperature or driving current. Also, tuning

the laser to an exact atomic transition wavelength, in a stable manner, is very di�cult. Stable

single mode operation and tunability are achieved by extending the diode laser internal cavity

with an additional frequency selective element such as a di�raction grating. A schematic of one

such con�guration, the �Littrow� con�guration, is shown in Fig. 13. A di�raction grating is used

to di�ract part of the laser beam back into the laser diode and thus close an extended cavity

between the grating and the back facet of the diode. The grating acts as a spectral �lter and

e�ciently di�racts only a narrow band of wavelengths in the right direction. Only one external

cavity mode, the one that has the largest gain, is selected by the laser. If no AR coating is added

on the output facet of the bare diode, the internal resonator of the diode takes part in the selection

of the lasing mode. AR coating usually allows for more stable single-mode operation and improves

mode-hop free tuning of an ECDL. However it is not always available for a speci�c wavelength

and furthermore, it signi�cantly increases the diode cost. The lasing frequency can be tuned by

adjusting the grating angle. For this purpose a PZT is connected to the back of the grating. We

use an extra long ECDL, without AR coating (Toptica, model DL100).

Figure 13: ECDL Littrow design scheme. Di�raction grating is used to di�ract part of the laser
beam back into the laser diode and thus close an extended cavity between the grating and the
back facet of the diode.
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Schawlow-Townes linewidth As discussed above, the quantum limit for laser linewidth is

given by ∆ν = πhν0

P
(∆νc)

2. Thus narrowing the linewidth of the resonator cavity decreases the

linewidth of the laser. The linewidth of the resonator cavity can be decreased simply by increasing

its length (decreasing the FSR = c
2L
). Since the Finesse, F , of the cavity (dictated by light

losses during a round cavity trip) is unchanged, the linewidth ∆νc = FSR
F

decreases as the FSR

decreases. Therefore a custom designed extra long cavity L ' 10 cm is used. The theoretical

Schawlow-Townes linewidth for our laser parameters is ∆ν ' 200 Hz with an external cavity

�nesse of F = 1, cavity length of L = 10 cm and laser output power P = 10mW .

6.2.3 Frequency noise characterization and reduction

Acoustic noise isolation The extra long external cavity used to decrease the Schawlow-Townes

linewidth, might however increase the susceptibility to acoustic noise. To reduce acoustic noise,

the laser-head is mounted on a separate breadboard, well isolated from vibrations and acoustic

noise using acoustic foam cover and Sorbothane rubber pads. The cables that lead to the head are

�xed to the table to reduce their vibration conductivity.

Initial frequency noise PSD To analyze the frequency noise of the laser before it is locked

to the ULE cavity, we use a lower �nesse (F = 750) Invar cavity. The linewidth of the cavity is

FWHM = 1 MHz. A PZT is connected to one of the mirrors of the cavity to control its length

and thus its resonant frequency. The cavity is then locked to the laser using a PDH error signal.

The feedback to the cavity is performed via the PZT at frequencies f . 10 kHz (the mechanical

resonance of the PZT is at f ' 13 kHz). Since the PDH error signal is linear in the vicinity of the

resonance, voltage �uctuations observed on the error signal can be easily translated to frequency

�uctuations. Therefore, by inspecting the error signal with an RF spectrum analyzer, the PSD of

the frequency noise, at frequencies signi�cantly larger than 10kHz, can be extracted. The obtained

PSD is plotted in Fig. 14. The sharp peaks in the lower frequency range as well as the decrease in

the PSD at f . 20kHz, are an artifact of the locking. Nonetheless, a �icker noise behavior can be

seen at frequencies f . 80kHz, and white noise at f & 80kHz. The estimated contribution of the

�icker (white) noise to the linewidth is then is ∆νflicker = 220(80) kHz (∆νwhite = 1.16(3)MHz),

giving a total linewidth of ∆ν =
√

∆ν2
flicker + ∆ν2

white = 1.18(3) MHz. The linewidth obtained

from the white noise component of the PSD does not reproduce the Schawlow-Townes linewidth

and is perhaps of di�erent origin.
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Figure 14: Power spectral density of the laser frequency noise. The sharp peaks in the lower
frequency range as well as the decrease in the PSD for f . 20 kHz, are an artifact of the locking.
A �icker noise behavior can be seen at frequencies f . 80 kHz with estimated contribution to the
linewidth of ∆νflicker = 220(80) kHz. For frequencies f & 80 kHz the PSD is white, resulting in
a linewidth of ∆νwhite = 1.16(3)MHz. The total linewidth obtained is ∆ν = 1.18(3)MHz.

Feedback loop The laser is locked to the ULE cavity using a PDH locking scheme [?]. This

locking method has several advantages: the error signal is not susceptible to amplitude noise, the

locking bandwidth is relatively large (in comparison to other laser locking schemes that rely on

light which is transferred through the cavity as an error signal)), and the method is not invasive (no

additional components in the reference cavity are required, as in the Hänsch�Couillaud method).

However, it does require phase modulation at a high frequency, fmod ' 20MHz, which we achieve

using an Electro-Optic Modulator (EOM).

The PDH error signal is extracted using a Pound-Drever-Hall Detector (PDD/F) and fed into

a Fast Analog Linewidth Control (FALC) PID controller. Both modules are manufactured by

Toptica. The output of the FALC is divided into two branches; the limited branch is used for

attenuation of high frequency noise, but gives limited gain at low frequencies. This branch is

used for feedback via the FET modulation circuit, that allows fast modulation of the laser current

(20MHz bandwidth). The unlimited branch serves as a full integrator and is used for feedback via

the laser PZT. The settings of the FALC are optimized to maximally reduce laser frequency noise

PSD and thus also the linewidth of the laser. The locking bandwidth on the unlimited branch

is f ' 2 kHz, limited by the mechanical resonance of the PZT. This branch is responsible for

locking the laser on longer time scales, but is irrelevant for regarding the fast linewidth of the

laser. We will concentrate on the fast, limited, branch in the following discussion. For this branch,

the locking bandwidth, i.e. the unity gain frequency, is ' 1MHz.

A schematic drawing for the feedback loop of the laser is presented in Fig. 15. Here, i0 is the set

point of the current on the diode, i(s), f(s) and N(s) are the Laplace transforms of the current on

the diode laser, the frequency of the laser, and the frequency noise respectively. H(s), GFALC(s)

and GFET (s) are the transfer functions of the sensor (PDH error signal), the FALC and the FET
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modulation circuit respectively.

PDH 
Signal

i0 Laser
f(s)

N(s)

i(s)
GFALC(s)

H(s)

FALC

GFET(s)

Figure 15: Feedback loop

The closed loop transfer function for the above feedback loop is

f =
G

1 +HG
i0 +

1

1 +HG
N, (28)

where G(s) = GFALC(s) ·GFET (s). Thus, the noise is attenuated by a factor of 1
1+HG

.

The transfer function of the sensor has two contributions. One from the optical PDH, HPDH(s),

and one due to the transfer function of the PDD/F module, HPDD/F (s). The later is assumed to

have a bandwidth of f & 3MHz and is therefore taken to be constant at lower frequencies.

The transfer function for the PDH error signal, for frequencies much lower than the modulation

frequency, f � fmod ' 20MHz, is given by [2]

HPDH(s) = KphP0m
1

fp

1− ξ
1 + s

fp

, (29)

where fp = HWHM = 9.67 kHz is the reference cavity Half Width at Half Maximum (HWHM),

Kph is the photodiode gain, P0 is the laser power, m is the EOM modulation index. The corre-

sponding Bode plot is shown in Fig. 16a.

The settings of the FALC used are XSLI=1, SLI=10, FLD=6, FLI=10. A Bode plot for the

resulting transfer functions is given in Fig. 16b.

Assuming GFET (s) = const for f � 20 MHz, and disregarding any delay in the loop (estimated

to give a ∼ 10◦ phase shift at 1 MHz), the Bode plot for the overall open loop transfer function

is shown in Fig. 16c.
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Figure 16: Bode plots for the transfer functions of the (a) PDH error signal (b) FALC. (c) Overall
open loop Bode plot, zooming on the frequency range between 10kHz and fewMHz. FET transfer
function is assumed to be constant and delay in the loop is disregarded.
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The Bode plot for the overall transfer function shown in Fig. 16c is inconsistent with the obser-

vation of oscillations at ' 1MHz as the proportional gain in the loop is increased. This suggests

that the transfer function of the FET and/or the PDD/F module is not constant and requires

further characterization. However, the magnitude plot predicts ∼ 15 dB attenuation of noise PSD

at f ' 100 kHz and ∼ 40 dB attenuation at f ' 10 kHz which is roughly consistent with our

measurements as we will show next.

Resulting frequency noise PSD Once the laser is locked, the PSD of the reduced frequency

noise can be extracted from the in-loop PDH error signal (on the ULE cavity). Unfortunately a

measurement of the laser frequency noise on an independent detector (i.e. out of loop) did not give

a reliable result and needs to be improved. The obtained noise PSD is presented in Fig. 17a. The

resulting attenuation of the PSD is plotted in 17b. It can be seen that the noise PSD is attenuated

by ∼ 20 dB at f ' 100 kHz and ∼ 45 dB at f ' 10 kHz, in agreement with the prediction based

on the calculated transfer function.
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Figure 17: (a) Frequency noise PSD, before and after the laser is locked. The noise �oor of the
detector is given for reference. (b) Attenuation of noise PSD. The noise is attenuated by ∼ 20 dB
at f ' 100 kHz and ∼ 45 dB at f ' 10 kHz

To give an estimate on the fast linewidth of the laser the RMS of frequency �uctuations can be

calculated. When the laser is locked, frequency �uctuations RMS, integrated over the bandwidth

from 1 kHz to 100 kHz is ∆νRMS ' 3 kHz. Given Rabi frequency of ' 50− 100 kHz, frequencies

larger than these won't a�ect the shelving process as they will be averaged over during the π pulse.

This is in comparison with ∆νRMS ' 130kHz, over the same bandwidth, before the laser is locked.

6.3 High �nesse ultra low expansion (ULE) cavity

The stabilization of the laser frequency and the narrowing of its linewidth is achieved by locking

the laser to a high �nesse ULE cavity. The cavity was made by Advanced Thin Film, Boulder
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according to a JILA (Jun Ye's group) design [9]. To decouple the principle vibration mode of the

cavity from acoustic vibrations of the mount, the cavity is vertically mounted on the node of the

mode, as can be seen in Fig. 18. In addition, the mount is isolated from the cavity using viton

rubber pads. The mirrors are optically bonded to the cavity, to prevent using glues.

Figure 18: Photo of the ULE cavity. The cavity is mounted vertically on the node of the principle
vibration mode, to decouple the mode from acoustic vibrations of the mount. In addition, the
mount is isolated from the cavity using viton rubber pads.

The cavity is plano-concave and has a length of L = 77.5mm. The FSR for the cavity longitudinal

modes is 1.93GHz, and the width of each mode is FWHM = FSR
F

= 19.3kHz. The cavity is

placed in vacuum to prevent intra-cavity air density changes from drifting the cavity resonance.

To reach a �nesse of F = 105, mirrors of very high re�ectivity are used. The vacuum also ensures

that the re�ectivity of the mirrors is not damaged.

When the frequency of the laser is swept fast over the cavity resonance, ringdown of the transmis-

sion signal is observed (Fig. 19). A ringdown time of the cavity is measured to be τ = 7.0(1)µs

corresponding to a cavity linewidth of ∆ν = 22.7(3)kHz.

The ULE glass used as the cavity spacer has a very low thermal expansion coe�cient typically on

the order of 10−8 1
K
. This is important for long term stability of the laser frequency with respect

to the atomic transition frequency. Once the laser is locked to the cavity and the S1/2 → D5/2

transition monitored on the ion, the thermal expansion coe�cient can be measured. The cavity

thermal expansion coe�cient determines the amount by which its relative length changes vs.

temperature. A change in the cavity length leads to a change in the resonance frequency of the

cavity, ∆f
f

= −∆L
L
. Since the laser is locked to the cavity, its frequency changes accordingly. A

di�erent AOM frequency is then required to observe the transition on the ion. Figure 20 shows the

frequency of the AOM at resonance with the S1/2 → D5/2 transition vs. the temperature recorded

by a thermistor, placed inside the vacuum chamber on the cavity mount. The thermal expansion
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Figure 19: ULE cavity ringdown signal. Ringdown time is τ = 7.0(1)µs corresponding to cavity
linewidth of ∆ν = 22.7(3)kHz.

coe�cient extracted from this measurement is indeed α ' 10−8 1
K
. The positive α value indicates

that by somewhat reducing the working temperature of the cavity the value of α will be reduced

as well.
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Figure 20: ULE thermal drift. The thermal expansion coe�cient extracted is α ' 10−8 1
K
.
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6.4 Intensity stabilization

Intensity �uctuations of the 674 nm light lead to �uctuations in the Rabi frequency, and therefore

a�ect shelving e�ciency. The origin of intensity noise is mainly in �ber phase noise, translated

to AM noise when passing through a polarizing beam splitter (PBS) on the way to the ion. To

prevent this, the intensity of the light on the ion need to be stabilized. The feedback loop on the

intensity is presented in Fig. 11. The intensity of the laser on the ion is monitored and controlled

via the RF power of the acousto-optic modulator (AOM) switch. Decreasing the RF power on the

AOM decreases the di�raction e�ciency and thus reduces the intensity of the di�racted light. The

set point for intensity locking can be regulated from the computer.
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7 Electron shelving

The S1/2 → D5/2 transition lines are observed by scanning the AOM frequency and performing

electron shelving followed by �uorescence measurement. If the frequency of the laser is close to the

frequency of one of the transitions, the electron is shelved with some probability. If the electron is

shelved, no scattered photons are detected. Therefore, the fraction of dark events corresponds to

the shelving probability and serves as a measure for population inversion.

A technical note is that the −1st di�raction order of the AOM is used. Therefore when the

frequency of the AOM is increased, the frequency of the laser light seen by the ion is decreased.

7.1 Laser frequency scan

The shift in frequency due to Zeeman splitting is

∆f (m,m′) =

(
−2.802

MHz

G
·m+ 1.680

MHz

G
·m′

)
·B (30)

Here the �rst (second) term is due to the Zeeman splitting of the D5/2 (S1/2) manifold. The

resulting frequencies for all possible transitions are shown in Fig. 21. The allowed transitions for

the geometrical con�guration used in the experiment are indicated in red.

2.802 MHz/ G-1/2

1/2

1.680 MHz/ G-1/2

1/2

3/2

-3/2

-5/2

5/2

4d 2D5/2

5s 2S1/2

674nm

frequencyS1/2 → D5/2

+1/2 → -3/2 +1/2 → +1/2

1.680 MHz/G

+1/2 → -1/2 +1/2 → +5/2+1/2 → +3/2

-1/2 → -5/2 -1/2 → -1/2-1/2 → -3/2 -1/2 → +3/2-1/2 → +1/2

0.561 MHz/G

Figure 21: S1/2,m → D5/2,m′ frequency shifts. Geometrically allowed transitions are marked in red.
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In the absence of optical pumping to one of the Zeeman split levels of S1/2, the ion can be in either

of the two spin states. Hence all the four transitions S1/2,−1/2 → D5/2,−3/2, S1/2,−1/2 → D5/2,+1/2,

S1/2,+1/2 → D5/2,−1/2, S1/2,+1/2 → D5/2,+3/2 with non-zero matrix element can be observed. A

result of AOM frequency scan is given in Fig. 22. The variation in the shelving e�ciency (i.e.

the corresponding fraction of dark events) on the di�erent transitions is due to the di�erence in

the corresponding Rabi frequencies, resulting form the geometrical factors in the transition matrix

elements and the variation in laser light intensity as function of AOM frequency.
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Figure 22: The four S1/2 → D5/2 transition lines corresponding to ∆m = ±1 quadruple transitions.

A higher resolution frequency scan of the S1/2,1/2 → D5/2,3/2 transition is shown in Fig. 23. Here

the motional sidebands can be clearly observed. Including �rst and second order sidebands, the

theoretical population inversion is given by

Pdark = A


2∑

∆n=−2

Ω2
n,n+∆n

Ω2
n,n+∆n + 4π2 (f − f∆n)2 sin

2


√

Ω2
n,n+∆n + 4π2 (f − f∆n)2

2
tπ

+ c. (31)

Here Ωn,n+∆n denote the Rabi frequencies on the carrier, the �rst, and the second order sidebands.

The resonant frequencies of the carrier and sidebands are denoted f∆n. The duration of the pulse

is tπ. A �t to Eq. 31 yields a Rabi frequency Ωn,n = (2π)57 kHz on the carrier, sideband Rabi

frequency |Ωn,n−1| = Ω0η
√
n̄ = (2π) 12 kHz and a mean harmonic oscillator level of n̄ ' 3.
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Figure 23: S1/2,1/2 → D5/2,3/2 carrier transition and motional sidebands. The �t presented yields
a carrier Rabi frequency Ωn,n = (2π)57 kHz, pulse duration t = 10µs and a mean harmonic
oscillator level n̄ ' 3.

7.2 Pulse duration scan

A time scan of a resonant 674nm laser pulse is shown in Fig. 24. A �t to Eq. 14 yields a Rabi

frequency of Ω0 = (2π) 74.2(2) kHz and a mean harmonic level number n̄ ' 2.7(2).

7.3 Ramsey experiments

The coherence time of operations on the ion is governed by relative frequency �uctuations between

the laser and the atomic transition, due to magnetic �eld �uctuations and laser linewidth of the

laser. The most dominant component of magnetic �eld noise is at 50Hz. This noise component

is signi�cantly attenuated when the experiment is repeated with an AC line trigger. In this mode

of operation dephasing due to magnetic �eld noise is negligible and hence dephasing time and

dynamics provide an estimate for the laser linewidth.

Figure 25a shows the results of a Ramsey experiment on the S1/2,1/2 → D5/2,3/2 transition. In

the experiment two π/2 pulses are applied with a variable time τRamsey between them. The laser

is detuned by ∆ = 50 kHz from resonance. The relative phase between the two pulses (in the

rotating frame) is cycled by 2π every time τRamsey is scanned through an integer multiple of 1
∆
,

resulting in fringes in the fraction of dark events. Fringe visibility falls as the coherence between
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Figure 24: S1/2,1/2 → D5/2,3/2 pulse duration scan. The �t presented yields a Rabi frequency of
Ω0 = (2π) 74.2(2) kHz and a mean harmonic level number n̄ ' 2.7(2).

the two pulses is lost. In the experiment the visibility falls to ' 40% (half of the initial value)

after time of τcoh,optical ' 700µs.

To estimate the contribution of magnetic �eld noise to dephasing the same experiment is performed

on the Zeeman S1/2,+1/2 → S1/2,−1/2 transition, using an RF �eld to apply the π/2 pulses. The

result is shown in Fig. 25(b). The time over which fringe visibility falls to half of its initial

value is τcoh,Zeeman ' 1ms. The magnetic susceptibility is larger by a factor of 2.5 for the S1/2

Zeeman transition than for the optical qubit above. The two noise contributions, due to magnetic

�eld �uctuations and laser frequency noise, are statistically independent and therefore can be

quadratically subtracted.

Thus the measured coherence time of τcoh,optical ' 700µs has an estimated contribution from a

laser linewidth ∆ν '
√(

1
τcoh,optical

)2

−
(

1
τcoh,Zeeman

)2

' 1 kHz.
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Figure 25: Ramsey time scan for (a) the optical qubit and (b) the Zeeman qubit. Coherence
times of τcoh,optical ' 700µs and τcoh,Zeeman ' 1ms are observed for the optical and Zeeman qubits
respectively.

In a similar experiment the frequency of the laser is scanned, while the time between the two π/2

pulses, τRamsey, remains �xed.

This operation is modeled by a multiplication of three rotation matrices. All operations are

described in the rotating frame. First, due to interaction with the laser, the Bloch vector is

rotated by angle θRabi =
√

Ω2
0 + (2πδ)2tπ/2 around the Rabi vector direction, ~nRabi = (Ω0,0,2πδ)√

Ω2
0+(2πδ)2

.
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Then, due to laser detuning, the Bloch vector precesses around the ẑ axis for a time τRamsey. The

total precession angle is φRamsey = 2πδτRamsey. Finally, another π/2 pulse is applied and the Bloch

vector is again rotated by θ around ~nRabi. Hence the three rotations are represented by

R̂ = ei
1
2
~σ·~nRabiθRabiei

1
2
~σ·ẑφRamseyei

1
2
~σ·~nRabiθRabi . (32)

The S1/2 and D5/2 qubit levels are represented by | ↓〉 =

(
0

1

)
and | ↑〉 =

(
1

0

)
respectively.

If initially the population is entirely in the S1/2 level, the population inversion after the operation

is given by
∣∣∣〈↑ |R̂| ↓〉∣∣∣2. The a�ect of harmonic level thermal occupation distribution on the

population inversion probability is similar to the one described in section 3.3.4 in the context of

simple Rabi �opping.

Figure 26 shows the results of a frequency scan for τRamsey = 20 µs and 50 µs together with a �t

to the theoretical population inversion curve. Near the resonance, clear fringes with 80% and 70%

visibility respectively are observed.

Figure 27 shows the result of a frequency scan near resonance for τRamsey = 500µs. Fringe visibility

is still high, ' 65%, signifying a coherence time τcoh > 500 µs. The expected oscillation period

of these oscillations is 1
τRamsey

= 2 kHz. The period observed, however, is ∆f ' 1.5 kHz as can

be seen from the �t in the �gure. This di�erence is explained when we take into account the

frequency drift of the ULE resonance due to temperature drift as was discussed in section 6.2. A

linear drift of ' 0.5 kHz per cycle is then required. Each fringe in the �gure is obtained from

7-8 measurement points. Each point is an average over 200 experiments. Since the experiments

are AC line triggered, each experiment takes 20 ms. Thus the scan of each fringe takes ' 30 sec.

A drift of 0.5 kHz per fringe corresponds to a drift of 1 kHz in 60 sec, equivalently 100 kHz in

100min, or in terms of temperature drift - a change of' 0.02◦C over 100min. This result can be

directly compared to Fig. 20, showing a drift of ' 100 kHz in ' 90min.
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Figure 26: Ramsey frequency scans on the S1/2,+1/2 → D5/2,+3/2 transition. Ramsey time is �xed
at (a) τRamsey = 20 µs and (b) τRamsey = 50 µs. The �ts presented yield a carrier Rabi frequency
Ω = (2π)103 kHz, π/2 pulse duration t = 3.1µs and a mean harmonic oscillator level n̄ = 11.
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Figure 27: Ramsey frequency scan on the S1/2,+1/2 → D5/2,+3/2 transition. Ramsey time of
τRamsey = 500µs is �xed. A phenomenological decrease of contrast was allowed in the �t. Obtained
fringe visibility of ' 60% indicates coherence time τcoh > 500 µs.
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8 State detection �delity

8.1 State preparation and detection

In the experiment, two sets of data are taken. In each set the ion is prepared in one of the two

qubit states | ↑〉 or | ↓〉 and then state detection is performed. The preparation and detection of

the two qubit states is performed according to the laser pulse sequences presented in Fig. 28. Each

set of data contains 106 repetitions of the experiment.

8

Doppler Cooling

Optical Pumping

Shelving to D5/2,+3/2

Shelving to D5/2,-1/2

Detection

Repump 1033

t[µs]
300 50 10 15 1000 1000

Off Res. Cooling

Repump 1092

RF π Pulse

(a)

t[µs]
300 50 10 15 1000 1000

Doppler Cooling

Optical Pumping

Shelving to D5/2,+3/2

Shelving to D5/2,-1/2

Detection

Repump 1033

Off Res. Cooling

Repump 1092

(b)

Figure 28: State preparation and detection laser pulse sequences (a) for the | ↑〉 state and (b) for
the | ↓〉 state.
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In both sequences the ion is �rst Doppler cooled for 300 µs. Then state preparation is performed.

For both qubit states, state preparation begins with optical pumping to the | ↑〉 state using right

circularly polarized (σ+) 422 nm light, as explained in 3.3.2, for 50 µs. For the | ↓〉 qubit state,
optical pumping to the | ↑〉 state is followed by a 8 µs RF π pulse bringing the electron to the | ↓〉
qubit state. State detection starts with electron shelving. A 10 µs π pulse on the | ↑〉 → D5/2,+3/2

transition is applied. To increase shelving e�ciency another 15 µs π pulse is applied on the

| ↑〉 → D5/2,−1/2 transition. Following shelving, an on resonance 422 nm laser light is shined on

the ion for a duration of 1ms for �uorescence detection. During this period photons are collected

by the PMT and their time of arrival is recorded for further analysis. Then, population shelved

to the D5/2 level (if any) is repumped back to the ground state using the 1033 nm laser for 1ms.

At the end of the sequence, an o� resonant red detuned 422 nm light cools the ion until the next

sequence begins. During the entire sequence the 1092 nm laser is left on to repump population

from the D3/2 metastable level.

8.2 State detection analysis

8.2.1 Distributions parameters estimation

The obtained histograms, for detection time of 380µs are shown in Fig. 29. A maximum likelihood

�t to the expected distributions, given by Eqs. 20a and 20b for the | ↓〉 and | ↑〉 qubit states
respectively, is performed. Known detection time tdet = 380µs andD5/2 level lifetime τ = 390ms[8]

are used to �t the dark distribution.
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Figure 29: Measured photon number histograms for qubit initialized in (a) | ↓〉 state and (b) | ↑〉
state

The �t for bright distribution yields initialization and shelving error of εb,tot = 1.59(7) ·10−3, bright

photon detection rate Rb
b = 57.05(2)kHz and dark photon detection rate Rb

d = 0.68(6)kHz. The �t

for dark distribution yields initialization and shelving error of εd,tot = 1.24(7) · 10−3, bright photon

detection rate Rd
b = 65(1)kHz and dark photon detection rate Rd

d = 1.294(3)kHz. The lower
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photon detection rates for the bright data set are due to a lower laser power of the on resonance

422 nm laser used for detection, resulting from a di�erent duty cycle of the acousto-optic modulator

used to switch the beam.

8.2.2 Error calculation using cuto� method

The minimal state detection error and optimal parameters required to obtain it can be found based

on the measured photon number distributions for the bright and dark states. A contour plot for

the mean error as function of the detection time tdet and the cuto� on the number of photons nc,

based on the experimental data is shown in Fig. 30a. For comparison, the estimated error, based

on the theoretical distributions with parameters found from the �t is shown in Fig. 30b.
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Figure 30: Contour plots for the state detection error as function of the detection time tdet and
the cuto� on the number of photons nc. (a) Based on the experimental data sets. The minimal
error is ε = 1.9 · 10−3, obtained at tdet = 380µs, nc = 6. (b) Based on the theoretical PDFs with
parameters obtained from a �t to experimental data. The minimal error is ε = 1.8 · 10−3, obtained
at tdet = 350µs, nc = 5.
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It can be seen that the overall dependence of the error on the detection parameters based on

the theoretical PDFs reproduces quite well the experimental data. Also, the predicted value for

the minimal state detection error di�ers by only ∼ 5% with respect to the experimental value,

even though the optimal parameters required to obtain it are slightly shifted. However, the value

obtained above for the state detection error is not accurate, due to the di�erent detection rates in

the two sets of data. An estimate for the correct error can be obtained using the �tted theoretical

distributions, with the change of the detection rates in the bright distribution to be equal to the

detection rates in the dark distribution. A contour plot for the error estimated this way is given

in Fig. 31.
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Figure 31: Contour plot for the state detection error as function of the detection time tdet and the
cuto� on the number of photons nc based on the theoretical PDFs with parameters obtained from
a �t to experimental data, corrected to have the same photon detection rates. Here, the minimal
error is ε = 1.7 · 10−3, obtained at tdet = 310µs, nc = 5.

It can be seen that the minimum is shifted to a lower detection time tdet = 310µs yet the same

cuto� value nc = 5, and the value of the error at minimum is decreased by ∼ 10−4 to a value of

ε = 1.7 · 10−3. Even though the optimal parameters are somewhat di�erent, this does not have a

dramatic e�ect on the detection error.
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8.2.3 Photon arrival times

State detection using the likelihood method, described in section 4.2, was performed as well. Figure

32 gives an example of an event that would have been identi�ed as bright using the cuto� method,

whereas the likelihood method correctly identi�es it as dark. For detection time of tdet = 380µs

the obtained state discrimination error was ε = 1.8 · 10−3. That is, an improvement of 10−4 with

respect to the cuto� method, as expected.
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Figure 32: An example of an experiment identi�ed as bright using the cuto� method and as dark
using the likelihood method

8.3 Error budget

Obtained detection error of ε = 1.9 ·10−3 arises from the combination of initialization and shelving

faults with the error due to �nite lifetime of the shelved state. The �ts to photon counts distri-

butions allowed us to distinguish between these two errors and obtain a value of 1.2 · 10−3 and

1.6 ·10−3 for the sum of initialization and shelving errors of the dark and bright states respectively.

The following error budget tries to estimate the contribution of di�erent error sources a�ecting

initialization and shelving errors for each of the qubit states.

8.3.1 Initialization errors

Optical pumping Ideally the optical pumping beam has to match a perfect σ+ polarization.

Otherwise, the matrix elements for the S1/2,+1/2 → P1/2,±1/2 transitions will not be zero, and

population will be pumped out of the S1/2,+1/2 level. To this end the wave-vector, ~k, of the beam

has to be exactly parallel to the external magnetic �eld de�ning the qubit quantization axis and

a perfectly circularly polarized beam is required.

51



First, assume that the propagation direction of the beam is parallel to the quantization axis, but

the polarization vector has a σ− component, ~ε = 1√
2(1+ε2)

[(x̂+ iŷ) + ε (x̂− iŷ)]. Steady state

population of the S1/2,±1/2 levels will be determined by the ratio between the matrix elements

squared

(
ΩS1/2,+1/2→P1/2,−1/2

ΩS1/2,−1/2→P1/2,+1/2

)2

= ε2. This is also the ratio between the intensities of the two

polarization components. To create a σ+ polarization, 422 nm laser beam is �rst passed through

a wallaston polarizer. The outcoming linearly polarized beam is turned into a circularly polarized

one as it passes through a λ
4
plate. Finally, the beam passes through the vacuum chamber window

on its way to the ion. The purity of the linearly polarized beam passing a wallaston polarizer (i.e.

the ratio between the intensities of the two polarization components) is typically 10−5. For the

imperfectness of the λ
4
plate, we do not have a quantitative estimate. However, the stress induced

birefringence of the vacuum chamber reduces the purity of the polarization of the beam down to

' 10−3.

When the wave-vector of the beam is not strictly parallel to the ion's quantization axis, the beam

will have a π polarization component and induce transitions between S1/2,+1/2 → P1/2,+1/2. Denote

the angle between the wave-vector, ~k, and the magnetic �eld by θ. The projection of the electric

�eld on the quantization axis is E0√
2
θ for small θ, leading to a steady state population ratio ' θ2

2
.

In the experiment the angle of the magnetic �eld can be adjusted with resolution of ∼ 1◦ with the

use of the horizontal and vertical coils. For an angle θ = 1◦, the ratio in steady state population

is ' 3 · 10−4.

Taking into account all error sources mentioned above, we estimate the initialization error due to

optical pumping to be of the order of 10−3.

RF π pulse To prepare the qubit in the | ↓〉 state the ion is �rst initialized in the | ↑〉 state via
optical pumping and then an RF π pulse is applied. This results in an additional state preparation

error of ∼ 10−4 estimated by measuring the accumulated error of applying multiple π pulses. This

way of state initialization is preferred since it is robust, ads a small error with respect to the total

error and does not require any manual adjustments (i.e. is computer controlled). An alternative

way to prepare the qubit in the | ↓〉 state is by inverting the polarization of the 422 nm laser

light used for optical pumping (from σ+ to σ−) by rotating a λ
4
plate used to create the circular

polarization. To this end manual adjustment of the wave-plate is needed to interchange between

the di�erent state measurements.

422 leakage After the qubit is initialized in the desired state, and before it is shelved, leakage

of 422 nm laser light ruins state initialization. O� resonance laser light used for cooling, and

resonant laser light used for detection both have linear polarization and hence can excite either

of the Zeeman split levels. As the excited state decays, it might decay to either of the two qubit
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states. Therefore, a qubit initialized in either of the levels will decay into an equal statistical

mixture of the two states after a su�ciently long time. Leakage of the two beams will hence have

an equal e�ect on the lifetimes of the two qubit states. Leakage of the optical pumping beam will

only shorten the lifetime of the | ↓〉 state, since it can't excite population from the | ↑〉 state.

Lifetime of the qubit levels is measured by initializing the qubit in the desired state, waiting for

time tidle and then performing shelving. If the ion was initialized in the | ↑〉 state, and remained

there, it will be shelved with high probability and appear dark. For tidle � τ|↑〉, the fraction of

experiments in which the ion will be bright is tidle
τ|↑〉

, up to the error due to imperfect shelving.

Similarly, if the ion was initialized in the | ↓〉 state, and remained there, it won't be shelved and

will appear bright. The fraction of experiments in which the ion will be dark is tidle
τ|↓〉

. Finite lifetimes

were measured for the two qubit levels at �rst, but after placing an ND �lter on the o� resonant

beam no decay was observed for neither of the states.

8.3.2 Shelving errors

HO levels distribution As discussed in section 3.3.4 and observed in section 7.2 the thermal

distribution of harmonic levels occupied by the ion limits the e�ciency of the shelving to ' 99%.

For the 2nd shelving pulse, we need to take into account the change in level occupation distribution

due to the �rst pulse. During the �rst pulse, lower n states are shelved with higher e�ciency, and

we are thus left mostly with higher n's in the S1/2 level. Applying another, identical, shelving

pulse brings only ' 94% of the remaining population to the D5/2 level. Thus, the error in a double

shelving sequence is 6 · 10−4.

Frequency drifts As discussed in section 6.2, the 674 nm laser frequency drifts due to thermal

drifts of the ULE cavity. Assuming typical drifts of the cavity temperature of 0.01◦C in an hour,

the drift of the laser is δ ' 2−3kHz in ' 2−3min. To avoid larger drifts, the resonance frequency

of the shelving transition is scanned every few minutes and the frequency of the AOM is corrected

accordingly. The decrease in shelving e�ciency due to a few kHz drift of the laser, given a Rabi

frequency of Ω ' 50kHz, is 1− Ω2

Ω2+δ2 ' 5 · 10−3.

Intensity noise Intensity noise of the 674 nm light leads to �uctuations in the Rabi frequency,

and therefore a�ects shelving e�ciency. There are a few sources for intensity noise in the system.

First, �ber phase noise translated to AM noise when passing through a polarizing beam splitter

(PBS) on the way to the ion. This noise is reduced using intensity noise eater as described in section

6.4. Next, beam pointing of the laser beam on the ion. And �nally, decrease in the intensity of

laser carrier frequency on the expense of energy outside the carrier, if laser frequency noise PSD

is increased (e.g. if the laser gets close to a mode-hop). The cumulative e�ect of all these noise
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sources can be estimated by measuring �uctuations in the duration of a π pulse over the course

of the experiment. π time was measured every ' 2− 3min during the experiment (several hours)

and �uctuations of ∆tπ ' 0.2µs were obtained. Note that these �uctuations are comparable to the

time resolution of the FPGA, which is limited to εt = 1
4
µs. Therefore, the contribution of intensity

noise, and pulse duration quantization noise is estimated to be 1− sin2
(
π
2
tπ+εt
tπ

)
' 2 · 10−3, for a

π time of tπ ' 10µs.

O� resonance excitation The frequency of the S1/2,+1/2 → D5/2,+3/2 transition used to shelve

the | ↑〉 qubit state, is detuned by δ ' 4MHz from the S1/2,−1/2 → D5/2,+1/2 transition. Therefore,

if the qubit is initialized in the | ↓〉 state, a maximal population inversion of Ω2

Ω2+δ2 ' 0.5 · 10−4

can occur, given Rabi frequency of ΩS1/2,−1/2→D5/2,+1/2
' 33kHz. Similarly, the frequency of the

S1/2,+1/2 → D5/2,−1/2 transition has the same detuning δ from the S1/2,−1/2 → D5/2,−3/2 transition.

However, due to the higher Rabi frequency ΩS1/2,−1/2→D5/2,−3/2
' 50kHz the maximal population

inversion is higher, Ω2

Ω2+δ2 ' 1.5 · 10−4. Hence, for double shelving this can contribute an error of

up to 2 · 10−4.

Another contribution to o�-resonance excitation is due to the residual energy outside the carrier

(servo bumps). Although the servo bumps are only ∼ 1 MHz away from the carrier we cannot

rule out their contribution 4MHz away on the S1,2,−1,2 → D5/2 transition. However, at this point

we do not have a quantitative estimate of this error.

8.3.3 D5/2 lifetime

1033 leakage Leakage of the 1033 nm laser, pumps out population from the D5/2 level during

the shelving and detection stages. This e�ectively shortens the lifetime of the level and increases

the error due to decay of the ion during the detection. However, this decrease in lifetime can be

directly measured with the following experimental sequence: The ion is shelved to D5/2 level and

�uorescence detection is performed. If the shelving was successful (the ion appears dark) detection

is performed again after some time tidle. The expected fraction of experiments in which the ion will

appear bright after the second detection is tidle
τD5/2

for tidle � τD5/2
. If leakage is present, the fraction

will be higher corresponding to shorter lifetime. An ND �lter is placed on the beam branch of the

1033nm laser that leads to the ion, to decrease the power of the laser and thus decrease the leakage,

until the fraction of experiments in which the ion appeared bright corresponds to the expected

value of the lifetime τD5/2
= 390 ms. To compensate for this decrease in power the repump time

at the end of every sequence needs to be prolonged to 1ms.
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Error source ε|↑〉

Optical pumping ' 10−3

422 leakage -
HO levels distribution 1 · 10−2, 6 · 10−2

Frequency drifts 5 · 10−3 1.1 · 10−3

Intensity noise 2 · 10−3

1033 Leakage -

(a)

Error source ε|↓〉

Optical pumping ' 10−3

RF π pulse 1 · 10−4

422 leakage -
Coherent o� resonant excitation 2 · 10−4

Incoherent o� resonant excitation unknown
1033 Leakage -

(b)

Table 1: Detection �delity error budget for the sum of initialization and shelving errors for (a) | ↑〉
qubit state and (b) | ↓〉 qubit state.

8.3.4 Summary

All error sources considered above and their contributions to the error are summarized in table

1. For the dark state, the estimated sum of initialization and shelving errors is somewhat larger

than the value obtained from the �t to the measured data - 1.2 · 10−3. For the bright state, it is

somewhat smaller than the value from the �t - 1.6 ·10−3. It is important to keep in mind that most

of the error budget presented here consists of quite rough estimations, meant to give an order of

magnitude evaluation for the errors.
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9 Summary

In this work we demonstrate the narrowing of the linewidth of an external cavity diode laser at

674 nm to 1 kHz and the stabilization of its frequency by locking it to a high �nesse ULE glass

cavity. Using this laser we implemented high �delity state detection of a qubit encoded in the

Zeeman splitting of the ground state of a single 88Sr+ ion.

The limitations on the best e�ort readout �delity of 99.81% were analyzed. Our estimates for the

contribution of imperfect state initialization to the measured error is ∼ 0.1%. Another contribu-

tion, of ∼ 0.06%, is due to imperfect shelving of one of the qubit states to a metastable level of

the ion prior to the state-selective �uorescence detection. The remaining part, ∼ 0.03% , results

from limited state discrimination e�ciency due to the �nite lifetime of the metastable level. This

error can be reduced to ∼ 0.02% if information on photon arrival times is used. This fraction of

the error is intrinsic to the state detection scheme and cannot be decreased further.

The high readout �delity reached is compatible with recent estimates of the fault-tolerance required

error threshold and can be used in the future to implement e�ective quantum error correction

algorithms. In addition it can be used to reach high accuracy and e�ciency in implementation of

tools like quantum state tomography, and the study of basic quantum processes.
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A Appendix

A.1 S1/2 → D5/2 Rabi frequency

Following James [5], the Rabi frequency can be expressed in terms of the reduced matrix element

〈5S1/2||r2C(2)||4D5/2〉 and the Wigner 3-j symbols

Ω0 =

∣∣∣∣∣eE0ω0

2~c
〈5S1/2||r2C(2)||4D5/2〉

2∑
q=−2

(
1/2 2 5/2

−m q m′

)
c

(q)
ij εinj

∣∣∣∣∣ .
Here εi, nj are the vector components of the polarization, and propagation direction of the beam

respectively. c
(q)
ij are 2nd order tensors given explicitly in [5]. For the direction of the wave vector,

~k, used in the experiment (parallel to the quantization axis), the geometrical factor c
(q)
ij εinj is

non-zero only for q = ±1, thus allowing only∆mJ = ±1 transitions.

For q = ±1, c
(q)
ij εinj = 1√

6
and is independent of the polarization of the beam.

The relevant Wigner symbols are(
1/2 2 5/2

−1/2 −1 3/2

)
= −

√
2

15

(
1/2 2 5/2

−1/2 1 −1/2

)
= −

√
1

15(
1/2 2 5/2

1/2 −1 1/2

)
=

√
1

15

(
1/2 2 5/2

1/2 1 −3/2

)
=

√
2

15
,

leading to the following relations between the Rabi frequencies

Ω0

(
S1/2,+1/2 → D5/2,−1/2

)
=

1√
2

Ω0

(
S1/2,+1/2 → D5/2,+3/2

)
Ω0

(
S1/2,−1/2 → D5/2,−3/2

)
= Ω0

(
S1/2,+1/2 → D5/2,+3/2

)
Ω0

(
S1/2,−1/2 → D5/2,+1/2

)
= Ω0

(
S1/2,+1/2 → D5/2,−1/2

)
.

The reduced matrix element is related to the decay rate of the excited state, A, by

A =
cαk5

15 (2j′ + 1)

∣∣〈5S1/2||r2C(2)||4D5/2〉
∣∣2 ⇒
∣∣〈S1/2||r2C(2)||D5/2〉

∣∣ =

√
15 (2j′ + 1)

cαk5
A =

√
15 · 6
cαk5

A,

where j′ = 5/2 was substituted in the last step.
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Using the well known relation between the intensity of the laser and the electric �eld of the laser,

I = cε0n
2
E2, as well as the relation between the intensity and the power, I = P

1
2
πw2 (herew is the

waste of the Gaussian beam on the ion) we obtain

E =

√
2

cε0n
I =

2√
π

√
P

cε0nw2
.

Calculating the Rabi frequency in detail for the S1/2,+1/2 → D5/2,+3/2 transition

Ω0

(
S1/2,1/2 → D5/2,3/2

)
=

∣∣∣∣∣eE0ω0

2~c

√
15 · 6
cαk5

A

√
2

15

1√
6

∣∣∣∣∣ =
eE0

2~

√
2

cαk3
A =

e√
π~

√
P

cε0nw2

√
2

c e2

~c4πε0k
3
A =

√
8PA

~cnw2k3
= (2π) 53kHz,

where the decay rate of D5/2 level, A = 1
τD5/2

= 2.561
s
, was used and laser power of P = 120µW

with beam waste of w = 30µm on the ion were assumed.

A.2 Dark state probability density function

The probability density function for the number of detected photons in the dark state, given a

�nite lifetime of the D5/2 level given in Eq. 16 and replicated here is

pd (n) =

(
1− tdet

τ

)
Poiss (n, Rdtdet) +∫ tdet

0

dt′
1

τ

n∑
k=0

Poiss (k, Rdt
′)Poiss (n− k, Rb (tdet − t′)) . (33)

The sum appearing in the second term can be written explicitly using the de�nition of the Poisson

distribution,
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n∑
k=0

Poiss (k, Rdt
′)Poiss (n− k, Rb (tdet − t′)) =

n∑
k=0

(Rdt
′)k e−Rdt

′

k!
· (Rb (tdet − t′))n−k e−Rb(tdet−t

′)

(n− k)!
=

e−[Rb(tdet−t′)+Rdt′]

n!

n∑
k=0

n!

k! (n− k)!
(Rdt

′)
k

(Rb (tdet − t′))n−k =

e−[Rb(tdet−t′)+Rdt′]

n!
[Rb (tdet − t′) +Rdt

′]
n

= Poiss (n, n̄) . (34)

Thus Eq. 17 is obtained, where the weighed mean number of photons is de�ned as

n̄ = Rb (tdet − t′) +Rdt
′ =

n̄b
tdet

(tdet − t′) +
n̄d
tdet

t′ = n̄b

(
1− t′

tdet

)
+ n̄d

t′

tdet
. (35)

The second term in Eq. 33 can now be written as

∫ tdet

0

dt′
1

τ

n∑
k=0

Poiss (k, Rdt
′)Poiss (n− k, Rb (tdet − t′)) =

∫ tdet

0

dt′
1

τ
Poiss (n, n̄) . (36)

Performing a change of variables from t′ to n̄,

dn̄ = − dt
′

tdet
(n̄b − n̄d)⇒ dt′ = − tdet

(n̄b − n̄d)
dn̄ (37)

and adjusting the limits of integration accordingly, t′ = 0→ n̄ = n̄b, t
′ = tdet → n̄ = n̄d, the integral

can be evaluated with the use of the incomplete gamma function Γ (x, a) = 1
Γ(a)

∫ x
0
e−tta−1dt,

∫ tdet

0

dt′
1

τ
Poiss (n, n̄) =

tdet
τ

1

(n̄b − n̄d)

∫ n̄b

n̄d

1

n!
n̄ne−n̄dn̄ =

tdet
τ

Γ (n̄b n+ 1)− Γ (n̄d, n+ 1)

(n̄b − n̄d)
, (38)

and Eq. 18 obtained.
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