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 תקציר

. מדויקים או ניסויי מטרולוגיהנעשה בשני אופנים מרכזיים: ניסויים באנרגיה גבוהה  פיזיקה הבסיסייםהחיפוש אחר חוקי ה

היכולת לשלוט במערכות אטומיות בדיוק גבוה השתפרה פלאים בשנים האחרונות, לא מעט בזכות המאמצים ליצירת מחשבים 

ספרות בעזרת  71ע מדידות בדיוק חזר תקדים. למשל, זמן נמדד היום בדיוק של קוונטים. באמצעותם פותחו שיטות לבצ

שעונים אטומים אופטיים. תחום חדש זה משלב שיטות מאינפורמציה קוונטית על מנת לשפר את יחס האות לרעש במדידה 

 מטרולוגית.

 

ת יכול לשפר דיוק של מדידה. נפתח את נראה איך שימוש בשיטות דינמיו –בתזה זו נפתח גישה חדשה למטרולוגיה קוונטית 

התיאוריה של הגישה הזו וכן נראה תוצאות ניסוי המדגימות את סט הכלים החדש: ספקטרוסקופיה קוונטית נעולת מופע 

זמן לינארית, לא חילופית. הניסויים התבצעו על יון סטרונציום בודד ששימש כגלאי של שדות בסביבתו. -וספקטרוסקופיה לא

שניות הודות לטכניקות הנ"ל. הספקטרוסקופיה הלא לינארית  7.1ל  אלפיות השנייהת של גלאי זה הוארך מכמה הקוהרנטיו

מתאפיינת ברזולוציית תדר מעבר לגבול הפורייה הסטנדרטי ובאיברי ערבוב תדרים. אי הוודאות במדידה שמתאפשרת בשיטות 

ריית שיקוף באטומים, מדידות של הדיפול המגנטי של סימטהנ"ל רומזת כי שיטות אלו עשויות לשמש במדידות של הפרת 

אלקטרונים ומדידות של הזחות קוודרפול בשעונים. המטרה הסופית של עבודה זו היא למדוד ישירות את האינטראקציה של 

 שני ספינים של אלקטרונים, תוך שימוש בשיטות שפותחו בתזה זו. מאמצים בכיוון זה נמשכים ערב כתיבת עבודה זו.

 

מבט. במקום להשתמש ביון כגלאי של סביבתו נחקור מה קורה כאשר אינפורמציה הנהפוך את נקודת של העבודה,  חלק נוסףב

קת הקוונטים. בעקבות מדידה, מערכת בסכום טולט המדידה של מכנינתרכז בפוסעל מצבו הפנימי של היון דולפת לסביבה. 

פיזיקלי הנמדד. אחת השאלות המרכזיות בתורה היא מאין מגיע בסיס מצבים קוונטי , קורסת על בסיס המדידה של הגודל ה

בסיסי מדידה אפשריים אחרים. בעבודה זו נבחן את הצימוד  וףהמדידה, מה בעולם הפיזיקלי בוחר ומעדיף אותו על פני אינס

של פוטונים הפוגעים  בין הואקום האלקטרומגנטי לבין הספין של אלקטרון הערכיות של יון בודד. על ידי פיזור ספונטני

נראה כיצד איבוד קוהרנטיות, מדידה ושזירה שלובים זה בזה. למעשה, נדגים כיצד פיזור  בסופרפוזיציה של מצבי ספין

אלו מצבים ישמרו תחת תהליך המדידה ואלו יהפכו לשזורים עם הסביבה  –ספונטאני בוחר את בסיס המדידה של הספין 

 האלקטרומגנטית. 
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Abstract

The quest for the fundamental laws of physics is primarily pursued in two
manners: high energy experiments, e.g. collisions in the Large Hadron Col-
lider, or high precision experiments, e.g. through spectroscopy. New ad-
vances in the ability to manipulate quantum systems are responsible for
fantastic capabilities: atomic optical clocks with 17 digits of accuracy, the
ability to detect single electron spins and ultra weak forces. Here we explore
a new approach for quantum metrology - using time dynamic techniques to
improve precision measurements, the theory of which is developed here. We
experimentally apply these new techniques, namely quantum phase-locked
spectroscopy and non-commutative, non-linear spectroscopy, using a single
trapped 88Sr+ion as a probe of external fields. The coherence time of our
probe is extended from a few milliseconds to 1.4(2) seconds, owing to the
new measurement approach. The non-linear spectroscopy manifests in su-
perior to the Fourier limit frequency resolution as well as frequency mixing.
The measurement uncertainty achieved in the reported experiments, suggests
the usefulness of these methods, for example, to the measurement of atomic
parity violation, electron electric dipole moment measurement and charac-
terization of atomic clock shifts. The ultimate goal of the work presented
here would be the direct observation of electron spin-spin interaction at long
distances using time dynamic techniques, a work in progress.

In the another part of this work, we reverse the point of view. Instead of
using the ion as a probe of the environment, we explore the process of the ion
imprinting information on its environment. We focus on the measurement
postulate in quantum mechanics. Following a measurement, a quantum su-
perposition is postulated to collapse on a basis that is determined by the
measurement apparatus. One of the fundamental questions posed by wave-
function collapse pertains to the origin of the measurement basis. What is it
in the physical world that chooses the specific basis onto which the system
collapses? In this work we explore the effect of a quantum reservoir, the elec-
tromagnetic vacuum, on spin superpositions of the valence electron of 88Sr+.
By scattering photons off the spin we show how decoherence, measurement
and entanglement are intertwined. In fact, we demonstrate how the photon
scattering direction chooses a measurement basis for the spin superposition
- which states are invariant under the interaction with the environment and
which states become entangle with it.



Preface: an Experimentalist’s Apology

The story of this now-finished Ph.D thesis begins with the unfinished one.
I was originally trained as a mathematician. During those days I was busy
with the abstract theory of Categories, specifically in the context of group
representation. The idea is that you start with an object which you know
nothing of. You then explore its relations with other objects, you ask what
are the representations of the object. Category theory tries to unveil the
details of our anonymous friend, solely from these relations. The idea is to
avoid details as much as possible.

This state of affairs is quite different from experimental work. Much of
my Ph.D was spent on electronics and on winding coils. If you want to
generate a symmetric magnetic field with two opposite coils, you had better
make them as identical as possible. And that includes counting. I have
counted coil windings numerous times in the past 5 years. I’ve soldered,
drilled, calculated (including factors of 2 and pi) and simulated. Details had
a strategic effect on my work.

What circumstances led me to experiments? The big bang, the singularity
if you wish , was my friend Yoav Sagi. Telling about his work over Beer in an
awful pub in Tel Aviv, he invited me to visit his lab at Weizmann. During
this visit he unraveled Bose-Einstein condensates, Magneto Optical traps and
laser cooling. I was shocked by two things. One - that physicists still use
the real and complex numbers and in an exclusive manner. Two - that these
things actually take place in the lab. I saw it with my own eyes and was
amazed.

Naturally, in the next few days I told anyone who was willing to listen
(and some that were not) about my visit. My enthusiasm, however, did not
seem to diminish as time passed. Discussing this with Yoav he made another
life changing move. He offered me to join him for a trial period, provided his
advisor agrees.

Nir Davidson, Yoav’s advisor agreed. Clearly it was not beneficial to
temporarily hire a math student for a cold atoms lab. Yet he did and I
would like to thanks him for that. Without this grace period I would never
have made such a sharp transition to lab work. From Yoav and Nir I learned
how beautiful is lab work and I redefined the key questions of my trade. Nir
also taught me that an experimentalists should always ask at the end of the
day: what graphs did I measure today (”even simple graphs, even on the
back of an envelope” he said), an advice I follow to this vary day.
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Yet the transition was incomplete. Being aware of that, Ori Katz, gave
me yet another push. He refered me to his advisor, Yaron Silberberg, then
the dean of physics. In an hour and a half he presented all the activities of
Weizmann done by physicists. From systems biology to high energy to optics
and complex systems. It was fascinating. Again. He ended by mentioning
that a ”new guy is joining the department, a bright and enthusiastic scientist,
Roee Ozeri”. He recommended that I check him out. This was of course
another turning point. Why did Roee agree to hire me at that time, a
mathematician with zero experience, is beyond me. I am truly grateful that
he did.

The last reinforcement I needed came from a seemingly unexpected source.
Shimon Levit was and still is head of studies at the physics department. Any
new recruit has to be evaluated by a committee led by him prior to accep-
tance. In some cases new students are accepted provided that they take
complementary courses. After my evaluation, Shimon told me that ”you are
with us, you have a place here and you’re going to have to complete many
courses”. In one sentence, my transition was complete. I was no longer de-
bating with myself wether or not to join the physics department. Here was
the head of studies telling me that the decision had been made, I am already
with them and in fact I have to hurry and complete courses. I am thankful
to Shimon for making me feel at home and for insisting that I get proper
education. He taught me Quantum Mechanics and showed how beautiful
physics can be, and how intuitive. In those complementary courses I learned
hands-on theoretical physics: we used to sit in the library till very late hours
and debate what we’ve learned, trying to tackle the new set of problems given
by our teachers: Shimon Levit, Tsvi Tlusti and Micha Berkuz.

In experiments we tend to ask ”how”. How to get better entanglement fi-
delities, better detection efficiency, what should be the measurement scheme,
how does decoherence enter our measurement. In math we often asked our-
selves ”why”. Even if we knew what was the answer, we still asked why.
Math teaches idealism. The structures unveiled are ever so elegant, usually
linking geometry, topology and algebra. Experimental physics teaches the
art of being reasonable. Reasonable at electronics, reasonable at computers,
at vacuum technology and optics and what not. The point is that you have
to be reasonable at many things at once, always balancing your actions. The
end game is to see something which is unique to experimentalists: the match
point of theory and experiments. Those few moments, where I punched the
computer key in order to see the theory graph on top of the data and saw
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correspondence, were the highlight of it all. I saw reality and mind meet on
paper.

I am still learning. I apologize for being a bad experimentalist and a bad
mathematician. It is this detailed balance of idealism and reasonable acts
which eludes me still. Luckily, the quest is fun.
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Chapter 1

Introduction

1.1 There and Back Again

Low energy experiments with atoms and molecules have managed to take
us by surprise. Who would have thought that advances in this field would
ultimately lead to the realization of laser cooling, quantum degenerate gases,
the generation of entangled pairs of particles, the violation of Bell’s inequality
and the generation of ever growing superposition states of matter. In short,
all the gedanken experiments of the early 20th century quantum mechanics
giants, have taken real form. And with an outstanding fidelity.

It all started with precision spectroscopy of atomic and molecular beams.
We stress precision since overcoming the inevitable shifts and broadenings of
a spectral line pressed capabilities forward. In turn, these capabilities would
prove indispensable in the emerging new science of Qutantum Information
Processing (QIP).

Lets review some of the problems encountered by these pioneers. A spec-
troscopy experiment is based on the matching of two: the reference, usually
an atom, and the probe, usually a laser or an rf source. By monitoring the
response of the atom as a function of the probe frequency, one is able to refer-
ence the two. That’s it. The well known Fourier limit states that the longer
the experiment the better is the frequency resolution. As early experiments
were based on hot beams of atoms and molecules passing near rf antennas,
interrogation times were relatively short.

It was the work of Ramsey, performing spectroscopy on molecular beams,
which showed how to overcome this. In a brilliant move, he unveiled the
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secret of a new method for Fourier limited spectroscopy: a two rf pulse scheme
where the spectral resolution is determined in the time interval between the
pulses [23]. Later, Wolfgang Paul and Hans Dehmelt showed how to trap
charged particles, thereby increasing interrogation times immensely. The
Ramsey technique, however, continued to play an important role even in
these charged particle traps. Indeed the Nobel committee awarded these
three gentlemen the 1989 Physics Nobel award, for their contributions to
spectroscopy.

With trapping of particles at hand, another notable problem could be
addressed: that of motion due to temperature. Motion means Doppler shifts
and broadening, yet another adversary of precision spectroscopy. In 1978 a
miracle happened1. Dave Wineland and Hans Dehemelt were able to show,
independently, that a single trapped ion can be laser cooled [21,27]. The road
to precision spectroscopy with trapped ions was set. These ions, trapped
in vacuum by an electric Paul trap, would ultimately be cooled to their
ground state of motion. Spectroscopy of their motional sideband enabled
the excitation of few and even single quanta of motion energy. A text book
harmonic oscillator at will.

Near the end of the 20th century, mathematicians such as Peter Shor and
David Deutch were concerning themselves with the questions of a seemingly
unrelated field. The development of a new kind of computation model: a
quantum computer. Rather then using a classical bit of 0 and 1, they pro-
posed to use a quantum bit, described by a Hilbert space of two dimensions,
spanned by | 0〉 and | 1〉. The computation process is composed of all that
is quantum mechanically allowed: unitary evolution, measurement and ini-
tialization. Such a computer would be of no use for most computational
problems. Programming is cumbersome to say the least. Nevertheless, this
computation model attracted attention since some problems, impenetrable
to regular computers, yielded completely to it. Most notable was the prob-
lem of prime number factorization. A regular computer requires run times
which scale exponentially with the number of digits. If you want to make the
problem twice as hard, simply add a digit. For that reason, prime number
factorization is used for public key encryption. Given the encryption key,
and without the decryption key, it is easy to encrypt and nearly impossible
to decrypt. A quantum computer solves this problem in polynomial time.
Since then, more algorithms have joined the quantum computer arsenal; for

1the author was born, but that’s not the event we are referring to
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example consider the quantum search algorithm which finds a record in an
unsorted database in a fixed run time. Unfortunately, all these developments
occurred within the minds of mathematicians, having little to no effect on
physics. It is interesting to note that classical computers started in just the
same manner: abstract machines in the minds of Turing and others which
later gave birth to the modern computer.

To actually build a quantum computer one would need a quantum bit:
a two-level quantum system, so well isolated from its environment and well
controlled that it approximates the ideal notion of a two dimension Hilbert
space. In fact, the same notion which proved so useful for precision spec-
troscopy.

In the year of 1995, another miracle happened. This time, a double one.
Two physicists, Cirac and Zoller, gave a practical outline of an algorithm
to entangle the spin state of two trapped ions, using coherent manipula-
tion of their motion [3]. It was a realization of a two-qubit entangling gate,
one of the basic building blocks of a quantum computer. The trick was to
generate effective spin-spin coupling mediated by the ions motion. A mechan-
ically mediated computer! That same year, Dave Wineland and co-workers
demonstrated a similar gate in the lab [19]. Resolved motion spectroscopy
was harnessed to an unexpected wagon. Computation. And the field of
experimental quantum computation boomed.

Spectroscopy, therefore, was a key player in the emergence of experimen-
tal QIP. Spectroscopic tools, built on the abilities to isolate and coherently
manipulate trapped atomic particles, were used to create Bell pairs, store
quantum information for seconds and release it. At the level of very few
qubits, we can quantum compute. A real large-scale quantum computer,
however, is nowhere near to be found. We don’t know how to scale the very
few to the tens and hundreds. Yet.

In 2005, precision spectroscopy had a surprising return on investment.
Quantum logic spectroscopy was born [25]. The same techniques that are
used to generate entanglement of ions are also useful for precision spec-
troscopy. So useful, in fact, that the best atomic clock to date is a quan-
tum logic spectroscopy Aluminum ion. It is so accurate that if two such
clocks, synchronized at the birth of the universe, would be compared today,
they would differ by less than five seconds. Since measuring time is the
Archimedean point of all measurements, this is probably a new revolution.

Quantum spectroscopy clocks is just an example where QIP is being in-
corporated into the toolbox of spectroscopy. It is this interesting turn of
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events that is the focus of this thesis.

1.2 The Quantum Two Level System

One of the most fundamental notions of QIP is the quantum two level system.
There is no such thing as a quantum two level system. It is an ideal notion
of a quantum system with isolated two energy eigen-states. Isolated from
any environment and coherent forever. In some sense this is the dream of
quantum computation. A quantum system of | 0〉 and | 1〉 which, when
placed into a superposition α | 0〉+ β | 1〉, remains in it indefinitely.

Such a system is completely uninteresting. It does not have any environ-
ment, meaning it is coupled to nothing. You cannot read the information off
it. You cannot store information. You can’t even tell that it is there. All
that is interesting for us humans lies in the coupling. The interaction of the
system with its environment, ultimately including us.

Unfortunately, interaction with the environment ultimately renders quan-
tum systems classical. It is this balance between interacting and not interact-
ing with the environment that occupies much of the research in QIP. In fact,
we have a rich jargon to describe different system-environment phenomena.
Most notable is decoherence - when the system looses superposition informa-
tion due to interaction with the environment. Interactions can also cause the
formation of correlations between the system and environment, be it classical
or quantum. A quantum correlation is referred to as entanglement. Classical
correlations with a fraction of the environment, namely the detector, is the
source of measurement processes.

Throughout this thesis we will explore the interaction of the valence elec-
tron of a single trapped 88Sr+ion with its environment. As will be clear in
the next chapters, this interaction is very weak. Loosely speaking one could
say that ”it almost does not have an environment”. Our ions reside in vac-
uum, and cooled to their ground state of motion. This is a result of much
effort, to isolate a single particle from the environment as much as possible.
It is what ion trappers do best.

The remaining environment takes the form of electromagnetic fields. In
the first part of the results chapter we will explore the interactions of the ion
with magnetic fields and laser fields, in the context of quantum metrology.
We will see how one can intertwine controlled modulation with environment
interaction achieving two advantages. The enhancement of a single spin
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sensitivity to signal and the ability to obtain the noise spectrum in a non-
linear fashion. The second part of the result chapter, will be concerned with
the electromagnetic vacuum. By scattering photons off superposition states
of the electron spin, and detecting them we will be able to observe the rich
phenomena of decoherence, measurement and entanglement in their entirety.
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Chapter 2

Methods

2.1 The Real Two Level System

We would like to convince the reader that to a large extent, our system is
very close to the ideal two level system. To do this we must show that we can
isolate our system well enough, prepare it in any initial superposition state
and detect its state with high fidelity. We use this section to briefly reiterate
results already published in previous publications [1, 12].

We use the two spin states of the electronic ground level of a single 88Sr+

ion, |↑〉 =| 5s1/2,m = 1
2
〉 and |↓〉 =| 5s1/2,m = −1

2
〉 as a two-level quantum

probe. The energy level diagram is shown in 2.1(a).

(a) (b)

5s2S1/2

m = + 1
2
(|↑〉)

m = − 1
2
(|↓〉)

4d2D3/2

4d2D5/2

5p2P1/2

5p2P3/2

422nm

1092nm

1033nm

674nm

28.02MHz
mT

Figure 2.1: (a) Energy level diagram of 88Sr+. (b) Electric linear Paul trap
used to trap 88Sr+ions, viewed from one of the vacuum chamber viewports.

Isolation is achieved by placing a single ion in a linear rf Paul trap inside
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an ultra high vacuum chamber as shown in Fig. 2.1(b). As for motion, we
laser-cool the ion, using Doppler cooling, to ≈ 1 mK. Adding resolved side-
band cooling we reach 30 µK. In terms of harmonic trap average occupation
we reach n̄ < 0.05 for trap frequencies of 1− 3 MHz. This is nicely demon-
strated by driving an S1/2 → D5/2 optical transition on the motion sidebands,
shown in Fig. 2.2. Driving the blue detuned sideband adds a quanta of mo-
tion to the ion whereas driving a red detuned sideband decreases the motion
energy. Prior to ground state cooling, the amplitude for the red and blue
detuned sidebands is almost the same. As the ion reaches its motion ground
state, driving the red detuned becomes weaker, almost vanishing. The ratio
of amplitudes is a measure of n̄.

Figure 2.2: Resolved sideband spectroscopy. Top: red (RSB) and blue (BSB)
detuned motion sidebands after doppler cooling. Bottom: same as top, after
resolved sideband cooling.

To prepare the spin in any desired state we use both the electric dipole
and magnetic spin coupling. State preparation to |↑〉 is done by optical
pumping on the S1/2 → P1/2 electric dipole transition with a circularly po-
larized laser beam. A magnetic field sets the spin quantization axis and lifts
the degeneracy between the probe states. Spin rotations are performed by
pulsing an oscillating magnetic field, perpendicular to the quantization axis.
The angle and direction of rotation are determined by the pulse duration and
the oscillating field phase, φrf , respectively. Figure 2.3 shows an example of
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Figure 2.3: Rabi oscillations between the two Zeeman sub-levels of the elec-
tronic ground state of 88Sr+. Oscillations are obtained by driving current
through an electrode near the ion at a resonant rf frequency of 13.1 MHz.

rf Rabi notation between |↑〉 and |↓〉.
The spin wave-function is measured by shelving the |↑〉 state to the a state

in the meta-stable D5/2 manifold, followed by state selective fluorescence [13]
on the S1/2 to P1/2 transition (422 nm). A histogram of two ions scattering
events is shown in Fig. 2.4(a). Using a cutoff criteria one can distinguish
between |↑↑〉 (left lobe), |↓↓〉 (right lobe) and either |↑↓〉 or |↓↑〉 (middle lobe).

Photons at 422 nm are collected by an objective of 0.31 numerical aper-
ture. Collected photons are directed by an imaging system either to two
Photo Multiplier Tubes (PMT, Hamamatsu H7360) or to an EMCCD camera
(Andor Luca). The camera is mainly used for ion trapping and calibrations.
Most experiments are done with the PMTs, with which, the total detection
efficiency is 1:400 photons. Moreover, a polarization analysis unit composed
of a retardation half wave and quarter wave plates followed by a Polarization
Beam Splitter(Fig. 2.4(b)) directs photons with orthogonal polarizations to
separate PMTs. By changing the angle of the retardation plates we can
measure scattered photon in any polarization basis.
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Figure 2.4: (a) Histogram of photons scattered off two ions. Three lobes of
photon distribution correspond to (left to right) both ions in the |↓〉 state,
only one in the |↓〉 state and both in the |↑〉 state. (b) Photon detection
setup. Incoming detection beam is along ŷ. Photons scattered along x̂ are
collected by an objective of 0.31 Numerical Aperture and analyzed by a
polarization analysis stage. Orthogonal polarizations can be directed to two
different Photo Multiplier Tubes.

2.2 Magnetic Field Stabilization

The energy levels of our quantum probe are first-order sensitive to magnetic
fields (Zeeman splitting). This is a disaster in terms of coherence. A typical
lab with AC powered electrical devices will have a 0.5− 10 mG of magnetic
field fluctuations leading to more than a kilohertz frequency fluctuation of the
energy levels. This puts constraints on the duration of quantum information
experiments and hence on their complexity. The coherence is limited to a
millisecond allowing for just tens of control pulses.

One way to deal with this is to use Zeeman insensitive transitions, such
as certain Hyperfine transitions. In fact the world record of more than 10 s
of coherence for a single trapped ion was achieved this way [16]. The com-
plication of such an approach is the addition of many Hyperfine levels which
need to be addressed in the experimental system.

The advantage of using a Zeeman qubit is that its energy separation
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Method Magnetic Field Noise Nrms Coherence Time
None 0.5− 1 mG 0.5− 1 ms
Magnetic Noise Servo (Servo) 50 µG 3 ms
Servo+Feed-Forward (FF) 5 µG 30 ms
Servo+FF+Spin Modulation 5 µG 1.4 s

Table 2.1: Summary of long coherence techniques and their merits. The
reported magnetic field noise fluctuations and resulting coherence times are
typical values.

is controlled externally. Its lifetime is practically infinite so spontaneous
emission can be ignored. In reciprocity, its transition is, ideally, narrow
which is useful for precision spectroscopy. Finally, its high sensitivity to
magnetic noise is vital for magnetometry applications.

Having chosen our qubit to be Zeeman sensitive, we developed a range of
capabilities which enabled us to extend its coherence. We manage to reach
1.4(2) s of coherence, a record for Zeeman qubits. We stress that these
techniques are hierarchical, each adding incremental improvement as shown
in table 2.1. As the main sources of noise are magnetic, we first constructed
an electronic servo system, measuring the magnetic field fluctuations outside
the vacuum chamber and canceling it inside the chamber, to first order.
Due to non linearities in the magnetic field spatial distribution, a second
system is introduced which feeds-forward ac-line electric power to magnetic
compensation fields. This scheme is based on the high correlation between
magnetic noise in the lab and power line harmonics. For the feed-forward
procedure to succeed we needed to measure the spectrum of the noise at
the position of the ion. To this end we used our decoherence spectroscopy
tool [15], which turns our ion into a spectrum analyzer device (section 3.3).
The final stage is spin modulation, i.e using dynamic decoupling as described
in [14] (section 3.2).

Table 2.1 summarizes the tools which enabled us to reach these values.
The preparation of an elaborate report on this project is currently underway.
It is not included in this thesis to avoid conflicts of publication.
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Chapter 3

Results

3.1 Quantum Metrology

The quest for the fundamental laws of physics is primarily pursued in two
manners: high energy experiment, e.g collisions in particle accelerators, or
high precision experiments, e.g through spectroscopy. Since the start of the
20th century, Precision spectroscopy supplied rich evidence for quantum me-
chanical effects (e.g spectrum of Hydrogen), tests of Quantum Electrody-
namics (e.g. the one electron quantum cyclotron [10]), observation of atomic
parity violation [22], electron electric dipole moment bound [11], bounds on
the variation of physical constants [26] and more.

As mentioned in the introduction, spectroscopy played an important role
in the emergence of QIP which in turn plays an important role in the new
field of Quantum Metrology. Tools from QIP are used to improve the signal
to noise ratio in an essentially spectroscopic setting. Many of the solutions
for quantum metrology are state space solutions. By careful engineering of
the quantum state so that it is immune to noise and sensitive to signal one
hopes to achieve super-metrological abilities, e.g. Heisenberg limited spec-
troscopy [17], designer atoms for metrology [24], usage of electro-magnetic
field insensitive transitions for atomic clocks and more.

A different approach would be to use time domain solutions : How can one
engineer the Hamiltonian dynamics for better metrological capabilities. This
is the focus of the next two sections of the results chapter. Armed with the
profound ideas of Ramsey and Hahn we were able to use the ion as a sensitive
probe of the magnetic environment, turning it into a non-linear spectrum an-
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alyzer. Instead of loosing coherence due to an overall effect of magnetic field
fluctuations, we show how to slice them spectrally and study the spectrum of
the noise. With these techniques we were able to achieve superior to Fourier
limited spectral resolution as well as derive frequency mixing terms in the
spin evolution. We further use these ideas to create a single-spin quantum
lock-in amplifier. This technique, inherent to the spin quantum mechanical
evolution, increases the spin sensitivity to external fields by two orders of
magnitude and renders it useful for fundamental measurements. We will ex-
plain how to achieve a 1.4 seconds of coherence during a probe experiment
of very weak signals.

With these tools at hand, the ultimate goal of my work is to directly
observe electron spin-spin interaction, a work in progress. In this work we
will hopefully be able to combine the two approaches of quantum metrology,
state space and time domain solution, in a single experiment.

3.2 Single Ion Quantum Lock-In

Time manipulation techniques have been used to protect qubits from noise by
modulating the qubit evolution, usually by successive applications of qubit
rotations. This dates back to the Hahn spin echo [8] and was recently gen-
eralized to different Dynamical Decoupling techniques. The concept of using
this paradigm for sensitive measurement is rather new. It has been explored
to some extent with NV-centers in the context of magnetometry [4,9,18,20].

In this section, we explain how to use time manipulation techniques to
enhance measurement sensitivity. We show that a quantum probe, time
evolving under non-commuting operators of noise, signal and modulation,
is equivalent to a lock-in amplifier. We realize a quantum lock-in amplifier
using a single trapped 88Sr+ ion. By applying hundreds of modulation pulses
we reached sensitivities which, to our knowledge, are more than two orders
of magnitude better than with other single-spin probe technologies [5].

This work was published ( [14]). The author was the major contributor
in developing the theory, conducting the experiment and writing the paper.
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Single-ion quantum lock-in amplifier
Shlomi Kotler1, Nitzan Akerman1, Yinnon Glickman1, Anna Keselman1 & Roee Ozeri1

Quantum metrology1 uses tools from quantum information science to
improve measurement signal-to-noise ratios. The challenge is to
increase sensitivity while reducing susceptibility to noise, tasks that
are often in conflict. Lock-in measurement is a detection scheme
designed to overcome this difficulty by spectrally separating signal
from noise. Here we report on the implementation of a quantum ana-
logue to the classical lock-in amplifier. All the lock-in operations—
modulation, detection and mixing—are performed through the
application of non-commuting quantum operators to the electronic
spin state of a single, trapped Sr1 ion. We significantly increase its
sensitivity to external fields while extending phase coherence by three
orders of magnitude, to more than one second. Using this technique,
we measure frequency shifts with a sensitivity of 0.42 Hz Hz21/2

(corresponding to a magnetic field measurement sensitivity of
15 pT Hz21/2), obtaining an uncertainty of less than 10 mHz
(350 fT) after 3,720 seconds of averaging. These sensitivities are
limited by quantum projection noise and improve on other single-
spin probe technologies2,3 by two orders of magnitude. Our reported
sensitivity is sufficient for the measurement of parity non-
conservation4, as well as the detection of the magnetic field of a single
electronic spin one micrometre from an ion detector with nano-
metre resolution. As a first application, we perform light shift spec-
troscopy of a narrow optical quadrupole transition. Finally, we
emphasize that the quantum lock-in technique is generic and can
potentially enhance the sensitivity of any quantum sensor.

Quantum probes with unprecedented sensitivities are advancing the
field of metrology. In particular, cold, trapped ions are well isolated
from their environment and their internal states and motion can be
controlled with high fidelity, thus enabling researchers to use them as
excellent probes5,6.

Achieving a high signal-to-noise ratio involves demands—decreasing
the effect of noise on the probe while enhancing its response to the
measured signal—that are often in conflict. The problem arises if the
noise and the signal couple to the probe through the same physical
channel. Quantum metrology uses methods from quantum coherent
control to address this difficulty. As an example, entangled states that
are invariant under certain noise mechanisms have been engineered
with trapped ions and have demonstrated long coherence times7–9.
Other entangled states have been similarly engineered to enhance the
measurement sensitivity of trapped ions10,11. Whether or not the mea-
surement signal-to-noise ratio improves depends on the commutativity
of the noise and signal operators as well as on the noise bandwidth12–14.

A different approach to noise reduction is based on spectrally separat-
ing a quantum system from its noise environment. Such time-dynamical
noise decoupling has been demonstrated using trapped-ion quantum
bits, among other systems, and has been optimized to match different
noise profiles15,16. In fact, it was shown that the decoherence rate of
these modulated systems can be used to extract information about their
noise spectrum16–18. A natural extension to spectral characterization is
the measurement of oscillating signals. Dynamical manipulation can
therefore be used to decouple a quantum probe from noise while
enhancing its sensitivity to alternating signals.

In the past few years, dynamical decoupling methods have been
used to improve on the signal-to-noise ratio of a.c. magnetometry

using nitrogen-vacancy centres19–22. Indeed, significant enhancement
of sensitivity was achieved using a few tens of modulation pulses22.
However, owing to the particular decoherence mechanism in nitrogen-
vacancy centres, their best reported magnetic field measurement sensi-
tivity, of 4 nT Hz21/2, was achieved using a single echo pulse3.

In this work, we show that a quantum probe, time evolving under
non-commuting noise, signal and modulation operators, is equivalent
to a lock-in amplifier. We take full advantage of the quantum lock-in
method, with up to 650 modulation pulses, using a single trapped 88Sr1

ion. The lock-in method provides a 30-fold improvement in fre-
quency-shift measurement sensitivity. We demonstrate a record sensi-
tivity for a single-spin detector2,3, of 15 pT Hz21/2 (0.42 Hz Hz21/2),
reaching a measurement uncertainty of less than 10 mHz (350 fT) after
3,720 s of averaging.

Classical lock-in amplifiers are detectors that can extract a signal
with a known carrier frequency from an extremely noisy environment.
Schematically, if noise, N(t), adds to a physical observable, S0, oscil-
lating at a frequency fm, the total signal measured by the detector is
M(t) 5 m0[S0cos(2pfmt 1 Q) 1 N(t)]. Here m0 sets the detector mea-
surement units and Q is a constant phase. A signal proportional to S0 is
obtained by a mix-down process: M(t) is multiplied by either
sin(2pfmt) or cos(2pfmt) and the two results are integrated over an
integration window, T:

Ilock-in~
1
T

ðT

0
dt M(t)cos(2pfmt)

Qlock-in~
1
T

ðT

0
dt M(t) sin (2pfmt)

ð1Þ

The signal S0 is proportional to (I2
lock-inzQ2

lock-in)1=2. The constant
phase Q can be extracted from tan(Q) 5 2Qlock-in/Ilock-in. Noise spectral
components with frequencies far from fm will be averaged out in the
integration. Therefore, by choosing fm outside the noise bandwidth, the
measurement signal-to-noise ratio can be significantly improved.

The main obstacle in realizing quantum lock-in dynamics is finding
a quantum analogue to signal multiplication, which is essential for the
mix-down process. In a classical apparatus this is achieved using a
nonlinear device with an output that is proportional to the instant-
aneous product of its inputs. Nonlinear dynamics of the wavefunction
cannot be introduced directly, owing to the linearity of Schrödinger’s
equation. Nevertheless, wavefunction dynamics will be proportional to
a product of Hamiltonian terms if the total Hamiltonian does not
commute with itself at different times. Operator non-commutativity
therefore has an important role in the quantum mix-down process.

To show this in more detail, we turn to the case of a two-level
quantum probe, with states j"æ and j#æ. We assume that the probe is
coupled both to a signal, S(t), and noise, N(t), by Hint~M(t)ŝz=2,
where M(t) 5 S(t) 1 N(t) and ŝx , ŝy and ŝz are the Pauli operators.
For a lock-in measurement, S(t) is modulated: S(t) 5 S0cos(2pfmt 1 Q).
The probe is initialized to y0j i~ :j iz ;j ið Þ=

ffiffiffi
2
p

. In a Bloch sphere
picture, this state is represented by a vector along the x axis. Under Hint,
the superposition phase (the angle between the Bloch vector and the x
axis) is oscillating back and forth as a result of the signal and is ran-
domly varying owing to the effect of noise. To implement a lock-in
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measurement, we mix the probe phase with an oscillating signal by
adding to Hint an oscillating term that does not commute with ŝz :
H~(M(t)ŝzzV(t)ŝy)=2. If V(t) is periodic and synchronized with
S(t), then the phase accumulated owing to S(t) coherently adds up
whereas the random phase accumulated owing to N(t) is averaged
away. The probe superposition is characterized by the probability of
finding the probe in the j"æ state, P", and the superposition relative
phase, wlock-in. By measuring both at time T, we extract the quantum
lock-in signal:

wlock-in~
1
B

ðT

0
dt M(t) cos

1
B

ðt

0
dt’V(t’)

� �

1{2P:~
1
B

ðT

0
dt M(t) sin

1
B

ðt

0
dt’V(t’)

� � ð2Þ

Equation (2), where B is Planck’s constant divided by 2p, resembles the
classical lock-in output in equation (1). Specifically, for a constant
V(t) ; V0, the lock-in outputs wlock-in and 1 2 2P" faithfully represent
the two signal quadratures. Here, instead of reading out a classical
parameter, the quantum lock-in read-out requires repetitive quantum
projection measurements. We note that the two signal components
can be interchanged through single quantum bit rotations. A full
derivation and discussion of equation (2) can be found in
Supplementary Information.

In our experiment, we use the two spin states of the electronic
ground level of a single 88Sr1 ion, j"æ 5 j5s1/2, J 5 1/2, MJ 5 1/2æ and
j#æ 5 j5s1/2, J 5 1/2, MJ 5 21/2æ, as a two-level quantum probe
(Fig. 1a). Here J is the total electron angular momentum quantum
number and MJ is its projection along the magnetic field axis. Set-up
details can be found in Supplementary Information. An energy differ-
ence of 5.72 MHz between the probe states is determined by an
external d.c. magnetic field. We are able to perform all possible spin
rotations by pulsing a resonant radio-frequency magnetic field and
tuning the pulse duration and the radio-frequency field phase, wrf.
State initialization and measurement are performed by optical pump-
ing and state-selective fluorescence, respectively. Because the probe
states are first-order sensitive to magnetic fields, the main noise mech-
anism is magnetic field noise, with dominant spectral contributions at
the 50-Hz line and its harmonics. Examples for signals that we can
measure are modulated magnetic or light fields, respectively measured
through their resulting Zeeman or light shifts.

The lock-in sequence is depicted in Fig. 1b. Following optical pump-
ing, a p/2 rotation initializes the ion probe to y0j i~ :j iz ;j ið Þ=

ffiffiffi
2
p

.
To modulate the ion probe, we apply a train of N p pulses, equally
spaced tarm apart. Here, ideally V(t)~

PN
n~1 d(t{nt)p, where d(t) is

the Dirac delta function. Therefore, the cosine term in equation (2) is a
square waveform with a period of 2tarm and the sine term vanishes.
Consequently, a measured signal has to be modulated at fm 5 1/2tarm

and in phase with the ion modulation, that is, Q 5 0. Here wlock-in

is proportional to the signal magnitude, S0. To measure the probe
phase, we complete the sequence with an additional p/2 rotation,
with a relative wrf phase with respect to the initial p/2 pulse. We
then detect the probability of the ion being in the j"æ state,
P:~1=2z(A=2) cos(wrf {wlock-in). By scanning wrf, we are able to
retrieve both wlock-in and the cosine fringe contrast, A, using a fitting
procedure.

Ideally A 5 1. In practice, noise processes decrease A. As seen from
equation (2), even in the absence of any signal, N(t) will contribute a
lock-in phase of

wN~
1
B

ðT

0
dt N(t) cos

1
B

ðt

0
dt’V(t’)

� �

The cosine fringe is therefore reduced in the process of averaging:
A 5 Æcos(wN)æ, where angle brackets denote an average over different
noise realizations.

The reduction in the fringe contrast has significant implications for
the lock-in measurement sensitivity. The lock-in signal, wlock-in, is
proportional to the energy shift experienced by the probe and can
therefore be expressed in terms of frequency or magnetic field.
Equation (2) implies that the conversion factor depends on the actual
modulation type being used. This is discussed in Supplementary
Information, where we also show that the optimal frequency-shift
measurement sensitivity, s, is

s~
1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4{A2

2A2T

r
Hz Hz{1=2 ð3Þ

Here T ; (N 1 1)tarm is the total sequence duration and N is the num-
ber ofppulses. The standard quantum limit on the sensitivity is reached
when A 5 1. To optimize sensitivity, the lock-in modulation frequency
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Figure 1 | Measurement scheme. a, Level diagram of a 88Sr1 ion. The probe
spin states are |"æ 5 | 5s1/2, J 5 1/2, MJ 5 11/2æ and |#æ 5 | 5s1/2, J 5 1/2,
MJ 5 21/2æ. An external magnetic field splits the two levels by a frequency of
f0 5 5.72 MHz. Spin rotations are performed using an oscillating magnetic field.
Initialization to |"æ is done by optical pumping. Spin detection is performed by
shelving the |"æ state to the metastable level | Dæ ; | 4d5/2, J 5 5/2, MJ 5 13/2æ,
with a narrow-linewidth (,100-Hz), 674-nm laser, followed by state-selective
fluorescence at 422 nm. The 1,092-nm and 1,033-nm lasers are used as repump
lasers. b, The quantum lock-in measurement pulse scheme. The ion is
initialized to :j iz ;j ið Þ=

ffiffiffi
2
p

by a p/2 pulse. While the measured signal is
modulated, the superposition is also modulated, in phase with the signal, by a
train of N p pulses, tarm apart. The total relative phase, wlock-in, of the ion
superposition, ;j izeiwlock-in :j i

� �
=
ffiffiffi
2
p

, accumulated during the lock-in sequence
is measured by scanning the phase of a final p/2 pulse, wrf, followed by spin
detection and a fit of the data to P:~1=2z(A=2)cos(wrf {wlock-in). c, Fringe
contrast, A, versus half lock-in modulation period, tarm, in the absence of any
modulated signal. Data corresponding to N 5 1, 9 and 17 p pulses are shown
using blue stars, green rectangles and red circles, respectively. We observe
contrast drops as tarm approaches 2.5, 5 and 10 ms corresponding to magnetic
field noise components at 200, 100 and 50 Hz, respectively. d, Probability of
finding the ion in the |"æ state versus wrf. Fringe plots for tarm 5 3.6 ms (left)
and 5 ms (right), made with lock-in sequences of N 5 17 p pulses, are shown.
The solid line is a best fit to P:~1=2{(A=2)cos(wrf ). The fitted A values are
shown in c at the locations indicated by the two black arrows. The inverted sign
of the second fringe can be understood in terms of equation (4).
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and the sequence duration should be chosen so as to minimize the
spectral overlap of noise and modulation and therefore maximize A.

We initially quantify the noise floor of our lock-in detector at dif-
ferent modulation frequencies, fm, and lock-in sequence durations, T,
in the absence of any modulated signal. To begin with we perform this
measurement at low lock-in modulation frequencies, which are com-
parable to typical magnetic noise frequencies in our laboratory. We
measure A for values of the p-pulse interspacing, tarm, ranging from 0
to 12 ms, and for N 5 1–17 p pulses per lock-in sequence. Both the
lock-in sensitivity and the spectral resolution increase as N increases.
As shown in Fig. 1c, dips in the fringe contrast emerge as we increase N.
These dips, marked by shading, correspond to a.c. magnetic field noise
components at frequencies of 200, 100 and 50 Hz, respectively.
Figure 1d shows two phase scans for an N 5 17 lock-in sequence.
One scan is at tarm 5 3.6 ms, where no noise is present, and the other
is at tarm 5 5 ms, where the lock-in modulation has the same period as
the 100-Hz noise component.

To use the lock-in method to quantify the magnetic noise spectrum,
we assume that it is composed mainly of discrete frequency compo-
nents, fn 5 vn/2p, with corresponding amplitudes Bn. With this
assumption we can calculate

A(N,tarm)~P
n

J0
{4gmB

B

Bn

vn
sin2 vntarm

2

� � sin(Nvntarm)

sin(vntarm)

� �
ð4Þ

Here J0 is the zeroth Bessel function of the first kind, g is the Landé
g-factor and mB is the Bohr magneton. We note that A can have negative
values, as demonstrated by the inverted sign of the second scan of
Fig. 1d. In Fig. 2a, we show A (filled circles) for a lock-in sequence with
N 5 17 and a best fit to equation (4) (solid line). Here we assume
four discrete magnetic noise spectral components with respective fre-
quencies of 50, 100 and 150 Hz and fslow, the last a slowly varying
field. The noise amplitudes are taken as fit parameters, yielding
B50 Hz 5 540(3) pT, B100 Hz 5 390(5) pT, B150 Hz 5 260(4) pT and
gmBBslowfslow/h 5 37(4) Hz2. The relatively low magnetic field ampli-
tudes are due to an active magnetic field noise cancellation system. A

detailed report of the findings described in this paragraph is under way
(S.K., N.A, Y.G. and R.O., manuscript in preparation).

Observing that noise amplitudes at frequencies of more than 200 Hz
are negligible, we turn to higher modulation frequencies, in search of
the greatest attainable probe coherence time. We modulate the ion
probe at fm 5 312.5 Hz (tarm 5 1.6 ms). Figure 2b shows the fringe
contrast A versus N, up to N 5 650. Here, owing to the large number
of p pulses, wrf alternates by p/2 between consecutive pulses, to prevent
rotation errors from coherently accumulating. A fit to an exponential
decrease in fringe contrast yields a probe coherence time of 1.4(2) s.
This is three orders of magnitude longer than the coherence time in the
absence of lock-in modulation, measured using Ramsey spectroscopy.

From the data presented so far, we can report our probe’s best
sensitivity. We calculate the lock-in sensitivity versus T, the total
lock-in sequence duration, from the fringe contrast, A, using equation
(3). Figure 2c shows the lock-in sensitivity in the low modulation
frequency range. A minimum of 0.78 Hz Hz21/2 (28 pT Hz21/2) is
observed at T 5 120 ms, between noise components. Figure 2d shows
the lock-in sensitivity versus T at fm 5 312.5 Hz. Here a best sensitivity
of 0.42(3) Hz Hz21/2 (15(1) pT Hz21/2) is observed at the minimum of
the fit, with a lock-in sequence duration of T 5 624 ms. This is, to our
knowledge2,3, the best magnetic field sensitivity reported so far using a
single-spin (or pseudo-spin) detector. In both cases, the measured
sensitivity differs from the standard quantum limit, shown by the
dashed line, by a factor of less than 1.5.

We next demonstrate the lock-in detection of a small signal and
experimentally verify equation (2). To this end, we measure the light
shift of a narrow-linewidth (,100-Hz) laser nearly resonant with the
j"æ R jDæ ; j4d5/2, J 5 5/2, MJ 5 3/2æ quadrupole transition at
674 nm. The laser amplitude is switched on and off at a rate
fL 5 500 Hz. With this scheme, both the lock-in and the laser are
square-wave modulated. We apply a lock-in sequence of N 5 99 p
pulses and scan the lock-in modulation frequency. Here the 674-nm
laser is detuned by D 5 217 kHz from resonance (red detuned). A
laser Rabi frequency of 2p3 840 Hz is independently measured by
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Figure 2 | Sensitivity of the quantum lock-in measurement. a, Fringe
contrast, A, versus tarm for N 5 17 p pulses, in the absence of any modulated
signal. Each point is the fitted contrast of a corresponding measured fringe as in
Fig. 1; error bars are 95% confidence intervals. The data are used to extract the
magnetic noise spectrum. The solid red line is a best fit to equation (4) with four
fit parameters: the field amplitudes B50 Hz 5 540(3) pT, B100 Hz 5 390(5) pT and
B150 Hz 5 260(4) pT and a slowly varying field gmBBslowfslow/h 5 37(4) Hz2.
b, Fringe contrast, A, versus number of p pulses, N, at a lock-in modulation
frequency of fm 5 312.5 Hz; error bars are 95% confidence intervals. The red
line is an exponential decay fit to the data yielding a 1/e coherence decay time of
1.4(2) s. c, Lock-in sensitivity (solid blue line) versus the lock-in sequence
duration, T, calculated from a using equation (3). The dashed red line is the

standard quantum limit on sensitivity (achieved when A 5 1). A best sensitivity
of 0.78 Hz Hz21/2 (28 pT Hz21/2) is observed at T 5 120 ms. This sensitivity is
only a factor of 1.5 greater than the standard quantum limit. The sensitivity
diverges whenever A (shown in a) crosses zero. d, Exponential decay fit (solid
blue curve) shown in b, translated to sensitivity using equation (3), as in c. The
shaded region is a 95% confidence interval for the curve. The dashed red line
shows the standard quantum limit on the lock-in sensitivity. The solid blue
circles are calculated sensitivities of the measured fringe contrast points in
b, with 95% confidence intervals. A best sensitivity of 0.42(3) Hz Hz21/2

(15(1) pT Hz21/2) is obtained at the minimum of the solid blue curve
(T 5 624 ms). A similar value of 0.4(1) Hz Hz21/2 (13(3) pT Hz21/2) is observed
at T 5 560 ms.
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an on-resonance Rabi nutation curve. Figure 3a shows a fringe scan at
a lock-in modulation frequency of fm 5 500 Hz. The solid line is a best
fit to P:~1=2z(A=2)cos(wrf {wlock-in), with A and wlock-in as fit para-
meters. A clear phase shift of 0.99p is observed. The columns in Fig. 3b
are fringe scans similar to that in Fig. 3a, made at different lock-in
modulation frequencies. As seen, the lock-in signal is maximal when
the modulation frequency approaches 500 Hz (tarm 5 1,000ms), that
is, the modulation rate of the laser. Figure 3c shows that the prediction
of equation (2) (solid line, calculated without any fit parameters) is in
good agreement with measured values (filled circles) of wlock-in as a
function of the lock-in modulation rate. A light shift of 9.7(4) Hz is
measured; the theoretically predicted value is 9.9(4) Hz.

Any measurement uncertainty is ultimately limited, at long integ-
ration times, by slow systematic drifts. The optimal averaging time can
be found by performing an Allan deviation analysis23. We obtain a
minimal measurement uncertainty of 8(2) mHz (290(70) fT) after
3,720 s of averaging. We perform the same analysis for a light shift
measurement, obtaining 0.12(2) Hz after 1,320 s. This uncertainty is
most probably limited by slow frequency drifts of the 674-nm laser (see
Supplementary Information for Allen plots and more details). The
magnetic field generated by the valence electron spin of a single
88Sr1 ion will cause a level shift of 52 mHz in a probe ion co-trapped
one micrometre away, the measurement of which could be within our
experimental reach.

Finally, we show how the lock-in method can be used to perform
light shift spectroscopy. We probe the j"æ R jDæ transition. Figure 4a
shows lock-in phase scans (columns) for different laser detunings.
Figure 4b and Fig. 4c show the fringe contrast, A, and the lock-in
signal, wlock-in, respectively. Population transfer to level jDæ results in
a reduction in A whenever the laser is close to resonance. The mea-
sured light shift is seen to be dispersive around resonance. The three
resonances, a carrier and two sidebands, are due to the fast amplitude
modulation of the laser, reminiscent of the Pound–Drever–Hall signal
of a laser scanning across an optical cavity resonance24. Such a dis-
persive signal can be used to lock a narrow-linewidth laser to an atomic
clock transition.

The results presented here demonstrate the potency of the quantum
lock-in measurement technique, which is readily available for any
quantum probe. Specifically, with single trapped-ions the lock-in tech-
nique allows high-precision frequency-shift measurements with nano-
metre-scale spatial resolution (in our set-up, the ion wavefunction
extent is 9 nm with ground-state cooling). In addition to the detection
of a single electronic spin mentioned above, this would be useful to
probe spin-dependent interactions of an ion submerged in a quantum
degenerate gas25,26. Finally, the quantum lock-in technique can be useful
for precision measurements and frequency metrology. As an example, it
can be used to measure the very small frequency shifts required for the
observation of parity non-conservation in a single trapped ion4.
Another example is the characterization of systematic errors, such as
the quadrupole shift, in ion-based atomic clocks27. As a final example,
the technique can be used to characterize the noise spectrum of narrow-
linewidth lasers with respect to an atomic transition.

Figure 3 | Lock-in measurement of a small signal. The light shift of the |"æ
state induced by the 674-nm laser is measured. The laser is detuned by
D674 nm 5 217 kHz from the |"æ R | Dæ quadrupole transition, and is
amplitude-modulated by a square wave of frequency fL 5 500 Hz. The lock-in
scheme has N 5 99 p pulses and the lock-in frequency, fm 5 1/2tarm, is varied.
a, Lock-in fringe scan, P", versus wrf, at a lock-in period of 2tarm 5 2 ms. The red
solid line is a best fit to P:~1=2z(A=2) cos(wrf {wlock-in). A clear phase shift of
wlock-in 5 0.99p is observed, with a fringe contrast of A 5 72%. b, The columns
are lock-in fringe scans, similar to that in a, for various values of tarm. The lock-
in signal, wlock-in, is seen to increase as the lock-in modulation frequency, fm,
approaches the laser modulation frequency, fL 5 500 Hz. c, Lock-in signal,
wlock–in, versus tarm, extracted from b as explained in a. A light shift of 9.7(4) Hz
is measured (with 95% confidence). The solid red line is calculated using
equation (2) without any fit parameters.
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Figure 4 | Light shift spectroscopy. Light shift of |"æ induced by the 674-nm
laser, as a function of laser frequency detuning, D. At each D value, a lock-in
sequence of N 5 39 p pulses with a lock-in period of 2tarm 5 200ms is applied
while the 674-nm laser is amplitude-modulated at the same frequency. a, Every
column is a lock-in fringe scan for a particular value of D. For each column, the
lock-in signal, wlock-in, is the shift of the fringe minimum from zero. b, Fringe
contrast, A (blue filled circles), versus D. Red filled circles show A in the absence
of laser light. We observe a reduction in contrast due to shelving of the |"æ state
to the metastable level | Dæ whenever the laser approaches resonance. c, Lock-in
signal, wlock-in (blue filled circles), versus D. The red filled circles show wlock-in in
the absence of laser light. Light shifts are seen to have dispersive resonance.
Both b and c show two sidebands, separated by 5 kHz from the transition
carrier, generated by the fast amplitude modulation of the laser.
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1. Setup Details

In our experiment, we use the two spin states of the electronic ground level of a
single 88Sr+ ion, |↑〉 =| 5s1/2, J = 1/2,MJ = 1/2〉 and |↓〉 =| 5s1/2, J = 1/2,MJ =
−1/2〉 as a two-level quantum probe . The ion is trapped in a linear rf Paul trap,
with an axial (radial) trap frequency of 1 MHz (2.5 MHz), and laser-cooled to
≈ 1 mK. At this temperature, the ion wavefunction extent is 48 nm. If used,
ground-state cooling would result in an extent of 9 nm. A magnetic field of 204 µT
sets the spin quantization axis and lifts the degeneracy between the probe states
by f0 = 5.72 MHz. Spin rotations are performed by pulsing a resonant oscillating
magnetic field, perpendicular to the quantization axis, resulting in a Rabi angular
frequency, ΩR = (2π)65.8 kHz. The angle and direction of rotation are determined
by the pulse duration and the oscillating field phase, φrf , respectively. The probe
state is measured by shelving the |↑〉 state to the appropriate metastable D sub-
level, followed by state selective fluorescence. State preparation to |↑〉 is done
by optical pumping. Since the probe states are first order sensitive to magnetic
fields, the main noise mechanism is magnetic field noise, with dominant spectral
contributions at the line 50 Hz and its harmonics. Examples for signals we can
measure are modulated magnetic or light fields via their Zeeman or light shifts
correspondingly.

1



5s2S1/2

m = + 1
2 (|↑〉)

m = − 1
2 (|↓〉)

4d2D3/2

4d2D5/2

5p2P1/2

5p2P3/2

422nm

1092nm

1033nm

674nm

28.02MHz
mT

2. Calculation of Lock-In Phase Formula

Formula Derivation. We derive the main formula of the letter (equation (2)).
The Schrödinger equation for a two level system, evolving under the Hamiltonian
H = ~

2 (M(t)σ̂z + Ω(t)σ̂x), is:

i
dψ̃

dt
=




1

2
M(t)σ̂z
︸ ︷︷ ︸

external field

+
1

2
Ω(t)σ̂x
︸ ︷︷ ︸
modulation


 ψ̃.

We now move to the interaction picture with respect to H0 ≡ ~
2 Ω(t)σ̂x. The

reader should note that this is not the commonly used interaction picture which is
usually taken with respect to σ̂z. Define:

ψ ≡ ψinteraction = exp

(
i

~

∫ t

0

H0(t′)dt′
)
ψ̃,

so that the equation on ψ rewrites as

i
dψ

dt
=

(
eiα(t)σ̂x

1

2
M(t)σ̂ze

−iα(t)σ̂x

)
ψ,

where α(t) = 1
2

∫ t
0

Ω(t′)dt′. Generally, eiασ̂x = cos(α)I+ i sin(α)σ̂x. Putting this
together we get:

eiασ̂x σ̂ze
−iασ̂x = (cos(α)+i sin(α)σ̂x)σ̂z(cos(α)−i sin(α)σ̂x) = cos(2α)σ̂z+sin(2α)σ̂y,

Define β = 2α =
∫ t

0
Ω(t′)dt′ and get,

iψ̇ =
1

2
M(t) (cos(β)σ̂z + sin(β)σ̂y)ψ,

or in matrix form:

i
d

dt

(
a
b

)
=

1

2
M(t)

(
cos(β) −i sin(β)
i sin(β) − cos(β)

)

︸ ︷︷ ︸
V/~

(
a
b

)
.



Following Feynman, Vernon and Hellwarth (1957) we map this problem to the
Bloch sphere:

r1 ≡ ab∗ + ba∗

r2 ≡ i(ab∗ − ba∗)
r3 ≡ aa∗ − bb∗,

so the equation becomes

d

dt
~r = ~ω × ~r,

for

ω1 = V12 + V21 = 0

ω2 = i(V12 − V21) = M(t) sin(β)

ω3 = V11 − V22 = M(t) cos(β).

We are interested in the evolution of the relative phase of ψ, i.e. phase(ab∗).
In polar coordinates ~r = (sin θ cosφ, sin θ sinφ, cos θ) and the phase of interest is
simply φ. Rewriting the dynamical equation for ~r in terms of θ and φ we get:



θ̇ cos θ cosφ− φ̇ sin θ sinφ

θ̇ cos θ sinφ+ φ̇ sin θ cosφ

−θ̇ sin θ


 =



ω2r3 − ω3r2

ω3r1

−ω2r1


 =



ω2 cos θ − ω3 sin θ sinφ

ω3 sin θ cosφ
−ω2 sin θ cosφ


 .

To solve this we first simplify the second and third equations:

cos θ

sin θ
(θ̇ cosφ− ω2) = (φ̇− ω3) sinφ (I)

cos θ

sin θ
=

(ω3 − φ̇) cosφ

θ̇ sinφ
(II)

θ̇ = ω2 cosφ. (III)

Substituting (III) in (I):

cos θ

sin θ
ω2(cos2 φ− 1) = (φ̇− ω3) sinφ,

which can be rearranged as:

(ω3 − φ̇) = ω2 cot θ sinφ.

Whenever we can neglect the right hand side of the equation, it becomes:

φ̇ = ω3 = M(t) cos

(∫ t

0

dt′Ω(t′)

)
.

Hence, in these cases:



(S2.1) φlock-in =

∫ T

0

dtM(t) cos

(∫ t

0

dt′Ω(t′)

)
,

which is the first part of lock-in formula stated in the letter.

Validity of lock-in formula. We start with the full equations:

φ̇ = ω3 − ω2 cot θ sinφ(S2.2)

θ̇ = ω2 cosφ.(S2.3)

Recalling that ω2 = M(t) sin(β) and ω3 = M(t) cos(β) and that β =
∫ t

0
Ω(t′)dt′

we may substitute in the above and get:

φ̇ = M(t) cos(β)−M(t) sin(β) cot θ sinφ︸ ︷︷ ︸
(∗)

(S2.4)

θ̇ = M(t) sin(β) cosφ.(S2.5)

The lock-in equation (S2.1) applies when the starred term (∗) can be neglected.
One such case is when Ω(t) is composed of ideal π-pulses. Here β = ±π at all times
and therefore sin(β) = 0 and the starred term drops.

Now consider the case where Ω(t) is any function such that sin(β(t)) and cos(β(t))
are periodic functions with a period TΩ. We assume that the time scale τ at
which θ, φ change is governed by M(t). Since (∗) contains cot θ which is an un-
bound function, this should be checked for self-consistency. We further assume
that TΩ � τ , which means that sin(β), cos(β) are rapidly changing as compared
with θ, φ. Using this separation of time scales we may replace M(t) cos(β) and

M(t) sin(β) by their averages over many periods of TΩ: Mc ≡ 1
T

∫ t+T
t

dtM(t) cos(β)

and Ms ≡ 1
T

∫ t+T
t

dtM(t) sin(β) where TΩ � T � τ . Notice that we assume that
Ms, Mc are not time dependant. Our equations become:

φ̇ = Mc +Ms cot θ sinφ︸ ︷︷ ︸
(∗)

(S2.6)

θ̇ = Ms cosφ.(S2.7)

The quantity Mc is proportional to our original lock-in signal. It is the spectral
component of M(t) which is in-phase with the probe modulation cos(β). On the
other hand, Ms is the out-of-phase component of M(t). Recall that M(t) = S(t) +
N(t), S(t) being the signal and N(t) being the noise. If N(t) is spectrally separated
from our modulation frequency, the only contribution to Ms could come from our
signal S(t). In the case where we modulate the signal in-phase with the probe
modulation, Ms = 0 and therefore the (∗) term drops in this case also.

We are left with the case that Ms is non-zero either due to out-of phase modula-
tion which we induce on the signal S(t) or residual noise components, out-of-phase
with the modulation. To solve this consider the original Bloch sphere equation
d~r/dt = ~ω×~r. Under the assumption of time-scales separation, TΩ � τ , we may re-
place ~ω(t) by the its average 〈~ω〉 = (0,Ms,Mc). Thus ~r(t) undergoes rotation about



a constant vector. Define M0, ϕ such that M2
0 = M2

s + M2
c and Ms = M0 sinϕ,

Mc = M0 cosϕ. Using these notations the solution is:

tanφ = cosϕ tan(M0t)

cos θ = − sinϕ sin(M0t).
(S2.8)

Notice that these equations form a generalization of the desired lock-in formula.
They relate the in-phase (cosϕ) and out-of-phase (sinϕ) signal quadratures to the
variables describing the system, θ and φ. If we approximate tan(x) ≈ sin(x) ≈ x
the solutions after time T become:

φ = McT =

∫ T

0

dtM(t) cos

(∫ t′

0

dt′Ω(t′)

)

cos θ = −MsT = −
∫ T

0

dtM(t) sin

(∫ t′

0

dt′Ω(t′)

)
.

Notice that when T is an integer number of TΩ, the original frame and the
rotated frame coincide. In this case, cos θ = 2P↑ − 1 where P↑ is the probability to
find the system in the ↑ state. We therefore derived equation (2) of the letter.

We estimate the error introduced by the last approximation, tan(M0t) ≈ sin(M0t) ≈
M0t. Denote ε ≡M0t. Rewrite the first row in S2.8:

ϕ = tan−1(cosϕ tan(ε)) ≈ ε cosϕ+ ε3
cosϕ sin2 ϕ

3
.

We demand that:

ε cosϕ� ε3
cosϕ sin2 ϕ

3
,

which rewrites as,

ε2 sin2 ϕ� 3.

In the extreme case of sinϕ = 1 this translates to (M0t)
2 � 3 which holds

reasonably when M0t ≤ π/4. The approximation error for the second row of S2.8
is similarly small in this case.

To summarize, the main condition for the validity of equation (2) of the letter
is that both noise and lock-in signal change the quantum probe energy states by a
frequency which is much smaller than the modulation frequency, i.e. |M(t)| /h �
fm (Weak Coupling Regime). In a lock-in experiment, the modulation and mix-
down signals are synchronized, i.e. ϕ = 0, in which case the equation is valid
with no further restrictions. If for some reason, the signals are not synchronized
(ϕ 6= 0) a second condition is needed; the total phase evolution of φlock−in should be
significantly smaller than π. In practice, eq. (2) is a good approximation even when
φlock−in is on the order of π/4. These conditions have no analogs in the classical
case. Finally, equation (2) is accurate without any restrictions, in the limit of
ideal π-pulses, i.e. when Ω(t) is an ideal train of arbitrarily spaced infinitely short
π-pulses.



Special Case: Square Waveforms. We now find an analytic expression for the
theory plot in Fig. 3(c) in the letter. Recall that Ω(t) is a train of N = 99 π pulses,
τarm apart. The laser is fixed at a detuning of δ = −17kHz with Rabi of π/600 µs
and is modulated by a square wave of 2τ period, where τ is fixed at 1 ms. Now we
vary τarm and observe the resulting light shift which is peaked at τarm = 1 ms.

Start with the main formula of the article,

(S2.9) φlock−in =

∫ T

0

dtM(t) cos

(∫ t

0

dt′Ω(t′)

)
.

Since Ω(t) is composed of a train of π pulses, τarm apart, cos(
∫ t

0
dt′Ω(t′)) is

a square waveform of period 2τarm. The external field modulation M(t) is also
a square waveform of period 2τ . The total experiment time T = 100τarm. The
resulting phase shift is the finite time integral of the product of the two rectangular
waveform:

(S2.10) φlock−in(τarm) =

∫ T≡100τarm

0

dtRect2τ (t)Rect2τarm
(t) .

Fourier decomposing a rectangular waveform we get:

t

Rectτ (t)

π 2π 3π

1
= 1

2 + 2
π

∑∞
n=1,n odd

1
n sin(nx).

Therefore, (S2.10) becomes (up to multiplicative constants):

φlock−in =
∞∑

n,m=1,odd

1

nm

∫ T

0

dt sin(n
t

τarm
π) sin(m

t

τ
π) =

=

∞∑

n,m=1,odd

1

2nm

∫ T

0

dt cos(π(
n

τarm
− m

τ
)t)− cos(π(

n

τarm
+
m

τ
)t) =

=

∞∑

n,m=1,odd

1

2nm

(
sin(π( n

τarm
− m

τ )T )

π( n
τarm

− m
τ )

−
sin(π( n

τarm
+ m

τ )T )

π( n
τarm

+ m
τ )

)
.

Now denote τ = τarm + ∆τ and approximate 1
τ ≈ 1

τarm
(1 − x) where x =

∆τ/τarm. Plugging this into the above and recalling that T = 2kτarm where k is
an integer:

φlock−in ≈
∞∑

n,m=1,odd

sin(2πkmx)

2nm

(
1

π(n−mτarm
+ mx

τarm
)

+
1

π(n+m
τarm

− mx
τarm

)

)

= τarm

∞∑

n,m=1,odd

sin(2πkmx)

2πnm

(
1

n−m(1− x)
+

1

n+m(1− x)

)

= τarm

∞∑

n,m=1,odd

sin(2πkmx)

πm

(
1

n2 −m2(1− x)2

)
.



The sum over n,
∑
n 1/(n2 −m2(1 − x)2) can be approximated by the largest

element in the series, i.e. when n = m so that
∑
n 1/(n2−m2(1−x)2) ≈ 1/(2m2x).

We therefore get:

φlock−in ≈ τarm
∞∑

m=1,odd

sin(2πkmx)

2πm3x

= kτarm

∞∑

m=1,odd

1

m2
sinc(2πkmx)

=
T

2

∞∑

m=1,odd

1

m2
sinc(2πkmx).

We get a sum of weighted sinc functions, the first sinc being the dominant one.
The deviation from the dominant sinc can be seen in the following plot (red=main
sinc, black=sum of sincs truncated to the first five terms):

x ≡ ∆τ
τarm

δφlock−in

−0.05 0 0.05

Here we took k = 50 as in our experiment.
The theoretical line shown in the letter is without any fit parameters. The

light shift was calculated using c · Ω2/4∆ where ∆ is the laser detuning and Ω
is the Rabi frequency, measured by taking a Rabi flopping curve. The factor c
is a correction factor, taking into account the AM modulation of the laser, i.e.
considering the first and second AM sidebands induced light shifts as well as the

carrier; c = 2( 1
4 +

∑3
n=−3,odd

1/n2π2

1+2πfmn/∆
), where fm = 1/2τarm = 500 Hz is the

AM modulation frequency.

3. Calculation of Phase Measurement Sensitivity Formula

Our lock-in reported sensitivity is calculated using formula (3) in the letter. Here
we supply a full derivation of it. Notice that our reported sensitivity is conservative.
This will be clear from what follows as we do not assume that φlock−in is small.

Noise Model. We are measuring the probability of finding the quantum probe in
the |↑〉 state, P↑, vs. φrf at K equidistant phase points θk = 2πk/K, k = 0, . . . ,K−
1. We assume P↑(θk) ≡ pk = 1

2 (1 + A cos(θk + φlock−in)). Our goal is to estimate
A and φlock−in (denoted from here on by φ for brevity). We assume quantum
projection noise as our noise model. For each θk, we measure the xk,l, l = 1, . . . , L



where xk,l is a random variable, binomially distributed, with ”success” probability
P↑(θk) . We estimate P↑(θk) by p̄k ≡ 1

L

∑
l xk,l. At the limit of large L, p̄k → pk.

φrf

P (↑)

θ0 θ1 θ2 . . . 2π
0

1
2

1
φlock-in

A

Maximum Likelyhood Estimators. The experiment measurement outcomes
are {p̄k}K−1

k=0 . The probability of measuring this series, assuming A, φ given is:

P ≡
K−1∏

k=0

(
L

p̄k · L

)
pp̄k·Lk · (1− pk)(1−p̄k)·L.

It is easier to work with the ln of this expression:

lnP =
∑

k

(
L

p̄k · L

)
+ L ·

∑

k

(p̄k ln pk + (1− p̄k) ln(1− pk)) .

Maximum likelyhood requires that ∂ lnP
∂A = ∂ lnP

∂φ = 0. First we express ∂ lnP
∂pk

:

∂ lnP

∂pk
= L ·

(
p̄k
pk
− 1− p̄k

1− pk

)
=

p̄k − pk
pk(1− pk)

.

By the chain rule, ∂
∂A =

∑
k
∂pk
∂A

∂
∂pk

=
∑
k cos(θk+φ) ∂

∂pk
and ∂

∂φ =
∑
k
∂pk
∂φ

∂
∂pk

=

−∑k A sin(θk + φ) ∂
∂pk

. We get the following two equations:

0 =
∑

k

cos(θk + φ)
p̄k − pk
pk(1− pk)

(S3.1)

0 =
∑

k

sin(θk + φ)
p̄k − pk
pk(1− pk)

.(S3.2)

The denomenator is of the form pk(1 − pk) = 1/2(1 + A cos(θk + φ))1/2(1 −
A cos(θk + φ)) = 1/4(1−A2 cos2(θk + φ)). Using the 1/(1− x) = 1 + x+ x2 + . . .
power series, the above equations are rewritten as:

0 = 4
∑

k

cos(θk + φ)(p̄k − pk)

∞∑

n=0

(A)2n cos2n(θk + φ)(S3.3)

0 = 4
∑

k

sin(θk + φ)(p̄k − pk)
∞∑

n=0

(A)2n cos2n(θk + φ)(S3.4)

It is convenient to think of series ofK numbers {ak}K−1
k=0 as vectors in RK with the

standard inner product. Our strategy from now on will be to use the orthogonality
of vectors of the form {cos(pθk+φ)}K−1

k=0 and {cos(qθk+φ)}K−1
k=0 whenever p−q 6= 0(

mod K). Now use the known formula:

cos2n+1 χ =
1

22n

n∑

l=0

(
2n+ 1

l

)
cos((2(n− l) + 1)χ),



to rewrite (S3.3) as:

0 =

N−1∑

k=0

(p̄k − pk)

∞∑

n=0

(
A

2

)2n n∑

l=0

(
2n+ 1

l

)
cos((2(n− l) + 1)(θk + φ)).

By the above orthogonality, we claim that the r.h.s contains only cos((2(n− l) +
1)(θk + φ)) for which 2(n− l) + 1 = 1(mod K). Since pk = 0.5 +A cos(θk + φ) this
is clear for the sum

∑
k pk cos((2(n − l) + 1)(θk + φ)). However, p̄k is a measured

value and we cannot expect in advance that it will not contain higher Fourier
components. We therefore assume that these higher spectral components give small
contributaions to the sum.

We allow ourselves to ignore the sum elements where 2(n − l) = K, 2K, . . .
assuming they are small due to the A2n factor and the fact that A < 1. Rigorously
this assumption is not fully justified since there are infinitely many such terms.
Under this assumption, we are left with l = n terms alone:

0 =

K−1∑

k=0

(p̄k − pk)

∞∑

n=0

(
A

2

)2n(
2n+ 1

n

)
cos(θk + φ),

or simply:

0 =
K−1∑

k=0

(p̄k − pk) cos(θk + φ).

Since pk = 1/2(1 +A cos(θk + φ)):

K−1∑

k=0

pk cos(θk + φ) =
K−1∑

k=0

1

2
cos(θk + φ) +

K−1∑

k=0

A

2
cos2(θk + φ)

= 0 +
K−1∑

k=0

A

2
(
1

2
+

1

2
cos(2(θk + φ))) =

KA

4
.

Hence we find an estimator for A:

Aest =
4

K

K−1∑

k=0

p̄k cos(θk + φ)

We now rewrite (S3.2):

0 =
∑

k

sin(θk + φ)(p̄k − pk)
∞∑

n=0

A2n cos2n(θk + φ)

=
∑

k

sin(θk + φ)(p̄k − pk)
∞∑

n=0

A2n
n∑

l=0

(
2n+ 1

l

)
cos((2(n− l) + 1)(θk + φ)).

Since sin(α) cos(β) = 1
2 (sin(α+β)+sin(α−β)), the terms involving pk are nulled

as they contain cos(θk + φ) which are orthogonal to the sine terms. We are left
with the p̄k term. By the same reasoning as above we get:



0 =
∑

k

sin(θk + φ)p̄k

=
∑

k

sin(θk) cos(φ)p̄k + cos(θk) sin(φ)p̄k,

resulting in an estimator for the lock-in phase,

φest = arctan

(
−
∑K−1
k=0 p̄k sin(θk)

∑K−1
k=0 p̄k cos(θk)

)

Variance of Estimators. Recall that p̄k = 1
L

∑L
l=1 xk,l where xk,l is binomial

with success probability of pk = 1
2 (1 +A cos(θk + φ)). Therefore, var(p̄k) = pk(1−

pk)/L. Plugging this to the expression for Aest we get:

var(Aest) = var(
4

K

K−1∑

k=0

p̄k cos(θk + φ))

=
16

K2

K−1∑

k=0

pk(1− pk)

L
cos2(θk + φ)

Rewriting pk(1− pk) as 1
4 (1−A2 cos2(θk + φ)) = 1

4 (1− A2

2 − A2

2 cos(2(θk + φ))),

and multiplying by the extra cos2(θk + φ) = 1
2 + 1

2 cos(2(θk + φ)), we get:

var(Aest) =
2(1− 3

4A
2)

K · L

Now we turn to the variance of the phase estimator:

var(φest) = var

(
arctan

(
−
∑K−1
k=0 p̄k sin(θk)

∑K−1
k=0 p̄k cos(θk)

))
=
∑

k

∣∣∣∣
∂φest
∂p̄k

∣∣∣∣
2

var(p̄k).

Notice that when p̄k → pk, −∑k p̄k sin(θk)/
∑
k p̄k cos(θk) → tan(φ). The de-

rivative of arctan(x) is 1/(1+x2). Evaluted at tan(φ) we get cos2(φ). The variance
is therefore:



var(φest) = cos4(φ)
∑

k

∣∣∣∣∣
sin(θk)(

∑K−1
k=0 p̄k cos(θk))− cos(θk)(

∑K−1
k=0 p̄k sin(θk))

(
∑
k p̄k cos(θk))2

∣∣∣∣∣

2

|p̄k=pkvar(p̄k)

= cos4(φ)
∑

k

∣∣∣∣∣
sin(θk) cos(φ) + cos(θk) sin(φ)

KA
4 cos2(φ)

∣∣∣∣∣

2

var(p̄k)

=
16

K2A2

∑

k

sin2(θk + φ)
pk(1− pk)

L

=
16

K2A2

∑

k

(
1

2
− 1

2
cos(2θk + 2φ))

1
4 (1−A2 cos2(θk + φ))

L

=
16

K2A2

∑

k

(
1

2
− 1

2
cos(2θk + 2φ))

1
4 (1− A2

2 − A2

2 cos(2θk + 2φ))

L

=
16

K2A2L

∑

k

1

8
(1− A2

2
+
A2

4
) =

2(1−A2/4)

A2KL

Summary. Phase estimation with K measurement points {p̄k}K−1
k=0 , measured at

θk = 2π
K k, assuming shot noise only and assuming K 6= 2, 4: Summary dfa

Aest =
4

K

K−1∑

k=0

p̄k cos(θk + φ)(S3.5)

φest = arctan

(
−
∑K−1
k=0 p̄k sin(θk)

∑K−1
k=0 p̄k cos(θk)

)
(S3.6)

var(Aest) =
1− 3

4A
2

2K · L(S3.7)

var(φest) =
4−A2

2A2KL
(S3.8)

Standard Quantum Limit of Phase Estimation. To establish the phase we
repeat the lock-in sequence K · L times. Therefore, the total experiment time is
Ttotal = T ·KL where T = τarm(N + 1) is the duration of a single lock-in sequence.
The phase sensitivity s ≡ σ̂(φest)

√
Ttotal is therefore:

s =

√
4−A2

2A2KL
· T ·KL =

√
(4−A2)T

2A2

radians√
Hz

.

To expresse it in terms of frequency (Hz/
√
Hz units) we notice that 2παfestT =

φest so σ̂(fest) = 1
2παT σ̂(φest). Here 0 < α < 1 is a unit-less parameter which

depends on the actual modulation and demodulation used. Concretely, in terms of
equation (2) of the letter,

α =
1

T

∫ T

0

dtg(t) cos

(
1

~

∫ t

0

dt′Ω(t′)

)
,

where g(t) is the unit-less modulation time dependance of the signal S(t), i.e.
g(t) ≡ S(t)/maxt(S(t)). For example:



Modulation g(t) Ω(t) α
Square wave AM π pulse train 1

2

t
τarm

1
t

τarm

π π π

Square wave FM π pulse train 1

t
τarm

1
t

τarm

π π π

Sine constant 1
2

t
τarm

1

t
1

The sensitivity in terms of frequency is therefore,

s =
1

2πα

√
(4−A2)

2A2T

Hz√
Hz

where T is the Lock-In sequence total time. In the letter we used square wave
AM modulation of the measured signal to implement the sequence. In which case
phase accumulation is performed on only half the Lock-In sequence time T , and
α = 1/2. This is not an inherent limit and one could use FM modulation to gain a
factor of 2 improvement for the sensitivity.

Implication on Dynamic Range. The minimal detectible phase as calculated
in S3.8 is:

φmin =

√
4−A2

2A2KL
where A is the contrast of the phase fringe and K ·L is the number of experiments

performed to obtain the fringe.
The maximal detectible phase is φmax = TM0/~ where T is the total duration

of the lock-in sequence and M0 is the magnitude of the field being detected. In
principal, φmax is unbound provided that one allows for phase unwrapping. In this
case, the dynamic range would be unlimited.

If, however, one does not allow for phase unwrapping, φmax = 2π so the dynam-
ical range is:

DR ≡ φmax
φmin

= 2π

√
2A2KL

4−A2

For example, the data shown in Fig. 3a of the manuscript was acquired with
Nm = 500 and A = 0.73 so DR = 78. Referring to Fig. 3c, it is clear that phase
unwrapping can be performed easily and unambiguously. This follows from the fact
that φlock−in is measured vs. a continuous parameter, τarm, and is changing from
zero to nearly π. In such a measurement, DR is indeed unbound in principal.



Small Signal Sensitivity. It is not uncommon that magnetometry sensitivity is
reported for small signals, i.e. the sensitivity attained when φlock−in is a small
deviation from the point of maximal slope in the fringe graph. This means that
P↑ = 1

2 (1 + A sin(φlock−in)) so δP↑ = A
2 δφlock−in. We measure L times at a single

phase point (K = 1) close to P↑ = 1/2. Therefore, var(δφlock−in) = 4
A2 var(δP↑) =

4
A2

1/4
L = 1

A2L . Translated to frequency sensitivity as above we get:

s =
1

2πα

√
1

A2T

Hz√
Hz

For 0 < A < 1 this sensitivity is a factor of 2 to
√

3/2 better than the large
signal sensitivity formula we use in the letter.

4. Allan Deviation Plots

As described in the letter, we performed an Allan deviation analysis to a repeated
lock-in measurement in the absence of signal, in order to quantify our measurement
uncertainty.

Our lock-in sequence consisted of N = 119 π-pulses at a modulation frequency
of fm = 500 Hz (τarm = 1 ms). Each sequence was repeated 1000 times to obtain
a single fringe (10 phase points, 100 repetition per point, 2 min of integration)
from which φlock−in could be obtained and translated to frequency. We acquired
75 consecutive fringes at time stamps tn = n× 4 min, n = 1, .., 75.

The blue curve in the plot below is the overlapping allan deviation σy vs. net in-
tegration time τ (not including dead time). Error bars indicate standard deviation.
A minimum of 8(2) mHz is attained at τ = 3720 s.
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Light Shift Measurement Allan Deviation. It is interesting to investigate the
measurement uncertainty of our light shift measurements. We repeat the same long
experiment as above, this time with the 674nm narrow linewidth laser turned on.
The laser is fixed at a detuning of ∆ = −(2π)17 kHz and a Rabi frequency of
2π(817) Hz, measured separately by a Rabi flopping curve.

The overlapping Allan deviation for light shift measurement is plotted in the
blue curve below. A minimum of 0.12(2) Hz is attained at τ = 1320 s. First we
note that with light shift measurements the modulation is of AM type. Therefore,



the best measurement uncertainty to be expected in this case is a factor of two
larger than the optimal, i.e on the order of 20 mHz.

The additional difference is attributed to slow frequency drifts of the 674 nm
laser. Our 674 nm diode laser is locked to a highly stable ultralow-expansion
(ULE) high finesse optical cavity using the Pound-Drever-Hall technique. The
cavity is mounted inside a vacuum chamber for thermal, acoustic and room pressure
fluctuation isolation. Residual thermal drifts of the cavity result in a 1 kHz/minute
frequency drift which is partially corrected for by an automatic computer system.
This is performed every few minutes, by comparing the laser frequency to the
|↑〉 → |4d5/2, J = 5/2,MJ = 3/2〉 transition resonance.

We therefore remove a linear drift term from the light shift data and repeat the
analysis. The result is plotted in the red curve below. A minimum of 12(7) mHz
is obtained at τ = 4440 s. This result is consistent with the attributed slow drifts.
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Overlapping Allan deviation: light shift



3.3 Nonlinear Single Spin Spectrum Analyzer

Dynamic Decoupling (DD) is concerned with extending the coherence of a
qubit by modulating its evolution in time. The qubit undergoes evolution
under noise and external modulation. The purpose of the latter is to average
out noise, effectively decoupling the system from its influence. It has been
shown [7] that one can extend these ideas to enable actual measurement of
noise. Roughly speaking, if N(f), F (f) are the power spectral densities of
noise and modulation respectively, then the qubit decoherence rate R can be
expressed as:

R ∝
∫ ∞

−∞
dfN(f)F (f).

In other words, the decoherence rate of the system measures the spectral
overlap of noise and modulation. In this context, dynamical decoupling is
understood as the art of choosing a modulation scheme whose spectral overlap
with noise is as close to zero as possible.

The main restriction to this formulation is that it is perturbative. To
state this in quantitative terms, the effect of noise on phase decoherence has
to be � 2π, i.e. for an experiment time T and noise amplitude N one needs
to assume a small noise index η ≡ NT � 2π. This condition is sometimes
referred to as the weak coupling regime.

It turns out that spectral analysis in the strong noise limit can be signifi-
cantly simplified for discrete spectra. In our work we calculated and measured
the effect of noise which does not satisfy the perturbative condition.

The gain in doing spectroscopy in the non-linear regime can be under-
stood in terms of spectral resolution. We show that the spectral resolu-
tion of an experiment of length T supersedes the Fourier limit by the η
factor: 1/(ηT

√
repetitions). Moreover, we show that the optimal signal-to-

(projection)noise ratio is obtained for η ≥ 2π, i.e. in the strong regime.
Another important aspect of non-linearity is frequency mixing. In this

section we show that different noise components can be mixed in the spin
evolution. The advantage of such a scenario is that one is able to measure
the phase relation between noise components, despite the fact that the ex-
periment is naturally not synchronized with either.

In what follows, we develop the analytic non-perturbative theory, develop
an algorithm that overcomes non-linearities and extract the noise spectrum.
Finally we use it to quantify magnetic field noise in our lab and to compare
different spectral schemes.
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Qubits have been used as linear spectrum analyzers of their environments. Here we solve the problem of

nonlinear spectral analysis, required for discrete noise induced by a strongly coupled environment. Our

nonperturbative analytical model shows a nonlinear signal dependence on noise power, resulting in a

spectral resolution beyond the Fourier limit as well as frequency mixing. We develop a noise character-

ization scheme adapted to this nonlinearity. We then apply it using a single trapped ion as a sensitive probe

of strong, non-Gaussian, discrete magnetic field noise. Finally, we experimentally compared the per-

formance of equidistant vs Uhrig modulation schemes for spectral analysis.
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The ability of a quantum system to withstand noise is
characterized by its decoherence rate: the rate at which
superpositions deteriorate. Hahn’s discovery [1] of the
echo technique showed that decoherence can be reduced
by external modulation, e.g., in the case of spins, perform-
ing a single spin flip during the experiment. Since then, the
idea of using external modulation to prolong coherence,
known as dynamic decoupling [2–5], has been well devel-
oped to include many pulses [6,7] and different modulation
schemes [8–12].

These techniques suggested that decoherence can be
used as a measurement tool. They rely on the condition
that a quantum system, modulated at frequency f, is
most influenced by the noise power spectral density at f
[13–15]. Decoherence becomes a measure of the noise at
that frequency component. If the relation between the
decoherence rate and the noise power spectral density is
linear, one obtains a qubit-based spectrum analyzer. This
idea has been suggested in the context of different qubit
technologies [16–19] and has been recently analyzed for
different types of noise spectra [20]. Experimental realiza-
tions of spectral analysis through spin decoherence spec-
troscopy were performed with a variety of technologies
including trapped ions [21,22], cold atomic ensembles
[23,24], nitrogen-vacancy centers in diamonds [25], super-
conducting flux qubits [26], and NMR experiments in
molecules [27].

The operation of such qubit spectrum analyzers fails if
noise is sufficiently strong and non-Gaussian. For an ex-
periment time T and noise amplitude N one needs to
assume a small noise index � � NT � 2�. If � is large,
qubit evolution can be significantly nonlinear in
Hamiltonian terms and the relation between measured
decoherence rate and noise power is no longer linear. A
straightforward remedy is to shorten the evolution time
into the perturbative, linear regime. This, however, limits
the frequency resolution and renders spectral analysis of
strong noise impractical. In many real lab scenarios, noise

is in fact too strong for its frequency components to be
resolved when adhering to the linear regime.
It turns out, as will be shown in this Letter, that nonlinear

spectral analysis can be performed for discrete spectra.
This is reminiscent of the use of simple frequency analysis
tools which enabled Babylonian astronomers to accurately
predict the timings of lunar and solar eclipses [28] and 19th
century scholars to provide tide predictions for various
coasts and harbors [29]. This is despite the fact that non-
linear evolution is present in planet and ocean dynamics
as well.
In this work we solve the problem of nonlinear qubit-

based spectral analysis for discrete noise. We find a non-
perturbative analytic relation between the coherence and
the noise spectrum. As this relation is nonlinear, we
develop a spectral estimation scheme adapted to its non-
linearity. We apply it, using a single-trapped ion, to analyze
the discrete spectrum of magnetic field noise in our lab, a
typical noise scenario where it is a necessity.
There are two immediate advantages of performing

spectral analysis in the nonlinear limit. The first advantage
is that spectral resolution supersedes the standard Fourier
limit and scales as 1=ð�TÞ. For example, in this Letter we
will show spectroscopy of a very strong noise (� ¼ 10)
with a Fourier limited resolution of 1.2 Hz and a nonlinear
spectral resolution of 0.18 Hz. The enhancement originates
from the narrowing of spectral features due to the nonlinear
frequency response function. This is analogous to the
narrowing of the point spread function in nonlinear mi-
croscopy. The second advantage is that if coherence is
estimated by a quantum projective measurement, the opti-
mal amplitude signal-to-(projection)noise ratio is obtained
when � � 2� (see Supplemental Material [30]).
We focus on a two-level quantum probe described by

jc ðtÞi ¼ � j"i þ ei�� j#i and governed by a Hamiltonian
H ¼ @½NðtÞ�̂z þ�ðtÞ�̂x�=2 where NðtÞ is classical
dephasing noise and �ðtÞ is the spectrum analyzer modu-
lation. Our purpose is to use the modulation �ðtÞ to
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quantify the noise NðtÞ. We assume no spin relaxation
processes (see Supplemental Material [30] for discussion).

For a probe initialized to jc 0i ¼ ðj"iþ j#iÞ= ffiffiffi

2
p

the su-
perposition relative phase at time T is [22],

�ðTÞ ¼
Z T

0
dtNðtÞFðtÞ ¼

Z 1

�1
dfN�ðfÞFTðfÞ; (1)

where FðtÞ � cosðRt
0 dt

0�ðt0ÞÞ, NðfÞ, FTðfÞ are the

respective Fourier transforms, the latter calculated on a
truncated experiment window of length T. Equation (1)
is an approximation which becomes exact if �ðtÞ is a train
of � pulses, not necessarily equidistant (see Ref. [22]). In
our experiment we used nearly ideal � pulses so Eq. (1)
can be used without restriction.

Phase coherence is obtained by averaging over noise
realizations, A � hei�i. The linearity of spectral analysis
is based on the assumption that noise is either weak or

Gaussian so that hei�i ¼ e�h�2i=2. In which case, the deco-
herence rate is indeed linearly proportional to the noise
power spectral density. To calculate the phase coherence
without this assumption we assume discreteness: NðtÞ ¼
P

d
k¼1 jNkj cosð2�fktþ �kÞ. For a single noise component,

according to (1), � ¼ jN0FTðf0Þj cosð�Þ so hei�i ¼
ð2�Þ�1

R

2�
0 d�ei� ¼ J0ðjN0FTðf0ÞjÞwhere J0 is the zeroth

Bessel function of the first kind. For an ideal sinusoidal
modulation at f0, A ¼ J0ðN0TÞ. The linear limit is valid
only when J0 can be well approximated to second order in
its argument. Moreover, when the noise index � � jN0jT
crosses z0 � 2:4, the first zero of J0ðxÞ, coherence becomes
negative; i.e., the superposition phase partially refocuses
close to �. Such single Bessel behavior was observed with
ions [22] as well as with nitrogen vacancy (NV) centers
under simulated noise [31] and with a cantilever coupled to
a NV center [32].

In the case of more than one noise component, the
coherence behavior takes a product form over all noise
components. Assuming �k 2 ½0; 2�� are uniformly dis-
tributed mutually independent random variables,

AðTÞ � hei�i ¼ Y

d

k¼1

J0ðjNkFTðfkÞjÞ: (2)

This equation is the main tool of our noise spectral esti-
mation method.

The nonlinear limit also reveals frequency mixing if we
allow for correlations in the �k variables. Whenever an
integer combination of the noise frequencies is nulled
P

khkfk ¼ 0, additional Bessel product terms affect the
coherence (see Supplemental Material [30] for derivation),

AðTÞ ¼ X

h1 ;...;hd
�hkfk¼0
�hkeven

ð�1Þ1=2�hk cosð�hk�kÞ
Y

d

k¼1

JhkðjNkFTðfkÞjÞ;

(3)

where the hk indices are integers and Jhk the corresponding

Bessel functions of first kind. The dominant summand
corresponding to h1 ¼ � � � ¼ hd ¼ 0 coincides with
Eq. (2). By focusing the modulation at a single frequency,
as in our experiment, all the higher Bessel terms can be
neglected, and information on the phase relation between
different spectral components is lost. One will be able to
retrieve it via the cosð�hk�kÞ term by using a multitonal
modulation.
The nonlinear dependance of the coherence A on the

spectral filter function FTðfÞ implies a spectral resolution
which is superior to the Fourier limit. For example, in the
simple case of a single frequency component at f0, the
coherence is AðfÞ ¼ J0f�sinc½�ðf� f0ÞT�g. This expres-
sion can be expanded as a power series in the sinc filter
function. As � increases, the coherence becomes sensitive
to higher powers of the sinc function, resulting in narrower
spectral features. Applying the Carmér-Rao bound [33]
shows that frequency resolution scales as 1=�T as opposed
to the 1=T scaling of Fourier limited spectroscopy (see
Supplemental Material [30]).
Our system is comprised of the Zeeman submanifold of

the electronic ground level of a single 88Srþion, j"i ¼ j5s1=2,
J ¼ 1=2, MJ ¼ 1=2i and j#i ¼ j5s1=2, J ¼ 1=2, MJ ¼
�1=2i. The dominant noise wemeasured was magnetic field
fluctuations BðtÞ due to power line harmonics rendering a
discrete noise spectrum, NðtÞ ¼ g�BBðtÞ=@, where g is the
Landé g factor, �B the Bohr magneton and @ the Planck
constant divided by 2� [see Fig. 1(a)]. In this system, spin
relaxation processes play no role (see Supplemental Material
[30]). Setup details can be found in Refs. [34,35].
To measure phase coherence we performed a Ramsey-

type experiment as shown in Fig. 1(b). A modulation �ðtÞ
of length T is sandwiched between two �=2 pulses, differ-
ing by a relative phase �rf. We then measured the proba-

bility of the ion to be in the j"i state, P", as a function of

�rf. A fit to P" ¼ 1
2 � A

2 cos�rf yields an experimental

estimate of the phase coherence A. Examples of such
fringes are shown in Figs. 1(c) and 1(d). In all cases,
�ðtÞ was a train of � pulses at different times and possibly
different rotation axes.
A first distinctive characteristic of nonlinearity is the

negative values of the coherence (noise index �> z0),
shown in Fig. 1(e). Here we fixed the modulation fre-
quency at fmod ¼ 100 Hz while increasing n, the number
of equidistant pulses. As seen, the fringe contrast with
n ¼ 19 [shown in Fig. 1(d)] is inverted with respect to
n ¼ 1 [shown in Fig. 1(c)]. A fit to Eq. (2) is shown by the
red line, assuming a single spectral component at 100 Hz,
with N0 as a single fit parameter and results in B100 Hz ¼
3:0ð2Þ �G. Physically, negative coherence values result
from rephasing of spins when the standard deviation of
phase accumulation due to noise becomes roughly �. This
is a signature of the topology of spins state space, which
limits the spin trajectory to a sphere.
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A second mark of nonlinearity is that multiple spectral
features can arise from a single noise component, as shown
in Fig. 1(f). The number of pulses is fixed at n ¼ 11 and
the modulation frequency is scanned across f ¼ 100 Hz.
The spectrum shows five coherence minima. Unlike the
linear case, these do not correspond to five different spec-
tral components but rather to a broadened response to a
magnetic field monotone. Again, a fit to Eq. (2) with N0 as
a single fit parameter is shown by the red line and yields
B100 Hz ¼ 15:3ð3Þ �G. This noise amplitude corresponds
to a noise index of � ¼ 10:3ð2Þ, well in the strong noise
regime. The noise amplitudes extracted from the data
shown in Figs. 1(e) and 1(f) are very different as these
data sets were taken at different times.

A third feature of the nonlinear regime is the superior-to-
Fourier frequency resolution. This is well demonstrated in
the data displayed in Fig. 1(f). The Fourier limit suggests
that the 100 Hz decoherence feature should not be nar-
rower than 1=T ¼ 17 Hz. However, the features marked by

the shaded stripes in Fig. 1(f) have a full width at half
maximum (FWHM) of 4 Hz indicating spectral narrowing
due to nonlinearity. For r ¼ 200 experiment repetitions the
Fourier limited resolution is 1=T

ffiffiffi

r
p ¼ 1:2 Hz. With the

nonlinear gain we expect a resolution of 1=�T
ffiffiffi

r
p ¼

0:12 Hz. Indeed, if the noise frequency f0 is allowed to
vary, a best fit to the points of steepest inclination (two
central points of the shaded region in Fig. 1, total of
r ¼ 200 repetitions) yields f0 ¼ 100	 0:18 Hz, in rea-
sonable agreement with the theoretical bound. The ability
to distinguish between two noise components also benefits
from the nonlinear gain in resolution. This is discussed in
the Supplemental Material [30] where we develop an ana-
log to the Rayleigh criteria in optics.
To practically estimate a multitone discrete spectrum we

first identify the frequencies fk of its components. In any
modulation scheme, the peak of the modulation FTðfÞ
increases linearly with the total experiment time T while
improving spectral resolution. To identify the different
noise components we therefore modulated the probe at
different frequencies. For each modulation frequency the
number of pulses was increased until the different noise
components emerged. Examples are shown in Figs. 2(a)
and 2(b). The two data sets were measured four months
apart with a different magnetic environment; the spectral
response at 150 Hz which is clear in Fig. 2(a) almost
vanished in Fig. 2(b) where a new 200 Hz component
appeared.
Once the component frequencies ffkg have been deter-

mined, the multiplicative structure of Eq. (2) is used to
determine their magnitudes Nk. Whenever the coherence
AðTÞ crosses zero, with high probability, only one of the
Bessel functions in the product is nulled. If the modulation

FIG. 1 (color online). (a) 88Srþ ground state manifold com-
prising the Zeeman sensitive quantum probe. (b) Typical experi-
mental sequence with n modulation pulses sandwiched between
two �=2 pulses with a relative �rf phase. (c), (d) Probability of

finding the probe in the j"i state at the end of a sequence vs the rf
relative phase. Red line is a best fit to P" ¼ 1=2� A=2 cosð�rfÞ,
A is the coherence. (e) Nonlinear response of the coherence with
respect to the number of equidistant pulses n. Interpulse distance
was 5 ms. The first and last points correspond to the fringes in
1(c) and 1(d), respectively. Red line is a single parameter best fit
to Eq. (2). Inversion of the fringe contrast in (d) corresponds to
negative coherence. (f) Nonlinear response of the coherence
with respect to modulation frequency, with n ¼ 11 equidistant
pulses. Spectrum corresponds to a single, highly nonperturbative
noise component. Spectral features, narrower than the Fourier
resolution, are highlighted by the shaded regions. These features
are 4 Hz FWHM whereas the Fourier limit is 17 Hz. Red line is a
single parameter best fit to Eq. (2).

FIG. 2 (color online). Spectral peak identification adapted to
the nonlinear regime. Two scans taken several months apart.
Each scan is a color map of coherence vs the number of pulses n
and the modulation frequency. The upper scan shows clear
features at 100 and 150 Hz. The latter nearly vanishes in the
lower scan and a new 200 Hz component appears. The crossing
from positive to negative coherence marked by the dashed line in
(b) can be used to extract the noise magnitude at 100 Hz as
described in the text.
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is centered about fk, increasing the experiment time T until
the first zero crossing occurs implies that the corresponding
Bessel has been nulled and provides an estimate forNk. For
example, from the zero crossing encountered along the
dashed marked column in Fig. 2(b) we obtain a zero cross-
ing estimate of 2:6ð2Þ �G for the noise amplitude at
100 Hz.

The last stage of spectral characterization is fine-tuning
of the estimated noise magnitudes with a full fit procedure,
using the previously estimated field magnitudes as a start-
ing point. Such a fit to Eq. (2) is shown in Fig. 3 with five fit
parameters B50 Hz ¼ 2:0ð1Þ �G, B100 Hz ¼ 15:4ð4Þ �G,
B150 Hz ¼ 4:2ð3Þ �G, B200 Hz ¼ 6:3ð3Þ �G, and a slowly

varying field, ðg�BBslow=hÞfslow ¼ 66ð2Þ Hz2. The non-
perturbative nature of the spectrum is quantified by the
corresponding noise indices: �50 ¼ 2:7ð1Þ, �100¼10:4ð3Þ,
�150 ¼ 1:9ð1Þ, �200 ¼ 2:1ð1Þ.
What modulation is best suited for spectrum estimation?

For the purpose of noise spectroscopy Yuge et al. [20]
suggested an equidistant pulse scheme while Cywiński
et al. [17] suggested the Uhrig [9] scheme. A comparison
of typical modulation spectra of the two is shown in the
insets of Figs. 4(c) and 4(d); in both cases the total experi-
ment time is T ¼ 66:7 ms.
The interpretational simplicity of equidistant modula-

tion is pronounced in the two-dimensional scan shown in
Fig. 4(a). For each fixed experiment duration, T, a phase
scan is shown as a column in Fig. 4(a). The contrast of each
column is obtained from a fit procedure and displayed as a
single data point in Fig. 4(c), correspondingly. The noise
spectral peaks can be easily identified at 150, 200, and
250 Hz. The spectral shape of the Uhrig modulation [inset
of Fig. 4(d)] convolutes nearby frequency components of
the noise, as seen in Figs. 4(b) and 4(d).
Quantitatively, with our noise profile, both modulation

schemes performed equally well [Figs. 4(c) and 4(d)] and
show agreement in the extracted spectrum below 1 standard
deviation as detailed in the Supplemental Material [30].
The theory and technique described in this Letter were

indispensable in measuring our lab noise characteristics. It
enabled us to calibrate our magnetic field compensation
system and reduce noise components to the �G level [22].
We expect this model to be useful for other discrete strong
noise scenarios. One example is spontaneous� oscillations
in brain activity measured using magnetoencephalography
[36]. Another example is the study of decoherence of a
single NV center induced by a finite number of 13C nuclear

FIG. 3 (color online). Fine-tuning of noise magnitudes in the
nonlinear regime. Once noise components have been identified
in frequency and magnitude, a fine-tuning estimate is obtained
by scanning the modulation frequency and fitting to the full
spectrum to Eq. (2) (red line). Here we use an n ¼ 11 equidistant
pulse sequence. Nonlinearity is well pronounced around f ¼
100 Hz where it renders spectral features narrower than the
Fourier limit with almost a tenfold improvement in spectral
resolution, as discussed in the text.

FIG. 4 (color online). Comparison of equidistant vs Uhrig modulation. (a) Each column is a scan of�rf at n ¼ 19 equidistant pulses
and a fixed T. The total experiment time T is varied from column to column and the corresponding contrast and modulation frequency
is shown in (c). (b) Same as (a), for an Uhrig scheme of 20 pulses. (c) Red line is a fit to Eq. (2). (d) Same as (c), for the Uhrig scheme.
The fit indicated by the red line yields field magnitudes consistent with the equidistant modulation fit in (c). Inset in (c) shows the
spectrum of equidistant modulation with 19 pulses and a total duration of 66.7 ms. Inset in (d) is the same as the inset in (c) for Uhrig
modulation with 20 pulses.
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spins in diamond [37] or the discrete mechanical reso-
nances of a cantilever coupled to a NV center [32].

We gratefully acknowledge the support by the Israeli
Science Foundation, the Minerva Foundation, the German-
Israeli Foundation for Scientific Research, the US-Israel
Binational Science Foundation, the Crown Photonics
Center, David Dickstein, France, and Martin Kushner
Schnur, Mexico.

*shlomi.kotler@weizmann.ac.il; www.weizmann.ac.il/
complex/ozeri

[1] E. L. Hahn, Phys. Rev. 80, 580 (1950).
[2] L. Viola and S. Lloyd, Phys. Rev. A 58, 2733 (1998).
[3] M. Ban, J. Mod. Opt. 45, 2315 (1998).
[4] L. Viola, E. Knill, and S. Lloyd, Phys. Rev. Lett. 82, 2417

(1999).
[5] D. Vitali and P. Tombesi, Phys. Rev. A 59, 4178 (1999).
[6] H. Y. Carr and E.M. Purcell, Phys. Rev. 94, 630 (1954).
[7] S. Meiboom and D. Gill, Rev. Sci. Instrum. 29, 688 (1958).
[8] K. Khodjasteh and D.A. Lidar, Phys. Rev. Lett. 95,

180501 (2005).
[9] G. S. Uhrig, Phys. Rev. Lett. 98, 100504 (2007).
[10] G. Gordon, G. Kurizki, and D.A. Lidar, Phys. Rev. Lett.

101, 010403 (2008).
[11] H. Uys, M. J. Biercuk, and J. J. Bollinger, Phys. Rev. Lett.

103, 040501 (2009).
[12] J. Clausen, G. Bensky, and G. Kurizki, Phys. Rev. Lett.

104, 040401 (2010).
[13] A. G. Kofman and G. Kurizki, Phys. Rev. Lett. 87, 270405

(2001).
[14] A. G. Kofman and G. Kurizki, Phys. Rev. Lett. 93, 130406

(2004).
[15] G. Gordon, N. Erez, and G. Kurizki, J. Phys. B 40, S75

(2007).
[16] S. Lasic, J. Stepisnik, and A. Mohoric, J. Magn. Reson.

182, 208 (2006).
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1. Derivation of the Fringe Contrast Formula

The system Hamiltonian we analyze is H = ~(N(t)σ̂z + Ω(t)σ̂x)/2 where N(t)
is classical dephasing noise and Ω(t) is the controlled modulation. In the case of a
fluctuating magnetic field for example, N(t) = gµB

~ B(t). Our purpose is to use the
modulation Ω(t) to quantify the noise N(t).

The quantum lock-in formula [1] states that for a probe initialized to | ψ0〉 = (|↑
〉+ eiα |↓〉)/

√
2 at time t0 will accumulate an additional phase φ at time t1 which is

(1.1) φ(t0, t1) =

∫ t1

t0

dtN(t)F (t) =

∫ ∞

−∞
dfN(f)F[t0,t1](f).

Here, F (t) ≡ cos(
∫ t1
t0
dt′Ω(t′ − t0)) in the [t0, t1] interval and zero otherwise. We

denote its Fourier transform by F[t0,t1](f) =
∫ t1
t0
dte−2πiftF (t). The complex con-

jugate of N(f) is denoted by N(f).
Equation (1.1) is exact if Ω(t) is a train of π pulses. For a general Ω it is a good

approximation, provided that the rate of change of Ω exceeds that of φ (see [1]).
Since in our work, we used only π pulses, Eq. (1.1) can be used without restriction.
We use both equidistant pulses and Uhrig pulses. For the equidistant case, the π
pulses are given at times tl = lT/(n+ 1), l = 1, . . . , n and F[0,T ](f) can be written
explicitly as,

F[0,T ](fk) =
4e2πifkT/2

2πfk
sin2

(
2πfkT

2(n+ 1)

)
sin( 2πfkT

2 )

sin( 2πfkT
n+1 )

.

Assuming a discrete noise with d components we write its Fourier transform over

a very long interval, i.e. the total averaging period: N(f) = 1
2

∑d
k=1Nkδ(f − fk).

Substituting into (1.1) we get,

φ(t0, t1) =
1

2

(
d∑

k=1

NkF[t0,t1](fk) + c.c.

)
=

d∑

k=1

∣∣NkF[t0,t1](fk)
∣∣ cos(αt0,t1,k),

where αt0,t1,k is the relative phase between F[t0,t1] and Nk. Since F[t0,t1](f) =

F[0,T ](f)e2πift0 we sometimes write,
1
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φ(t0, t1) =

d∑

k=1

|NkFT (fk)| cos(αt0,t1,k),

in which case αt0,t1,k includes the 2πft0 term. By FT we mean F[0,T ]. We write
αk instead of αt0,t1,k where it is understood from context.

1.1. Experiment Sequence. All of our experiments follow the same schematic
form. The probe is initialized to 1√

2
(|↑〉+ |↓〉) using a π/2 pulse (σ̂y rotation). This

rotation is followed by a train of π pulses at different times and possibly different
rotation axes. Finally a second π/2 pulse rotation is performed, about an axis with
an angle φrf with respect to the first π/2 pulse.

Ω(t) π
2

t0 = 0

π

t1

π

t2

π

t3

π

t4

π

t5

π

tn

π
2 , φrf

tn+1 = T

Finally we measure the probability of the ion to be in the |↑〉 state, P↑, vs. φrf .
If the experiment started at time t0, P↑(φrf ) = 1/2 + 1/2 cos(φrf + φ(t0, t0 + T )).
Averaging over rep quantum projection measurements results in 〈P↑〉(φrf ) = 1/2+
1/2〈cosφ〉 cos(φrf ), since we assume symmetric noise 〈sinφ〉 = 0. The result of
such an experiment is summarized by a contrast fringe plot:

φrf

〈P↑〉

θ0 θ1 θ2 . . . θK = 2π
0

1
2

1

A = 〈cosφ〉

Each point in the plot is the average of repetitive quantum projection mea-
surements of duration T . In our experiments, typically a 100 repetitions. A fit
procedure yields the fringe contrast which equals the coherence A = 〈cosφ〉.

Averaging Over Quantum Projections. As the experimental sequences are not
synchronized with the noise, the phases αk are uniformly distributed over [0, 2π].
We start by making a strong assumption: we assume that averaging over repeated
quantum projection measurements is equivalent to treating the αk phases as inde-
pendent random variables so,

〈cos(φ)〉 =

∫
· · ·
∫

(
d∏

k=1

dαk) cos

(
d∑

k=1

|NkFT (fk)| cos(αk)

)
.

From the trigonometric identity for cos(
∑
βk) we know that, cos(

∑d
k=1 βk) =∏d

k=1 cosβk+ additional product terms, each one proportional to at least one sinβk
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function. Since in general,
∫ 2π

0

dα sin(c cos(φ+ α)) = 0

∫ 2π

0

dα cos(c cos(φ+ α)) = J0(c) ,

where J0 is the zeroth Bessel function of the first kind, we are left with,

(1.2) A ≡ 〈cos(φ)〉 =
∏

k

J0 (|NkFT (fk)|) ,

which is a closed formula for the coherence, A. This formula coincides with the
perturbative treatment for R ≡ − lnA given in [2] when one Taylor expands the
Bessel functions to second order.

1.2. Averaging Over General dα. The assumption that the αk are independent
is not necessary. In general when averaging over rep experiments of duration T ,
the coherence equals,

〈cos(φ)〉 =
1

rep

rep−1∑

n=0

cos

(
d∑

k=1

|NkFT (fk)| cos(αk,n)

)
,

where αk,n are the relative phases in the n-th experiment. If the time between
experiments is Texp(> T ) then αk,n = αk,0 + n(2πfkTexp). Therefore,

〈cos(φ)〉 =
1

rep

rep−1∑

n=0

cos

(∑

k

|NkFk| cos(αk,0 + 2πfkTexpn)

)
≡

1

rep

rep−1∑

n=0

cos

(∑

k

Ak cos(φk,n)

)
.

First we deal with the summands. From the Jacobi-Anger expansion exp(iA cosφ) =∑∞
h=−∞ ihJh(A)eihφ,

exp(i
d∑

k=1

Ak cosφk) =
d∏

k=1

∞∑

hk=−∞
ihkJhk

(Ak)eihkφk .

With some algebra we deduce that,

cos

(∑

k

Ak cosφk,n

)
=

1

2

∑

h1,...,hd

i
∑

k hk(1 + (−1)
∑

k hk)
∏

k

Jhk
(Ak)ei

∑
k hkφk,n .

All terms with
∑
k hk odd are zero so further simplification gives,

cos

(∑

k

Ak cosφk,n

)
=

∑

h1,...,hd∑
k hk even

(−1)
1
2

∑
k hk

∏

k

Jhk
(Ak)ei

∑
k hkφk,n .

Now returning to the summation over n,

〈cos(φ)〉 =
∑

h1,...,hd∑
k hk even

(−1)
1
2

∑
k hk

∏

k

Jhk
(Ak)

1

rep

rep−1∑

n=0

ei
∑

k hkφk,n

︸ ︷︷ ︸
g(h1,...,hn)

,
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As g(h1, . . . , hd) is the average of phase factors, it diminishes for most (h1, . . . , hd)
values. To see this, we recall that φk,n = αk,0 + 2πfkTexpn and sum over n,

g(h1, . . . , hd) = (−1)
∑

k hkfkTexp(rep−1)ei
∑

k hkαk,0
sinc(πrep

∑
k hkfkTexp)

sinc(π
∑
k hkfkTexp)

.

The last term, the fraction of sinc functions, is 1 whenever
∑
k hk · fkTexp is an

integer and drops quickly to zero otherwise. Moreover, as the experiment times
Texp for which

∑
k hkfk 6= 0 and

∑
k hkfkTexp is an integer are of measure zero we

may replace g by,

g(h1, . . . , hd) ≈ ei
∑

k hkαk,0

{
1 if

∑
k hkfk = 0,

0 otherwise.

We arrive at the final simplified expression for the coherence,

〈cos(φ)〉 =
∑

h1,...,hd∑
k hk even∑
k hkfk=0

(−1)
1
2

∑
k hk cos(

∑

k

hkαk,0)
∏

k

Jhk
(Ak).

If the components of f = (f1, f2, . . . , fd) are linearly independent over the inte-
gers then the only contribution to the sum comes from h1 = . . . = hd = 0 and we
reconstruct our simplified formula (1.2),

〈cos(φ)〉 =
∏

k

J0(Ak) =
∏

k

J0(|NkFT (fk)|),

otherwise the coherence takes the full form,

(1.3) 〈cos(φ)〉 =
∑

h1,...,hd∑
k hk even∑
k hkfk=0

(−1)
1
2

∑
k hk cos(

∑

k

hkαk,0)
∏

k

Jhk
(|NkFT (fk)|).

1.3. Error Bounds. We would like to obtain a bound on the difference between
Eq. (1.2) and Eq. 1.3. We use the Taylor expansion of the Bessel functions,

Jn(x) =
∞∑

m=0

(−1)m

m!(m+ n)!

(x
2

)2m+n

In(x) =
∞∑

m=0

1

m!(m+ n)!

(x
2

)2m+n

,

so, |Jn(x)| ≤
∣∣x

2

∣∣|n| 1
|n|!I0(x) −−−−→

n→∞
0. The error resulting from using (1.2)

instead of the full version (1.3) is

error ≤
∑

(h1,...,hd)6=(0,...,0)∑
k hk even∑
k hkfk=0

1

h1!h2! . . . hd!

∏

k

(|NkFT (fk)| /2)|hk|I0(|NkFT (fk)|).

The summands decay rapidly when the components of h increase in magnitude.
In addition, when the modulation FT is concentrated about a single noise compo-

nent, one of the terms in
∏
k |NkFT (fk)|hk will decay exponentially as |hk| increases.

This can be clearly seen in our data:
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This is an example of an equidistant n = 11 pulse scheme. The red solid curve
is a best fit to the simple product form of equation (1.2) while the dotted curve
is a best fit to the full form of equation (1.3). The two theories deviate where
measurement noise is more pronounced and cannot be distinguished. Moreover,
a comparison between the magnetic field values obtained from the different fits,
shows good agreement:

fnoise(Hz) Equation (1.2) tune (µG) Equation (1.3) tune (µG)
50 1.9(2) 1.9(2)
100 15.5(4) 14.7(4)
150 4.2(3) 4.1(3)
200 6.3(3) 6.3(3)
slow 68(2) 66(3)

We therefore used the simple form of (1.2) throughout our paper.
One can, however, devise a modulation scheme which is bi-model, i.e. centered

at two different frequency peeks. In which case, the two theories should deviate
significantly and the phase correlation between the spectral components should be
pronounced through the cos(

∑
k hkαk,0) term in equation (1.3).

1.4. Example: Two Components. Lets assume f = (f1, f2) are two noise com-
ponent frequencies with integer linear dependance, i.e. f2/f1 = p/q < 1 for q, p ∈ N
two co-prime natural numbers. The general solution to the equation h1f1+h2f2 = 0
is n(p,−q) for n integer. The general formula (1.3) in this case is,

〈cos(φ)〉 =
∑

n integer
n(p−q)even

(−1)
1
2n(p−q) cos(n(pα1 − qα2))Jnp(η1)J−nq(η2),

where ηi ≡ |NiFT (fi)| , i = 1, 2 are the noise indices. Now, lets assume that
η1, η2 may be varied independently. The following plots compare a straightforward
numerical integration computing the coherence A vs. our analytic formula.

The plots correspond to different frequency ratios as indicated. The upper plot
of each pair is the numerical integration while the lower is our analytic formula. In
all cases, the agreement is clearly pronounced.

The deviation of (1.3) from the theory in (1.2) is clear as the latter would render
plots which are symmetric about the η1 = η2 line. One can see, however, deviation
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from a symmetric plot requires both η-s to be large. If we recall that the magnitudes
of the η-s is controlled by the same modulation one would therefore require a bi-
model modulation, i.e. a modulation centered at the two desired frequencies.

0 5 10
0

2

4

6

8

10

η2

η
1

-0.4

-0.2

0

0.2

0.4

0.6

0.8

0 5 10
0

2

4

6

8

10

η2

η
1

f2/f1 = 5/2

-0.4

-0.2

0

0.2

0.4

0.6

0.8

0 5 10
0

2

4

6

8

10

η2

η
1

-0.4

-0.2

0

0.2

0.4

0.6

0.8

0 5 10
0

2

4

6

8

10

η2

η
1

f2/f1 = 3/2

-0.4

-0.2

0

0.2

0.4

0.6

0.8

0 5 10
0

2

4

6

8

10

η2

η
1

-0.4

-0.2

0

0.2

0.4

0.6

0.8

0 5 10
0

2

4

6

8

10

η2

η
1

f2/f1 = 3/1

-0.2

0

0.2

0.4

0.6

0.8

0 5 10
0

2

4

6

8

10

η2

η
1

-0.4

-0.2

0

0.2

0.4

0.6

0.8

0 5 10
0

2

4

6

8

10

η2

η
1

f2/f1 = 2/1

-0.4

-0.2

0

0.2

0.4

0.6

0.8



MATHEMATICAL SUPPLEMENTARY 7

1.5. Spin Relaxation. In the letter, we assumed no spin relaxation processes.
Let’s assume a spin relaxation time of T1. In which case one can analytically re-
derive the main formula of the letter (1.2). The coherence A will decrease by a

factor of e−
T

2T1 where T is the total experiment time, i.e.

A(T ) ≡ 〈eiφ〉 = e−
T

2T1

d∏

k=1

J0 (|NkFT (fk)|) .

This would limit our method in two major ways. First, it would greatly reduce
the signal to noise ratio for slow noise components (f ≤ 1/T1) rendering their

spectroscopy impractical. Second, the frequency resolution would scale as e
T

2T1 /T 2,
so one will not benefit by going to experiment times much longer than T1. The
method remains useful for noise signals with frequencies larger than 1/T1.

In our experiment, relaxation processes played no role. There are two possible
candidates - spontaneous emission and control errors. The spin energy separation
was smaller than a few MHz, so radiative lifetime was infinite for all practical
purposes. Spin modulation control errors, i.e. non-ideal π pulses, were highly
suppressed by using an X − Y modulation scheme. For an effective T1 to be
significantly non-zero, one would need to use hundreds of pulses, whereas we used
tens of pulses.
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2. Strong Coupling Amplitude and Frequency Resolution

2.1. Projection Noise Treatment with Cramer-Rao bound. Generally, if θ
is a parameter we want to estimate, x is the result of an experiment, f(x; θ) is the
probability of measuring x provided θ, and θest is an unbiased estimator then the
classical Cramer-Rao bound states,

var(θest) ≥
1

〈(∂ ln f
∂θ )2〉

.

If x is the average of n quantum projective measurement, with probability p for
1 and probability 1− p for 0 then a bit of algebra shows that,

σ(θest) ≥
√
p(θ)(1− p(θ))

n(∂p∂θ )2
.

In our case the population p = (1− A cosφrf )/2 where A is the coherence. For
the purpose of this discussion we assume that φrf = 0 so p = (1− A)/2. In terms
of the coherence,

σ(θest) ≥
√

1−A2(θ)

n(∂A∂θ )2
.

2.2. Amplitude Resolution. Suppose we have a single B-field noise component
at f0 (in (2π)Hz units) that is measured in a lock-in experiment of time T and
modulation FT (f) then A = J0(BFT (f0)). If the modulation is focused at f0 we
get A = J0(BT ) so,

σ(Best) ≥
√

1−A2(B)

n( ∂A∂B )2
=

√
1− J2

0 (BT )

nT 2J2
1 (BT )

.

The signal-to-noise ratio (SNR) is,

SNR ≡ B

σ(Best)
≤ √n BTJ1(BT )√

1− J2
0 (BT )

.

Given a fixed total time of integration Ttot = nT we get,

SNR ≤
√
BTtot

√
BTJ1(BT )√
1− J2

0 (BT )
.

What is better: short T large n or long T small n? Define x ≡ BT so

SNR ≤
√
BTtot max

x

( √
xJ1(x)√

1− J2
0 (x)

)
≈ 0.84

√
BTtot,

and the maximum is attained at x ≈ 2, i.e. B ≈ 2/T , i.e. in the strong limit.

2.3. Frequency Resolution. Now, instead of finding the noise magnitude B, we
are interested in its frequency center f0. In this case, A = J0 (BT |sinc(π(f − f0)T )|)
and we are considering an unbiased estimator f0,est. Recall the Cramer-Rao bound
in this case,

σ(f0,est) ≥
√√√√

1−A2

n
(
∂A
∂f0

)2 .
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Now take the derivative,

∂A

∂f0
= BTJ1(BT sinc(π(f − f0)T ))sinc′((π(f − f0)T ))πT.

Substituting in the Cramer-Rao bound,

σ(f0,est) ≥
1

BT
√
n

√
1− J2

0 (BT sinc(π(f − f0)T ))

J1(BT sinc(π(f − f0)T ))sinc′((π(f − f0)T ))πT
=

=
1

η
√
nπT

√
1− J2

0 (ηsinc(x))

J1(ηsinc(x))sinc′(x)
=

1

η
√
n

1

πT

1

G(η, x)
,

where x = π(f − f0)T and η = BT . Naturally, for our unbiased estimator, we
will choose x to give an optimal value for the r.h.s. We explore G numerically:

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

xopt

G(η, xopt)

η
We see that for a large range of η, the optimal value does not really change and

2 ≤ xopt ≤ 3. We finally arrive at,

σ(f0,est) ≥
1

T
√
n︸ ︷︷ ︸

Fourier

· 1

0.26π(BT )︸ ︷︷ ︸
non-lin. gain

.

This is a very nice conclusion - by increasing the experiment time we gain reso-
lution twice - due to the regular Fourier 1/(T

√
n) resolution and due to the non-

linearity imposed by the Bessel 1/(BT ).

2.4. Separation Criteria. What would be an analog of the Rayleigh optics cri-
teria for spectral peak separation? Consider two frequency components at f1, f2

with a magnitude of N1, N2:
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The coherence at a modulation frequency f is

A(f) = J0(N1T sinc(π(f − f1)T ))J0(N2T sinc(π(f − f2)T )).

Since the Bessel functions have a sinc in their arguments, one might think a
straightforward Rayleigh analog applies here. Such a criteria, however, does not
suffice, as it does not take power broadening into account. This is demonstrated by
the dashed red line in the figure above. The tail of the frequency component at f1

has a residual influence on the coherence at f2, slightly decreasing it. That would,
in turn, damage our ability to center the peak at f2.

To find the scaling at which power broadening enters, we re-visit the Cramer-Rao
bound for strong noise (see derivation below),

(2.1) σ(f2,est) &
1

T
√
n︸ ︷︷ ︸

Fourier

· 1

0.26π(N2T )︸ ︷︷ ︸
non-lin. gain

· 1

J0(N1T sinc(π∆fT ))

Notice that most importantly, the non-linear gain still plays a role in the separa-
tion criteria - with the assumption N2T > 1. The role of the Bessel function in the
denomenator could be devastating. By tweaking the experiment time T , however,
one can nullify the sinc function and get J0(N1T sinc(π∆fT )) = J0(0) = 1. In
which case the original bound is restored.

If we do not want to teak the experiment time T , we to estimate the magnitude
of the last part - 1/J0(N1T sinc(π∆fT )).

We are not interested in the oscillatory nature of the sinc function nor the Bessel
function. We may therefore use estimates for their magnitudes: |sinc(x)| ∼ 1/x,

|J0(x)| ∼
√

2/πx for x > 1 and J0(x) ∼ 1− x2/4 for x < 1.
There are two limiting cases. If N1 is comparable or smaller than π∆f then,

σ(f2,est) ≈
1

T
√
n
· 1

0.26π(N2T )
·
(
1 +

1

4

(
N1

π∆f

)2

︸ ︷︷ ︸
relative increase

in freq. uncertainty

)
.

If N1 > π∆f then,

σ(f2,est) ≈
1

T
√
n
· 1

0.26π(N2T )
·

√
2N1

π2∆f
︸ ︷︷ ︸
increase in

freq. uncertainty

.
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Therefore the effect of power broadening is a function of N1/∆f . An analog of
the Rayleigh criteria would therefore be:

σ(∆fest) ∼
√

2

T
√
n
· 1

0.26π(NT )
·





1 if ∆fT = integer
(
1 + 1

4

(
N
π∆f

)2 )
if N ≤ π∆f√

2N
π2∆f if N > π∆f

Rayleigh analog for strong noise

where ∆f is the frequency separation, T the experiment time and N (= N1 = N2

for simplicity) the noise amplitude.
To derive (2.1), we use the Fisher information matrix I for two parameter esti-

mate: f1, f2. If pm is a vector of measurements m = 1 . . .M and f(~m; f1, f2) the

probability of measuring pm given f1, f2 then Iij = 〈∂ ln f
∂fi

∂ ln f
∂fj
〉 and the Cramer-

Rao bound states that Cov(f1,est, f2,est) ≥ I−1. In particular:

var(f2,est) ≥
〈(∂ ln f

∂f1
)2〉

〈(∂ ln f
∂f1

)2〉〈(∂ ln f
∂f2

)2〉 − 〈∂ ln f
∂f1

∂ ln f
∂f2
〉2

For simplicity, assume two measurement points, m = 1, 2, and recall that p1,2 =
1/2 +A1,2/2 for the coherence A. The distribution function f assuming projection
noise is

f(k1, k2; f1, f2) =

(
n

k1

)
pk11 (1− p1)n−k1

(
n

k2

)
pk22 (1− p2)n−k2

for k1,2 successes out of n repetitions. A bit of algebra shows that,

var(f2,est) ≥
p2(1− p2)

n

1

(∂p2∂f2
)2

1

(1− θ)2
+
p1(1− p1)

n

1

(∂p2∂f1
)2

1

(1− θ−1)2

for θ = ∂p2
∂f1

∂p1
∂f2

/∂p2∂f2

∂p2
∂f1

. We assume that p1 = 1/2 + A(f)/2 is taken with f

close to f1 so that ∂p1/∂f2 � ∂p1/∂f1. We assume the symmetric assumption
for p2. For this to hold we ignore the oscillatory nature of A, focusing just on the
magnitude. With these assumptions, θ ∼ 0 and we approximate:

var(f2,est) &
p2(1− p2)

n

1

(∂p2∂f2
)2

Now recall that p2 = 1/2+A/2 forA = J0(N1T sinc(π(f−f1)T ))J0(N2T sinc(π(f−
f2)T )) for f close to f2. Denote ε ≡ J0(N1T sinc(π(f2 − f1)T )) we get that,

σ(f2,est) &=
1

η
√
nπT

√
1− ε2J2

0 (ηsinc(x))

εJ1(ηsinc(x))sinc′(x)
=

1

η
√
n

1

πTε

1

Gε(η, x)
,

where x = π(f − f2)T and η = N2T . In 2.3 we already explored Gε=1(η, x) and
found its optimum xopt. Now for general ε, we draw G at the optimal point xopt
maximizing G, for various η and ε:
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0 1 2 3 4 5 6 7 8 9 10
0
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xoptε = 1
ε = 0

Gε(η, xopt)ε = 1
ε = 0

η

We see that the deviation of Gε(η, xopt) from G at ε = 1 is negligible for η > 1
and that G ∼ 0.26. The assumption of η > 1 is natural, otherwise the spectral
resolution which scales as 1/ηT , would be below the Fourier limit. We therefore
derived (2.1).

3. Urig vs. equidistant comparison

In the final part of our paper, we compared Uhrig vs. equidistant modulation
for noise spectroscopy. We claimed that with our noise profile, both modulation
schemes show agreement in the extracted spectrum below one standard deviation.
This is evident from the table below:

fnoise(Hz) equidist. tune(µG) Uhrig tune(µG) η
100 - 2.7(2) 1.3(1)
150 9.0(3) 8.7(2) 6.7(2)
200 2.8(2) 2.8(5) 1.6(1)
250 3.0(3) 3.3(6) 1.3(1)

The Uhrig scheme reveals information on an additional frequency component,
B100Hz, due to the shift of its spectral peak to lower frequency noise as compared
with the equidistant case.
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3.4 Atom-Photon Interactions with a View

Towards Measurement

The measurement postulate in quantum mechanics has been the subject of
much debate. Following a measurement, a quantum superposition is postu-
lated to collapse on a basis that is determined by the measurement apparatus.
One of the fundamental questions posed by wavefunction collapse pertains
to the origin of the measurement basis. What is it in the physical world that
“chooses” the specific basis onto which the system collapses?

According to the theory of decoherence, initially introduced by Zurek,
the key lies outside the measured system. A quantum system is immersed in
and interacts with an environment that contains a large number of degrees of
freedom. Information about the system state is imprinted on its surroundings
in the form of system-environment correlations. The set of states forming the
measurement basis is exactly those states which become classically correlated
with the environment whereas superpositions of the basis elements become
entangled with it. Ignoring the system-environment correlations and moni-
toring the system alone renders decoherence. Therefore, the three important
processes of decoherence, measurement and entanglement can be inferred
from the system-environment coupling.

Spontaneous photon scattering is not, in general, a measurement process.
Indeed, if the atom scatters photons in all directions, none of its pure states
is left invariant. Any measurement basis must satisfy invariance under the
interaction due to predictability: the postulate of quantum mechanics stating
that repeatable measurements lead to the same result. This can be easily
seen in the Fig. 3.1.

Here we see that if one starts with all possible states of the Bloch sphere
((a)) then after scattering enough photons, all states end at the origin ((b)),
i.e. a totally mixed state.

In our work, however, we showed that if one restricts the experimental
results to photon scattering at a given (arbitrary) direction, then the process
of photon scattering by an atomic superposition satisfies all the requirements
from a quantum measurement process.

This work is related to another work done in our group. We showed
that the information stored in the scattered photon polarization is enough to
reverse the process of photon scattering as detailed in [2]. We proved both
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(a) (b)

Figure 3.1: Bloch sphere representation of spontaneous scattering. (a) Pure
states of the Bloch sphere prior to scattering. (b) Density matrix states after
scattering.

in theory and experiment that if one measures the photon polarization in a
linear basis, say | Ĥ〉 and | V̂ 〉 then a detection of | H〉 results in a rotation
of the spin about Ĥ by π and respectively for V̂ . As both these operations
are unitary they can be reversed.

This work was published ( [6]). It is a mutual work of the author and
Dr. Yinnon Glickman. Both authors share the same responsibility and con-
tributed equally for acquiring data, developing the theory, writing the paper
and ideas.
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numerically in fig. S1B. Note that at a tricritical
point mc, tcmcðL → ∞Þ is finite; for example,
tcmcð∞Þ ≈ 0:72 in two dimensions, which is nei-
ther tc nor unity, and the fluctuation is large and
independent of N.

On the basis of the above results, we come to
the conclusion that for d < dc = 6, the percolation
threshold in the limit N → ∞ is tc for m < mc,
finite tcm atm =mc, and 1 for m > mc [(29), equa-
tions 8 to 10]. For d ≥ dc, mc → ∞, and for finite
m, tcm → tc (29). We conclude that when m is
finite, the PT is continuous in the limit N → ∞.
In statistical physics, it is known that mean-field
results above the upper critical dimension are
equivalent to the solution on sparse randomgraphs.
From this perspective, our result for d > dc is
comparable to previous results for the EP model
(10) on random graphs.

For the SCA model in the regime m > mc at
t−cmðLÞ, we find that there are only a few clusters
and that they are compact (Fig. 3A). Thus, the
cluster size distribution at t−cmðLÞ decays rapidly
in the region of small cluster size and exhibits a
peak in the region of large cluster size (Fig. 3B).
The interface between clusters forms naturally
along the bridge bonds and is self-affine. Because
of the presence of already macroscopically grown
but not yet spanning clusters, the order parameter
is increased drastically when occupying a bridge
bond. Finally, we note that for d ≥ dc, a discon-
tinuous PT can take place if m varies with the
system size N. We obtain a characteristic value
mc ~ ln N such that when m increases with N
slower than mc, the PT is continuous, and when

m increases with N faster than mc, the PT is
discontinuous. They occur at tc and 1, respec-
tively [see (29)].

For the product rule (4), the nature of the PT is
similar to the mean-field behavior of the SCA
model in low dimensions such as d = 2. Under
the best-of-m strategy, when m varies with the
system size as m > mc ~ ln N, clusters are also
compact and the number of clusters is limited to a
finite value, and thus a discontinuous PTcan take
place. However, for a fixed m and in the thermo-
dynamic limit, the PT is continuous [see (29)].
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Emergence of a Measurement Basis
in Atom-Photon Scattering
Yinnon Glickman, Shlomi Kotler, Nitzan Akerman, Roee Ozeri*

After measurement, a wave-function is postulated to collapse on a predetermined set of
states—the measurement basis. Using quantum process tomography, we show how a measurement
basis emerges in the evolution of the electronic spin of a single trapped atomic ion after
spontaneous photon scattering and detection. This basis is determined by the excitation laser
polarization and the direction along which the photon was detected. Quantum tomography
of the combined spin-photon state reveals that although photon scattering entangles all
superpositions of the measurement-basis states with the scattered photon polarization, the
measurement-basis states themselves remain classically correlated with it. Our findings shed light
on the process of quantum measurement in atom-photon interactions.

The interaction between quantum systems
and their environment results in decoher-
ence and reduction of quantum superpo-

sitions to classical statistical ensembles. On the
other hand, probing a fraction of the environment
(environments by nature are too large to be mo-
nitored as a whole) yields information about the

system state. The back-action on the system can
then result in the emergence of a measurement
basis. The measurement basis states will be those
that are classically correlated with the detected
environmentmodes, whereas their superpositions
will be entangled with the environment (1, 2).
Thus, decoherence, measurement, and entangle-
ment all partake in the quantum measurement
process.

Because atomic systems can be well iso-
lated from their environment and coherently
controlled with good fidelity, they are a good

experimental platform for the study of such
fundamental quantum phenomena. In a typical
experiment, a bipartite atomic superposition is
controllably coupled to its environment and mon-
itored in order to investigate different facets of
decoherence and measurement. Examples in-
clude the study of decoherence due to coupling
to engineered reservoirs by using trapped atomic
ions (3) or the observation of the progressive de-
coherence of the measurement apparatus by using
the interaction between atoms and a microwave
cavity (4).

A natural environment for atomic systems is
the electromagnetic vacuum to which they couple
via spontaneous photon scattering. The effect of
light scattering on the coherence of atomic inter-
ferometers showed that scattered photons expose
the path an atom has taken (5–7). Photon scattering
by trapped atomic ions, in which the direction
and magnitude of the internal angular momen-
tum of an atom become correlated with a scattered
photon, results in spin decoherence (8–10). State-
selective florescence by use of resonant laser light
was used tomeasure the internal electronic state of
atoms with a very small error probability (11–13).
Last, the entanglement between a single atom and
a spontaneously scattered photon was recently
observed (10, 14, 15). In all of these experiments,
decoherence, measurement, and entanglement
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were separately explored. However, the full dy-
namics of measurement of the atomic state by the
electromagnetic vacuum environment was not ob-
served.We show that ameasurement basis emerges
in the spin-state space of a single trapped atomic
ion when photons are scattered and detected, in a
process in which decoherence, measurement, and
entanglement are intertwined.

We used the electronic spin, in the 5s2S1/2
ground level, of a single trapped 88Sr+ ion (Fig.
1). The ion was trapped and laser-cooled in a
linear Paul trap. A weak magnetic field, applied
in the z% direction, removed the degeneracy be-
tween the two spin states by ħw0, where w0/2p =
3.5 MHz, and ħ is Planck’s constant h divided by
2p. Spin initialization, readout, and rotations were
carried out by a combination of optical and radio
frequency (rf ) pulses (13, 16, 17). To ensure that
the spin direction was well defined in the lab
frame of reference, we reset the phase of our rf
oscillator at the beginning of each repetition of
the experiment. Subsequent to this initialization
procedure, the spin performed Larmor preces-
sion around the z% direction at w0.

Spin-photon interactions were induced by a
422-nm laser beam resonant with the 5s2S1/2 →
5s2P1/2 transition (21 MHz spectral width) and
polarized in the z% direction (Fig. 1, inset). The ion
scattered a photon from this beam with a prob-
ability between 0.05 and 0.1. Outgoing photons
were detected from a direction perpendicular to
the excitation laser direction (x% direction). The
outgoing photon polarization was fully charac-
terized by a polarization analysis unit. The overall
detection efficiency of scattered photons was
measured to be roughly 1/400. We post-selected
only those repetitions of the experiment in which a
single photon was recorded. To investigate spin
dynamics due to photon scattering, it is important
to know the spin direction within the Larmor pre-
cession cycle at the moment the photon was
scattered. To this end, we recorded the phase of
our local oscillator—tuned to the Larmor preces-
sion frequency w0—at the time the scattered pho-
ton was recorded (10).

Photon scattering transfers the electron be-
tween two spin 1/2 manifolds (5s2S1/2→ 5p2P1/2).
It is therefore convenient to think of the coupling
between these manifolds in terms of spin 1/2
(Pauli) operators. In events in which a single
photon was emitted into a direction k%, the spin
degrees of freedom in the ground and excited
states are coupled via a single application of the
spin operator i(→s ·

→
E) (2). Here,→s is a vector of the

Pauli spin 1/2 operators, and
→
E is the polarization

vector of the emitted photon. In the case of ab-
sorption, the coupling operator is −i→s ·

→
E (17). It

is instructive to study the reduced spin evolution,
after photon emission, by using a circular photon
polarization basis. In this case, the two spin op-
erators that correspond to the emitted photon
polarization components are →s ·

→
ET * = sT, the

spin ladder operators in the
→
k direction. This

means that spin states that initially point along the
emitted photon propagation direction can emit

circularly polarized photons but only with the
helicity parallel to their spin. After emission of a
circularly polarized photon, the spin direction
reverses but remains aligned with the photon

→
k

vector. This is a simple manifestation of angular

momentum conservation in the photon emission
process. To evaluate spin evolution in the full
scattering process, one has to account for photon
absorption as well. Here, spin evolution depends
on the polarization of the excitation laser and its

Fig. 1. Schematic of the experimental setup.
A single 88Sr+ ion is trapped in a linear Paul
trap (15). The magnetic field is aligned along
z%. (Inset) A schematic level structure of the
5s2S1/2 and the 5p2P1/2 electronic levels. The
transition between these two levels is excited
by a weak resonant beam, propagating along
y% and linearly polarized along z%. Scattered
photons are collected along the x% direction,
and their polarization is analyzed by using
half- and quarter-wave retardation plates
and a PBS. The two ports of the PBS are
directed toward two photo multiplier tube
(PMT) detectors.

Fig. 2. Collapse of spin states. (A) The absolute value of the elements of the reconstructed process matrix,
in the basis E1 ¼ jx%〉〈x%j ¼ ðIþ sxÞ=2, E2 ¼ j−x%〉〈−x%j ¼ ðI−sxÞ=2 (projections on the jTx%〉 states), E3 =
−isy, and E4 = sz. (B and C) Two view points on the surface on which the Bloch sphere of initial spin states
is mapped after photon detection. (D) The von Nuemann entropy of post-scattering spin states plotted on
the Bloch sphere of initial spin states.
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direction relative to that of the scattered photon.
In our experiment, the ion is excited with a laser
beam that is linearly polarized in the →z direction
and photons are detected in the→x direction (Fig. 1).
The effect of a sequence of absorption and emis-
sion on the combined state of spin and emitted pho-
tons can then be expressed by an application of
→s ⋅

→
E ¼ sz followed by Semit ¼ →sðþ, xÞ⊗a†→x,→Eþ

þ
→sð−, xÞ⊗a†→x,→E

−

, where →sðT, xÞ ¼ sy ∓ isz are the
spin raising and lowering operators in the x%
direction. The spin-photon combined state after
absorption and subsequent photon emission in
the →x direction hence evolves under

Sscatt ¼ →sðþ, xÞ
→sz⊗a†→

x,
→

Eþ
þ →sð−, xÞ

→sz⊗a†→
x,

→

E−

¼ j−x%〉〈−x%j⊗a†→
x,

→

Eþ
þ jx%〉〈x%j⊗a†→

x,
→

E−
ð1Þ

The spin of the ion is therefore projected
along the emitted photon direction every time a
photon with a circular polarization is detected.

The pair of states jT x%〉 constitutes a measurement
basis. These states are invariant under photon
scattering (in the →x direction), and therefore their
entropy does not increase in the process. States
that are initialized along this direction do not—
whereas their superpositions do—entanglewith the
scattered photon polarization.

The correlation between the scattered photon
and the basis along which spin states collapse can
be well understood by angular momentum con-
servation arguments. Absorption of a z%-polarized
photon flips x%-polarized spins (18). Circularly
polarized emitted photons require full ħ angu-
lar momentum transfer along x%. The detection of
circularly polarized photons therefore both mea-
sures and flips the spin in this direction. Spin states
that are initially pointing in the x% direction remain
invariant under absorption followed by emission
while the photon polarization measures the atomic
spin along this direction. By post-selecting events
in which the photon was scattered in a different
direction, the basis along which the atomic spin is

measured will change accordingly. Therefore, un-
der continuous photon scattering from a linearly
polarized beam, and without post-selection of a
well-defined photon scattering direction, all result-
ing measurement directions will average to result
in complete spin depolarization. An unpolarized
excitation laser would have a similar effect.

We performed spin quantum process tomog-
raphy (QPT) of post-selected events in which a
single photon was detected. Typically, QPT is
performed in a frame of reference that is rotating
together with the spin. In this work, however,
spin evolution due to photon scattering is deter-
mined by directions in the lab frame of reference.
To faithfully perform QPT in the lab frame, we
perform it stroboscopically with the spin Larmor
precession. To this end, rather than analyzing all
recorded events we limited our analysis to events
that occurredwithin a 2p/32-radian phase interval
of our local oscillator. The direction of the spin at
the moment of scattering, in these events, was
spread over an angular span that equals this phase
interval. Choosing other phase intervals of sim-
ilar width yield identical results (17). We found
that the process matrix is mostly composed of
nearly equal contributions of projections on the
jþ x%〉 and j−x%〉 states, which is in agreement with
Eq. 1. This is seen in Fig. 2A, in which the ab-
solute value of the entries of the reconstructed
process matrix is displayed. It is written by
using the basis elements jx%〉〈x%j ¼ ðI þ sxÞ=2,
j−x%〉〈−x%j ¼ ðI − sxÞ=2 (projections on the jTx%〉
states), −isy, and sz. The collapse of the spin
wave function is best depicted in the Bloch
sphere geometric representation. Each point on
the surface of the Bloch sphere represents a pure
state, whereas mixed states are represented as
points within the sphere volume (19). After pho-
ton scattering, all prescattering pure states, repre-
sented by the Bloch sphere surface, are mapped
onto a different surface, which is contained within
the sphere. The reconstructed process matrix can
be used to calculate the surface onto all pure spin
state are mapped (Fig. 2, B and C). An elongated
ellipsoid clearly marks the emergence of a spin
measurement basis. We chose the direction along
which the pointer basis emerges to be the x% axis,
thus coinciding this coordinate systemwith the lab
coordinate system (Fig. 1). The 1:11 aspect ratio
between the spheroid length along the emergent
basis and its radial size is dictated by the finite
local oscillator phase interval in our data, the finite
numerical aperture of our photon collection lens,
and quantum projection noise (17). The von
Neumann entropy S(r) = −Tr[rln(r)] of all post-
scattering states is shown in the color map in Fig.
2D. This is also the increase in entropy due to
photon scattering. Spin states along the x% direc-
tion indeed experience the minimal increase in
entropy, which is in accordance with the predict-
ability sieve criteria in decoherence theory (1).
Other states, on the other hand, acquire entropy,
demonstrating that without any knowledge of the
scattered photon, the process of photon scattering
is in general irreversible.

Fig. 3. Spin measurement via photon polarization detection. A quarter-wave retardation plate trans-
formed the circular polarization of scattered photons into linear. The abscissa is the angle of the half-wave
retardation plate, which is subsequently rotating the photon polarization direction with respect to that of
the PBS. The ordinate is the probability of detecting photons on one port of the PBS when the spin is
initialized to (A) the jx%〉 (solid red circles) or j−x%〉 (solid black circles) states or (B) the jTY〉 states. (C andD)
The surfaces representing all post-scattering states in which right or left circularly polarized photons were
detected, respectively.
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In order to prove that the jTx%〉 states on the
poles of the emerging ellipsoid are a measure-
ment basis, we analyzed the polarization of pho-
tons that were scattered by different initial spin
states. According to Eq. 1, the jTx%〉 states scatter
photons with a pure circular polarization,
whereas other initial spin states become entan-
gled with the photon polarization. The latter case
leads to a statistical mixture of photon polariza-
tion measurement outcomes. The results of our
photon polarization measurements are shown
in Fig. 3. Here, we aligned a quarter-wave re-
tardation plate so that it transformed the jET〉 states
to an orthogonal linear basis. A proceeding half-
wave plate rotated this linear polarization with
respect to the basis of a polarization beam splitter
(PBS). The probability of photon detection on a
given port of the PBS versus the half-wave plate
rotation angle is shown in Fig. 3A. Here, the
spin is initialized to the jx%〉 (solid red circles) or
j−x%〉 (solid black circles) states. As expected
from a pure polarization state, this probability
sinusoidally oscillates as the polarization is ro-
tated. The blue and magenta solid lines are a si-
nusoidal fit to our data. Furthermore, whenever
the two wave plates transform the emitted cir-

cular polarization to match the PBS basis, a clear
correlation between the measured polarization
and the initial spin state is observed. Similar data
with the spin initialized to the jTy%〉 states is shown
in Fig. 3B. As expected from a fully mixed polar-
ization state, the photon detection probability
on a given PBS port is independent of polari-
zation rotation indicating a lack of classical cor-
relation between the photon polarization state
and the initial spin state. Alternatively, we per-
formed spin QPT conditioned on the detection
of right or left circularly polarized photons. The
surfaces onto which all pure states are mapped
are shown in Fig. 3, C (right-circular) and D (left-
circular). Indeed, conditioned on the detection
of a right circularly polarized photon, all initial
states collapsed to the jx%〉 state, and conditioned
on the detection of a left circularly polarized
photon, all initial states collapsed to the j−x%〉 state.

Starting with an initial spin state other than
jTx%〉, we have seen that both the spin state and
the photon polarization state decohere into sta-
tistical mixtures. This decoherence is the result
of spin-photon entanglement. To observe this en-
tanglement, we preformed quantum state to-
mography of the combined spin-photon state.

The reconstructed spin-photon density matrices
for six different initial spin states are presented
in Fig. 4, A to F: jTz%〉, jTx%〉, and jTy%〉. We plotted
the density matrices using the jTx%〉 and jET〉
states as a basis. As seen, whenever the spin
was initialized along Tx% the resulting spin-
photon density matrices represent approximate-
ly separable states. Alternatively, spin states
that were initially oriented along the Ty% or Tz%
directions resulted in highly entangled states.
We quantified the amount of atom-photon en-
tanglement using the concurrence entanglement
monotone, C(r) (20). All atom-photon final
density matrices were evaluated by means of
linear combinations of the six reconstructed
density matrices. A color map of the calculated
concurrence values plotted on the Bloch sphere
of initial spin states is presented in Fig. 4G. The
minimum entanglement (C < 0.03) is along the
x% direction, whereas the maximally entangled
states (C ≅ 0.7) are along the sphere circum-
ference in the y%z% plane, which is consistent with
the observed entropy increase shown in Fig. 2D.

We have shown that the back action of the
observation of the atomic spin with light aligned
it with our observation direction. States that were

Fig. 4. (A to F) State tomography of spin-photon
states. Shown are six reconstructed spin-photon
density matrices. The different density matrices
represent post-scattering states in which the spin
was initialized in different initial direction. The
different spin initial states are (A) jz%〉, (B) j−x%〉, (C) jy%〉, (D) j−z%〉, (E) jx%〉, and (F)
j−y%〉. The density matrices are written in the basis of the product states
jTx%〉⊗jET〉. The solid bars are absolute values of entries of the reconstructed
density matrices, whereas the transparent bars correspond to the values

predicted with Eq. 1. The phases of the different entries are represented by
different colors below the bars and according to the color map on the right. (G)
A color map of the measured concurrence of every post-scattering spin-photon
state. The map is plotted on the Bloch sphere of all initial pure spin directions.
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initially aligned with this direction emitted pure
circularly polarized photons and remained in-
variant under scattering. Their superpositions, on
the other hand, became entangled with the scat-
tered photon polarization. States that are invariant
under coupling to the environment are of interest,
not only because of their importance in the quan-
tum measurement process but also because of
their potential use for quantum control purposes.
Invariant states can span decoherence-free sub-
spaces in which quantum information can be
protected (21). It would be therefore interesting
to search for multi-spin states that are invariant
under photon scattering, and detection, by using
larger arrays of trapped ions.
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A Transforming Metal Nanocomposite
with Large Elastic Strain, Low
Modulus, and High Strength
Shijie Hao,1 Lishan Cui,1* Daqiang Jiang,1 Xiaodong Han,2* Yang Ren,3* Jiang Jiang,1

Yinong Liu,4 Zhenyang Liu,1 Shengcheng Mao,2 Yandong Wang,5 Yan Li,6 Xiaobing Ren,7,8

Xiangdong Ding,7 Shan Wang,1 Cun Yu,1 Xiaobin Shi,1 Minshu Du,1 Feng Yang,1

Yanjun Zheng,1 Ze Zhang,2,9 Xiaodong Li,10 Dennis E. Brown,11 Ju Li7,12*

Freestanding nanowires have ultrahigh elastic strain limits (4 to 7%) and yield strengths,
but exploiting their intrinsic mechanical properties in bulk composites has proven to be difficult.
We exploited the intrinsic mechanical properties of nanowires in a phase-transforming matrix
based on the concept of elastic and transformation strain matching. By engineering the microstructure
and residual stress to couple the true elasticity of Nb nanowires with the pseudoelasticity of a NiTi
shape-memory alloy, we developed an in situ composite that possesses a large quasi-linear
elastic strain of over 6%, a low Young’s modulus of ~28 gigapascals, and a high yield strength of
~1.65 gigapascals. Our elastic strain-matching approach allows the exceptional mechanical properties
of nanowires to be exploited in bulk materials.

It is challenging to develop bulk materials that
exhibit a large elastic strain, a low Young’s
modulus, and a high strength because of the

intrinsic trade-off relationships among these prop-
erties (1, 2). A low Young’s modulus in a single-
phase material usually means weak interatomic
bonding and thus low strength. Because of the
initiation of dislocation activity and/or early fail-
ure caused by structural flaws, the elastic strain
of bulk metals is usually limited to less than 1%.
Because freestanding nanowires have ultrahigh
elastic strain limits (4 to 7%) and yield strengths
(3–9), it is expected that composites made with
nanowires will have exceptional mechanical prop-
erties. However, the results obtained so far have
been disappointing (10), primarily because the in-
trinsic mechanical properties of nanowires have
not been successfully exploited in bulk composites
(10–12). A typical example is the Nb nanowire–
Cu matrix composite, in which the nanowires are

well dispersed and well aligned, with strong inter-
facial bonding. The elastic strain limit achieved
in the Nb nanowires in this type of composite is
only ~1.5% (13, 14), far below what may be ex-
pected of freestanding nanowires (3–9).

To optimize the retention of nanowire prop-
erties in a composite, we hypothesize that the
matrix should not deform via sharp microscopic
defects such as cracks or dislocations but rather
should be rubbery or gluelike, which suggests
the use of a shape-memory alloy (SMA) as the
matrix. There are two main differences between
an SMA matrix and a conventional, plastically de-
forming metal matrix. First, macroscopically, SMA
supports a large pseudoelastic strain of ~7% by
stress-induced martensitic transformation (SIMT)
(15, 16), which is a strain magnitude comparable
to nanowire elasticity (3–9). Use of an SMA as
the matrix allows one to match the high pseudo-
elasticity of the SMAwith the high elasticity of

nanowires, as illustrated in Fig. 1A. Second, SIMT
and dislocation slip are fundamentally different
processes at the atomic scale. Whereas the inelastic
shear strain between two adjacent atomic planes
approaches 100% after dislocation slip (17), the
atomic-level inelastic or transformation strain is
~10% after SIMT in typical SMAs such as NiTi
(16). Therefore, inelastic strain incompatibilities
(which must be compensated for by the elastic
strain field to maintain cohesion) are much milder
at the SMA-nanowire interface than at typical
dislocation–piled-up interfaces.

To verify this hypothesis, we selected Nb
nanowires to be combined with a NiTi SMA.
The NiTi-Nb system with ~20 atomic % Nb un-
dergoes eutectic solidification into a microstruc-
ture consisting of fine Nb lamellae (18), which
can be converted into Nb nanowires through se-
vere plastic deformation. In this study, an ingot
with a composition of Ni41Ti39Nb20 (atomic %)
was prepared by means of vacuum induction
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Supplementary information

Experimental setup We use the spin of the valence electron, in the 5 s2S1/2 ground level, of

a single trapped 88Sr+ ion (see Fig. 1). The ion was trapped and laser-cooled in a linear Paul

trap (15). A weak magnetic field, applied in the ẑ direction, removed the degeneracy between

the two spin states by ~ω0, where ω0/2π = 3.5 MHz. The ion spin was polarized by means

of optical pumping to the |↑〉 = |ẑ〉 state. Spin readout was performed using shelving of the

|↑〉 state to the metastable 4 d2D5/2 level, followed by state-selective fluorescence (12). Spin

rotations, in the 5 s2S1/2 manifold, were performed using resonant radio-frequency (RF) pulses.

After optical pumping the spin was oriented in any desired direction by applying the appropriate

RF pulse. To ensure that the spin direction is well defined in the lab frame of reference we reset

the phase of our RF oscillator at the beginning of each repetition of the experiment. Subsequent

to this initialization procedure the spin performed Larmor precession around the ẑ direction at

ω0.

Spin-photon interactions were induced by a, 422 nm, laser beam resonant with the 5 s2S1/2 →

5 s2P1/2 transition (21 MHz spectral width) and polarized in the ẑ direction (see the inset in Fig.

1). The ion scattered a photon from this beam with a probability between 0.05-0.1. Outgoing

photons were detected from a direction perpendicular to the excitation laser direction (x̂ direc-

tion). A 0.31 N.A. objective lens collected roughly 1% of the scattered photons. The outgoing

photon polarization was fully characterized by a polarization analysis unit. Specifically, a polar-

izing beam splitter (PBS) directed vertically and horizontally linearly-polarized photons to two

separate photo multiplier tubes (PMT’s). Half- and quarter-wave retardation plates preceding

the polarizer allowed for photon polarization measurement in any desired basis. The overall

detection efficiency of scattered photons was measured to be roughly 1/400. We post-selected

only those repetitions of the experiment where the PMTs indicated that a single photon was
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recorded. In 85-90% of these events a single photon was indeed scattered, whereas in the re-

maining 10%-15% of events detection was generated either by a dark count of the PMT or a

single detected photon out of a scattered pair.

Single Photon Emission or Absorption The 88Sr+ isotope of Strontium has no nuclear

magnetic moment and therefore lacks hyperfine structure. The qubit is encoded in the two

electronic-spin states of the 5s2S1/2 ground level. Using a weak, linearly polarized, 422 nm

laser beam, photons were scattered on the 5s2S1/2 → 5p2P1/2 transition. The process of laser

excitation of the electron, followed by spontaneous photon emission, returns the electron to the

two-fold ground-state manifold. In terms of spin evolution, spontaneous photon scattering can

therefore formally be described as a non-unitary, yet trace-preserving, operation. When limited

to this transition, absorption or emission of a photon maps between the S1/2 and P1/2 spin 1/2

manifolds. It is therefore convenient to think of the coupling between these manifolds in terms

of spin 1/2 (Pauli) operators.

The electromagnetic field couples the S1/2 and P1/2 levels via the dipole interaction Hamil-

tonian, Hint = −e~r · ~E, were, e~r is the electric dipole operator. The electric field operator,

~E = i
√

~ω
2V ε0

∑
~k,E

(
~E ⊗ a~k, ~E − ~E∗ ⊗ a†~k, ~E

)
contains photon annihilation operators a~k, ~E de-

scribing absorbtion and creation operators a†~k, ~E describing emission. Here ~E is the photon

polarization and ~k is its wave-vector.

To describe the ion-photon interaction in terms of Pauli operators we use the Wigner-Eckart

theorem for the case of two spin 1/2 manifolds (19). We get,

Hint = i
∑

~k

√
~ω
2V ε0

〈S1/2||er||P1/2〉
[(
~σ · ~E∗1

)
⊗ a†~k, ~E1

+
(
~σ · ~E∗2

)
⊗ a†~k, ~E2

]
+ h.c. (1)

where 〈S1/2||er||P1/2〉 is the reduced matrix elements of the dipole operator. This Hamiltonian

implies that emission of a linearly polarized photon is followed by a spin rotation around the

2



emitted photon polarization vector. To see this, recall that the results in our experiment are post-

selected on the detection of a single emitted photon. Formally, if U(t) is the unitary evolution

then at short times U(t) = exp(−iHt/~) ≈ 1 − iHt/~. By using a weak excitation pulse

and conditioning our measurement on a single photon detection event we post-select events

generated by a single application of −iHt/~. Photon absorption involves an application of

i~σ · ~Eabs = ei
π
2
(~σ· ~Eabs) which is a rotation of the spin about ~Eabs by π. Similarly photon emission

involves (~σ · ~Eem)†.

Process tomography in the lab frame of reference In single-qubit QPT, state tomography

is performed on the post-scattering states of four, linearly independent, initial spin states. Thus,

requiring a total of 12 different measurement types. Experiments were repeated until 900 suc-

cessful repetitions, i.e. ones in which a photon was detected, were recorded for each measure-

ment type. Usually, process tomography is performed in a frame rotating with the spin around

the magnetic field direction, at the Larmor precession frequency of 3.5 MHz. The direction at

which scattered photons are detected, however, is fixed by the imaging system, i.e. in the lab

frame. QPT in the rotating frame would therefore wash out the effect of photon scattering.

Therefore, we preformed process tomography in the lab frame of reference, stroboscopically

with the spin precession rather than in a frame rotating with it. A local oscillator, which was

synchronized with the spin precession, triggered the RF pulses with which we preformed spin

rotations. Each photon detection event was assigned with a time stamp, i.e. time of arrival with

respect to the local oscillator zero crossing. This was done using a time-to-amplitude converter

(TAC) which is periodically reset by the local oscillator zero crossing, and triggered by the

PMT whenever a photon is detected. The time stamp can then be translated to a phase stamp;

the local oscillator phase at the scattering time. This phase is in one to one correspondence with

the spin direction within the Larmor precession cycle at the time of scattering.

3



Figure S1 shows the distribution of local oscillator phases between 0 and 2π recorded at

different photon detection events. Here 2π corresponds to a delay of 285 nsec between the

local oscillator zero crossing and the photon detection event. Restricting process tomography

to events that occurred during different phase windows is shown in the lower part of Fig. S1.

The main axis of the resulting ellipsoids lies in the sphere equatorial (x̂-ŷ) plane. The angle of

the ellipsoid main axis from the x̂ axis is given by the mean phase of the respective window.

The ellipsoid aspect ratio depends on the width of the phase window. Figure S3 shows the

resulting ellipsoids as a function of the phase window width (magenta). As seen, the aspect

ratio of the ellipsoid tends to one when the phase acceptance window is large enough. When all

phases are accepted the resulting ellipsoid is a disk in the equatorial plane (12). The width of

all spheroids in the ẑ direction is consistent with projection noise. To model the process matrix

following scattering of a single photon we average the ideal process matrix χ~k(θ,φ) over different

photon scattering directions in the rotating frame. Here ~k (θ, φ) is the scattering direction. In

the {I, σx,−iσy, σz} basis we get:

χ~k(θ,φ) =
1

4




a b c 0
b∗ d e 0
c∗ e∗ f 0
0 0 0 0


 ,

where,
a = 2 sin2(θ)
b = i sin(2θ) sin(φ)
c = − sin(2θ) cos(φ)
d = 2 cos2(φ) + 2 cos2(θ) sin2(φ)
e = i(sin(2φ) cos2(θ)− sin(2φ))
f = 2 cos2(φ) cos2(θ) + 2 sin2(φ).

Here θ is the azimuthal angle and φ is the polar angle of the scattered-photon direction ~k with

respect to the ẑ axis, as can be seen in Fig. S2.

Photons are collected with an imaging system of 0.31 numerical aperture (NA). The com-
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bined effect of this finite NA and the photons phase window can be modeled by averaging:

χscatt =

∫ φLO

−φLO
dφ′
∫ 2π

0

dϕ

∫ θmax

0

dθ′χ~n(θ′,φ′,ϕ). (2)

Here [−φLO:φLO] is the phase width, θmax = π/2 + sin−1 (NA) and n̂ = Rφ′(ẑ)~k(θ, ϕ), i.e.

a rotation of ~k about ẑ by ϕ. Figure S4 shows the aspect ratio of the ellipsoid in the equatorial

plane. Solid blue line is calculated using Eq. 2 and red dots are extracted from a fit of the data

shown in Fig. S3 (a)-(k) to ellipsoid surfaces . The two are seen to be in a good agreement.
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Figure S1: The distribution of spin Larmor precession phases at photon detection times. This

distribution was divided to five phase windows marked by the different colors. Preforming QPT

using events that were post-selected from each group yields the corresponding ellipsoids shown

on the bottom part of the figure. All ellipsoids lie largely in the x-y plane, and the angle of their

main axis with respect to the x direction equals the mean phase of the corresponding window.
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Figure S2: ~k-vector orientation in the lab frame of reference.

7



(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

(k)

Figure S3: The measured ellipsoid shape vs the the scattered photons phase range. The figures

are given for a phase range of (a) 40◦ (b) 50◦ (c) 60◦ (d) 70◦ (e) 80◦ (f) 90◦ (g) 100◦ (h) 110◦ (i)

120◦ (j) 130◦ (k) 140◦. Marked in magenta are the corresponding photon phase windows.
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Figure S4: The measured ellipsoid aspect ratio, in the x̂− ŷ plane, vs. scattering events phase

window size. Red dots were extracted from the different ellipsoids shown in Fig. S3. The result

of averaging the scattering process over the finite numerical aperture of our detection system,

as well as the spread in photon phase, is shown by the solid blue line.
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Chapter 4

Discussion

Quantum metrology is still at its infancy. The great majority of precision
measurements need little to none of it. We have today, however, some strong
indications that it will be central in the near future. In some sense, this is
the story of this thesis.

At the onset, we were minded in nullifying magnetic field noise in our lab,
in order to conduct QIP experiments. The precision at which we needed to
succeed exceeded our standard capabilities. We had to measure the spectrum
of the magnetic field noise, at the position of the ion. We needed a magnetic
probe at its position, and the ability to plug it into a spectrum analyzer.
That was, of course, impossible.

The work presented here described how we used QIP techniques in order
to turn the ion simultaneously into a magnetic probe and a spectrum analyzer
of the noise it was sensing. We discovered that imposing deterministic time
dynamics on our ion, enabled us to measure non-deterministic noise effects,
with great precision. Quantum information changed its title. From being an
end it became the means.

The spectral analysis work was extended to the measurement of signal
in a phase sensitive manner, namely, the Quantum Lockin. The ion could
then be used as a phase sensitive probe of magnetic and electric fields. This
work had a striking possible implication. It suggested that our measurement
sensitivity is enough to detect electron spin-spin interaction for two spins
two microns away. During the past two years we have been working to this
end. During the writing of this thesis, the first evidence of such a signal was
obtained.

The electron spin-spin experiment, a spawn of the quantum lock-in work,
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is a good example of a number of principals. In order to measure this very
low signal, we designed the experiments in a careful manner in order to reject
noise and enhance signal. The experiment is performed in a subspace of the
two electron spin Hilbert space. This subspace, spanned by {|↑↓〉, |↓↑〉}, is
immune to common magnetic field. It is an example of a decoherence free
subspace. However, it is still sensitive to magnetic field gradient noise. Using
our lock-in time dynamic technique we aim to nullify them, thus protecting
the spin-spin signal.

We believe that these principals are generic and will be central in Quan-
tum Metrology. Considering noise and signal as quantum operators, one
should analyze it in the following manner. Find a Hilbert subspace which
is immune to noise. In that subspace find the fastest state evolution under
the signal operator. This is the desired evolution path. Now find ”lock-in”
operators: operators which coherently add up the signal and average away
any residual noise. These operators have to be non-commutating with the
noise. By imposing the presence of these operators during the measurement
they will spectrally separate the experiment from its noise. If they do not-
commute with the signal operator, the signal has to be modulated and their
applications needs to be phase-synchronous with it. Otherwise they can be
applied asynchronously and without harming the signal.

We feel that the addition of state space techniques to our time dynamical
counterparts will become valuable to Quantum Metrology. We hope to be
the first few researchers that will use this approach to observe a fundamental
effect of nature, namely entanglement of two electrons spins induced from
direct electron magnetic spin-spin coupling.
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