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A JOSA A published article by the name Weakly Diverging to Tightly Focused Gaussian Beams: a Single Set of 
Analytic Expressions brings, as the name suggests, analytic expressions for Gaussian beams, to high order in 
divergence angle. To keep the article short and concise, some properties of the Gaussian beams were 
discussed very briefly or not discussed at all. Here we write notes and bring additional illustrations to make 
the entire description of the Gaussian beams more complete. Importantly, we show here curves of strict 
power conservation along the propagation axis for both linearly polarized and radially polarized Gaussian 
beams when such beams are described by the presented analytic expressions.  

OCIS codes: (260.2110) Electromagnetic optics; (070.7345) Wave propagation  

 

1. Notes related to the recursive relations 
Notes related to the recursive relations (‎[48] Eq. (10)).  
(1) We have added a multiplicative constant (𝐴0) to the 

solution of the homogeneous equation for the zero-order 
envelope function (𝜓0(𝑥, 𝑦, 𝑧) – ‎[48] Eq. (14)). Later on we 
have defined this 𝐴0 constant as 
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in order to get electric-magnetic field units (𝐸0) for both the 
electric field components 𝔼(𝑟) and for the magnetic field 
components 𝔹(𝑟) (cf. ‎[48] Eq. (2), cgs units).  

(2) The wavenumber of the time-harmonic fields (‎[48] 𝑘𝐻  – 
Eq. (1)) can in general be complex (i.e. include a loss term). 
Following Stratton (‎[1], page 392), the wave number can 
generally be defined as (see ‎[1] for the definition of the 
parameters, MKS units):  
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(3) Looking at the recursive relations for the vector 
potential’s envelope functions (‎[48] Eq. (10)), we see that each 
function 𝜓𝑛(𝑥, 𝑦, 𝑧) plays the role of a source polarization 
density for the next function 𝜓𝑛+2(𝑥, 𝑦, 𝑧). Perhaps it makes 
sense then to conceptualize a physical process where a 
Gaussian beam (in vacuum or in a medium) is built up 
(infinitely quickly) by sequentially generated envelope 
functions (each with its correct weight). 

2. Linearly polarized Gaussian fields – illustrating maps 

See the main article for the following figures and tables:  
 
 
 

FIG. 1. Parameters of a Gaussian beam. 
FIG. 2. Electric field components of an x -polarized Gaussian 

beam. 
FIG. 3. Magnetic field components of an x -polarized Gaussian 

beam. 
FIG. 4. High divergence-angle electric fields. 
TABLE I. Expressions for the field components of a linearly 
polarized Gaussian beam. 
TABLE II. Expressions for the field components of a radially 
polarized Gaussian beam (cylindrical coordinates). 
TABLE III. Expressions for the field components of a radially 
polarized Gaussian beam (Cartesian coordinates). 
 

Next, FIG. S5 shows intensity flow of the Gaussian beam 
components, as calculated by the time-averaged Poynting 
vector - 𝑺𝑎𝑣𝑔(𝑥, 𝑦, 𝑧) (‎[1], Sec. 2.21, pp. 137, Eq. 29, here in cgs 

units):  
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Top row shows cross-sectional maps at 𝑧𝑝𝑙𝑜𝑡 = 100𝜇𝑚 and 

bottom row shows axial maps in the 𝑥-𝑧 plane or the 𝑦-𝑧 plane. 
Erikson and Singh presented a ray picture of a Gaussian beam’s 
power flow, clearly showing the pre-focus inwards flow and the 
post-focus outwards flow ‎[8].  

Expression 1 of TABLE I for the zero-order x component of 

the electric field, includes a 𝑥2 term. As the term grows with 
diffraction angle, we expect to see some ellipticity of the 
Gaussian beam at large diffraction angles. This indeed is the 
case as shown by FIG. S6. Top row – cross-sections at the focal 
plane (𝑧𝑝𝑙𝑜𝑡 = 0). The electric field is seen to be elliptical with 

the long axis parallel to the 𝑥 axis (the axis of polarization). The 
magnetic field (𝑦 component of) is circular (as a result of the 
assumption of a single component vector potential). The axial 
component of the Poynting vector is still elliptical with lower 
eccentricity (vs. the eccentricity of the electric field’s cross-
section). Similarly, ellipticity of 𝐸𝑥 is predicted at a distance 
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(bottom row, 𝑧𝑝𝑙𝑜𝑡 = 100𝜇𝑚), only this time, as the beam 

diffracts, the long axis lies in the 𝑦 direction (perpendicular to 
the electric-field’s polarization).  

Next figure in this section, FIG. S7, illustrates the 
improvement in solving Helmholtz equation ([48] Eq. (1)) 
when the second-order term is added to the zero-order term of 
the vector potential ([48] Eq. (15)). The improvement is 
extended to each and every component of the derived electric-
magnetic fields. The figure shows a map of the two-term 
potential ([48] Eq. (15)), along with two Helmholtz equation 
residue maps (Eq. (S4)). One residue map 𝐻0

𝐿𝑁𝑅(𝑥, 𝑦, 𝑧) for 
Helmholtz equation applied to the zero-order vector potential 
only (top of Eq. (S4)) and another residue map 𝐻𝑎𝑙𝑙

𝐿𝑁𝑅(𝑥, 𝑦, 𝑧) for 
the zero-order and the correcting second-order term together 
(bottom of Eq. (S4)).  
 

     2 2

0 0 0, , , , , ,H Hk z k zLNR

HH x y z x y z e k x y z e               
i i

      
    

2 2

0 2

2 2

0 2

, , , , , ,

, , , ,

H

H

k zLNR

all d

k z

H d

H x y z x y z x y z e

k x y z x y z e

  

  

 

 

      

      

i

i
 

(S4) 
 

At the angle-axial distance for which the maps are calculated 
(‎[48] Eq. (20)), the two-term vector potential is more accurate 

(vs. the zero-order term only) and the residue of Helmholtz 
equation applied to the two-term vector potential (at the 
shown axial distance) is visibly smaller.  

The two maps of FIG. S8 display the electric-field x -

component (𝐸𝑥 at the focal plane of a high divergence-angle 
Gaussian beam (𝜃𝑑 = 370 ⟹𝑤0 = 0.5𝜇𝑚). A weak ring 
(predicted by the expression of TABLE I) shows up around the 
main spot. Similar rings show up also for the other field 
components. Note that these rings are predicted by the analytic 
expressions and are not a result of a limiting aperture.  

Last figure in this section, FIG. S9, displays a distribution 
map of the angle between the electric-field vector and the 
magnetic-field vector. Generally, free-medium electromagnetic 
waves are not necessarily perpendicular ‎[46]. This indeed is 
the case with the linearly polarized Gaussian beam (when all 
field components, as in TABLE I, are included). The electric-
magnetic fields of a linearly polarized Gaussian beam are 
generally non-perpendicular at all divergence angles and at all 
axial distances, including 𝑧 = 0, i.e. including the focal plane.  

The angles between E and B are calculated according to:  
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FIG. S5. Intensity flow (𝑺𝑎𝑣𝑔

𝐿𝑁𝑅(𝑥, 𝑦, 𝑧)) of a linearly polarized Gaussian beam. The maps were calculated for the full field expressions and thus are 

(slightly) more accurate (vs. the zero-order-only maps). (see ‎[8], fig. 1 for a ray picture of intensity flow). Values of the color scales were calculated for 
𝐶𝑙𝑖𝑔ℎ𝑡 = 1. 
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FIG. S6. Zero-order only 𝑥-component of the linearly polarized Gaussian beam (𝔼𝑥0

𝐿𝑁𝑅) at a large divergence angle of 𝜃𝑑 = 34.80 (cf. expression 1 of 
TABLE I). Top row: 𝑧𝑝𝑙𝑜𝑡 = 0 Bottom row: 𝑧𝑝𝑙𝑜𝑡 = 100𝜇𝑚. a,d – 𝑥-component of the electric field, showing elliptical spot. Note in d the 900 

rotation of the ellipse due to diffraction. b,e – 𝑦-component of the magnetic field (𝔹𝑦0
𝐿𝑁𝑅), showing a circular spot (cf. expression 10 of TABLE I). c,f – 

𝑧-component of the time-averaged Poynting vector, still showing some ellipticity. According to ‎[9], ‎[17], and ‎[38], 𝔹𝑦0
𝐿𝑁𝑅 is also elliptic (with the 

ellipse rotated by 900 relative to the 𝔼𝑥0
𝐿𝑁𝑅 ellipse).  

0

0 0{ 1.551  ; 1.507 ;  0.54  ;  0.89  ;  34.8 }R dm n w m z m         . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. S7. Improvement of the solution to Helmholtz equation for the single component vector potential. a – map of the two-term single 
component vector potential (absolute value of). b – residue of Helmholtz equation applied to the zero-order vector potential only 
(top of Eq. (S4)). c - residue of Helmholtz equation applied to the two orders vector potential (bottom of Eq. (S4)). Looking at the 
color scales, visible improvement going from b to c is noted.  
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a b c 

d e f 

a b c 



Notes And Illustrations For Weakly Diverging To Tightly Focused Gaussian Beams               – 4 – 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. S8. Electric-field 𝑥-component (𝐸𝑥) at the focal plane of a high divergence-angle Gaussian beam (𝜃𝑑 = 370 ⟹𝑤0 = 0.5𝜇𝑚), showing a weak 
ring around the main spot. a – full color-scale. b – clipped color-scale. The weak ring is clearly visible. Similar rings show up also for the other field 
components. Note that these rings are predicted by the free-medium analytic expressions and are not a result of a limiting aperture.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. S9. Distribution of angles between the electric field vector and the magnetic field vector of a linearly polarized Gaussian beam. a – at the focal 
plane. b – at 𝑧 = 100𝜇𝑚. Clearly, the two field vectors of a linearly polarized Gaussian beam are generally not perpendicular to each other, with 
deviation from perpendicularity increasing with transverse distance from the symmetry axis. On the 𝑥 = 0 and the 𝑦 = 0 planes however, the 
vectors are perpendicular. Note the change in the span of the 𝑥, 𝑦 coordinates going from a to b.  

 

3. Power conservation – linearly polarized Gaussian 
beam 

The power carried by an electromagnetic field axially 
propagating through a lossless medium must be conserved. 
Namely, the total power crossing a plane perpendicular to the 
propagation direction, say z , must be independent of z . The 
time-averaged axial power flow (𝑃(𝑧)) is given by integrating 
the z component of the time averaged Poynting vector 
(𝑺𝑎𝑣𝑔(𝑥, 𝑦, 𝑧)) along the transverse plane: 
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Applying (S6) to the field components listed in TABLE I we 
find that the time-averaged power flow carried by the zero-
order components is conserved (a of FIG. S10). However, when 
the second-order terms are added, we find that power is not 
conserved. The added second-order components cause the total 
power to essentially shoot up parabolically with increasing 
axial distance from the focal plane (b of FIG. S10).  
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FIG. S10. Power conservation by an approximated linearly polarized Gaussian beam. a – power carried by a beam described by the zero-order 
components only. In this case power is strictly conserved at all divergence angles. b – power carried by a beam described by adding the second-order 
components is not conserved.  

 
 

Power non-conservation by the second-order correction terms 
is a manifestation of the limited extent in which addition of 
these terms results in improved accuracy. 

The angle-axial distance space where addition of the second-
order correction terms results in improved accuracy can be 
determined by the accuracy of solving Helmholtz equation. 

Shown by FIG. S11 is the case of degraded accuracy when the 
second-order term is added to the expression for the vector 
potential. So a practical border in angle-axial distance space can 
be set somewhere between the parameters for FIG. S7 and the 
parameters for FIG. S11.  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. S11. Degraded accuracy of the solution to Helmholtz equation for the vector potential. a – map of the two-term single component 
vector potential (absolute value of). b – residue of Helmholtz equation applied to the zero-order vector potential only (top of Eq. 
(S4)). c - residue of Helmholtz equation applied to the two orders vector potential (bottom of Eq. (S4)). Looking at the color scales, 
larger residue is seen going from b to c. At the angle-axial distance for which the maps were calculated (and beyond), addition of the 
second-order term actually degrades the accuracy of field components’ mathematical description. 

0
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The two maps of FIG. S12 show the axial component of the 
time-averaged Poynting vector calculated with the parameters 
used for calculating the maps of FIG. S11. Indeed the maps of 

FIG. S12 indicate how drastically the accuracy of the Gaussian 
beam description is degraded at these angle-distance 
parameters when second-order terms are included. 
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FIG. S12. Axial power flow (𝑆𝑎𝑣𝑔,𝑧). a – zero-order expressions only. b, c – second-order terms included. The b and c maps indicate 

the inaccuracy of fields’ mathematical description at large angle-distance, due to the addition of second-order expressions. The b and 
c maps show a ring-shaped cross-section which is untrue for an 𝑥-polarized Gaussian beam.  

0

0 0{ 1.551  ; 1.507 ;  1  ;  3.125  ;  18.55  ;  400 }R d plotm n w m z m z m           . 

 
 
Sections ‎2 and ‎3 complete our discussion of linearly 

polarized Gaussian beams. Next - radially polarized 

Gaussian beams, the Gaussian beams derived from a two-

term z -polarized vector potential.  

4. Radially polarized Gaussian fields – illustrating 
maps 

Following are illustrating maps of the radially-polarized field 
components (derived from a 𝑧-polarized Gaussian vector 
potential). Of course radially is a short generic name for 
radially-azimuthally as, for example, the 𝜙 component of the 
magnetic field is azimuthally polarized.  

The maps of FIG. S13 and FIG. S14 show the zero-order (top 
row) and the second-order (bottom row) spatial distribution of 
the radially polarized field components, with the parameters 
([48] Eq. (20)). Note that we show absolute value (not absolute 
value squared). As shown by the color scales, at the selected 

Gaussian beam parameters, the second-order fields are very 
weak and the second-order terms do improve the solution 
accuracy of Helmholtz equation (for the single component 
vector potential, cf. FIG. S7, as well as for the field components).  

Next, FIG. S15 shows power flow of the radially polarized 
Gaussian beam, as calculated by the time-averaged Poynting 
vector - 𝑺𝑎𝑣𝑔(𝑥, 𝑦, 𝑧) (Eq. (S3)). Top row shows cross-sectional 

maps at 𝑧𝑝𝑙𝑜𝑡 = 100𝜇𝑚 and bottom row shows axial maps in 

the 𝑟-𝑧 plane.  
Last figure in this section, FIG. S16, displays a distribution 

map of the angle between the electric-field vector and the 
magnetic-field vector. Generally, free-medium electromagnetic 
waves are not necessarily perpendicular ‎[46]. However, in the 
case of the radially polarized Gaussian beam, the electric-
magnetic field vectors are perpendicular at all divergence 
angles and at all axial distances, including 𝑧 = 0, i.e. including 
the focal plane.  
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FIG. S13. Electric field components of a radially polarized Gaussian beam, derived from a z-polarized Gaussian vector potential (13-18 in TABLE II). 
Top row – full field expressions. Bottom row – corrections only. The maps at the top, with the parameters (‎[48] Eq. (20)), are (slightly) more 
accurate (vs. the zero-order-only maps).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. S14. Magnetic field components of a radially polarized Gaussian beam, derived from a z-polarized Gaussian vector potential (19-24 in TABLE 
II). Top row – full field expressions. Bottom row – corrections only. The map at the top row, with the parameters (‎[48] Eq. (20)), is (slightly) more 
accurate (vs. the zero-order-only map).  
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FIG. S15. Intensity flow of a radially polarized Gaussian beam (𝑺𝑎𝑣𝑔

𝑅𝐷𝐿(𝑥, 𝑦, 𝑧)). The maps were calculated for the full field expressions, and thus, at the 

shown parameter space, are (slightly) more accurate (vs. the zero-order-only maps). Values of color scales calculated for 𝐶𝑙𝑖𝑔ℎ𝑡 = 1 (cgs).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. S16. Distribution of angles between the electric field vector and the magnetic field vector of a radially polarized Gaussian beam. a – at the focal 
plane. b – at 𝑧 = 100𝜇𝑚. As shown, the electric-magnetic field vectors of a radially polarized Gaussian beam are perpendicular to each other. The 
shown small deviations from 900 are the result of an intentionally introduced small artifact. Note the change in the span of the 𝑥, 𝑦 coordinates going 
from a to b.  

 
 
 
 
 
 
 
  

a b 
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5. Power conservation – radially polarized Gaussian beam 
Applying the integrals (S6) to the radial fields, we calculated the axial power flow of a radially polarized Gaussian beam - TABLE II 
and TABLE III.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. S17. Power conservation by an approximated radially polarized Gaussian beam. a – power carried by a beam described by the 
zero-order components only. In this case power is strictly conserved at all divergence angles. b – power carried by a beam described 
by adding the second-order components is not conserved. 
 
 
As shown by FIG. S17, the time-averaged axial power carried 
by the beam calculated for the zero-order terms is strictly 
conserved (a of FIG. S17). The time-averaged axial power 
carried by the beam calculated for the zero- and the second-
order terms is not conserved (b of FIG. S17). Looking at FIG. 
S10 and at FIG. S17 we can summarize as follows – when the 
Gaussian beam is described by zero-order terms only, the axial 
power flow is strictly conserved for both the linearly polarized 
beam, and for the radially polarized beam. When second-order 
terms are added, axial power flow is not conserved. Thus, the 
use of the second-order terms is allowed only in the small-
angles-short-distances parameter space.  
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