
The overall normalization constant must be unity, since
eiO = I and j L (0) = 0L,O together require that ao= 1.

Finally, by combining Eqs. (7) and (10) and inserting
into Eq. (I), we have derived simply the partial-wave ex­
pansion of a plane wave in three dimensions:

00

eikrcos()= L h2L+1)jL(kr)Pdcos(}). (11)
L=O

As a mnemonic for this formula, students may recall that
2L + 1 is the number of angular momentum substates as­
sociated with partial wave L.

It may be of interest to teachers that for wave scattering
in two dimensions using plane-polar coordinates there is an
analogous expansion ofa plane wave in terms ofcylindrical
Bessel functions and cosines of angles.9 The method of de­
riving the expansion coefficients shown here may be mim­
icked to derive Eq. (9) in Ref. (9). This would make a nice
exercise for students, so I won't show the proof.

ACKNOWLEDGMENTS

My study of this problem was motivated by several ques­
tions from Furman S. McDonald in my mathematical
physics class. Preparation ofthe manuscript was supported
in part by DOE Grant FG05-88ER40442.

IFor example: L. I. Schiff, Quantum Mechanics (McGraw-Hill, New
York, 1955), p. 104; D. S. Saxon, Elementary Quantum Mechanics
(Holden-Day, San Francisco, 1968), p. 285; R. Shankar, Principles of
Quantum Mechanics (Plenum, New York, 1980), p. 359.

2For example: E. Merzbacher, Quantum Mechanics (Wiley, New York,
1970), Chap. 10.3; C. Cohen-Tannoudji, B. Diu, and F. Laloe, Quantum
Mechanics (Wiley, New York, 1977), pp. 948-949; J. J. Sakurai, Modern
Quantum Mechanics (Benjamin, Menlo Park, CA, 1985), Chap. 7.6;
Fayyazuddin and Riazuddin, Quantum Mechanics (World Scientific,
Singapore, 1990), pp. 132-134.

3E. Butkov, Mathematical Physics (Addison-Wesley, Reading, MA,
1968), p. 403.

4A. Messiah, Quantum Mechanics (North-Holland, Amsterdam, 1970),

Sec. 9.9.
5J. W. Strutt, "Investigation of the disturbance produced by a spherical
obstacle on the waves of sound," London Math. Soc. Proc. 4, 253-283
(1872); J. W. Strott (Baron Rayleigh), The Theory ofSound (Dover,
New York, 1945), Sec. 334.

6G. Bauer, "Von dem Coefficienten der Reihen von Kugelfunctionen
einer Variablen," J. Reine Angewandte Math. 6, 101-121 (1859).

7H. Faxen and J. Holtsmark, "Beitrag zur Theorie des Durchganges lang­
samer Electronen durch Gase," Zeits. Phys. 45, 307-324 (1927).

8G. N. Watson, Theory of Bessel Functions (Cambridge, New York,
1944), Chap. 11.5.

91. R. Lapidus, "Quantum-mechanical scattering in two dimensions,"
Am. J. Phys. 50,45-47 (1982).

A simple maximization technique for statistical mechanics expressions
Tsvi Tlusty
Feinberg Graduate School, Weizmann Institute ofScience, Rehovot 76100, Israel

Jorge Bergers>
Department ofScience Teaching and Department ofElectronics, Weizmann Institute ofScience, Rehovot
76100, Israel

(Received 21 January 1991; accepted 3 August 1991)

(2)

A frequent task in a statistical mechanics course is maxi­
mization (or minimization) of a product (or quotient) of
factorials and exponentials. For the sake of illustration, we
shall use the example

(1)

where the brackets denote binomial coefficients, E and N
are constants, and O<,n<,N.

The standard maximization procedure, used by the text­
books known to us, gets rid of the factorials by means of
Stirling's approximation and then equates the first deriva­
tive to zero. (See Refs. 1-5 as a representative sampling of
the books that deal with this task.) For an undergraduate,
this procedure is obscure, cumbersome, and tedious. Even
for simpler cases than example (1), the very copying of
every intermediate expression from the blackboard may
require of the order of a minute. (Similar concerns were
expressed by Burns and Brown.6

)

The technique we propose here exploits the fact that,
while it is hard to express the factorial function in an ana-

lytically manageable fashion, its recursion relation is very
simple. (This same feature is exploited, in a somewhat sim­
ilar context, by Bent.7

) Thus, for the case of example (1),
the ratio PnlPn_ 1 is just

G(n)=~= (N-n+ 1)2e-',
Pn - 1 n(N+n)

where G is used as shorthand. In the usual case, N is huge
and, close to the maximum (to be found a posteriori), nand
N - n are huge too (extensive quantities). Therefore, we
can drop the 1 in the numerator. Note that if the factorials
enter the expression for Pn within binomial coefficients,
then G(n) contains the same number of extensive factors
(n, N + n, N - n, etc.) in the numerator and in the de­
nominator. Therefore, when quantities ofthe order ofunity
are neglected relative to N or n, we can divide every exten­
sive factor by Nand obtain in general that G is a function of
the ratio nlN rather than a function ofnand N separately. E

is usually positive and not necessarily large.
The criterion for maximization we propose is as follows.

Let there be a maximum at n = nand let us study the be-
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where a is used as shorthand. Ifwe assume that G depends
only on the ratio n/N, then d 2 log G / dn2contains a factor
N - 2 and the correction term will, in fact, be ofthe order of
12

/ N 2. Since nand the expression for G are known, a is
known too. Ifa > 0, then ii is a minimum; ifa < 0, then ii is a
maximum. In the case of example ( 1)

a = _ (_2_ +l- +_1_). (7)
N-n ii N+n

When considering a situation in which (5) is obeyed, the
correction term in (6) is oforder N - \ for any I in the range
[ - ll:i.n I, ll:i.n I]. This permits to neglect that correction
and express P" + Don / P" as

p. Don ( Don) (a(l:i.n)2)
~= IIG(n+/);:::;exp aLI ;:::;exp .

P" 1=\ 1=\ 2
(8)

(In the last step we have used l:i.n~ 1.) This is the familiar
expression which is usually obtained by the standard pro­
cedure. We see from here that in order to have P" + Don both
appreciably different from P" and from zero, l:i.n has to be
of the order lal-1/2. For a of the order of liN, this implies
Eq. (5).

As a final remark, we point out that the present method
is by no means restricted to a single variable. If instead of
Pn we had, say, an expression Pn,.n"n, that depends on three
variables n\,n2,n3, then the condition for a maximum (or a
minimum, or a saddle point) would be the system of equa­
tions

(9)=1.
Pn 1.n2 .n,

Pnl,ni,n, - t

Pnl'n:;J,n.,

Pn, - 1,n2.n.,

havior of G as n increases, bearing in mind that Pn is posi­
tive in its entire range ofdefinition. While n is approaching
n, Pn increases and therefore G> 1; while n is departing
from n, Pn decreases and G < 1. At the maximum,

G(n) = 1. (3)

As in the standard procedure, it should be understood that,
strictly speaking, the actual value of nis not the real num­
ber that solves (3), but rather one of its neighboring inte­
gers; however, differences in n of the order of I are irrele­
vant in the "thermodynamic limit" N~ 1. The connection
of the present methOd with the conventional approach can
be seen by noting that Eq. (3) is equivalent to the vanishing
of the first derivative in the expansion
Pn_ \ ;:::;Pn - dP /dn. (We thank the referee for this obser­
vation.) Clearly, Eq. (3) provides a criterion for minima,
too.

Note that (3) is a polynomial rather than a transcenden­
tal equation of the sort encountered in the standard proce­
dure. For the case of example (I), after dropping the 1 in
expression (2), it has the solutions

n = - 1 - 2e - < + ~ 1 + 8e < ( 4 )
N 2(1- e-<)

Note that only solutions giving n in the range [O,N] and
also satisfying (N - n) ~ 1 should be considered. Unless
lEI ~ 1, the result (4) confirms the ansatz that nand N - n
are of the order of magnitude of N.

Once n is known, the next task is usually to determine
whether it corresponds to a maximum or a minimum, and
the width of the distribution Pn • In more general terms,
what we want to do is to characterize the distribution Pn by
telling how much smaller P" + Don is than P" (i.e., we want
to evaluate the ratio P" + Don / P" ) for any given distance l:i.n
from the maximum. The interesting values of l:i.n are those
for which P" + Don is both appreciably different from P" and
from zero. We shall see a posteriori that this is the case for
l:i.n of the order

l:i.n = 0 [N 1/2] . (5)

Let us first expand the logarithm ofG(n) with respect to n
for n;:::;n:

log G(ii + I) = I ~ log G In=" + O[F] = al + O[F],

(6)

MAX PLANCK-HOW NEW THEORIES BECOME ACCEPTED

A new scientific truth does not triumph by convincing its opponents and making them see the
light, but rather because its opponents eventually die, and a new generation grows up that is
familiar with it.

Max Planck, Scientific Autobiography (Philosophical Library, New York, 1949), pp. 33-34.
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