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One-Dimensional Microfluidic Crystals Far from Equilibrium
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We investigated the collective motion of a one-dimensional array of water-in-oil droplets
flowing in microfluidic channel in quasi-2D at low Reynolds number. Driven far from equi-
librium by the symmetry-breaking flow field, the droplets exhibit acoustic normal modes
(crystal ‘phonons’) with unusual dispersion relations. These phonons are due to long-range
hydrodynamic dipolar interactions between the droplets. The phonon spectra change anoma-
lously at the crossover between unconfined 2D flow and 1D confined flow, as a result from
an interplay between boundary-induced screening and crystal incompressibility. Microfluidic
crystals offer a vista, in the linear flow regime, into soft-matter systems far from equilibrium.

§1. Introduction

The understanding of non-equilibrium dynamics lags well behind the advanced
theory of systems at thermal equilibrium. A system at equilibrium can be described
by a free-energy functional, whose minimization predicts the system’s behavior. Be-
yond equilibrium, however, this approach breaks down − energy functionals cannot
be defined, which renders the formulation of a general non-equilibrium theory a
difficult problem. Microfluidic two-phase flow offers experimental tools to inves-
tigate dissipative non-equilibrium dynamics.1)–10) Among the simplest systems in
this class are microfluidic crystals − ordered one-dimensional (1D) arrays of water-
in-oil droplets driven by flow.11),12) Microfluidic crystals are of particular interest
since they are governed by long-range interactions and operate in the linear flow
regime. These interactions share common features with other systems driven by a
symmetry-breaking field, such as dusty-plasma crystals,13),14) vortices in supercon-
ductors,15),16) non-Brownian sedimentation,17) ordered arrays of micro-spheres,18)

active membranes19) and nucleoprotein filaments.20),21) Thus, microfluidic crystals
offer insight, in the linear flow regime, into many-body physics far from equilibrium.

We started by studying 1D microfluidic crystals of disc-like droplets flowing in a
2D channel. The Reynolds number of this system is very low, around 10−4, hence vi-
brations due to inertia are over-damped. Surprisingly, we found that the crystal car-
ries phonon-like vibrational modes that propagate at sound velocity of ∼ 100 μms−1

and frequencies of ∼ 1Hz. Importantly, these fluctuations are not thermal, since they
are unobservable without flow. These phonons exhibit unusual dispersion markedly
different than those of harmonic crystals and give rise to a variety of non-linear crys-
tal instabilities. We developed a first-principles theory showing that these phonons
result from the symmetry-breaking flow field, which induces long-range inter-droplet
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hydrodynamic interactions.11) Next, we investigated how the phonon spectra change
at the crossover between a 2D flow and a confined 1D flow,12) and found that con-
finement has a dramatic effect on these spectra. The sidewall boundaries induce
weakening and screening of the interactions, but when approaching the 1D limit, we
measured a marked increase in the crystal sound velocity — a sign of interaction
strengthening. This non-monotonous behavior of the phonon spectra was explained
theoretically by the interplay of screening and incompressibility.

§2. Experimental setup

The microfluidic device (Fig. 1) was fabricated using standard soft-lithography
and made of poly-dimethyl-siloxane (PDMS).1),11) Water droplets formed at a T-
junction between water and oil channels under continuous flow, emanating at con-
stant rate with uniform radii R ∼ 10−40 μm. The T-junction, 20−30 μm in width,
was connected to a wider channel of width W , where the droplets formed an ordered
1D array with uniform spacing a ∼ 10 − 200 μm. The height h of the channel was
10 μm and since h < 2R, the droplets had a disc-like shape, squeezed between the
channel floor and ceiling. These boundaries induced a frictional force, rendering the
droplets velocity ud ∼ 150 − 500 μms−1 slower than the velocity of the dragging
oil, uoil ∼ 5ud.11) The crystal and flow parameters were controlled by adjusting the
pressures at the water and oil inlets. Using a motorized microscope stage we followed
the droplets, moving in their mean velocity ud, and recorded their images using a
CCD camera, such that in a typical experiment we followed up to 60 droplets for
∼ 40 s. The droplet trajectories were extracted from the images using Matlab.11),12)

Fig. 1. (a) Droplets of water-in-oil (mineral oil, viscosity 30 mPa·s, with 2% span-80 surfactant

(w/w)) were formed at a T-junction under constant pressure. (b) Channel height was 10 μm,

smaller than the droplet radii R, thus deforming them into discs. (c, d) Images of transversal

(c) and longitudinal (d) acoustic waves.
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§3. Phonons and instabilities in unconfined crystals

Following the moving crystal in its frame of reference, we tracked the positions
of droplets in time and subsequently applied a Fourier transform in space and time
to these data. Thus, we obtained the power-spectra of both the longitudinal and
transversal vibrations in terms of wave-number k and frequency ω (Figs. 2(a) and
(b). The peaks of the power-spectrum define the dispersion relation of modes ω(k).
The main feature of the dispersion in a sine-like curve with the following proper-
ties: (a) Around k = 0 we have ω(k) = Csk, which corresponds to acoustic waves
with a sound velocity Cs ∼ 250 μms−1. (b) Close to the edges of Brillouin zone at
k = ±π/a the acoustic waves travel oppositely at −Cs/2. (c) The longitudinal and
transversal dispersion relations are identical in magnitude and form but are anti-
symmetric, ωx(k) = −ωy(k). (d) Standing waves appear at the middle of Brillouin
zone and not at its edges. The standing waves are the modes with highest frequency
in the system ∼ 1Hz. A secondary feature is a straight line ω(k) = −udk, which
stems from stationary defects that in the frame of the moving crystal seem to be
moving backwards. These defects deflect the droplets, creating waves that travel
at velocity −ud for all k values. Hence, this trivial linear dispersion is not related
to the hydrodynamic interactions between the droplets. The sine-like curve corre-
sponds to the collective normal modes of the crystal, which are similar to solid-state

Fig. 2. (color online) Intensity plots of the logarithm of power-spectrum of longitudinal (a) and

transversal (b) waves as a function of wave-vector and frequency (k, ω). The corresponding

dispersion relations (c, d) are the peaks of the power spectrum. The skewed sine-like curve is

due to the hydrodynamic interactions. The red line in the theoretical calculation for ω(k) with

no adjustable parameters. The black straight line ω(k) = −udk is due to droplet deflections by

stationary defects along the channel.
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‘phonons’. As we now explain theoretically, the unusual dispersion of these phonons
arises from hydrodynamic interactions between the the droplets, that are induced
by the symmetry breaking flow field.

The flow perturbation induced by the disc-like droplet is well approximated by
a potential flow in 2D, such that the velocity of the perturbation is the gradient of
the potential φd, which satisfies the Laplace equation:11)

φd(r) = R2(u∞
oil − ud)

r · x̂
r2

, (3.1)

where u∞
oil is the oil velocity far from the droplet and r is the displacement from the

center of the droplet. Droplets i and j interact with each other via the drag force,
directed along the dipole velocity field Fdrag = ξd∇φd(ri−rj) with a drag coefficient
ξd = 8πηR2/h (η is oil viscosity). The dipolar interaction is illustrated in Fig. 3(a).
The potential of the whole crystal is approximately a superposition of single-droplet
potentials φ(r) = u∞

oilr · x̂ +
∑

j φd(r − rj). Besides the drag force, the droplets
are subject to a force of friction with the channel floor and ceiling, Ffric = μud,
where μ is a friction coefficient. Without inertia, drag and friction must balance
out μud = ξd(uoil(r) − ud). Solving for ud gives the droplet’s equation of motion
ṙ = (u∞

d /u∞
oil)

∑
j �=n ∇φd(rn−rj).11) Expanding in small deviations from the crystal

positions (xn, yn) � a leads to wave equations, with the dispersion relations:

ωx(k) =
6Cs

π2a

∞∑
j=1

sin(jka)
j3

; ωy(k) = −ωx(k), (3.2)

Cs =
2π2

3

(
R2

a2

)(
u∞

d

u∞
oil

)(
u∞

oil − u∞
d

)
. (3.3)

This theoretical result fits the data without any adjustable parameters (Figs.
2(c) and (d). The sound velocity scale Cs reflects a convergent summation over long
range forces along the crystal that are induced by the symmetry-breaking field.

Interestingly, even without perturbations, the velocity of the droplets depends on
the crystal spacing a, since the longitudinal force acting on every droplet is directed
against the flow. Crystal velocity, therefore, decreases with a (Fig. 3(b)), which
explains the existence of long-wavelength longitudinal density waves.

The crystal undergoes instabilities leading to breakup and disorder. These occur
upon large-amplitude fluctuations, either at the middle of the crystal or close to the
droplet formation area (Fig. 4). The instabilities can only be understood when
considering the non-linear nature of the dipolar interaction.11)

§4. The anomalous effect of boundaries on the phonons

So far we discussed unconfined microfluidic crystals, in which the channel side-
walls are very far from the droplets (Fig. 1(a)). Next, we investigated the crystal
under different degrees of confinement (Fig. 5(a)), ranging from unconfined flow in
2D to 1D flow, where the channel is nearly blocked by the droplets (‘plug-flow’).12)
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Fig. 3. (color online) (a) Stream lines of oil flow imaged with fluorescent beads. The flow is from

left to right. Superimposed are the dipole fields ∇φd of two droplets applying a drag force on the

middle droplet (bold arrows). The longitudinal components of both forces are directed against

the flow and do not cancel out. (b) Velocity of droplets as a function of crystal spacing: data

(blue circles) and theory (solid line). Here, uoil ∼ 1900 μms−1 and R ∼ 10 μm.

Fig. 4. (a) Subsequent images taken 0.3s apart, of a local fluctuation (four droplets, marked) that

grows and leads to crystal instability. Flow direction is from left to right. All scale-bars are

100 μm. (b) Similar dynamics is obtained by simulating the non-linearized equations of motion.

We measured the phonon spectra upon narrowing the channel width, varying the
confinement parameter, γ ≡ 2R/W , from 0.1 (W = 250 μm, practically unconfined)
to 0.9 (W = 50 μm). Under confinement, the general shape of the spectra remained.
However, the longitudinal-transversal anti-symmetry was broken: |ωx(k)| < |ωy(k)|
for all k < π/a (Fig. 5(b)). This is evident in Fig. 5(c), showing the sound veloci-
ties Cs,x and Cs,y, normalized by the theoretically computed unconfined Cs(γ = 0)
(Eq. (3)).11) For the longitudinal phonons, Cs,x decreased as γ increased. Above
γ ∼ 0.6 the sine-like curve fell below our detection limit. Oppositely, for the transver-
sal phonons Cs,y increased with γ. However, the amplitude of phonons decreased
exponentially with γ (Fig. 5(d)), essentially undetectable above γ ∼ 0.65. To con-
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Fig. 5. (a) The microfluidic crystal under confinement of γ = 0.46 in a channel of width W =

100 μm. The phonons are easily observed. Scale-bar is 100 μm. (b) The power-spectrum

of transversal modes for confinement of γ = 0.63, W = 70 μm, uoil = 1500 μms−1, ud =

490 μms−1. The resulting Cs,y was 700 μms−1. (c) Cs(γ)/Cs(γ = 0) for both polarizations.

Cs(γ = 0) was calculated from theory for an unconfined crystal with the same flow parameters

as the confined one. (d) Mean amplitude of the transversal modes as a function of γ.

clude, under confinement we observed that Cs decreased in the longitudinal modes
but increased in the transversal ones. Additionally, the amplitude of vibrations of
both modes decreased significantly.12)

The hydrodynamic potential of a droplet under confinement can be calculated
using the method of image charges, used in electrostatics, to account for the zero
mass-flux through the sidewall boundaries. We introduce an array of image dipoles
perpendicular to the flow.22) When the droplet is in the middle of the channel
(y = 0, Fig. 6(a)), this array of images has a lattice constant of W . If the droplet
deviates from the middle (y = δ �= 0, Fig. 6(b)), its images array splits into two
interlaced arrays of lattice constant 2W , displaced with respect to each other by 2δ.
The difference between δ = 0 and δ �= 0 is the source of the x − y anti-symmetry
breaking.12)

The image array provides intuition for how the sidewalls screen the long-range
dipolar interactions. Far from the droplet, the image dipoles can be considered as a
parallel plate capacitor, hence, the electrostatic field outside the capacitor vanishes.
However, since the array is discrete and not continuous, the field leaks out, and
decays exponentially as exp(−2πr/W ).12),23)

The single-droplet confined potential can be calculated by summing the contri-
butions of the droplet and its images.12) The asymptotic spatial dependence of the
single-droplet velocity field is, therefore:

∂xφ ∼ (u∞
oil − ud)

{ γ tan(πγ/2) exp(−2πx/W ), x � W
R2/x2, x � W.

(4.1)
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Fig. 6. (color online) Flow lines around a single confined droplet (dark blue) are the result of

summing the dipole flow fields of its infinite array of reflections (gray). (a) When the droplet

is at the center of the channel, the array has uniform spacing W . (b) When the droplet is

off-centered, the reflections array splits into two interlacing arrays.

In the y direction the behavior is similar, except that the decay length is doubled
since the image lattice has a doubled lattice constant. Therefore, there are two
competing effects: the exponential decay in space and the divergence of amplitude
as tan(πγ/2) due to confinement. Similarly to the unconfined case, we obtain the
crystal potential by superposition of single-droplet potentials, then equate drag and
friction on a single droplet and derive its equation of motion.12) The dispersion
relations are:

ωx(k) = −4B
∞∑

j=1

sin(jka) coth(πjβ)csch2(πjβ), (4.2)

ωy(k) = B
∞∑

j=1

sin(jka)
[
3 + cosh(2πjβ)

]
csch3(πjβ),

where B ≡ (u∞
d /u∞

oil)(u
∞
oil−u∞

d )(π2R/W 2) tan(πγ/2) and β ≡ a/W . Consistent with
the experiment, the theory shows the x−y anti-symmetry breaking |ωx(k)| < |ωy(k)|
for all k < π/a and fits the data satisfyingly without any adjustable parameters. The
model predicts that Cs and ω diverge as γ → 1. In this limit the droplets block the
channel (plug flow), where it is difficult to pass liquid through the narrow necks,
rendering the crystal effectively incompressible. These ‘harder’ modes are expected
to have reduced amplitudes, as observed experimentally (Fig. 5(d)). The interplay
between exponential decay and divergence of amplitude, leads to a non-monotonous
behavior of Cs, which is different for the longitudinal and transversal modes.
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§5. Conclusion and outlook

We studied the collective modes of a 1D crystal of droplets flowing in a 2D
microfluidic channel. The symmetry-breaking flow field drives the system far from
thermal equilibrium and induces long-range hydrodynamic interactions at very low
Reynolds number. As a result, unique dispersion relations of acoustic modes emerge,
reflecting the broken symmetry and interactions. Additionally, we showed that the
sidewall boundaries screening of the long-range interactions. At the crossover be-
tween unconfined 2D flow and effective 1D flow, the spectra and speed of sound are
non-monotonous, as a result of an interplay between screening and incompressibility.
It would be interesting to extend the collective mode approach from 1D crystals to
2D systems, which may lead to unexplored spectra.
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