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Abstract

Analytical formulas for the critical ionization field of the microwave driven
H-atom are derived. Good agreement with measured ionization fields is
obtained.

1. Introduction

Much of our understanding of the quantum dynamics of
classically chaotic systems is derived from the study of the
quantized standard map [1, 2] (referred to also as the “‘kicked
rotor”). The classical treatment of this problem [3] displays
the most important features of chaos in classical Hamiltonian
systems. The quantum mechanics of the kicked rotor was
discussed by Dr Fishman in the previous talk, with special
emphasize on the relation between classical diffusion and
quantal localization. Is this result general and characteristic
of all the quantum dynamics of classically chaotic systems?
To investigate this important problem, much effort was
recently directed to study the quantal description of other
classically chaotic systems. Among these, the excitation
[4, 5] and further ionization [5-11] of highly excited hydrogen
atoms by microwave fields plays a very prominent role. In the
present contribution we shall discuss the quantal and classical
dynamics of this system, with the aim of sheding some more
light on the questions raised above. The special standing of
this particular problem can be attributed to the following
elements: Classically, for any given initial state of the atom,
there is a critical field strength above which the classical
trajectories become chaotic and energy is transferred from
the field to the atom by a characteristic diffusion mechanism
[12-14]. The ionization occurs subsequently, and its onset
and rate probes directly the way by which the atom is excited.
A closer look at this system shows that in many important
features it differs from the kicked rotor. Thus, the com-
parison of the quantal treatment of both cases can test in a
meaningful way whether there are any universal features in
the quantal behavior which are common to systems whose
classical dynamics is chaotic.

The study of the hydrogen atom in a microwave field
is important and interesting in its own right. Extensive
measurements of the ionization signals are available [5-11]
which occasionally display features which were explained
only recently [15-17]. Our understanding of the response of
the simplest atom to strong external fields is also a prerequisit
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for the study of the behavior of more complicated atoms in
similarly extreme environments [18].

We shall focus the present discussion on properties and
observables which are directly related to the experimental
data obtained recently by P. Koch and his group in Stony
Brook [8-11]. In these experiments, a beam of neutral atoms
is prepared in a highly excited state with principal quantum
numbers in the range 32 < n < 90. The beam passes
through a microwave cavity operated at a frequency of
9.92 GHz, and the passage time corresponds to approxi-
mately 300 cycles of the field. The entrance and exit holes in
the cavity cause fringe fields and hence the field experienced
by the atom is switched gradually over a period of approxi-
mately 80 cycles. After leaving the cavity, the fraction of
ionized atoms is monitored and gives the ionization probabil-
ity P(e; n) which depends on the applied field strength ¢ and
the initial state n. The dependence of the ionization probabil-
ity on ¢ for a constant n will be referred to as an ionization
curve, and a few examples are shown in Fig. 1. The onset of
ionization is rather abrupt and can be characterized experi-
mentally by the field ¢, at which the ionization probability
reaches 10%. The dependence of ¢, on n and the details of the
ionization curve are the experimental observables which will
be addressed in the following classical and quantum theories.
It was observed that the salient features of the ionization
process can be very well described within a model where the
electron is confined to move in one dimension parallel to the
applied electric field [19, 20]. This model can be rigorously
justified when the initial state is an extremal Stark level [20].
It is less obvious why the 1-dim. model is so successful when
the initial state is unpolarized, although some plausible argu-
ments can be put forward in support of this observation. We
shall use the 1-dim. model throughout this paper.

The 1-dim. Hamiltonian is written as:

H(z,t) = H, + &z sin (w?)

2
p——lz>0

H ={2 =z (1.1
fo'e) z< 0

It is supplemented by the boundary condition of elastic reflec-
tion at z = 0. In equation (1.1) as well as in the rest of the
paper, atomic units are used for the field strength ¢ and the
frequency w. An important feature of the Stony Brook data
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Fig. 1. Experimental and theoretical ionization curves. (a) n, = 70, (b)
ny, = 37, (c) and (d) ny, = 38. Heavy line: experiment [8-11]. Full dots:
classical 3-dim. theory [23, 24]. Thin line: quantum mechanical calculations
[16]. Dashed line: quantum mechanical results convoluted with the experi-
mental field profile.

is that the ratio between the field frequency w and the classi-
cal Kepler frequency 1/n® obeyed wn® < 1 for all initial
conditions. The theoretical discussion will be confined to this
range of parameters. A recent paper by Casati et al. [21]
addresses the complementary regime with wn® > 1.

2. Classical theory

Detailed numerical solutions of the classical equations of
motion were recently carried out and compared with the
experimental data [9, 22-26]. The classical theory accounts
surprisingly well for most of the features of the ionization
curves [22-24] (see Fig. 1) and the dependence of the
threshold fields on the initial state n [23-26] (see Fig. 2). The
classically calculated ¢, (n) reproduce structures observed
when the field and the Kepler frequencies are rationally
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Fig. 2. Experimental and theoretical dependence of the (scaled) critical
ionization field en* on the (scaled) frequency wn’. Squares: experiment [8-11].
Dashed line: classical numerical calculations [25, 26]. Full line: classical
perturbation theory. (“Quantum version” of equation (2.7)).
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Fig. 3. Stroboscopic phase-space portrait, showing, as  increases, the tran-
sition from regular motion to chaos to z-dominated motion.

related, i.e., when wn® = 1, 1/2, 1/3, 2/5 etc. The classical
theory is unable to explain non-monotonic structures which
appear in the ionization curves for some initial n values (see
e.g., Fig. 1(c)). We shall show that these are due to genuine
quantum effects.

The discussion of chaos in conservative classical systems
makes sense only as long as configuration space is bounded.
In this sense the hydrogen atom differs from the kicked rotor:
the electron may also be unbounded. Chaos is observed,
however, within the bounded (negative energy) section of
phase-space and we shall confine our attention to it. There,
the natural representation of the classical dynamics is in
terms of action-angle variables. The Hamiltonian reads now:

1 .
H = —2—nz+3 z(n, ®) - sin (wt)

z(n, ®) = 3in? <1 — ;—1 Y. X, cos (k®)> 2.1
k=1
where x, = J{(k)/k ~ 0.41/K°".

It should be pointed out that the Hamiltonian (2.1) is
equivalent to the Hamiltonian (1.1) only within the bounded
part of phase-space, that is, when p*2 — 1/z < 0. The
canonical transformation (p, z) «> (n, ®) is singular on the
line p*/2 — 1/z = 0, where n = oo and the conjugate angle
® cannot be defined. Therefore the Hamiltonian (2.1) does
not uniquely describe the dynamics in the truncated phase-
space and has to be supplemented by a boundary condition.
Once a trajectory reaches n = oo, the passage through this
singular point is easily deduced from the requirement that z
is continuous while p changes its sign. This boundary con-
dition is the most natural choice and guarantees that there is
no flow out of the bounded part of phase-space.

Figure 3 is a stroboscopic phase-space portrait of some
typical classical trajectories obtained by solving the classical
equations of motion in the bound space and marking by a dot
the position of a trajectory at integer multiples of the driving
field period. In the low » domains one sees regular, quasi
periodic orbits. At higher # values the typical structures of
periodic orbits, confining KAM trajectories and island chains
are replaced by regions of apparent disordered motion (Fig. 4
shows some of these structures in further detail). When 7 is
increased even further, one observes that the chaotic trajec-
tories are replaced by U-shaped structures. They start as
rather diffused belts but as n increases further, the trajectories
become more regular. ’
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Fig. 4. Phase-space portraits of the k/m = 1/3-resonance as a function of ¢
for driving frequency w = 1/3. (a) ¢ = 0.04, (b) ¢ = 0.05, (c) ¢ = 0.06.

A simple explanation for this phenomenon is offered
by observing that in the Hamiltonian (2.1) the function
z(n, ©) increases quadratically with » while the unperturbed
Hamiltonian decreases as 1/n’. Hence, at large n, the trajec-
tories follow closer and closer the lines of constant z(n, ®).
The existence of this approximate constant of the motion is
the cause of the regularization of the higher energy dynamics.
In contrast with the rotor case, we see that chaos is confined
to a rather narrow domain in phase-space. A quantitative
discussion of the transition from the chaotic to the constant
z(n, ®) dominated dynamics can be carried out, but will not
be persued in the present lecture. We shall come back to this
question when we analyze the quantum description.

In order to discuss the ionization, we must consider the
dynamics in the entire phase-space and allow the electron to
drift also to the positive energy domain. We find that the
basic structures displayed in Fig. 3 characterize the dynamics
even when the electron motion is unrestricted. An ionizing
trajectory, however, dwells only during a finite amount of
time in any of these structures before it escapes to the con-
tinuum. It turns out that the barrier against ionization are the
KAM trajectories which separate the regular unperturbed
motion at low n values from the chaotic domain. Once there,
ionization eventually occurs. Thus, if the atom is initially in
a given n state, we should calculate the field value at which the
KAM trajectory just above n is breaking. This field should be
compared with the ionization threshold field measured
experimentally.

This scenario is illustrated in Fig. 4. The phase-space
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portraits displayed in this figure show how the KAM trajec-
tory between the 1/3 and 2/5 resonances breaks when the field
strength is increased. Note how rapidly the regular phase-
space in the vicinity of the 1/2 resonance is diminishing.

We shall derive now simple analytical estimates for the
threshold field mentioned above. We shall concentrate on the
domain wn® < 1, since most of the experimental data fulfills
this condition. This implies that the electron revolves around
the atom much faster than the period of the driving field. To
lowest order the ®-dependent terms in the Hamiltonian (2.1)
will average out during a field cycle. The ®-independent term,
however, will have an appreciable effect on the dynamics.
Adding this term to the free atom Hamiltonian and solving
the resulting equations of motion we see that » is unchanged
while

t

3en
0, + s cos (wt) 2.2)

This suggests to introduce new action-angle variables I =
n—iand ¢ = @ — t/i* + 37 cos (wf)/w in the vicinity
of a resonance wii’ = k/m. Keeping only the lowest non-
vanishing orders in 7 and £, the Hamiltonian (2.1) can be
transformed to a time-independent pendulum Hamiltonian
[3]. Estimating the trapping region of the pendulum, we
obtained an analytical result for the half-width of wn® =
1/m-type resonances [27]:

n 1 — m2
An = 0'35W{Tn“y8y} ;7 = J1 — 9(en*)?
2.3)

It is easily checked that the half-width of the primary reson-
ances in Fig. 4 is indeed given by (2.3) to a very good ac-
curacy. Strong ionization will occur if the half-width of the
primary resonances reaches the location of the 2/(2m — 1)-
type resonances (see Fig. 4), which are a distance

1
-~

away. Equating (2.3) and (2.4), we can solve for the critical
ionization fields, which for wn® = 1/m, m =2,...,10
reproduce the measured ionization fields to better than 30%.
For still smaller frequencies the deviations become larger.
They reach ~60% at w = 1/20 (which corresponds to
n, = 32 in the experiments), and for @ — 0 the calculated
ionization fields are a factor 2 higher than the known static
ionization fields.

The approach just outlined is applicable only at quite a
coarse, discrete set of (resonant) frequencies. In order to
interpolate between the resonance frequencies, we use a dif-
ferent approach. Inserting (2.2) into the exact equation for #
and integrating over a complete cycle of the microwave field,
we obtain the spread in n as a function of the angle ®,:

Mo
jwndt
0

1

1
An W [m %n(wn3) (24)

An(Q,) =

o 2. O i s 3enk
son 3% £ oy —oar + (5)

k=1 s=1 w

. T nk nk
k®y — s = + — )sin|{ —;
X s1n< Q, — s > + n3) sm( n3> 2.5
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If we denote by “( »” the average over the angles ®,, we get
for the mean square spread in n:

i 3

S i, < enk)

s=1 (0]

{(An)?*> = 3Z2np*(wn®)* i x; sin? <£—’]:3)

k=1

s2

K — (son’)?

2

x (2:6)

Equating (2.6) with the square of the condition (2.4) we
obtain an implicit equation for the critical ionization field:

& k 3enk
I = 128 (@n) ¥ xisin <w%§> 5 ‘J( = )

k=1 s=1

2 2

N

K — (son’)?

X

@.7)

Since (2.6) tells only about the mean square spread in # and
nothing about fluctuations around this mean spread, we
introduced a factor f, which has to be adjusted to the data,
and takes care of the fact that the excursion of some trajec-
tories, at a given field, might be considerably larger than the
mean excursion given by (2.6). We used (2.7) to calculate the
critical fields as a function of the initial # value, and obtained
the results shown in Fig. 2 where the value f = 2.5 was found
to give the best overall agreement with the data. The value of
fcan also be estimated by considering the critical ionization
field in the static limit, i.e., @ — 0. In this limit the sums in
(2.7) can be calculated analytically and upon replacing the
strongly oscillating sin>term by its mean value 1/2 one gets
the result:

en® = 0.26/f (2.8)

Since in the static limit en* approaches 0.13, we have to
choose f &~ 2 which is not far from the value obtained
phenomenologically.

The perturbative approach which led to (2.7) measures the
mean excursion of an ensemble of trajectories rather than the
width of resonances and is therefore different from Chirikov’s
method, which was successfully used to predict the onset of
ionization in the wn® > 1 domain [14, 19] and which we
extended with some success to the wn® < 1-region. The two
methods are in a sense complementary.

The result (2.7) can be also viewed quantum mechanically.
By using the interaction representation to be defined in the
next chapter together with first order perturbation theory, we
calculate the probability that a transition from the initial
state n to any other state m occurs within one field cycle. We
get:

2

168 z,,m ad
I,n—»m = Sln (nAnm) Z A2 l‘](ynm) (29)
where

3e 1 /1 1
Lt N Y CE ) IR eAT)

and z,,, stand for the matrix elements of the dipole operator.
We use the transition probabilities (2.9) to calculate quantum
mechanically the spread in n:

o)

@ny = ¥ K

k=1-n

2.11)

n—»n+k
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For large n and k£ # 0 we have:

Znn ’
’n_zi—k = _Jk(k)/k = —Xk, An,n+k = W:
3enk
ik = 2.12)

Inserting (2.12) into (2.9) we obtain from (2.11) exactly the
classical result (2.6) for the mean square spread in ».

In Fig. 2 we used the expression (2.11) rather than its
purely classical analogue. The two expressions differ only at
low values of n where the semi classical correspondence (2.12)
is least justified.

In summary, we have shown that the classical dynamics in
the bound space shows three distinct patterns depending on
the action variable n. At low n, the atom is not affected by the
presence of the driving field and the motion is regular. At
high »n values the motion is regular due to the dominance of
the field term over the unperturbed Hamiltonian. There exists
a rather narrow domain in phase-space where both terms in
the Hamiltonian are of comparable strength, and this is
where classical chaos shows. The lower n border of this region
determines the onset of ionization, and an analytical express-
ion was derived based on an appropriate perturbation expan-
sion which differs from the standard resonance overlap
criterion. In the next chapter we shall show how these features
find their expression in the quantum picture of the ionization
process.

3. Quantum mechanical theory

The periodic dependence of the driving field on time enables
us to write the wave function after the application of N
microwave cycles in the form of a quantum mapping [28]:

y@) > = UMDY 0) 3.1

where U(T'), T = 2rn/w, denotes the 1-cycle time evolution
operator and | (0)) is the initial state of the atom. Of central
importance for the quantum description of the probability
flow is the nature of the eigenvectors |a) of the l-cycle
propagator U. Since U is unitary, the eigenvalue problem can
be written in the form:

Ule) = ¢ “|a) (3.2)

where the real quantities w, are called the quasi energies and
|a) are the quasi energy or Floquet states [29]. If we use the
spectral decomposition of U, the amplitude b,(N) to excite
any given state |n) after N cycles of the microwave field and
for initial condition |(0)> = |n,) is given by:

by (N) = n|UYT)Iny = Y <njad e ™ Calnyy
3.3)

Hence, in order to enable a n, — » transition, there has to be
at least one Floquet state |a) which connects both, |n) and
| ny . In other words, the degree of localization or delocaliza-
tion of the quasi energy states | o) will determine the efficiency
by which the atom absorbs energy from the external micro-
wave field. In the localized situation, the induced excitation is
limited, whereas if delocalized quasi energy states overlap
with the initial state | n, ) of the atom, energy can be absorbed
efficiently until the atom finally ionizes.

The understanding of the structure of the Floquet states is
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Fig. 5. (a) Width-function and (b) some typical quasi energy states, cal-
culated in a basis of 160 bound states, fore = 10>andw = 5 x 1075, (c)
and (d): same as (a) and (b) respectively, but for ¢ = 5 x 10~° and
® = 5 x 1073, Basis truncation effects become serious for n 3 100.

the main objective in the study of the quantum dynamics
of classically chaotic systems. In the case of the kicked
rotor, the localization of these states is responsible for
the quantum suppression of the diffusion of energy. The
mechanism which brings about the exponential localization
was identified as being analogous to the Anderson mechan-
ism [2]. The relation between the diffusion constant and the
localization length was amply discussed by the previous
lecturer. We shall present now our results concerning the
driven hydrogen atom, and show that in the present system
there are other physical effects which produce different
localization properties.

The discussion of the Floquet spectrum in the present
problem is encumbered by the existence of the continuum in
the spectrum of the unperturbed atom. To make a meaning-
ful comparison with the kicked rotor and with the classical
theory of the preceeding chapter, we limit the discussion here
to the dynamics in the space spanned by the bound states of
the atom. This is the analogue of the region of phase-space
described in terms of action-angle variables. When we discuss
the ionization process, we shall reinstate the continuum in its
due place.

Figure 5(b) and Fig. 5(d) show the overlaps of some
typical eigenstates |a) of the 1-cycle propagator in the |n)
basis for two different sets of field parameters. We see that the
quasi energy states can be grouped into 3 categories, which
have been dubbed Type I, II and IIT in Ref. [4]:

(I) States which overlap mainly with low n states and
which differ very little from the original free atom states
(narrow states),

(IT) transitional states, and

(III) states which overlap mainly with high » states and
whose expansion amplitudes decay as a power of » for large
n (broad states).

The spectrum of the 1-cycle propagator will always con-
tain Type I and Type III states whereas the range of tran-
sitional states depends on the field parameters (compare
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Fig. 6. Some typical eigenstates of the bound space projected dipole
operator Z.

Fig. 5(b) and Fig. 5(d)) and can be very narrow (see
Fig. 5(b)).

The transition stems from the same dynamical reasons
which affect a similar transition in the classical treatment.
Type I Floquet states are the quantum analogues of the
regular periodic orbits at low r values. The Type III Floquet
states correspond to the U-shaped classical trajectories at
high n values while Type II states play the role of the chaotic
strip observed in the intermediate range of n values in the
classical phase portrait (see Fig. 3). Because of the domi-
nance of the z operator in the high » domain, we studied the
spectral properties of the operator z in the entire space of
bound eigenstates |n) [16]. By a semi-classical quantization
of the z(n, ®) = const. trajectories and detailed numerical
investigations we could show that the spectrum of the z
operator is discrete and we derived the following properties
for its eigenvalues {, and eigenvectors |v):

M =m80+14)v=12,...

(2) {n|v)isexponentially small forn < n/4(v + 1/4). At
n = n/4 (v + 1/4) it rises abruptly to its maximal value.

(3) Beyond this limiting value of n, the expansion coef-
ficients <n|v) change sign a few times and finally decay as
n~%2 for large n. The last zero of the oscillations occurs at
n = n/(4./6) (v + 1/4)*~

Typical eigenstates of the z operator are shown in Fig. 6.
Comparing the quasi energy states in the “Type III” —
region in Fig. 5 with the z-eigenstates of Fig. 6, we see that
the picture of a transition from H, — dominated motion to
z-motion holds very well indeed.

We shall now use perturbation theory to get an estimate
for the critical value n, at which the transition between
Type I and Type II states is expected to occur. The eigenvalue
problem (3.2) can be posed in an alternative way. We obtain
the quasi energy states | &) by solving the Schrédinger equation
subject to the boundary condition:

l(T)y = e ™ [a(0)); |2(0)) = |o)

It is useful to split the interaction term in the Hamiltonian
(2.1) into a “diagonal” and an “off-diagonal” part:

3.4

Viz, 1) = Vp(z, t) + Vy(z, 1) = ¢&-z-sin (w?)
3en’ sin (wt), n =m
n|Vp()|m) = {

0, n#m (3.5)
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0, n=m

(n| V(@) m)y = {

e{n|z|m) sin (wt), n # m

The perturbation expansion is carried out in the interaction
representation:

la(f)y = exp [— i (Hot + f; V(1) dt’)] le, ()  (3.6)
where the effect of the large diagonal part of the interaction
— V,(f) — is extracted explicitly. This procedure is the
quantum analogue of the classical theory which led to
(2.6). The form (3.6) is substituted into the time dependent
Schrédinger equation. Integrating both sides of the equation

along one cycle of the field and imposing the condition (3.2)
we obtain:

{exp [i (HOT + jo’ V(') dt’) - iwa] - 1} |, (0))

1 ~
= [ 7))y ar

: 3.7

where V,(r) is the interaction representation of the non-
diagonal part of V(z, 1).

In the low n regime, we start the perturbation expansion by
setting | o, (f)> = |n). Then, w, = —1/(2n*)T and the quasi
energy state | o™ ) which is centered on |n) is distributed on
m # n states according to:

© 2
26z, s

oy, X; (1) ¥ AL I (Vo)
where z,, are the matrix elements of the dipole operator and
¥.. and A, were defined in equation (2.10). The Floquet state
|a™ is localized on |n) as long as the amplitudes (3.8) are
small. Except for resonance conditions, the largest ampli-
tudes occur for m = n + 1. The critical n at which localiz-
ation breaks down, is estimated as the value n = n, for which
[30]

[<n, + 1]d™>] = 1)2 3.9
Using the leading terms in (3.8) and z,,,, & —3n’, we get
1 lewn? .<1 L 1 — (wn})? ﬁz_,)

[<mla®)| = (3.8)

2 |1 — (on)) 1 — Qon}) (3.10)
Extensive numerical calculations show that in the parameter
range of interest here, the formula (3.10) reproduces the
transition points to better than + 5 states. We used (3.10) to
calculate n, for the parameters used in Fig. 1 of Ref. [31]. The
resulting n, = 73 agrees remarkably well with the n value
where the probability distribution in this figure exhibits the
sharp transition.

A non-perturbative estimate of the transition point n, is
obtained by calculating numerically the 1-cycle propagator
and diagonalizing it in a sufficiently large space of basis
functions. In order to extract the transition point from the
numerical data, it is useful to introduce an objective measure
for the extension of an unperturbed state | ) when expanded
in the quasi energy basis {| )}. We define the width function
[32]):

W(n) = exp [—Zl<otln>|2 1n|<a|n>|2] @3.11)

It is assumed that =, |<a|n) |> = 1. W(n) gives the effective
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number of states used in the expansion of the state | #) in the
basis {|«)}. Fig. 5(a) and Fig. 5(c) show the width W(n) for
two different sets of fields and frequencies. In both cases we
observe that for small enough n, W(n) is approximately 1 and
grows linearly in 7 for large n. This behavior can be explained
on the basis of our picture of a cross-over from H,-dominated
motion to z-dominated motion as a function of increasing .
For low n, the external microwave field is very weak com-
pared to the atomic binding field, and the spectra of H, and
of U are nearly the same. In this case, a single quasi energy
corresponds almost uniquely to a single unperturbed state
|n) resulting in W(n) = 1. For large n, z-motion will take
over and the spectrum of the 1-cycle operator U will resemble
the eigenstates of the dipole operator. One can show analyti-
cally in this case, using the definition of the width function
(3.11) and the spectral properties of the z-eigenstates that the
width of an unperturbed state |n) expanded in the set of
eigenstates | v) of the z-operator grows linearly with n. The
dashed lines in Fig. 5(a) and Fig. 5(c) are the width of a state
|n) in the eigenbasis of z and the fact that the width of |n)
in the quasi energy basis (full lines) approaches the dashed
lines asymptotically, provides further evidence that the quasi
energy states which overlap appreciably with the high n states
approach the z-eigenstates |v) for large n.

The parameters in Fig. 5 were chosen in such a way that
in both cases the transition points were expected to occur
aroundn ~ 10,but wr’ < 1 for Fig. 5(a,b)and wn] > 1 for
Fig. 5(c, d). It can be seen that the two conditions lead to
quite a different qualitative behavior of the transition region
between the two regimes W(n) =~ 1 and W(n) ~ n. In the
case wn} < 1 we observe a very characteristic, steep rise of
the width function W(n) at n = n,, whereas in the case
wn} > 1 the transition is much more gentle. At this point
we note that for all the hydrogen ionization experiments
conducted so far [5S-11], wn; 2 1 is always fulfilled and
according to Fig. 5(a), the critical value n,, which marks the
transition point between the H- and z-dominated regimes, is
very well defined. One can establish a correspondence
between any given 7 value and the critical field ¢ for which
the transition occurs at the chosen n. This can be done
numerically by extracting the information from the width
function, or perturbatively using (3.10). The result of such a
procedure is shown in Fig. 7 where the stars are extracted
from the numerical calculations while the full line shows the
critical field evaluated from (3.10). The perturbative estimate
of the critical field is less accurate in the vicinity of the
1, 2, . . -photon resonances at n = 87, 69, . . respectively.
This is expected on the basis of the crude criterion chosen to
determine n,. The overall agreement is rather convincing and
shows that the transition from localized states to ‘“broad”
states in this regime of parameters is perturbative.

We may repeat now the perturbative calculation of the
Floquet eigenstates choosing the representation where the
operator z is diagonal. Assuming a z eigenvector to represent
the Floquet state to zeroth order, one finds that the mixing of
neighboring z eigenstates due to the presence of Hyis ~ 1 /\/_]\7
for large enough N values. This substantiates the claim that
the Floquet states which overlap appreciably with high n
states approach in the limit the z eigenstates | v).

Because of their asymptotic approach to the z-eigenstates,
the components of the quasi energy states in the bound space
are always normalizable. Technically speaking, the quasi
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Fig. 7. The critical field ¢.(n) as a function of the initial state n. Squares:
Experimental results for the critical 10% ionization fields [8-11]. Stars:
numerical evaluation of the field at which the transition from narrow to
broad states occurs at the given n. Full line: Second order perturbation
theory (Eq. (3.10)). The experiment and the calculations were carried out at
o = 1509 x 107

energy states are never “delocalized” but, because of the
powerlaw fall off, they are only marginally localized. This
contrasts with the suggestion [4] that among the quasi energy
states there should exist localized as well as delocalized states.
This claim was based on a seemingly erratic behavior of the
quasi energy states in the “Type III”-region. In view of Fig. 5
we have to conclude that the basis in Ref. [4] was far insuf-
ficient to see the powerlaw decay of the states in the “Type
III”-region. Such a transition from “narrow” to “broad”
states seems to be quite a common phenomenon, and it
occurs e.g., in the system of periodically kicked surface state
electrons [32]. '

The existence of a value n, at which there is a transition
from narrow (H, dominated) to broad (z dominated) states,
is closely linked with the onset of ionization. We have shown
[16] that as long as its rate is low, the ionization process can
be viewed as a two-step process. First, probability has to be
transferred to “door-way” states which then ionize. We
found that for a given field strength the door-way states lie
aboven, = (1/3¢)"*. Ionization may occur only if probability
is transferred to states withn > n,. For low fields ¢ the initial
state | ny) is nearly an eigenstate of the 1-cycle operator U.
Therefore it cannot feed higher lying states and since n, < n,,
it cannot decay directly to the continuum. Consequently the
atom is stable under the external perturbation with no result-
ing ionization. Increasing the field strength ¢, but keeping
ny < n,, the direct route to the continuum is still barred, but
an alternative route opens at some critical field &, where the
width of the state | n,) increases to the maximal value which
the operator z can induce. Suddenly many quasi energy states
are needed for an expansion of the initial state | n,», and these
states, being close to the eigenstates of the z-operator, decay
only as a power law and provide an efficient link between the
initial state | n,) and the states with n > n,. Via this link, the
probability which was initially concentrated in the state |7,
is efficiently transported upwards to the door-way states from
where it decays with appreciable rates to the continuum.
Thus the critical field for ionization should coincide with the
transition field ¢, defined above. The squares in Fig. 7 are
the measured critical fields for ionization. The agreement
between the theoretical estimate and the measured values is
very good.

The mechanism outlined above, provides an overall expla-
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nation for the onset of strong ionization as a function of the
microwave field strength. In a number of cases, however, the
experimental ionization curves show structures for field
strengths well below the critical ionization field e, (see e.g.,
Fig. 1(b-d)). The mechanism responsible for this effect is
different from the one discussed above and will be shown to
be of purely quantum origin.

Below the critical ionization field ¢, there are no Floquet
states which overlap with both the initial state and with
n > n, states. Consider two Floquet states |a) and | 8> such
that

Knglad| = 4 ~ 1;[<n,|B>| =
[<no| B> | ~ 0; |<n,lad| ~0

The corresponding Floquet eigenvalues are functions of the
field strength. If at some value ¢ the eigenvalues display an
avoided crossing, the Floquet eigenstates mix very effectively
and the transition n, — n, can occur. Avoided crossings
happen at well defined field values and their effect is confined
to a narrow range of field strengths in the vicinity of the
crossing. In actual experiments the effect of a single avoided
crossing cannot be noticed unless an extremely accurate
experimental set-up is designed. It so happens that under
special conditions some 10-30 avoided crossings occur in a
narrow range of the field strength, which is presently of the
order of the experimental field resolution. This clustering of
avoided crossings produces enhanced ionization which is
observed experimentally as sub-threshold ionization peaks.
In Fig. 1 we show the experimental ionization curve for
n = 38 together with two theoretical curves. The smoothed
curve was obtained from the spiky one by convolution with
the experimental uncertainty in the determination of the field.
A detailed check of the Floquet spectrum showed that to each
spike in the theoretical ionization curve there corresponds an
avoided crossing of Floquet eigenstates which have the
property (3.12) before and after the avoided crossing.

Subthreshold structures were observed for various other n
values and the quantum theory always reproduced their
location and relative heights. These results substantiate the
qualitative validity of our interpretation of the subthreshold
ionization resonances as being due to an enhanced excitation
of the n > n, states at selected field values where avoided
crossings of quasi energies occur.

Till this point we limited the discussion to the dynamics in
the bound space. We have developed a calculational scheme
which includes the ionization channel, and the theoretical
ionization curves presented in Fig. 1 are the result of such
calculations. We found that the inclusion of the continuum
does not change substantially the bound space dynamics,
even though now the probability to remain bounded decreases
with time.

B ~ 1;
(3.12)

4. Summary and conclusions

The main conclusion of this work is that but for the sub-
threshold ionization phenomenon, the classical and the quan-
tum theories of the microwave ionization of the hydrogen
atom reproduce equally well the ionization data in the
domain wn’ < 1. The two theories show the same transition
from H, dominated motion to z = const. motion, and the
onset of ionization just signals that the initial » value makes
the transition from one phase to the other when the field



ITonization of Excited Hydrogen Atoms by Microwave Fields: A Test Case for Quantum Chaos

equals & (n). Perturbative estimates which convey the same
physical idea but expressed using either the classical or the
quantal language were derived and found to be consistent
with the data. In this domain of field parameters, we could
not find any evidence for the “quantal suppression of classi-
cal diffusion” which is present in other systems. This is prob-
ably due to the fact that the transition between the two
asymptotic regimes is rather abrupt for the cases studied here.
A different behavior was observed in the studies of the com-
plementary range of parameters (wn’ > 1) where the tran-
sition between the asymptotic regimes is gradual and Type II
states play a more important role.

As for the localization properties of the Floquet states in
the wn® < 1-domain, the Anderson mechanism has little
effect if any. The Floquet states are normalizable and the
Type I and Type III states are perturbatively localized on
cigenstates of H, and z respectively. Only the Type II
states, of which there is only a finite number, may show a
local exponential decay. There, one might try to connect
the classical diffusion coefficient in the chaotic strip and the
localization length of Type II states. This deserves further
study.

The only genuine quantum effect observed so far are the
sub-barrier ionization peaks. The avoided crossing mechan-
ism which is responsible for these effects was also identified in
the study of the microwave excitation of diatomic molecules
[33]. The occurrance of avoided crossings is a manifestation
of the fluctuations in the Floquet spectrum. The study of the
statistical properties of the Floquet spectra is still in its
infancy, and it may lead to interesting links in the study of
quantum chaos of static and periodically driven systems.
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