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Abstract We study the correlations in the quasi-energy (PE) spectra of systems with 
dynamical localization, using the quantum kicked rotor (QKR) as a paradigm. The specific 
spatial structure of the QE eigenstates is taken into account by investigating the local 
spectrum, which gives each eigenstate an individual weight according to its overlap with 
Some reference state. Two-paint correlations in the local spectrum are related by Fourier 
transform to the time evolution of the probability to stay at the initial state. We devise 
a scaling tiieoly far this dynamicai quantity in the case of the QKR, containing the 
participation ratio as a single parameter. It implies that the local spectrum is characterized 
by positive correlations, in contrast to the unbiased spectra in classically chaotic systems 
with a bounded phase space. This is consistent with recent results an spectral properties of 
systems with Anderson localization. A scheme for experimental measurements of spectral 
two-paint correlation functions is proposed. 

PACS n!!m.hcn: 05jnr 05451 71551 

1. Introduction 

The search for the fingerprints of classical chaos in quantum systems has proceeded, 
in the last decade, mainly in two different directions. The study of time-independent 
systems with a bounded phase space has been concentrated on spectral features. It 
was shown that, as soon as the corresponding classical dynamics becomes chaotic, the 
spectral fluctuations, in the limit A 40, obey universal distribution laws, as predicted 
by random matrix theory (RMT) [l]. Recently, this quantum-classical correspondence 
has been extended to the domain of chaotic scattering, where the fluctuations in the 
S-matrix eigenphases were shown to follow the statistics of Dyson’s circular orthogonal 
ensembie (coEj pj. 

On the other hand, results obtained for periodically driven systems, represented 
by the quantum kicked rotor (QKR) as a prototype, stress the fundamental difference 
between classical and quantal dynamics. Unbounded diffusion, as a hallmark of 
deterministic chaos in the classical versions of such systems, is suppressed in the 
quantal case by a dynamical interference effect akin to Anderson localization [3,4]. 
I I U S  eneci is inumarciy retaieu io LIK Iiaiure 01 LIK quasi-energy {VEI q ” u m  and 
the corresponding eigenstates of the (unitary) one-cycle propagator (Floquet operator). 
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The suppression of classical diffusion is due to the fact that the Floquet eigenstates 
are exponentially localized when expressed in the basis of the unperturbed rotor. 
Localization, as a feature of the eigenfunctions, is associated with a discrete eigenvalue 
spectrum. Spectral discreteness in systems with dynamical localization thus arises in a 
fundamentally different way, compared with systems where the accessible phase space 
is restricted by boundary conditions. It is to be expected that this difference in the 
underlying dynamics is reflected in the statistical properties of the spectrum. 

A straightforward application of the results obtained for Dyson's circular ensembles 
[5,6] is certainly not justified in this case: a basic property of the canonical ensembles is 
the invariance of their statistical properties under rotations, such that any basis can be 
chosen equally well for their representation. Localization, on the other hand, introduces 
a highly specific, representation-dependent structure of the eigenstates. In particular, 
it implies that eigenstates localized at sufficiently separated sites become effectively 
uncorrelated [7]. As a consequence, the nearest-neighbour distribution is rendered 
Poissonian, despite the chaotic nature of the corresponding ciassicai dynamics [ i -S j .  
This situation has no analogue in the theory of the canonical ensembles; it should be 
taken into account by incorporating spatial structures into the spectral statistics. 

In the present paper, we pursue this idea by analysing in detail a specific example, 
the QE spectrum of the QKR. The question of how spectral statistics are influenced by 
localization has a longer history in the quantum theory of disordered media than in 
quanium ciiaoiogy. Therefore, it is naiurai io adopt concepis and methods of specirai 
analysis which have proven useful in the context of Anderson localization. The fact 
that randomness in the QKR is based on an underlying deterministic dynamics, on the 
other hand, can be exploited by using the powerful semiclassical techniques developed 
in the quantum chaology of time-independent and scattering systems. 

Specifically, we investigate two-point correlation functions for two different types 

analogous concepts in solid state theory: the local spectrum and the unbiased spectrum 
for  afinite sample. Two-point correlations allow to derive the A3 statistics [I] and form 
an essential building block for the derivation of the traditional nearest-neighbour (NN) 
distribution. Beyond that, they also contain information on the large QE scales, and 
they appear in the expressions for observables, thus providing a direct link to dynamical 
prcper!ies. OK main mdt is that !hex corre!a!ior? filncticns, iz the case of !he Q ~ K ,  
bear the marks of classical deterministic diffusion as well as of quantum localization. 
Dynamical localization is reflected in novel features of the spectral fluctuations, different 
from those derived for any one of Dyson's circular ensembles. 

The local spectrum is obtained by assigning to each QE value a weight, equal to the 
probability for the corresponding eigenstate to overlap with a local site, specified as 
an eigenstate of the unperturbed Hami!tonian !3]. This procedure involves fractional 
weights which depend in a complicated way on the positions of the eigenstates. 
Therefore the local spectrum cannot be generated by selecting eigenstates 'by hand' 
from the full QE basis, upon diagonalization of the Floquet operator. It is, however, 
intimately connected to a dynamical quantity which provides direct analytical and 
experimental access: correlations in the local spectrum are related by Fourier transform 
to the time evolution of the population of the state in which the system was prepared 
initially. This function, called the staying probability, contains essential information 
on the dynamics. In systems with localization, it decays diffusively during the initial 
stages of the evolution and approaches asymptotically the inverse of the number of 
accessed states. Conversely, characteristic dynamical features translate into properties 
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of the local spectrum: a relationship well known, e.g., in quantum chemistry [IO]. We 
utilize it to demonstrate that dynamical localization is reflected in the local spectrum 
by a tendency to display level clustering at small QE separations. As a matter of fact, 
a similar result has recently been obtained in the context of Anderson localization 
[11-13]. There, level clustering could be explained by the occurrence, at avoided level 
crossings, of QE eigenstates with two (or more) centres of localization, a mechanism 
initially proposed by Mott [14]. The apparent attraction is thus revealed to he solely due 
to a strong increase, with decreasing QE separation, of the relative weight given to pairs 
of QEs in the local two-point correlation function. This is sufficient to overcompensate 
the repulsion of the hare levels. We suggest a corresponding interpretation for the case 
under study, thereby adding a new aspect to the analogy between quantum chaos and 
the quantum mechanics of random media. 

The analogue of a finite sample is introduced, in the context of dynamical localiza- 
tion, by restricting the infinite-dimensional Hilbert space spanned by the unperturbed 
Hamiltonian to a finite-dimensional subspace. The time evolution in the truncated 
space of dimension L remains unitary and approaches the evolution of the unrestricted 
QKR for L + m. The L quasi-energies of the truncated system can be treated on 
equal an footing by assigning the same weight to all of them. This approach will be 
investigated in a forthcoming publication [15]; it will serve, in particular, to study 
systematically the dependence of the spectral statistics on the parameter y ,  defined as 
the ratio of the mean localization length in the unmodified system to the finite basis 
size. 

In order to set the stage for the discussion of spectral properties we introduce, in 
a preparatory section 2, notations and basic partly novel concepts to he used in the 
description of the classical and quantal dynamics of the kicked rotor. In particular, we 
propose a simple one-parameter scaling theory for the time evolution of the staying 
probability. Section 3 is devoted to the study of the local spectrum. Its relation to the 
staying probability is used to translate the scaling ansatz developed in section 2 into 
the functional form of the two-point correlations characterizing the local spectrum. 
A scheme of how to measure spectral correlation functions experimentally, providing 
a possible test of our theory, is proposed in section 4. We summarize our results in 
section 5. 

Before going into the subject itself, we give a brief account of important results 
obtained by other investigators in the field. 

Feingold et a/ [7] were among the first to investigate the influence of localization 
on the QE statistics. They studied biased ensembles of quasi-energies of the QKR which 
were obtained by selecting the associated eigenfunctions according to the separation 
of their approximate centres of localization. As long as states within the same lo- 
calization neighbourhood are sampled, the nearest-neighhour distribution of QE levels 
resembles the Wigner-Dyson ensemble appropriate to classically chaotic systems with 
the symmetry properties of the kicked rotor. If, on the other hand, the sampled states 
are separated by more than a typical localization length, the spectrum displays a Pois- 
sonian distribution characteristic of the superposition of several mutually uncorrelated 
spectra, Their result reflects the gradual switching off, with increasing separation, 
of communication between the eigenstates involved. The dependence of the spectral 
statistics on the effective Planck's constant, as a complementary question, has been 
investigated by Frahm and Mikeska [I61 (see also the comment of Feingold et a /  on 
this work, and the reply by Frahm and Mikeska [17]). The Poissonian behaviour of 
the nearest-neighbour distribution for the unrestricted spectrum was also noted by 
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Izrailev [9]. 
Bliimel et al [18] studied the statistics of the QE spectrum for the hydrogen atom 

in a periodic external field. They selected the QE states according to their overlap with 
the classical chaotic domains in phase space, and showed that if the overlap is large, 
level repulsion dominates the spectrum, whereas if it is small, the NN distribution is 
Poissonian. 

Izrailev [9] took another approach by restricting the dynamics to a finite basis, in 
such a way that the unitarity of the Floquet operator is preserved. Resembling our 
finite sample approach introduced above, the ratio y of localization length to basis size 
forms an important parameter in this case also. In particular, the spectral fluctuations 
show a transition from Wigner-Dyson type for y > 1 ,  to Poissonian for y -0, similar 
to the transition mentioned above in the context of biased ensembles. Recently, Izrailev 
[19] was able to fit the nearest-neighbour distribution functions for all values of y by 
a simple expression which appears like an extension of the Wigner formula. So far, 
however, this approach is still phenomenological. 
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2. Classical diffusion and quantum localization 

The present study makes use of the kicked rotor 1201 as a paradigm of the class of 
periodically driven systems with one freedom which displays chaotic features in their 
classical dynamics. Since we intend to use classical quantities in semiclassical and 
quantum expressions in the sequel, it is convenient to measure angular momenta and 
actions in units of h from the beginning. In such a notation, the Hamiltonian describing 
the kicked rotor is given by 

I* 
H(I ,8)  = + k c o s ( 8 ) ~ 6 ( t - n r )  

with a cylindrical classical phase space --m < I < 00, 0 < 8 < 2n. 
The kicked rotor possesses two basic symmetries which we state for further ref- 

erence: It is invariant against time reversal (denoted by T), corresponding to the 
operation 

I + - I  B + e  t 4 - t .  (2.2) 

A less common, purely geometric symmetry is the invariance of the Hamiltonian (2.1) 
against reflections with respect to the origin of phase space (denoted by P), 

I + - I  9+2n-B. (2.3) 

We shall refer to the combination of these two symmetries (denoted by C, C = PT), 

1 - 1  8 - 2 n - 0  t + - t  (2.4) 

as ‘conjugation’. 
A version of the standard map corresponding to the Hamiltonian (2.1) is obtained 

by integrating the equations of motion between t ,  = nz + E  and t,+, = (n + l)? + E ,  

E +Of, 

I, , ,  = I ,  + k sin(O,+,) 

Bn,, = (8,  + ? I , )  mod 271 
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In addition to the symmetries (2.2)-(2.4) of the Hamiltonian, this map is periodic not 
only in 0 but also in the angular momentum I ,  with period 2nJr. 

The dynamics generated by the classical standard map becomes globally chaotic 
if the classical stochasticity parameter K = kr exceeds the threshold K ,  = 1. A basic 
approximation of the time evolution in this regime, providing a simple picture of the 
long-time dynamics, is its description as a diffusion process: an ensemble of classical 
trajectories, prepared initially at  I = I o  and spread homogeneously in 0, will, at a time 
n, be distributed in angular momentum according to [21] 

where D = k2/2 is the diffusion constant. This description, however, becomes valid 
only from the time nd on, given by the timescale on which correlations in the classical 
dynamics decay. It can roughly be estimated as the inverse of the mean Lyapunov 
exponent associated with the classical map. 

The quantum map, obtained from (2.1) by canonical quantization [21], is defined 
by the Floquet operator 

U = exp (-ikcos(6)) exp (-4irP). (2.7) 

The angu!a; momentum and angle operators 7, 8, respectively, obey the commutation 
relation v, 6'1 = -i. Eigenstates and eigenvalues of the angular momentum operator are 
given by I [  I )  = 11 I ) ,  I = 0, kl, k2 , .  . .; they are collectively referred to as the unperturbed 
basis throughout this work. The Floquet eigenvectors and the corresponding QE will 
be denoted by la) and us, respectively. Both families of eigenstates span the infinite 
Hilbert space which is the quantum analogue of the classical cylindrical phase space. 

The localization of the Floquet eigenvectors is intimately connected with the 
measure of the corresponding QE spectrum. If the spectrum is point-like, the Floquet 
states are localized. Otherwise they are delocalized, i.e. they are not normalizable. 
There exists a rigorous criterion to distinguish between these two situations: consider 
the function 

which corresponds classically to the mean probability to return to an initial condition 
specified with respect to angular momentum I ,  but independent of 6'. The angle 
brackets indicate averaging over a sufficiently large number of initial states I I ) ,  e.g., 
over a subset of the unperturbed basis covering many localization neighbourhoods. The 
symbol $indicates that both discrete and continuous components of the QE spectrum 
are included, if they exist. It has been proven that the quantity 

. N-I 

(2.9) 

indicates whether the eigenstates are localized and hence determines the character of 
the QE spectrum-if c-' vanishes, the spectrum is continuous, whereas if is finite, 
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the spectrum contains a point-like component [22]. The fact that t-' # 0 implies 
normalizability at least of a subset of the Floquet eigenstates, but does not indicate 
any particular form of their localization. 

This theorem allows for a simple physical interpretation [lo]: the function P,(n) 
gives the average population left at a time n, in an initial state prepared as an angular 
momentum eigenstate 1 I ) .  This probability can vanish asymptotically for long times 
only if the eigenstates of the Floquet operator cover the entire space, i.e. if they are 
delocalized. In case they are localized, P,(n) must remain finite on average, and provides 
an estimate of the number of QE states overlapping appreciably with the initial state. 
Indeed, by substituting (2.8) in (2.9), we get 
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(2.10) 

This is the definition of the mean inverse participation ratio. For systems with exponen- 
tial localization, the participation ratio 5 is proportional (with a proportionality factor 
of the order of 1)  to the localization length. 

The QKR does not show localization for values of the parameter 1/71 that are 
either rationals [23] or Liouville numbers (irrational numbers for which the continued 
fraction approximation converges exceptionally fast) [2426], both classes forming 
subsets of measure zero of the real numbers. There is ample numerical evidence (but 
no rigorous proof) in support of the observation that the QKR does localize for all other 
values of 1/71. We shall restrict the discussion from now on to the latter, generic case, 
where the Floquet eigenstates are normalizable and the staying probability approaches 
a non-zero constant. 

The function P,(n), and in particular its transient behaviour is of special interest 
here. It allows us to formulate a scaling theory for the saturation of classical diffusion 
by quantum localization in the QKR system. Following the basic analysis of this cross- 
over proposed in [27], we distinguish an initial phase of the time evolution, where the 
quantal dynamics essentially mimic the classical, and an asymptotic phase, dominated 
by the effects of localization. 

The diffusion approximation for the classical dynamics (see (2.8)) predicts an 
algebraic decay of the probability to return to lo, 

(2.11) 

It gives the correct time dependence also for the initial decay of the staying 
probability in the quantal case. However, it does not take a basic quantum coherence 
effect into account which enhances the quantal staying probability by a factor of two, 
compared with the classical case: in a system symmetric with respect to conjugation, 
(2.4), there exist 'conjugate pairs' of trajectories closed in angular momentum. These 
are pairs of trajectories which return, after N time steps, to their respective initial 
values of 1 (but are not necessarily periodic), and are related by the transformation 

1"-1 I _  - b-" e:, = 2n - eN-n (2.12) 

so that I ;  = I,+,. For a conjugate pair of trajectories, semiclassical amplitudes are 
identical so that they contribute coherently to the probability to stay, (2.11). Thus 
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the staying probability is increased by an effective factor of two, except for the trivial 
case n = 1 (i.e. N = 1 in (2.12)) where closed trajectories coincide with their conjugate 
counterparts. Therefore, an approximation for the quantal staying probability in the 
initial phase, analogous to (2.1 l), is given by 

P,(n) o for small n, but n > nd. (2.13) 

In the regime of large n, on the other hand, the discreteness assumed for the QE 
spectrum implies (see (2.9)) that 

p,(n) -+ 5-l for n + 00. (2.14) 

I h " " " ' I  ' " " " ' I  ' " " " ' I  1 
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1 0 

" 
Figure 1. Evolution, over the first 21° time steps, of the staying probability for the quantum 
mechanical (qm) and classical (cl) versions of the kicked mtor. Parameter values are K = 20, 
and r = 0.05/((6 - I)/2) in the quantum mechanical case, so that k = K / r  = 39.3. The 
dotted graph represents the quantum mechanical function, reduced by a factor of two, 
which corresponds to the enhancement by constructive interference of paths with their 
conjugate counterparts, see (2.12). The broken line indicates the asymptotic decay oc l / f i  
of the staying probability in the classical case. 

In figure 1 we compare the time evolution of the staying probability P,(n) for the 
classical and the quantum mechanical versions of the kicked rotor (the classical data are 
based on an ensemble average over 5x105 trajectories, the quantum mechanical function 
was obtained by averaging incoherently over 512 'runs' of the QKR with equidistant 
initial states I I ) ,  separated by several localization lengths between neighbours). The 
classical stochasticity parameter was chosen K = 20, well above the critical value for the 
onset of global chaos, and the effective Planck's constant is T = 0.05/g (g = (&- 1)/2 
denotes the golden mean), so that k = K / T  = 39.35. 

In the classical case, after a non-generic initial phase extending over several time 
steps, the staying probability decays according to the algebraic law (2.1 l), indicated 
by the broken line. The corresponding quantum mechanical function approaches the 
classical one as an asymptote for short times, if the quantum mechanical enhancement, 



66 

in systems with C invariance, of the probability to return is taken into account (the 
dotted graph represents the quantum mechanical data, reduced by the corresponding 
factor of two). 

We introduce a scaling ansatz by assuming that the function P,(n) for all n > nd 
depends on the two parameters k and T of the Floquet operator (2.7) only via a single 
scaling parameter, namely 5 .  The two asymptotic forms (2.13) and (2.14) are reconciled 
if 5 - D and, for n > nd, 
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where f ( x )  is a scaling function which satisfies 

x < l  

x >  1. 
f(x) = { y 

(2.15) 

(2.16) 

c is a constant to be determined from numerical data. 
We have checked the validity of the scaling ansatz (2.16) numerically. Representative 

data are presented in figures 2 and 3. Figure 2(a) shows the scaling function f(x) = 
tP,(n), x = n/5, for the QKR at three different values of the effective Planck's constant, 
T = O.O5/g (full line), O.l/g (broken line), and 0.2/g (dotted line), while K = 20, as in 
figure 1. The corresponding values of the participation ratio, used for the rescaling, 
have been obtained from the mean long-time asymptotes of the staying probability 
as 5 = 314, 90, 20, respectively. It is clearly visible that all three curves, within the 
range of the fluctuations, describe the same functional dependence. In figure 2(b) we 
compare three different cases which differ in the classical kicking strength, keeping T 
constant. Again, the three functions collapse to a single line upon rescaling. These 
results confirm the validity of our scaling ansatz (2.16). 

Additional information about the scaling function is obtained by plotting f(x) - 1 
(figure 3). This function emphasizes the way the staying probability approaches a 
constant for n + m. It shows that this approach can be described by f(x) - 1 - l/x 
for x 2 1. 

The scaling theory implies the well known relation between the classical diffu- 
sion constant D and the participation ratio 5 which, in turn, is proportional to the 
localization length. In the present notation, it reads 

5 =cD. (2.17) 

Our numerical data yield the estimate c = 0.3 f0.05. The proportionality of 5 and D, 
(2.17), is demonstrated by the inset in figure 4, which is based on the same three sets of 
data as figure 2(a). The histogram shown in figure 4 represents the distribution of the 
512 individual values of the inverse participation ratio t-', gathered in the case T = 
O.O5/g, K = 20. This distribution exhibits a single, pronounced maximum, confirming 
that the mean inverse participation ratio is a statistically meaningful quantity. 

The constant c determines the cross-over time nsm at which the asymptote f(x) = 1 
is reached. We observe that f(x) - 1 % 0.1 at  x w 1 (see figure 3), which implies 
nqm % 5.  This result is consistent with the known proportionality [27] obtained for 
the time evolution of the energy gain. In fact, the timescale nsm has a very general 
significance-it gives the time beyond which interference effects dominate the dynamics 
of the QKR (see below). 



Spectral properties I 61 

7.0 
6.0 

5.0 

4.0 

3.0 

F 
U 

w 
2.0 e, 

I1 

X 
- 
v - 

1 .o 
0.9 
0.8 
0.7 

10-2 10-1 I O 0  10 
x = Il/f 

7.0 
6.0 

5.0 

4.0 

3.0 

2.0 

1 .o 
0.9 
0.8 
0.7 

10-2 10-1 100 101 
x = n/c 

Figure Z Scaled staying probability gP&) as a function of the scaled time x = n/C far 
the quantum kicked rotor at three different values of the effective Planck's constant (a), 
and at three different values of the classical stochasticity parameter (b ) .  Parameter values 
are ( 0 )  K = 20, and r = O.OS/g (full line), O.l/g (broken line), 0.219 (dotted line); ( b )  
r = O.OS/g, and K = 20 (full line), 10 (broken line), 5 (dotted line), where g = (6 ~ 1) /2.  
The correponding values of the quantal parameter k = K l z  are k = 39.3 (full line), 19.7 
(broken line), 9.8 (dotted line), for both parts. , 

Summarizing, we state as a crude estimate of the time evolution of the staying 
probability, 

1 n =o  
p,(n) = 12 nd < n 5 t (2.18) { l/t n > 5 .  

I t  becomes exact in the semiclassical limit, which amounts here to 5 - m. Equation 
(2.18) is not valid for very short times, due to our neglect of the non-generic first kicks. 
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Figure 3. Scaled staying probability (Pa(.) - I as a function of the scaled time x = n/t for 
the quantum kicked rotor. Parameter values are K = 20 and T = O.OS/((& - l)/2). The 
left and right straight lines indicate algebraic decay as x-'lz and as x-', respectively. 
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Figure 4. Probability distribution of individual values of the inverse participation ratio 
< - I .  Parameter values are K = 20 and T = O.OS/((& - l)/2). The histogram is based 
on the long-time asymptotes of the staying probability for SI2 different initial conditions. 
The arrow indicates the mean. Inset: mean values and RMS deviations of the measured 
participation ratios 5 ,  as a function of the diffusion constant D, for the three cases shown 
in figure 2(a) .  

It also fails to reproduce the cross-over from diffusion to quasi-periodicity as a smooth 
transition. 

The above scaling theory, which combines both strictly classical and genuine 
quantum mechanical behaviour in a single expression, is most naturally studied from 
a semiclassical point of view. The staying probability is expressed semiclassically, as a 
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sum over paths, by 

(2.19) 

The index r runs over the various classical orbits which start at and return to I after 
n time steps, p,(l;n) is the classical probability associated with the rth trajectory, and 
'3, is the corresponding action (the Maslov index is assumed to be absorbed in a,). 
A reordering of the double summation over r, implied by (2.19), yields the alternative 
form 

The first term represents, besides a factor of two, the classical staying probability which 
decays as 1/&. Hence the second term includes genuine quantum coherence effects and 
should provide a semiclassical expression determining the inverse localization length. 
Conjugate pairs of trajectories are excluded from this term. As long as n ,S nqm, 
however, its contribution is marginal and diffusive behaviour prevails. This behaviour 
is entirely due to the chaotic dynamics of the classical kicked rotor. For short times n, 
closed classical trajectories are scarce, the differences '3, - @+ between various action 
integrals are large, and, upon averaging, the non-diagonal elements in (2.20) cancel. 
The situation changes as soon as It 2 nqm: due to the exponential proliferation of 
closed trajectories with n and the fact that (Q,) - n2, action differences Q, -Q,, 
become sufficiently small to reach the order of unity, and therefore interference terms 
cease to average out. A direct evaluation of the inverse participation ratio from the 
non-diagonal term of (2.20) is beyond our present understanding of the semiclassical 
approximation. Yet, its genuine quantum mechanical origin is clear. 

With these remarks we have completed the preparation of background and tools 
necessary to discuss spectral two-point correlation functions in the following section. 

3. The lwal quasi-energy spectrum 

In their work on the analogy between dynamical localization in the QKR and Anderson 
localization, Fishman et al  [3] adopted a concept well known in the theory of electronic 
states in disordered solids to introduce the local spectrum for periodically driven 
systems. Its density is defined by 

(Here and in the following, delta functions of quasi-energies are understood to be 2n 
periodic.) The definition (3.1) assigns a weight l(all)12 (where 0 5 I(al 1)12 2 I )  to 
each QE we. The summation in (3.1) comprises the entire Floquet basis, so that the 
local density is normalized to unity. 

By resolving the periodic delta functions in (3.1) into a Fourier sum, and using the 
defining property of the states I E) to be eigenstates of the Floquet operator U, the 
local spectrum can alternatively be defined as 

(3.2) 
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where 
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A(1;n)  = ( I 1  U" I I )  (3.3) 

denotes the amplitude to be in the initial state I I )  after n cycles of the driving force, 
Similarily, a two-point density can be defined by 

Pz(l,m;w, x )  = I( a I I ) I 2  K B  I m ) I 2  ~ ( w  - o.)~(x - q). (3.4) 
@#0 

Here, each pair of QE values om, of is weighted by the product of overlaps of the 
corresponding eigenstates I a ), I P ) with two reference states I I ), I m), respectively, in 
the unperturbed basis. Due to the exclusion of diagonal elements a = !3 from the 
summation in (3.4), Pz is not normalized to unity. Rather, 

where we introduced the abbreviation 

Y I ,  - C l ( a 1 ~ ) 1 2 1 ( ~ l m ) 1 2 .  - (3.6) 

This quantity measures the extent to which the two states I I ) ,  1 m) can communicate 
through their overlap with any Floquet eigenstate I a ) .  More precisely, it is the time 
average of the probability to make the transition I + m. Particularly, for I = m, it 
reduces to the inverse participation ratio 5-l introduced in the preceding section. 

Systems like the QKR are statistically homogeneous along the unperturbed basis, 
i.e. besides fluctuations, the properties of the Floquet eigenstates do not depend on 
their position in that basis. Therefore, relevant information is extracted from quantities 
like the complete two-point distribution function defined in (3.4) by averaging over 
the mean position of the pair I I ) ,  I m) of reference states, retaining only their relative 
distance A = I - m as a spatial argument, 

LL 

pz(A;o,x) = Cl( a I ! ) I z  I( P I I + A)I2 6(o -o$(x -os) . (3.7) 
(&#8 ) 

Angle brackets denote averaging over a sufficiently large ensemble of unperturbed 
eigenstates I I ) .  

Likewise, the statistical homogeneity of the QE spectrum around the unit circle 
suggests to average over the mean position of QE pairs. For quantities defined cyclically, 
the concepts of midpoint and relative distance are ambiguous. We base our definition 
on the shorter arc connecting two QES o and x (rather than the counterclockwise one). 
This amounts to a 'retiling' of the (a, x )  plane according to the rule: if the separation 
10 -11 exceeds the value K, shift the larger one of the two QEs by 2n (see figure 5) .  If 
we then define 

Q = l (  w f ~ )  q = ( o - x + + ) m o d 2 n - n  (3.8) 
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Figure 5. Transformation from quasi-energies w.2 to their mean value R and relative 
separation 7. The unit cell 0 5 o. 2 < 2n transforms into the unit cell 0 < R < 2n, 
-n 5 q < n, if the hatched areas are shifted by an angle 2n with respect either 10 o or to 
x .  This operation amounts to using the shorter arc connecting w with x as the basis of the 
transformation. 

the (R, q )  unit cell is obtained as the square 0 < R < 271, -K < q < 71 
The average over mean positions is now given by 

277 

P2(A;q) =lo dR P2(A;(Q+q/2)mod2rr,(R-q/2)mod2c). (3.9) 

This function may be interpreted as the joint probability to find two QE eigenstates with 
their centres of focalization A quanta of angular momentum apart and, simultaneously, 
with their quasi-energies separated by an angle q. 

The two-point correlation function (3.9) can also be written as a Fourier transfom 
VL a u y n a i n ~ a  quanrrry. ncrc L L  LS LIK wrreiaiui u1 uie arripiiruucb tu rciuni irum I I )  
_ P ^  A....--:--, :.__ TT̂.. :. .L^ ^^ ... I ..._ ̂PAL. ._._* :. ..A-- .. ..~ c-.-~ a , \  

t o  I I )  and to return from I I + A )  to I I +A) ,  after n kicks, 

l m  P2(A;q) = e- 'q""((A(f ;n)A'( l+A;n))  - y h )  
n=-m 

(3.10) 

where 

7.4 = (YI,I+A) ' (3.11) 

Note that 

(3.12) 

which ensures regular behaviour of P2(A;q)  at q = 0. 

and A # 0. 
We shall discuss the correlation function P2(A; q )  separately for the two cases A = 0 
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3.1. The case A = 0 

The special case A = 0 of the relation (3.10) is of particular interest. It will henceforth 
be referred to as the local two-point correlation function, given by 

T Dittrich and U Smilansky 

(3.13) 

Here, P,(n) is the mean probability to stay at a site I I )  after n kicks, and yo = 5-l 

is the mean inverse participation ratio. Both quantities were defined and discussed 
above, where it was shown that 5-l is the asymptotic value of P,(n) for n -+ CO. We 
find therefore that the staying probability P,(n) is the Fourier transform of the local 
two-point correlation function Pp. 

Equations (3.10), (3.13) are the basic analytical tools used in the subsequent 
arguments, since they relate spectral correlations to products of dynamical staying 
amplitudes. The function Pi" has a close relative in RMT: multiplying it by the factor 
t2 defines the function 

Rh'(q) = 5 2 p2 l 0 C  (3.14) 

which can be considered as the local analogue of the pair distribution function R2(q)  
[5,6], introduced in RMT as the probability for any two eigenphases to be separated by 
an angle q ,  integrated over the positions of all other eigenphases. Accordingly, RF is 
normalized to the effective number of non-identical QE pairs, 

(3.15) 

In the statistical analysis of spectra it is customary to define the cluster function 
Y2(r)  [l, 61. It is the difference between the pair distribution function for an uncorrelated 
spectrum and the actual pair distribution. The argument r corresponds to the difference 
q measured in units of the mean spacing 2x/5. It is important to note that whenever 
Y2(r)  vanishes the spectrum does not possess pair correlations. if Y2(r)  is negative, the 
pairs with this value of r have a higher probability than in an uncorrelated spectrum, 
while if it is positive, the corresponding probability is lower. Since in the present case 
the effective number of QE values is 5 ,  we get 

The fact that 5P,(n) - 1 - n-' for x >> 1 (see figure 3) ensures convergence of the 

can be written in the form f ( n / ( ) ,  where f ( x )  is independent of the parameters of 
the QKR (see (2.15), (2.18) and figure 2). Hence, in the limit of large 5, Yi"(r) also 
approaches a function which no longer depends on 5.  Using numerical data for the 
staying probability, we can calculate Y P  for a typical case of the QKR (see figure 6). 
The most striking feature is, that Y P ( r )  is negative at small distances (it must become 

Fourier juiii iii ihe ;&&ion of ;pyr;, As .w.aj jho-wn in j e c ~ o n  2, fiinc~oii &Ds(x) 
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Figure 6. Local cluster function for the quantum kicked rotor. Parameter values are K = 20 
and T =0.05/((6- 1)/2). The function shown has been obtained by Fourier transform, 
according to (3.16), of the average quantal time evolution of the staying probability depicted 
in figure I. 

positive for large arguments, however, to ensure proper normalization). This implies 
that the weighted QE values tend to cluster at  short distances. 

This is a surprising result. It appears to be incompatible with the known, intuitive 
picture how dynamical localization gradually takes over in the time evolution of the 
QKR [27]: according to this view, as time n increases, the dynamics is influenced by 
ever finer QE scales Am, given by the energy-time uncertainty relation nAm 2 2n. As 
soon as the scale of the mean NN separation in the spectrum is reached, the dynamics 
crosses over from diffusive behaviour to quasi-periodicity. Arguing in the same spirit, 
we show in the sequel that the clustering of QEs in the local spectrum is not at variance 
with this picture, but refines it in essential points. 

To begin with, it is important to note that the preparation of a very narrow initial 
state, compared even with the localized QE states, is a necessary condition for diffusion 
to occur in the first place; there is essentially no spreading of the wave packet if 
the system has been prepared in a state as wide as a typical QE state. In order to 
understand how a narrow state can arise by superposing eigenstates which decay only 
on a much larger scale, finer details of their structure have to be taken into account. 
The superposition of those eigenstates to form a narrow state is enabled only by 
the typical, erratic fluctuations around their smooth exponential envelope. Diffusive 
spreading can then be interpreted as a gradual destruction of the initial constellation 
of relative phases of the participating QE states with evolving time. They will mutually 
run out of phase due to the factors exp(i(m, - u B ) n !  which generate the dynamics in 
the QE representation. Two states cease to contribute in a constructive way to the sharp 
initial state as soon as their accumulated relative phase n(m, -ma) has changed by an 
amount of the order of II. This process, in turn, is determined by the distribution of QE 
differences Am = mn - w , weighted by the relative contribution of the associated pair 
of QE states 1 a ) ,  I p )  to the initial state. Thus it depends on the local two-point level 
correlation Pi”. As soon as the finest QE scale is reached, the quantum state no longer 
spreads on average, but merely fluctuates quasi-perodically around the superposition 

B 
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of the exponentially decaying envelopes of the participating Floquet states. Since the 
effective fraction of Floquet states no longer contributing constructively to the initial 
state is roughly given by C,",dq P;Oc(q), our result for the functional form of Pjs(q)  
proves consistent with the intuitive view of the cross-over process and the corresponding 
estimate of its characteristic timescale. 

Dealing with a closed system, we cannot actually call the process sketched here 
a 'loss of coherence'. In any specific instance of the dynamics, there are infinitely 
many recurrences, of any given accuracy, to the initial state. However, as soon as 
the corresponding classical dynamics becomes chaotic, these recurrences occur in a 
quasi-periodic pattern which is uniquely specific to the parameter values and the initial 
state chosen. Accordingly, they wash out in an appropriate incoherent average over a 
small neighbourhood of parameter values, or over a large ensemble of initial states, as 
we perform it here. 

The arguments put forward in the preceding paragraphs leave an essential question 
open. In classically chaotic systems, instances of level separations far below the 
average are associated with auoided crossings, and the probability for avoided crossings 
to occur approaches zero as their width decreases. It can safely be assumed that 
this is the case for the QKR as well. A physical mechanism which explains how this 
same phenomenon, which gives rise to level repulsion in unbiased spectra, leads to an 
apparent attraction of levels in the local spectrum, has recently been proposed in the 
context of spectral features associated with Anderson localization [ll-131. It goes back 
to an idea originally proposed by Mott [14]. 

T Dittrich and U Smilansky 

Figure 7. Schematic representation, for a system with dynamical localization, o f  two quasi- 
energies w., 06 and the corresponding eigenstates l a ) .  I p ) ,  as functions of a parameter 
x, in the neighbourhood o f  an avoided crossing. The exchange of identity of the two 
eigenstates proceeds, by a continuous turn of a mixing angle, through an intermediate stage 
where 1 a )  and 18) farm symmetric and antisymmetric 'double-hump states', respectively. 
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Assume two localized QE states 1 a) ,  I b )  associated with a pair of QE levels COa, 

o8 somewhat below an avoided crossing (see figure 7(a)), and follow the association 
of states with levels through the crossing: the eigenstates will remain associated with 
the eigenvalues in such a way as if the levels did cross without interaction, i.e. their 
association is gradually interchanged according to the turn of a mixing angle from 0 
to n/2. Correspondingly, at the crossing point, they in fact consist of the symmetric 
and antisymmetric superpositions I U )  = (I a )  + I b ) ) / f i  and I B )  = (I a )  - I b ))/a3 
respectively, of the original states 1 a ) ,  I b )  (see figure 7(b)). The states I a )  and I P ), 
though still orthogonal to one another, will contribute to the local two-point correlation 
function with an exceedingly high weight, because this function is based on the overlap 
of probabilities and not of amplitudes. This suffices to overcompensate the decrease of 
unbiased probability for small separations. 

Dynamically, this mechanism is associated with Rabi oscillations on an extremely 
slow timescale 2n/)w,-081, between I a )  and I b ) ;  it is effective not only at the precise 
parameter value where the separation is minimal, but also in its neighbourhood. Its 
existence can be verified by demonstrating that there are 'double-hump states' among 
the QE eigenstates. Such states have indeed been observed at level crossings in systems 
related to the QKR [28]. Of course, simultaneous crossings of three or more levels are 
also feasible, albeit with even smaller probability. They would correspond to triple.. . - 
hump eigenstates and accordingly enhance the tendency towards level clustering in the 
local spectrum. 

We can summarize our arguments by stating that the study of the local QE spectrum 
suggests a new feature of the quantum dynamics of classically chaotic periodically 
driven systems. The local QE correlations prefer clustering rather than repulsion of QE 
pairs. This phenomenon is closely connected to the suppression of classical diffusion 
by Anderson-like localization, and it is most clearly reflected in the probability to 
stay in the initial state. This latter function displays an interesting scaling property 
which emphasizes the intimate relation between the quantum localization length and 
the classical diffusion constant. 

Our analysis also shows that among the various parameters which can be used 
to give a quantitative measure of localization, the inverse participation ratio seems to 
emerge as the natural choice. It stems out of the dynamical analysis of the staying 
probability and does not rely on an assumption concerning a particular functional 
dependence (e.g. exponential decay) of the wavefunction. It is distributed rather 
sharply about its mean (see figure 4), and thus is a useful tool in practice. 

3.2. The case A # 0 
In order to further illustrate the local spectrum approach, we give a brief account of 
the generalization to finite A of the correlation function (3.9), 

(3.17) 

with 
N - l  

- lim - 1 B ( A ; n ) .  
"=O 

Y.4 - N-m N (3.18) 
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By analogy with (3.16), we define the space-dependent cluster function Y2(A;r)  by 
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Y2(A;r)  = 1 -2nP, A;  -r  ( 3 

The dynamical quantity B ( A ; n ) ,  to which P2(A;q) is related by Fourier transform, is 
given by the product of two amplitudes, 

B ( A ; n )  = (A(l;n)A'(I +A;n))  

(3.20) - - xein(o=-wa)(l(al / ) I 2  I (  fl I I  +A)I2). 
0,P 

It has to be distinguished from the average probability of transitions over a distance A 
in the unperturbed basis, given by 

P t ( ~ ; n ) = ( l ( ( + ~ I u " 1 1 ) 1 2 )  

Both quantities coincide only in their long-time averages, 

N-I 1 N-' 
lim - x B ( A ; n )  = y n  = lim - cPt(A;n)  
~ - m  N N - ~  N 

"4 "=O 

(3.22) 

In contrast to the transition probability P,(A; n), a non-vanishing function B(A; n) can 
arise only by genuine quantum interference effects and has no classical counterpart. 
We shall substantiate this statement, for the case of the QKR, by three arguments: a 
semiclassical analysis of B(A; n), a quantum mechanical calculation of B(A;n)  for the 
first few time steps, and a numerical study. 

By writing the amplitude A ( / ;  n) as a sum over paths, 

(3.23) 

and correspondingly for A(I + A ;  n). Substituting it in (3.20), we obtain a semiclassical 
expression for B(A;n) ,  analogous to (2.19), 

Here, paths labelled r lead from I back to I, while paths r' lead from I + A  back to 
/+A. For A =0, the staying probability is retained and the arguments given in section 
2 apply exactly. For A > 0, diagonal elements in the proper sense no longer exist, 
since paths r are always different from paths r' (if A is not an integer multiple of the 
classical angular momentum period 2x/r). However, for not too large A, this concept 
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can be generalized somewhat: by continuity, a difference A, small in classical units, 
between the initial conditions of two paths r,r' will lead only to a slight deformation 
of one path, compared to the other. This discrepancy may be neglected, to lowest 
order, in the probabilities p ,  but not in the phases, which, in the semiclassical limit, 
become increasingly sensitive even to classically small action differences. Thus, as a 
generalization for small A of the first term on the right-hand side in (2.20), we get the 
expression 

B ( A ; n )  = (2xp,(l;n)exp(iAA'p,) . (3.25) 

The factor two is due to the coherent contributions of conjugate pairs of trajectories 
(see (2.12)). We replaced the action difference A@ by the lowest term of its Taylor 
expansion, 

) 

A@ = AA'p, (3.26) 

with 

(3.27) 

This is the angle accumulated on the trajectory r (i.e. not reduced mod2n). For the 
standard map, it is simply given by the sum of angular momentum values encountered 
on that trajectory, 

~ ' p ,  = 7 Cl,(i) r,(i) = l ,(n) = 1. (3.28) 
i=l 

Thus, for a typical diffusive trajectory r, 

(A'p,) = rln (3.29) 

and 

((Aq, - (A'p,))') = r'n(1') = r2n2D.  (3.30) 

We can perform the sum (3.25) over the trajectories by first grouping those trajec- 
tories which lead to the same value of Aq, and then summing over all values of A'p. 
This will replace the sum over trajectories by a Fourier transform of the distribution 
of A'p, whose mean and variance are given by (3.29) and (3.30). If it is assumed that 
this distribution depends on 1 only through (3.29), it follows that, upon averaging over 
I ,  the semiclassical approximation (3.25) vanishes for A # 0, 

B(A; n) = 0 for A # 0 and n 5 nqm. (3.31) 

The numerical data confirm this semiclassical result for n 5 nqm, but only if 
A >> 1. Semi-classical approximations of the present type are incapable, in principle, 
of describing the correlation function B(A;n)  for n 2 nqm, as the preceding discussion 
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shows. The study of this function for large times will therefore be based on numerical 
evidence alone. 

In fact, a direct quantum mechanical calculation shows that B(A;n)  vanishes 
identically only for n = 1, but takes positive values, for sufficiently small A, already at 
n = 2 .  

Using the definition (3.3) of the amplitudes A(I,n), we write B(A;n) in the form 
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B ( A ; ~ )  = ( ( I  I U" I I ) ( I  + A I  (ut)" I I + A ) )  (3.32) 

and substitute the Floquet operator for the QKR from (2.7). 
For n = 1 we obtain, writing the average over I explicitly, 

L 1 
B(A; 1)  = lim - exp (-fitA(21 +A)) IJo(k)12 L-m2L+1,- , 

I=-& 

(3.33) 

where J,(x) denotes ordinary Bessel functions. For A # 0 the sum over I vanishes 
in the limit L 4 m, unless the condition T A [  = 2nm is fulfilled for some m. This is 
impossible for the generic case of irrational T .  Hence 

B(A;  1) = IJo(k)126A. (3.34) 

For n = 2 we have 

L 1 B(A;2) = lim - 1 1exp(ir1(2A+m-mf)) 
I=-Lm,m' L-m 2L + I 

(3.35) , ~ \  , ~ ,.~.l. . ,.,.I) x exp (ii7jzAjA -m') +m!' -m- j )  lJm(k)l-lJm,tkJl-. 

Upon summation over I ,  only terms with m' - m = 2A contribute and thus 

B(A; 2) =  cos(^ Am)lJm-A(k)12 t J,+,#. (3.36) 
m 

An estimate of the Fourier sum in (3.36) is obtained if the Bessel functions are replaced 
by the crude approximation 

(3.37) 

which gives for T >1 

(3.38) 

i.e. B(A; 2) is positive over a finite range of A. 
Figure 8 ( n )  shows two 

examples of the time dependence of B ( A ; n )  for different values of A # 0 but otherwise 
identical parameter values. B ( A ; n )  grows to finite values for n > 1 and approaches 

This expectation is confirmed by the numerical data. 
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Figure S Scaled amplitude correlation function B(A;n) /yn  (a) and space-dependent clust~r 
function Y>(A;r)  ( b )  for the quanlum kicked rotor. Parameter values are K = 20, T = 
O.l/((&- l)/2), and A =  16 (full lines), A = 80 (broken lines). 

a positive asymptote for n - m, but the onset occurs at increasingly later times as A 
increases. Applying the transformation (3.19), we obtain the corresponding examples 
of the space-dependent cluster function Y2(A;r ) ,  depicted in figure 8(b) .  The most 
important feature of these functions is that, for a fixed A # 0, they decay from 
a positiue value at r = 0, indicating negatiue correlations (compare the discussion 
preceding (3.16)). This is in contrast to the behaviour of YjoE(r) (= Y2(O;r); see 
figure 6). The dependence on A of the long-time asymptote y,, of B ( A ; n )  is shown 
in figure 9(a). For sufficiently large A, yA  decays exponentially, as should be expected 
from (3.20), given exponential localization of the Floquet eigenstates. For small A an 
additional structure appears; the decay from yo = c-' to y I ,  in particular, is abrupt, A 
corresponding singularity is observed in the dependence of Y2(A;O) on A (figure 9(b)). 
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It shows that the switching from positive correlations at  A = 0 to negative correlations 
for A # 0 occurs immediately between A = 0 and 1. Y2(A;O) remains approximately 
constant for A 2 5 and then decays to zero, reflecting the absence of correlations 
between sufficiently separated localization neighbourhoods. 
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but agree in the value k = 19.67). Since the calculation of these data is numerically 
less costly than the determination of the yn according to (3.12), a denser set of data 
points than in figure 9 could be obtained. The exponential decay of y,, for large 1A1 
coincides with the result shown in figure 9(a) ;  the apparent interference pattern around 
the central peak at A = 0 can be seen in much more detail (cf the inset in figure IO). 
While, phenomenologically, this interference pattern closely resembles a Bessel function 
dependence - lJn(k)lz,  we still lack a theoretical explanation for it. 

It is particularly instructive to compare these numerical findings with analytical 
results for the space-dependent level correlation function in one-dimensional systems 
with Anderson localization, reported in [Ill (figure 1 in that reference provides a 
summary of those results and corresponds to our figure 9(b)-note that in [ll], the 
correlation function P2(A; 0) is depicted and not Y2(A; 0), with correspondingly different 
sign conventions). The qualitative agreement is striking. It should be emphasized that, 
in the case of a one-dimensional disordered solid as discussed in [ I l l ,  the repulsion 
of the bare levels is exactly compensated by the Mott mechanism explained above, 
while only in the two- and higher-dimensionsal solid state analogue are there positive 
correlations in the local spectrum at A = 0 [12]. The agreement clearly demonstrates 
that the features we observe in Y2(A;r )  are indeed a direct consequence of localization 
and should he explained in terms of quantum mechanical interference. Therefore, a 
semiclassical description of these phenomena cannot be achieved as long as dynamical 
localization, in general, is not understood on the semiclassical level. 

l " " I " " l " " l " " I " " l  

100 ! l a m  1 

0 I 2 3 4 5 

h/C 

Figure 10. Asymptotic transition probability P,(A:m) lor the quantum kicked cotor, 
as a function of the scaled parameter AIS. Parameter values are K = 10 and = 

0 . 0 5 / ( ( 6  - 1 ) / 2 ) .  The inset shows the enlarged section 0 5 A / t  5 0.5 of the same 
function. 

4. Measuring spectral two-point correlation functions 

The results obtained in section 3 emphasize the significance of the spectral two- 
point correlation function as a source of information on basic dynamical properties. 
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It appears desirable, therefore, to establish a 'correlation spectroscopy' also on the 
experimental level. 

Spectral two-point correlation functions in periodically driven systems are analo- 
gous to the AC conductivity, which plays a similar role to a basic physical characteristic 
in solid state theory. This analogy suggests a simple experimental access to spectral 
correlations: it consists in probing the system by means of a small periodic perturha- 
tion, with a frequency E on the scale of typical QE separations. The probabilities of 
transitions between Floquet states, induced by the perturbation, represent measurable 
quantities which provide information on two-point correlations in the QE spectrum. 
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Specifically, assume a perturbation of the form 

lasting over a time span -Nr/2 I t 5 Nr/2 (for formal convenience, we choose 
a perturbation pulsed in the same way as the potential in a kicked system). Time- 
dependent perturbation theory then yields the transition amplitudes 

The finite time span NT during which the system is probed allows only for a limited 
frequency resolution. This is expressed in the occurrence of broadened pulses of the 
form 

N I 2  

S N ( X )  = - (4.3) 

with a width n/N and a maximum value N/2n, in (4.2). Accordingly, the probability 
of finding the initial QE distribution P,(o,) altered at some QE wB, is given by the 
convolution 

P,(Og) = P,(%)l~,,p12 

& 
= N' I(. I w I B ) I ' ( A ~ ( W ~  - w g  - e )  +(AN(" -aB +E)) (4.4) 

U& 

where AN is another type of broadened pulse, with a width n/N and a normalized 
maximum value 1 (interferences between the positive and the negative pulse in (4.2) 
can be neglected if N is sufficiently large). 

The occurrence of the weights I (  a 1 W I /3 ) I 2  in (4.4) provides the possibility of 
A-+--.-:..;..m .,"A,...- +..-a- ,.c nc ..,.~..4~AA..~ hTr +.l;lArinn +hp -er+Snrh.tinn nnemtnr W 
UbtC 11,111, "'6 "(1II""I Lyyc" " I  YL L"IICI(1LLI"LIO U, LY.."L."6 L 1 . l  y"..Y'YY.."" YY"...". 

appropriately. In particular, if W is chosen as a ZA-pole operator, i.e. 

w = ~C(li)(i+hi +I i +h ) ( i i )  (4.5) 



Spectral properties I 83 

(4.4) becomes 

P,(wg) = N2wZ P,(o,) (A,&# -up - 4 +A,&, - q +E)) cl ( a I I )I?( B I I + A  ) I 2  

(4.6) 

I Q1B 

corresponding to a measurement of the local two-point correlation function with the 
spatial argument A (see section 3). If, on the other hand, W is chosen very broad in 
the basis of kinetic energy eigensiates, ijc(waj conveys information on ihe unbiased QE 
spectrum. 

The idea expounded in this section finds its most natural practical application in 
the experimental study of the QE spectrum of Rydberg atoms driven by microwave 
fields. There, a second driving field with variable frequency is used as a probe to 
measure changes in the excitation pattern. A detailed analysis of this procedure was 
rcce1ruy &'"en ,I1 LLY,, ilnu plDlrllllllary enpG"lL"cL1La1 LLiDULLJ arc Lr;p"'LTu '11 L-'",. ... ̂_. 1.. _I :- roo, --> -.-,:-: "A --..... I ...."..I&" ~-----.....-_I :.. r,m 

5. Summary 

In the present work we investigate the quasi-energy spectrum of the kicked rotor in 
order to identify the fingerprints of dynamical localization in the spectral statistics. A 
systematic approach to incorporate the specific spatial structure represented by localized 
Floquet eigenstates in the definitions of spectral correlation functions is provided by 
the local spectrum: it is conceptually different from the common spectrum in that the 
contribution of each QE is endowed with an individual weight, equal to the overlap of 
the corresponding eigenstate with a reference state in the unperturbed basis. 

The local spectrum of the QKR is characterized by positive correlations on small 
QE scales, corresponding to an apparent attraction of levels. Since the local two-point 
correlation function is the Fourier transform of the mean probability to stay at the 
initial state, positive correlations reflect the crossover from a diffusive decay of the 
staying probability to quasi-periodic behaviour in the long-time limit. Level clustering 
in the local spectrum is not, as it may seem, at variance with the known view that this 
crossover comes about by the resolution of ever finer Q E  scales with increasing time: 
at avoided crossings, which dominate the small QE scales, quasi-energies are associated 
with eigenstates showing two (or more) centres of localization. Such 'double-hump 
states' endow quasi-energies at avoided crossings with a sufficiently high weight in the 
local spectrum such that level repulsion in the unbiased spectrum is effectively masked. 

An important feature, which has not been noticed until now in the context of 
dynamical localization, is the discontinuity in the spectral-spatial correlations at A = 0 

amplitudes ( I  I a )  on a scale AI = 1, which occur together with the mean smooth decay 
of I (  I I .)Iz on the scale of the localization length. This phenomenon is a necessary 
consequence of the localization mechanism. Its presence is well established in Anderson 
localized states, where it induces phenomena similar to those observed in the present 
context. 

A possibility to measure two-point correlation functions of local spectra in a system 
with dynamical localization, and thus an experimental test of our theory, is provided 
by slightly extending the set-up for the microwave excitation of Rydberg atoms: the 
change in the excitation pattern caused by a second driving field with variable frequency 
can serve as a probe of spectral correlations. 

(fig2.e ?(n,b)). This phe"omPnon is d!!e !c! !he fast P.??d??ztions of !he phcses of the 
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