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Abstract. The semiclassical theory for billiards with mixed boundary conditions is developed
and explicit expressions for the smooth and the oscillatory parts of the spectral density are
derived. The parametric dependence of the spectrum on the boundary condition is shown to be
a very useful diagnostic tool in the semiclassical anatysis of the spectrum of billiards. It is also
used to check in detail some recently proposed parametric spectral statistics. The methods are
illustrated in the analysis of the spectrum of the Sinai billiard and its parametric dependence on
the boundary condition on the dispersing arc.

1. Introduction anﬂ statement of the main results

A classical billiard is completely defined once its boundary E is prescribed, Then, the
requirement that the particles (rays) reflect specularly determines the dynamics. To address
the quantum (wave) analogue, it is necessary to solve the Schridinger equation, which
reduces for billiards to the Helmholtz equation

(A+ Y FE)=0 1))

where £ is the wavenumber under consideration and we use natural units where kf =2m = 1
and E = k2.

In wave dynamics, one needs to supply an additional piece of information, that is, a

condition which the wavefunction has to satisfy on the boundary. In quantum mechanical

applications, one often considers the boundary as a high potential wall whose height tends
to infinity and then the boundary condition is the Dirichlet condition

¥(F) =0 Fex. (2)
Another common boundary condition is the Neumann boundary condition
Hy(F) =0 fekx (3)

where 8; stands for the normal derivative, with the normal pointing outside. This boundary
condition appears most naturally for the pressure field in acoustics. One can generalize the
above boundary conditions by requiring

«FWE + iy =0 reX. )
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This form leaves the problem self-adjoint when « is real. The Dirichlet boundary condition
is recovered by setting « ()~ = 0. We shall restrict the discussion to non-negative i (F)
functions. If x(F) is negative, the Helmholtz equation can have solutions for imaginary
values of the wavenumber &. Such solutions are unphysical, since they correspond to steady
states despite a dispersion of energy in the medium that takes place when the imaginary
part of k is different from zero [1]. Furthermore, we shall not deal with the most general
positive « (F) but restrict our attention to piecewise constant functions on the boundary. In
some applications it is convenient to express (4) in terms of a positive parameter & and a
(piecewise constant) mixing angle ¢ so that the boundary condition reads

beosa () + sina ¥ (F) =0 rel. (5)

This form interpolates conveniently between the Dirichlet and the Neumann boundary
conditions, in terms of o which is limited to the interval 0 € @ £ —’5—

At this point we would like to make the following observation. In the semiclassical
domain, the dominant term in the boundary condition (4) is ;% (F) which is of order k.
Hence, for a fixed x and in the semiclassical limit (¢ — c0), the spectrum will always tend
to the Neumann case. A more proper definition of the semiclassical limit is one, that in the
limit £ — ©o also allows an interpolation between the Dirichlet and Neumann boundary
conditions. This can be achieved by considering k and x/k as independent parameters
when performing this limit. To emphasize this point, we shall always quote the results as
functions of these two parameters.

Mixed boundary conditions are not encountered in physical applications as often as
Dirichlet and Neumann boundary conditions. A perturbative treatment of the Helmholtz
equation with respect to changes in boundary conditions can be found in {2, but the
semiclassical quantization of billiards with mixed boundary conditions was rarely discussed
previously. The only exception we found was the work of Balian and Bloch, who
encountered these boundary conditions in a nuclear physics context [3].

Our interest in the mixed boundary conditions stems from the observation that one can
use the additional freedom provided by the function «(7) as a powerful tool in the analysis
of various aspects of the semiclassical quantization of billiards. To explain this rather non-
conventional approach, we shall have to start by quoting the results of the semiclassical
derivation for two-dimensional billiard systems which is presented in the next two sections.

We consider the spectral density in terms of the wavenumber &, For positive & and
kulk) = +/E, () it is given by

oD
dlk; k) =) 8 (k — ka()) = dlk; €) + dosc (ki €) )
n=1
which depends parametrically on the boundary conditions. The semiclassical theory uses
separate methods to evaluate the smooth and the oscillatory components of the spectral
density, For the smooth spectral density we get (see sections 2.1, 2.2, 3.1 and appendix 6
for the derivation)

Ak L 2
Tl Y e
k
1 1+2(8) =1+ (5)]" f ds
— d.(k; . 7
yr— 17 (%)2]3/2 LR +do(k; )+ N

This is the generalized Weyl formula. As expected, the leading term involving the area of the
billiard A is independent on the boundary condition. The higher-order corrections, starting
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from the term containing the circumference L, depend on « in a way which interpolates
between the known expressions for the Dirichlet and the Meumann boundary conditions.
The third term is the curvature contribution which contains an integral over the curvature
t/R(s), and d.(k; x} denotes contributions from corners. For a 90° comer with mixed
boundary conditions on one side and Dirichlet or Neumann boundary conditions on the
ather side it is given by

£

1 =
d,(k; ) = Fr —E— (8)
e+ (3)
where the negative sign corresponds to the Dirichlet case,

The semiclassical expression for d,.(k; k) is written as a sum of oscillatory terms
whose periods correspond to the lengths of classical periodic manifolds. The semiclassical
treatment distinguishes between contributions of unstable, isolated periodic orbits and
contributions of continnous manifolds of neutral periodic orbits. In the standard theory,
the former are given by the Gutzwiller trace formula [4, 5] and the latter were first derived
by Berry and Tabor {6, 7]. To leading order, the introduction of mixed boundary conditions
does not affect the amplitude of the oscillating terms. The phase of each term is changed
relative to the case with Dirichlet boundary conditions, by the addition of the x-dependent

phase
N k ;
2; arctan (E’:J cos @ ) )]

where the periodic orbit bounces # times off the boundary at the points {F;};=;.. , and
kcos@' is the component of the momentum normal to the boundary at the ith bouncing
point. This expression is the same whether the periodic orbii is an isolated unstable periodic
orbit (see equations (77) and (81)) or belongs to a manifold of neutral periodic orbits (see
equations (37) and (47)). When k(r) = 0, one recovers the well known result that there is
a phase difference of nm between the contributions of periodic manifolds in the Dirichlet
and Neumann cases. An important feature of (9) is that except for the limiting Dirichlet
and Neumann cases the phase depends on the normal momenta at the bouncing points, 'We
would like to emphasize that the underlying classical dynamics is indifferent to the boundary
conditions. In other words, by changing the boundary condition, one can alter the quantum
spectrum, without affecting the periodic orbits. (This is reminiscent of billiards threaded
by Aharonov-Bohm flux lines: the classical orbits are indifferent to this perturbation, while
the quantum dynamics is affected [8].)

We shall explain now how the parametric dependence discussed above can be used as a
diagnostic tool in the semiclassical analysis of spectra. Suppose we would like to isolate the
contribution of peticdic orbits which are confined to a certain segment of the boundary. We
may calculate the spectrum for two & () functions which are different only in the desired
segment. The difference in the osciliatory parts of the corresponding spectral densities will
then depend only on trajectories which bounce off the domain of interest at least once. This
is of particular importance when the boundary under consideration permits the existence of
continuous families of margipally stable periodic orbits such as the ‘bouncing ball’ orbits
in the Sinai and the stadinm billiards [9, 10]. Their effect is best seen when the spectral
density is Fourier transformed to give a length spectrum. Here, each family contributes a
peak at the lengths of the bouncing ball orbit and its repetitions. If the original spectrum is
considered in the interval [0, kn,,], the intensity of the peaks at the bouncing ball lengths
for a d-dimensional billiard scales like k5 ' relative to the peaks appearing at the lengths
of the unstable periodic orbits. Moreover, as d increases the number of possible bouncing
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ball families proliferates and they can fill subspaces of dimensions ranging between two and
d in configuration space. Thus, the bouncing ball contributions may dominate the length
spectrum to the extent that contributions from the unstable periodic orbits can hardly be
resolved, The variation of the boundary conditions along the sections of the boundary which
are visited by the unstable periodic orbits exclusively, enables us to isolate their contribution
from the non-generic features which are due to the bouncing ball families. We shall show
the power of this method in section 4 where we discuss in detail the spectrum of the Sinai
billiard in the plane.

Another interesting application is the possibility of studying the parametric speciral
statistics, along the lines which were introduced in [11-14] for parameter-dependent
Hamiltonian systems. The system that we study is different from the standard one,
since the underilying classical dynamics is independent of the parameter o, so that the
classical periodic orbits are the same for all parameter values. The only change in the
semiclassical expression is due to the phase factor (9). In particular, in section 5 we shall
study the distributions of spectral ‘velocities’ dE,()/da and ‘curvatures’ d2E,(c)/do?
for the Sinai billiard. Parametric statistics of this kind were previously performed for
parameter-dependent Hamiltonian systems and universal distributions for chaotic systems
were suggested, based on random mairix models.

Much of the present work was dedicated to the derivation of the semiclassical spectral
density for the mixed boundary condition. This requires some special care, as was first
noted by Balian and Bloch in their work on the smooth spectral density for billiards in
three dimensions with mixed boundary conditions [3]. In their analysis, Balian and Bloch
explain very clearly the main difficulty which is encountered when one addresses general
boundary conditions rather than the Dirichlet or Neumann conditions. Their starting point
is an integral equation for the Green function, with a kernel which involves the free Green
function and its normal derivative on the boundary. A Born expansion then leads to a
multiple refiection series for the Green function. Balian and Bloch showed that the kernel
of the integral operator is regular for Dirichlet and Neumann boundary conditions. However,
for any intermediate case the kernel is singular (but still integrable). Because of this singular
behaviour, any perturbative expansion or semiclassical approximation, which can be used for
the two extreme boundary conditions cannot be justified for any intermediate case. Balian
and Bloch observe that ‘It is therefore not possible to use directly the integral equation for
deriving a perturbation expansion. .. For instance, even for a plane, the expansion should
be resummed to all orders in «’. Balian and Bloch did not provide the corresponding
treatment for the oscillatory component of the spectral density, nor did they compute the
smooth spectral density for two-dimensional billiards. Moreover, their method excludes the
treatment of corners. The following section will be devoted to a discussion of these points.
We shall use a variety of methods to overcome the difficulty which was identified by Balian
and Bloch. Sections 2 and 3 are rather technical. The reader who is not interested in the
details of the derivation can skip them and, equipped with equations (7) and (9) he/she can
go directly to the applications.

The paper is organized in the following way. In the next two sections we shall present
the semiclassical theory for the spectral density. We start with integrable billiards, the circle
and the rectangle, and then proceed to more general shapes which correspond to chaotic
classical billiards. The numerical demonstrations and checks will be carried out for the
Sinai billiard and therefore we shall give an independent derivation of the spectral density
using 2 method which is based on the KXR technique as used by Berry {9]. In all cases,
we shall discuss separately the smooth and the oscillatory parts of the spectral density. For
the former, we shall use a variety of methods, extending the Stewartson and Waechter [15]
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calculations for the circle and the Balian and Bloch approach for smooth billiards. The
resulting expression (7) for the smooth density includes the modifications due to the mixed
boundary conditions for the length and curvature terms as well as a 90° corner term. To
calculate the modification of the oscillating part of the spectral density we shall mostly use
the scattering approach [16-18]. Section 4 will be devoted to the application of the mixed
boundary conditions as a diagnostic tool. We ghall develop a method for the elimination
of all the structures which are due to the bouncing ball families and show how it works
in practice for the Sinai billiard in two dimensions. In section 5 we shall discuss spectral
statistics that depend on the sensitivity of the energy levels to a change of an external
parameter. In particular, we compare numerical results to distributions that were obtained
from random matrix theory, and we discuss deviations from these distributions that are due
to the existence of families of bouncing ball orbits. Again, the system to be analysed is the
Sinai billiard and the boundary condition on the dispersing arc will be varied. The numerical
database was obtained by extending the scattering approach of [30] to billiards with mixed
boundary conditions on the arc. This is an easy task because the only change required is
to ingert (79) for the boundary-condition-dependent phase shifis. The last section contains
some discussions about the physical interpretation of the mixed boundary conditions and
the behaviour of the boundary phase for long unstable periodic orbits.

2. The semiclassical spectral density—integrable systems

The semiclassical theory relates the oscillatory part of the spectral density to the periodic
manifolds of the underlying classical dynamics. This is why it is necessary to treat separately
billiards whose classical analogues are integrable or chaotic. We shall follow this route
in this paper and now present the theory for two integrable billiards—the circle and the
rectangle, deferring the treatment of chaotic billiards to the next section. The semiclassical
expressions for the smooth components of the spectral density do not depend on the detailed
classical dynamics. Because of the relative simplicity of the circle and the rectangle billiards
one can use special methods to derive the smooth spectral densities in these cases. We quote
them here since they provide both physical insight and independent checks for the general
theory presented in the next section. Moreover, the treatment of corners will not be done
by the method of Balian and Bloch and we rely on the analysis of the integrable problems
for this information.

2.1. The circle billiard

We start with the circle billiard with mixed boundary conditions which is integrable if « (7)
is constant. In this case the semiclassical approximation can be derived from the exact
solutions for the Green function and the scattering matrix. Although the circle billiard
is a special system, the results already show how the semiclassical trace formula will be
modified in the general case.

The exact solutions of the Helmholtz equation for the circle billiard with a constant
& (r) are given in polar coordinates by

Vi, 0) = crp Sk mr) €% leZ meZ)\0} (10)

where ¢, are normalization constants and J;(z) are Bessel functions of the first kind. The
wavenumbers k; ., are determined by the boundary conditions (4). They have to satisfy

K Jilkim RY + ki J{ymR) =0 (11
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For 0 < & < oo all solutions of (11) are real [19] and the positive solutions k&, lie in
between those for Neumann and Dirichlet boundary conditions: k,"f"m <fpm < kfm, m > 0.
There exists an equal number of negative solutions &y, .., = —&,» Which correspond to the
same quantum state. Let us discuss briefly, what happens if « becomes negative. For every
I, the first positive solution kyy of (11) decreases as « is decreased and it coincides with
zero and with the first negative solution &; .. if « = -I. If « is decreased further, then these
two solutions become a pair of complex conjugate imaginary numbers. For [ = 0 these
solutions are imaginary for any negative value of #. Imaginary solutions of this kind also
exist for other billiards and for that reason our considerations are restricted to non-negative
values of « {1].

2.1.1. The smooth part of the spectral density. In order to obtain the smooth parts of the
speciral density and of the spectral staircase for the circle billiard we apply the method of
Stewartson and Waechter [15] who derived the corresponding results for Dirichlet boundary
conditions. The method is based on the fact that the exact Green function of the circular
billiard can be written in a closed form.

The starting peint is the Green function for the heat diffusion equation which satisfies
the inhomogeneous differential equation

(V251 GG 7. sh) =G —7) (12)
with mixed boundary conditions on a circle of radius R:
«+3)GGF F.sH=0  [Fl=R (13)

This Green function is directly related to the Green function of the Helmholtz equation by
G(r, 7, 5% = G(F, ¥, k¥)|r=is 2nd to the spectral density by (k > 0)

2k, PR, .
d()y= — = lim Tr Im G(%, 7', 5* — iv}|s=—it
T vl

= - %ff lim [ &7 [Im GF, 7, 5* = 0)lsmmit 5z (14)
where the integration extends over the domain of the circle. In the following an asymptotic
expansion of the Green function for large s will be derived and it yields an asymptotic
expansion of the smooth part of the spectral density for large . A detailed discussion of
this point is given in [20].

The solution to (12) and (13) is obtained by taking the free Green function

GolF, 7, 5% = —-Z—:;KO(S F-7)= —% > L(sr)Kqlsrs ) cosin(6 — 8] (15)

n=--cg

which satisfies ¢12) and adding to it solutions of the corresponding homogeneous differential
equation in order to satisfy the boundary conditions. In equation {(15) (r,8) and (", 8") are
the polar coordinates of 7 and 7, r (r») is the smaller {greater) of r and r'. I,(z} and K,{(z)
are modified Bessel functions [21]. The Green function G(F, 7, 5%) can then be written as

GF, 7 sH = —517; Z LGr ) Knlsrs) + aydy(srs )] cos{n(@ — 8] (16)

n=—o0
and the coefficients a, follow from the boundary condition (13) as
o= kK. (sR)+sK,(sR)
" kL(sR)+sIl(sR) ~

(17)
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In order to obtain the spectral density one has to evaluate the trace of the Green function.
However, since the real part of this trace is divergent one instead considers

R 2
KG6H = f drr f A G, 7,57 — GolF, 7', sH)prar (18)
0 0
which is finite. Evaluating the two integrals results in
. R? &
R(sH) = > > fs) (19)
nE==—-00

where

I(sR) *+s5em
sRI,(sR) sR) *

K +SJ_L.(sR)

n’ ' '
fln,s)= [(l + (_S_R)E)I”(SR)K"(SR) —L(sR)K, (sR) —

(20

The function f(n,s) is even in the first argument for integer n. In order to derive the
asymptotic behaviour of K (s?) for large s, the sum in (19) can be replaced by the integrat

FGH=R? f mdv (v, 5 @D
i}

since the correction terms are exponentiaily small for large s [15]. One now proceeds in
the following way. The definition (20) of f{n, 5) consists of two factors. The first one is
the expression for f(n, 5) in the case of Dirichlet boundary conditions on the circle and for
R =1 it is identical to the definition of Stewartson and Waechter [15]. The Bessel functions
in this term are replaced by their uniform approximation [21] and after substituting v/(s R)
by i, the term is expanded in powers of 1/(sR). The same is done with the quotients
K, (sR)/K,(sR) and I;(sR)/I,(sR) in the second factor of (20). Taking into account
terms which contribute to the first two leading terms of K (s?) yields

2 } £ ST+ 12 = [2sR(1+ u2))™!

1- .
2sR(1+ %) [ SRA+p2 1 & 4 /14 4% - [25R(1+ u2))!
(22)

K(sYH = R? f du
0

In this expression the variable s appears in two different combinations, as sR or s/«. In
keeping with our remarks in the introduction we expand the integrand in powers of 1/(sR)
keeping the ratio «/s fixed. This leads to a resummation of d(%) to all orders in &, which
is identical to the resummation performed by the method of Balian and Bloch [3] which is
reported in section 3.1. The result is

- ca ¥ 1 2 ot K2 1
K(32)=R2f d,ul: £ e T4 it + S p? 4 ]
0

2sR(1 4 ;ﬁ)(“ + 1+ ;;,2) - 2R + Mz)sm(g + 1T+ 2 2

¥

(23)
From this the first asymptotic terms of the smoothed level density d(k) follow as
. kR* 2% .
dik) = — — = lim Im K(s* — iv) =
2 T v—=00
kR® R 2 11+2(8)7 = [14 (&)

o L3 X 2
2 2 N - LR N
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b

where the area term kR%/2 is obtained from the contribution of the free Green function to
the trace of G. The integral over ¢ has been performed using MAPLE. Integrating (24)
over k yields

_ 2 z 114+ (32— 1
Ny = ERE KRy, 1+(5) A 1 DR PO A 2 Mkl B

- =) %

4 2 k 6 ® k\2
Wi+

In principle, the mtegranon of d(k) over k could lead to a k- dependent constant in the
asymptotic expression of N (k). One way to determine the constant term of the asymptotic
N is to expand — —K(s?) in all orders of 1/s (now also taking into account the s/« -terms).
Then the coefficient of the 1/5?-term is identical to the constant term in the asymptotic series
for N(k) [22], if expanded in all powers of 1/k. Doing this, in both cases one obtains
1/6 — ¢ R, and thus the constant term in (25) is correct. Equation (25) is identical to the
formula for general shapes that will be derived in section 3, if the three terms are expressed
by the area A = 7w R?, the perimeter L = 27 R and the integrated curvature fds/R(s) =
respectively.

In the appendix the commesponding result for a semicircular billiard is derived with mixed
boundary conditions on the circle and Dirichlet or Neumann boundary conditions on the
diameter. In this way the contribution of a 90° corner is obtained that will be uged in

applications in section 3.3,

In figure 1 we show a comparison of the three contributions to the asymptotic expression
(25) for the mean spectral staircase N(k) with numerical data for the circle billiard with
i = 150. All 22540 eigenvalues below wavenumber k = 300 have been included. In the
upper figure the area term is compared to the numerical result for N (k) and on this scale
one cannot see any difference. The intermediate figure shows the length term in comparison
with the difference between the spectral staircase and the area term. The numerical data
have been smoothed over the range of approximately 100 levels. Both curves are in good
agreement over the whole range of k. In order to demonstrate the effect of the resummation
in «, we also plotted the length term for Neumann boundary conditions (broken curve),
since this is the next-to-leading asymptotic terin for all values of «, if no resummation is
performed. The broken and the full curve become parallel for large values of &, but one
¢can see that the resummation is necessary in order to also have a good description of the
spectrum for lower values of 4. In the lower figure the curvature term is compared to the
spectral staircase from which the area and length terms have been subtracted. In this case
the numerical curve has to be smoothed strongly (over the range of approximately 1000
levels) since it has large fluctuations about its mean (note the different scales in the three
figures). Nevertheless, one gets good agreement with the theoretical curve, The deviations
near k = 300 and k& = O (also in the intermediate figure) are due to edge effects of the
smoothing procedure.

2.1.2. The oscillatory part of the spectral density. 'We derive the oscillatory part of the
spectral density by applying a scattering formalism and making use of the fact that there is
a direct relation between the inside and outside problem of 2 billiard system.

A solution of the scattering problem for a compact billiard system can, ouiside a circle
that contains the billiard completely, be written as

V(6= H () ie" + > Sk HF (k)i (26)

I'=—0
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where S;p(k) are the elements of the on-shell scattering matrix in the angular momentum
representation, and H,i(z) = Ji(z) +i¥;(z) are Hankel functions. For the circle (with radius
R), the requirement that i (r, #) satisfies the boundary conditions (4} with constant « gives
the scattering matrix explicitly. Due to the rotational invariance of the system, the scattering
matrix is diagonal, and its diagonal elements are given by

_x HT(R) + k HT (kR
i H (kR) + k HY (kR)

where @ (k) are the scattering phases. From this equation, and from the eigenvalue equation
for the inside problem (11), it follows that

S)=1 & kefkpin=12..1} (28)
for all! € Z. This is a direct relation between the inside problem and the scattering problem,
and is a particular example of the inside—outside duality for billiard systems [23], which
has been proved in a general form recently [18].

The semiclassical approximation for the $-matrix is obtained by using the Debye
approximation for the Hankel functions (or equivalently by a WKB approximation). This
approximation is valid for [ < kR, with the further requirement that |/ — £R| is larger
than approximately (¥R}/?. These conditions have consequences on the accuracy of the
semiclassical trace formula which is derived from it. The first condition is related to the

Sik) = e7® = @7
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fact that the semiclassical approximation will be given in terms of the classical orbits
which satisfy [ < £R. The consequence of the second condition is that the contribution of
orbits to the trace formula becomes less accurate, as the angle of incidence approaches x/2
{whispering gallery orbits). An improvement of the approximation is possible by using a
uniform approximation for the Hankel functions [24].

Inserting the Debye approximation for the Hankel functions and their derivatives into
(27) we obtain

, — ipy) emitor-n4) 3
i) (e —ip)e™ r T or
Sy =e~®) o T ip) e = exp| ~il 2071 — 5 - 2 arctan - 29)

where

oy = ky/ R? — [2/k% — |I] arccos -kl% and Dr=+k*—12/R%, (30)
Equation (2%) determines the semiclassical scattering phases ¢, (k). We now make use of the
inside—outside duality in order to obtain from these phases a semiclassical approximation
for the density of states of the inside problem. From relation (28) it follows that (k > 0)

a0 =Y Yotk = 3 syt |26

{=—o00 m=1 {=—co
where &, is a periodic delta-function with period 2. The wavenumbers for the circle satisfy
! < kR, and since in this region the derivatives 3 (k)/8k are positive, the absolute value
can be omitted from (31).

Now the delta-function 8, is expressed as a sum over exponential functions. Neglecting
the constant term in this sum, which contributes to the smooth part of the level density, we
obtain

@31

w0y 1 &1, 8
Goge k) = Z#;IZ 08 i) -2 ImZ!;Tra—kS"(k). (32)
==00 =

This is equal to the general result for d, (k) in the scattering approach [16].
The trace of the derivative of the nth power of the S-matrix is semiclassicaily calculated
by applying the Poisson resummation formula

Tr—S”(k) = —in Z f 4 —— a”’(k) g inwB)=2min! (33)
m=—-cc
and evaluating the integral over [ by a stationary phase approximation.

The derivative with respect to [ of the arctan term in (29) is of order 1/kR smaller
than doy/dl when |! — kR| 3 (kR)'/?. It remains smaller in comparison with do;/d! when
|{ — kR| approaches (xR)'/>, and can therefore be neglecied in the region of validity of the
Debye approximation. The stationary phase condition for [ is then given by

Ipm = kR sign{(m) cos (KTm) . (34)

This condition leads io a restriction of the sum over m to values for which |m| < n/2. For
m| = /2 the stationary point is at [ = 0 where 3¢, /3! is discontinuous, and the integration
is therefore only evaluated on one side of the stationary point, which leads to an additional
factor of -12-

The numbers n and m can be given a physical interpretation. The stationary points of
(34) correspond to the classical periodic orbits of the circle biiliard, which are characterized
by the number of reflections on the boundary # and the winding number m. The saddle
point I, » is the angular momentum of the orbit,
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Performing the stationary phase integration and inserting the result into (32) finally gives

o2 [4/2]
o (R) = Zzgm fc‘R3 ( :)cos[anRSin (x—:t-) —nz’-zE -i-g:

n=2 m=]
+ 2r arctan (E sin (m)) ] {35}
K B
where
1 m=mnf2
gm—{z m 2, (36}

This formula expresses the oscillatory part of the spectral density in terms of a summation
over all families of periodic orbits, which are denoted by the two integers # and sz, Its form
agrees with the general semiclassical formula for integrable systems of Berry and Tabor
{6, 7], but it has additional phases due to the boundary conditions. The first term in the
cosine is the action along the periodic orbit kL, ., where L, ,, = 2nRsin{mm/n) is the
orbit’s length. The phase —3r#n/2 is due to n reflections on the boundary and » conjugate
points along the orbit. In comparison to the result for Dirichlet boundary conditions there
is an additional phase that consists of a contribution of

2 arctan (:’; sin (Hnm)) €1))

for every reflection on the boundary, where sin(zr#/#n) is identical to the cosine of the angle
of incidence. This is the phase that is given in (9) in the introduction.

2.2. The rectangle billiard

Quantization of the rectangle billiard with mixed boundary conditions has a twofold purpose.
First, it serves as a check for the generality of the resuits that were obtained for the circle
and the semicircle billiards with mixed boundary conditions. Second, as the derivation
unfolds, we arrive at a useful expression that can be used to calculate the semiclassical
spectral density for a class of higher-dimensional billiards with mixed boundary conditions.

For simplicity, we quantize an L, x L, rectangle, with Dirichlet boundary conditions
on the edges of length L, and mixed boundary conditions on the edges of length L, (sce
figure 2). Due to separability, we readily get the quantization conditions

k R
ky Ly + 2arctan (%”-) = nm n=x£1,%£2 ... (38)
Dirichlet
Ly
E"/’ fpg N
E N\\\ ”J E
\\\'\ ”llgpﬂ

Figure 2. General definitions for the rectangle billiard.
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and
kymly=mm, m==1,42,... {39}

where k? = k7 4k} and (£n, tm) represent the same quantum state. The left-hand side of
(38) is monotonically increasing in ky , from —o0 to 400 and thus guaranteeing a unique
solution for every n (which justifies the notation). Similar considerations akso apply to (39).
The spectral density for the rectangle can be written as
oG

d®P(E) = Y 8(E — Eum)

nam=1

[Za(E Enm)—Za(E En) - ZS(E Eg) + 8(E — Eoo):l

m=—~oc n=—0Q m==—Q
(40)
where E = k%, Epy = ki, = k}, +#}, and we took advantage of the antisymmetry
relations ky _p = —kpy, ky _pn = —kyn which are easily derived from the quantization

conditions (38) and (39). In particular, Eq = 0. Apply Poisson summation to the first term
in (40}, using the natural continuations of (38) and (39) to real m, n:

o0 o)
> SE-Ewm)= , HE-K,-#,)
R,M=z=0A n.m=—00
2] o0 .
=y f dndm 8[E ~ kZ2(ny — k2 (m)]e>ortem
pg=—w¥ T
o Z_ 2 [ ]
dk, 2 O 55 _ 12 _ 2)Prilonti ramty)
pq—-mf ax k’dk @, (B ke~ H)e ’

=1 Z f do n' (k cos &) m’ (k sin @) e?Filpalkcos®)tqmiksing)]
p.g=—ca

(41)
The first change of integration variables (m,n) — (k. k;) is allowed due to the
monotonicity of n(k;) and m(k,) mentioned above. The second change of variables is
just transforming to polar coordinates (k, 8), such that the k integration can be performed
explicitly, eliminating the 8 term. The primes in the above expression denote differentiation
with respect to the argument. Similar considerations applied to the other terms of (40)
finally lead to

d(ZD}(E) = 1 f de d[lD}(k cosa)d(ID)(k sin e)eZJTI[pn(k cos §)-+gmik sind}] (42)

p g=—00

where
A0 ky = n'(k) — 85,08k P2k = m' (k) — 8,.08(k). (43)
For p = g = 0 equation (42) gives the smooth two-dimensional spectral density

i 4
d@PNE) =1 j; d8 4P (k cos 0)d; P (k sin 6) (44)

where 40P (k) = n'(k) — §(k) and 3§1D’(k) = m' (k) —~ 5(k) are the one-dimensional smooth
spectral densities (the 3-functions are a convenient way to represent the constant term
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of NP} (k)), The ‘combination formulae’ (42 and 44) thus express the two-dimensional
spectral density using the one-dimensional components in a simple way and rely on the
energy decomposition relation E = k2 + k;’: and the positive-negative antisymmetry of
ky 2n, ky.2m. Consequently, it can be extended to calculations of the spectral density for
higher-dimensional billiards, provided that the energy can be decomposed in the above
way. In particular, it is useful for three-dimensional ‘cylindrical’ billiards [22], i.e. two-
dimensional billiards elongated along the perpendicular axis and closed from above and
below. For example, the cubic billiard with a variety of mixed boundary conditions can
easily be calculated this way, including the smooth contributions of right-angle edges and
corners, which are otherwise difficult to estimate using more general methods. If one
assumes that the Weyl series has the general form with a volume term, surface term et
cetera, also in the case of mixed boundary conditions, then these resuits can also be applied
to billiards other than the simple ones mentioned above.

To derive semiclassical expression for 42PY(E), we use the saddle-point approximation
to evaluate the oscillatory integrals ((p, ) # (0, 0)} in (41). The phase appearing in these
integrals can be divided into two parts:

@P(6)=2n [pn(k cos ) +gmk sin@)]

kcos@
=2 [pkL, cosé + 2parctan (—c—gs—) + qkLy sine]

= ¢p’(0) +4parctan (Ezﬁ) = ¢} (6) + ¢*(0) (45)

where 57 (9) is the phase that appears in the pure Dirichlet case and is rapidly oscillating
in & for large k. The phase ¢ (#), which is genuine to the mixed case, is both bounded and
slowly oscillating and thus can be appended to the slowly varying prefactors as discussed
in subsection 2.1 (see equation (34)). Thus, the saddle points are the same as for the pure
Dirichlet case:

L,
tangh? = 223 46

The angles 9‘;'2 correspond to the angles between the x-axis and classical periodic orbits
(tori) which trace the x dimension p times and the y dimension g times (see figure 2). Putting
together the above tesults, we finally get the semiclassical approximation to d@P)(E):

d@PV(E) = d®PN(E) +- d2P)(E)

L.L, L L, L, £ 1
B vy P RET A
Zo o AmkoAmk ok 14 () wR(0+(5)) 4
LiL, 2 [ k T
+ = cos [kLp, +4fp|arctan | —cos Gpg | — =
4x p.q%l:lO) kL, X 4
Ly i 2pLy + 4p arctan { = Ly i (2kqL A7
2k & il K 21k cos (2qLy)

where Ly, = 2./(pLy)* + (gL,)? is the length of the (p, 4) periodic orbit and cos 6, =
lcos 9;2;2| = 2|p|Lx/Lpq. In the smooth part we kept terms of ali orders, since we evaluate
the integrals exactly, but in the oscillatory part we kept only leading-order terms to be
consistent with the saddle-point approximation. The double sum relates to the periodic tori,

while the two single sums relate to *boundary orbits’ [10] that bounce along the edges of
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the rectangle. Examining the above expression, we conclude that the effect of the mixed
boundary condittons on the oscillatory part is stmply to modify the contribution of each
periodic orbit by a phase, which is 2 arctan[(k/x) cos @] for each bounce from a wall with
mixed boundary conditions, where 8 is the angle of incidence with respect to the inside-
pointing normal. The same rule also applies to the boundary orbits, for which @ is either O
or /2. This result, as well as the modifications to the smooth spectral density {length term
and right-angle Dirichlet-mixed corners) are equivalent to and consistent with the results
that were obtained above for the circle (see equations (24) and (37)).

3. General billiard systems

We now consider general sruooth two-dimensional billiards. A very convenient method for
the treatment of billiard systems are boundary integral methods since they reduce the two-
dimensional billiard problem to an effectively one-dimensional problem along the boundary
of the billiard. However, as has been discussed in the introduction, in the case of mixed
boundary conditions one encounters the difficulty that the integral kernels have a singularity,
which makes a direct perturbation expansion impossible. One possibility to solve this
problem, is to apply a transformation to the integral equation, which leads to an non-
singular kernel. This corresponds to a resummation of the equation in all orders of « and
we will use this method in order to derive the smooth part of the level density [3]. For
the oscillatory part of the level density, however, we choose two different approaches that
avoid the problem of singular integral kernels. We first apply methods of scattering theory
in order to obtain the semiclassical approximation for convex chaotic billiard systems. For
the caleulation of the scattering matrix the Kirchhoff approximation (presented in [16]) is
extended to mixed boundary conditions. We further derive the semiclassical approximation
for a concave billiard, the Sinai billiard, by the KKR-method.

3.1. The smooth part of the spectral density

In reference [3] Balian and Bloch derive the asymptotic form of N(E) for an arbitrary
smooth three-dimensional billiard with mixed boundary conditions. We use their method
in order to obtain the corresponding two-dimensional result. Qur notation differs from that
of Balian and Bloch in that the Green function and the normal derivative have a different
sign.

Consider a two-dimensional domain D with area A and a smooth boundary T of length
L. The Green function of the Helmholtz equation for this domain is determined by the
differential equation

V+EYGE, T EY=38(F—F) (48)
with the boundary condition
(k+8)G(r, 7, E)Y=0 Fex. (49)

It is related to the smoothed speciral density d.(E), which has Lorentzian peaks of width v
at the energy values E,, by

dy(E) = —% L A (lm G, 7, E +iv)lpor . (50)

For the derivation of the large-k behaviour of the Green function the differential equation
(48) and boundary condition (49) are replaced by an integral equation. This is done by
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representing the Green function G(F, 7', E) as the sum of the free Green function and a
single-layer potential:

GG, ) = GoF, 7) + f dsy GolF, P 7) 1)
)
with a density u(7g, 7) which is determined by

#(Fﬁs F’.) = 2("6 + aﬁﬁ)GU(Fﬂr F!) + 2[ dsd [K + aﬁp]GO(Fﬁ! Fa)ﬂ(Fa, ;.'f) ' (52)
T

For brevity of notation, the energy dependence of the Green functions and the density u
will be omitted, and Greek indices will denote coordinates on the boundary.

For Neumann boundary conditions (¢ = 0) the integral equation (52} can be solved by
iteratively replacing the potential u in the integral term of (52) by the whole expression for
. For « # 0 this cannot be done since the Green function Go(Fs, 7). in contrast to its
normal derivative, has a (logarithmic) singularity at ¥, = Fs. For that reason, the integral
equation has to be transformed into a different integral equation, for which the kernel is
uniformly bounded. This is done by introducing an auxiliary Green function I'(7s, Fg) which
is defined on the boundary ¥ by

Ty 7p) — 2 L ds, GolFas Fy) TGy Fp) = 6 — 7). (53)
Multiplying equation (52) by I'(¥y, 7) and integrating over Fs one obtains
B 7) =2 [ 853 T Gasp) 6 + 35160055, 7)

+2 f dss dsy TG F5) 8, GolFp. 7)) 4 Fy 71 (54)

This equation is now solved by a perturbation expansion and the result is inserted into (51).
One obtains

-

G, M =Gelr, 7+ 2f dsy dS'g GolF, )T (7., Fﬁ) {x + 355) Go(ﬁg, )
=

+4 f dsadSﬁdSydséGo(?r ch) r‘(?ﬂ: F,ﬂ) aﬁﬁ
b
GolFa, 7y) T(Fy, 75) (& + 85,) Go(Fs, F) + -+ . (53)
Inserting this into (50) yields the following expression for the level density:
A 1 o PO
d(E)=———=Im [2[ dsx dsg ['(Fa, Fp) (€ -+ 03, ) F(rp, Fa)
4 & £

+4 f dsy dsg ds, dss T'(Fa, F5) 85,
E

Galip 7 TGy ) (¢ + ) PG )+ (56)
where the function F(Fy, 7g) is defined by
P 7) = [ & GolFer) GofF, 7 57
A

and the energy of the Green functions is given by E+iv. In contrast to the three-dimensional
calculation, the introduction of a convergence factor is not necessary here since the integrals
are convergent.
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3.1.1. The perimeter term. The evaluation of the integrals in (56) is based on the fact that
the functions G and I" are short-range functions when the energy E is large. In a first
approximation it is assumed that the range is smaller than the smallest radius of curvature of
the boundary T and the boundary is locally replaced by its tangent. In this approximation
only the first integral term in (56) contributes, since 3;,Go(7s, F,) vanishes if the curvature
of the boundary is zero. One proceeds in the following way: the coordinates 7, and 7y are
replaced by

P =Fa—Tg Fo = 3(Fa +75) (58)
and the integral over 7y is evaluated along the tangent of the boundary at the point 7.

Along this tangential line the functions Go and T" are translational invariant and for that
reason it is convenient to introduce the Fourier transform along the tangent:

o . 1 Lo
for=[aseie  f6r=5- [dper it 9
In terms of the Fourier transforms the contribution to the level density can be written as
A 2 29 Ld Y m—
i) = 3¢ ~ 25t | [ ass [“ap i) (<P )+ EF )|+ (©0)

The calculation of the Fourier transforms of the functions G, I and F is done exactly as
in the three-dimensional case of Balian and Bloch. For that reason, here we give only the
results:

Ao 1 0o alp)

Go(p) = ~3a(p) I(p) = ta() (61)
where a(p) = /p? — k2, ky = /E +1v and
3 U ek LA YRS S VSN N
Gpo=-[ Fotmr W= WO =g @

Those of the functions in the above equations which only depend on one parameter are
the Fourier transforms of functions with arguments in the plane, which are translationally
invariant along the plane. Go(p, z) is the Fourier transform of Go(Fy, 7) and z is the distance
of F from the plane. The expressions in (61) and (62) have exactly the same form as in
the three-dimensional case, the difference being that p is now a scalar instead of a two-
dimensional vector. The results (61) and (62) are inserted into (60} and the limit v ~+ 0 is
performed, vielding the first asymptotic terms for the mean level density. Multiplying the
result by 2k gives the result for the mean level density in terms of the wavenumber k:

- A Lk oa
dk) = Ek -— [Im

1 K—a
dg —————— | +
-k, aJat+kik +G:L-»-o

2
A L 2
=k-— 1--————;:|+---. (63)
L+ (%)

3.1.2. The curvature term. 'The next term in the asymptotic expansion of d(k) is obtained
by including those corrections to the tangent approximation which are linear in 1/R,,, where
R, is the radius of curvature at .. Such corrections exist for F(¥y, Fg), 83, F (Ty, Fg) and
8z, GolFy, Fg), whereas for Go(Fe, Fg) and I'(y, Fg)} the first corrections are quadratic in
1/R, and can be neglected. The integrals in (56) are expressed in terms of the Fourier
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transforms of the Green functions and their corrections and the next asymptotic term for
the energy level density follows as

- —-Im [[dsmf dpT(p) [k 8F (p) + 85 F(p)]]

-~ Lm U s, f ap F(p) 85Co(p) o) [k F(p) + 5 F(PH] 64

The Fourier transforms of the Green functions and their corrections can again be derived
exactly as in the three-dimensional case [3] and give the result

e kE - a*(p) + k2 = 2a%(p) + 3
89;Go(p) = RV $F(p) = TP 8 F(p) = TR (p)
(65)

These expressions are slightly different from their counterparts in three dimensions, since
their derivation involved the divergence of p which depends on the dimension in which it
is calculated. The terms in (65) are inserted into (64), the limit v — O is performed and
the result is multiplied by 2k in order to obtain the next term in the asympiotic expansion
of d(k). The result is

- A L 2
) = ke — = | ]~ e
27 4J'l'l: II+(£)2]
/dswf a 2+ k2?2 — a* — 2a%k2 +
2:::2 ik, a*(a + )2, /a? + k2 s
2V — €\273/2
=ik_£[1__2_;}+31_1+(k) L@ os,
T

372
oL el R i+ R

(66)

An integration over k gives

Z
N(k)=%k2—a%k[l—2( 1+(f) —%)J
1 1+() -1
+E|:1_3 :lf_ . 67)

This is the final result for the leadmg three asymptotic terms, the area, perimeter and
curvature term, for the mean spectral staircase for an arbitracy smooth two-dimensional
billiard with mixed boundary conditions. For the determination of the integration constant
in the integration of (66) see the discussion in the section on the circle billiard. Equation (67)
is identical to (25) when applied to a circle. Furthermore, in the limits ¥ — oo and ¥ ~ 0
equation (67) gives the correct expressions for the case of Dirichlet and Neumann boundary
conditions.

3.2. The oscillatory part of the spectral density

The oscillatory part of the spectrai density for chaotic billiards with mixed boundary
conditions (4) is considered in this subsection. We use the scattering approach, in which
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the billiard is viewed as an obstacle for a scattering problemn and use (32) for dp;. (%). The
scattering matrix is obtained using the Kirchhoff approximation in a2 way which applies to
strictly convex hilliards, The approximation assumes that the incoming wave locally sees
a straight line at the scattering point. The case of Dirichlet boundary conditions is given in
detail in [16]. For mixed boundary conditions the additional phase (9) is again recovered.
This phase is slowly varying and in saddle-point approximations its value is therefore taken
at the saddle point (in section 2.1 this point is justified for the circle).

_ We consider the scattering solution which consists of an incoming plane wave ¥, (7) =
eglti? (with momentam k; and direction 8;) and a scattered wave V.., (F). The scattering
amplitude f(6;, 6r) to an outgoing direction &, is connected to the asymptotic form of the
scattered wave at large r by

%mr (ra gf) - f(ei’ gf)

ikr
Qmikry:
The momentum in the outgoing direction is denoted by i-r,}, so that k = k| = Jks]. Using
Greens theorem the scattering amplitude is expressed as a boundary integral:

ﬂ&@ﬁwgﬁmwmmm+ﬂrmmmm®kﬂf 9)

This expression is exact, but involves the knowledge of both ¥, (¥) and 8; Y., (¥) on the
boundary. The boundary condition (4} gives one linear combination of these two quantities,
another is found by using a short-wavelength approximation.

Given an incoming direction &;, the billiards boundary is divided into an illuminated
part {Z;) and a shaded part (Z;), dividing the expression for the scattering amplitude (69)
into two parts, f = f; + f;. For the shaded part the approximation is introduced by arguing
that the wavefunction is vanishingly small close to I, and hence Y (F) = &y (F) = 0.
This results in exactly the same expression as for Dirichlet boundary conditions, giving a
semiclassical approximation for the forward scattering peak [16]. The scattering matrix (in
the angle representation) is then connected with the illuminated part only.

The short-wavelength approximation assumes that the behaviour of the scattered wave
at a point on the illuminated boundary is determined by specular refiection off that point
and that the surface is locally a straight line.

We first consider a wave scattering off a straight wall, with a normal £ pointing towards
the side where the scattering process is taking place. The incoming wave is given, as before,
by 0, (F) = 7, The scattered wave at any point © on the wall and its normal derivative
at that point, are expressed in terms of the incoming wave by

(68)

Vscar (F) = =™ Y (7) (70)
i Wscar 7) = ilk; - )™ (7). ()
Imposing the boundary conditions at the wall, the additional phase ¢ is determined to be
k P
¢ = 2arctan (;cost?) = 2 arctan (— ,Kn) (72)

where 8 is the angle of incidence and is just the additiona] phase (9) which appears for
mixed boundary conditions. Note that (71) is valid for a wall at any angle or pasition.

We use the result for the straight wall in (69) to obtain the approximation for the
scattering matrix

1 - = o E _Bam s
5(6;, Gf) = E;'ﬁ(ai’af) = % f ds (k; — kf) . ﬁ(r)el(k;-—k,r)-r-—nﬁ('i) (73)
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where

K

$(7) = 2arctan (— & '"(’)) : (74)

The integral (73) is evaluated using a saddle-point approximation, where the additional
phase ¢ (7} is taken at the saddle point. The saddle point 7y for a general convex billiard,
is the point of specular reflection for a trajectory with incoming direction 8; and owigoing
direction ;. The scattering matrix is finally given by

1
iNE L o .
S, Bf) = —% (ﬁ-) [(kf —k)- ﬁ(FO)R(Fo)] i(k, —ky }To—ig(Fo) _ (75)
where R(F) is the radius of curvature and ¢(r) is given by (74). Note that, since Fo is
the point of specular reflection, we have kf Alry) = —k « A{re) = ksin (|9f -6 [/2)
The scattering matrix for the circle may be obtained directly uwsing R(7p) = R and
Fo = RA(7y). By transforming to the angular momentum representation, using a saddle-
point approximation, we recover {29).

The oscillating part of the spectral density, given in the scattering approach by (32}, is
evaluated using the saddle-point methad, and the additional phase ¢ is taken at the saddle
point. The calculations for Dirichlet boundary conditions [16] may then be followed, with
the appearance of the additional phases being the only difference. Assuming that all periodic
orbits are isolated, we obtain the Gutzwiller sum

=]

o) = ZZ , cos[m{kLy, — vy 5 — nym + D,,}) 76)

¥ m=i /12 - Te My

where the sum is over primitive periodic orbits ¢ with repetitions m. Each primitive orbit
has a length L, and a monodromy matrix M,. The number of reflections along the orbit is
n, and v, is the maximal number of conjugate points along the orbit (the Maslov index).
The only difference from the formula for Dirichlet boundary conditions is the appearance of
the additional phase ¢, , which is just the sum of the additional phases accumulated along

the orbit:
,,_Zgby—ZZarctan( cose‘) (7

where 8 are the angles of incidence at the reflection points along the orbit which are
labelled by i.

3.3. The spectral density for the Sinai billiard

In this subsection we describe very briefly the semiclassical quantization of the two-
dimensional Sinai billiard {disc of radius R embedded inside a square of side L) with
mixed boundary conditions (4) on the disc. For this purpose we follow Berry [9] and use
the KKR method [25-27]. We first unfold the billiard into an infinite lattice and consider a
general potential with circular symmetry and range R in the centre of each cell (2R < L).
Using the Green theorem and taking advantage of the translational and circular symmetries,
we arrive at a set of linear equations, that have a non-trivial solution {i.e. an eigenvalue of
the billiard) if

(k) = det [s,,. —tan( ‘; ))a”.(kL)] (78)
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where ap are ‘structure constants’ of the lattice that are independent of the potential and
@i (k) are the scattering phase shifts that include ali the information about the potential. For
mixed boundary conditions the phase shifts are given by

_ KH(kR) — kH (kR)

Sp=e = , 79

r=e CHTR) — KHY (kR) ()

which is different from (27) for the circle, due to 3; = —8, in the Sinai billiard case.
Semiclassically we have

pilk) = P (k) — (k) (80)

where P (k) are the phase shifts for Dirichiet boundary conditions on the disc and
¢y = 2arctan[(k/x)cos6]. 6 is the angle of incidence to the disc of a classical particle
having angular momentum {.

To calculate the expression for the spectral density d(k) one considers (—1/m)log ¢ (k)
(¢ (k) can be made real [9]). Then one uses the matrix relation log det = Trlog and fonnally
expands the logarithm in a Taylor series. To get the semiclassical approximation of d(k),
Poisson summation is used and the resulting integrals are evaluated by using saddie-point
approximation term by term. (The detailed and rather long derivation is one of the main
subjects of [9].) Substituting ¢ in (78) and performing these steps, we immediately get a
semiclassical expression for the Sinai billiard with mixed boundary conditions that contains
no expansions in powers of x. Thus ‘x is resummed to all orders’ by the KKR determinant
and is included only through the phase shift ¢. Moreover, due to the slow variation of ¢
as explained above (see subsection 2.1), the modifications are particularly simple and result
in

- KL*—7RY L R 2
A0 ) = 30 1) + el ) = e — 7R LR [1 - —-————} + dyy (k)
2n T 2 1+ (£
+ (%)
o ﬂ; k .
+ZZA,,,,,, cos j mkL, — mn,m +m22arctan (z cosa;,) (81
¥ m=l1 i=]

where A, , are the semiclassical amplitudes that appear in (76) and n, are the number of
collisions of the primitive periodic orbit ¥ with the billiard walls, Note the fact that for the
Sinai billiard the Maslov index v, is always 0. The inner sum is over collisions with the
disc (8! are angles of incidence) and contains the modifications to dy(E) due to mixed
boundary conditions. The x-independent term dj»(k) contains the non-generic contributions
of the ‘bouncing ball® orbits [9, 10, 28] and will be further discussed below (section 4). It is
interesting to note, that although in (80) the sign of the additional phase shift ¢ is opposite
to the that of the circle (and more generally the convex) billiard, the final results for both
2(E) and dy, (E) agree in signs with the previous cases, which emphasizes the generality
of the modifications implied in (81).

4. Application of mixed boundary conditions to the spectral diagnostics of the Sinai
billiard

The spectral density of the Sinai billiard, in either two or three dimensions, and in the
presence of mixed boundary conditions on the inscribed scatterer (either disc or sphere),
can be written as

dik; b, o) = dk; b, @) + dsc (ks b, @) (82)
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dosc(k; b, o) = dgcn(k‘: b,a) + dyp(k) + dranlk: b, @) (83)

where d is the smooth density, dg., comes from contributions of generic, isolated and
unstable periodic orbits (see equation (81)), dps represents the contributions of the non-
generic ‘bouncing ball’ (BB) families of marginally stable orbits that do not coilide with the
scatterer [10, 9, 28], and d;,, contains the non-generic contributions due to periodic orbits
which are tapgential to the scatterer (see figure 3). When one is interested in the generic
part of the spectral density, one must find a reliable and accurate method for the elimination
of the 8B and tangent contributions. This is not an easy task, since the contribution of the
leading-order BB families are O(k'/%) stronger than that of an isolated periodic orbit in the
two-dimensional case {10}, and O(k') stronger in three dimensions. In the semiclassical
limit this may amount to a very large factor, so that to identify the contributions of a single,
generic orbit one must subtract the BB contributions in an accurate and reliable way, This
problem is especially acute when one considers the cosine transform of the oscillating part
of the spectral density—the length spectrum:
k\ﬂll!l
D(x; kpax; B ) = --1— dk dosc(k; b, o) cos(hx) . (84)
kmax Q

Here, due to the finite range of & values, the length spectrum is composed of peaks with a
finite width, and the contribution of the BB families might overlap and obscure the peaks
due to unstable, isolated periodic orbits, This problem is very well demonstrated in the top
part of figure 4. At the length x = 2 there exist a BB family and an isolated periodic orbit
(a two-fold repetition of the shortest orbit of length 1). The latter has an amplitude which
is smaller even than that of the peak at x = 1.

In order to eliminate the non-generic contributions, it is natural to seek analytic
expressions, and to subiract them from the spectral density. Indeed, for the two-dimensional
stadium billiard the contribution of the (single) BB family were calculated by Sieber et al
[10], and were successfully applied in the spectral analysis. These calculations become,
however, much more intricate for the Sinai billiard, in particular for three dimensions.
Instead of a single BB family as in the stadium, the Sinat billiard admits a rich variety of
BB famijlies, especially in three dimensions [29]. Moreover, in three dimensions the total
(geometrical) measure of each family of BB is difficult to evaluate. Tangent orbits (which
are not encountered in the stadium billiard) require a special treatment, which is not yet
available.

Figure 3, Tangent periodic orbits in the two-dimensional Sinai billiard.
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Facing all these difficulties, we were forced to introduce a new method for the
elimination of the BB and tangent orbits. It makes use of the extra freedom which is
gained by the variation of the boundary conditions. As a matter of fact our interest in the
semiclassical theory of billiards with mixed boundary conditions stemmed originally from
this particular application.

The main idea of this method is to look at differences of spectral densities obtained
with boundary conditions which differs only on the scatterer. Since the BB orbits do not
collide with the scatterer, they are insensitive to changes of the boundary conditions on it.
Therefore, their contributions will be eliminated in the difference. Here we shall discuss
two convenient schemes. In the first, we shall subtract the spectrum with Dirichiet boundary
condition on the scatterer from the spectrum with the Neumann condition on the scatterer,
The difference will be called the N-D spectrum.

Taking into account the explicit expressions for d,s. for Neumann and Dirichlet boundary
conditions we get from (81)

Ayen(R) ~ dpir (k) = (smooth part) + ZZ'A,,,,,, cos(ka,, —-m nf,:r) +d,

tan
v.m

(85)

where #}, is the number of collisions with the straight boundaries, and the prime over the
sum indicates that only periodic orbits with an odd number of collisions with the scatterer
should be considered. 4y, is the residual contribution of the tangent orbits. The BB
contribution dpp(k) is compietely eliminated by the subtraction. This resuit is valid in
the semiclassical approximation, and its applicability in practice should be tested. This
was done by analysing numerically the two-dimensional quarter of a Sinai billiard with

L = 2, R = 0.5, Qur numerical database consists of the lowest 5700 energy levels [30]
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in the k-range 0 < k, < 300, for both Dirichlet and Neumann boundary conditions on the
disc.

In figure4 (top) we present the two length spectra for Neumann and Dirichlet boundary
conditions on the disc and one clearly observes the large contributions of the BB families,
which have lengths of 2 and 24/2 [9]. The change of sign between Dirichlet and Neumann
boundary conditions due to an odd number of bounces on the disc is evident, e.g. for the
shortest orbit of length 1 which bounces only once from the disc. There are also peaks
that do not change sign, as expected. The N-D spectrum is shown in figure 4 (lower part).
The peaks corresponding to the BB are greatly diminished, and generic periodic orbits can
be distinguished more easily. There are, however, some drawbacks to the N-D analysis.
The first one is that it eliminates haif of the generic contributions to the spectral density,
namely those orbits that bounce an even number of times from the scatterer (see eguation
(85) ). This can easily be rectified by comparing spectra with other boundary conditions
on the scatterer rather than the special N-D analysis. A more serious drawback is due to
the contributions of tangent orbits. They have the same length as the BB, and their residual
contribution can be clearly seen in figure 4 for x = 2, 2+/2. It was found numerically to be of
the same order in k as for isolated orbits. This gives an indication, that in three dimensions
such tangent orbits, that forin one-parameter families, are likely to give contributions of
order £'/2, which can obscure a significant part of the generic contributions.

The second, and more powerful comparison method consists of taking the derivative of
dik; b, o) with respect to o at @ = 0. Using equations (9}, (81) and (83) we get

Zé‘(k k,,)(dk")
=0 n=1 dor =0

+ ) Aymsin(mkLy, —mn,m)

=0 w.m

[ —~2m— Zcosﬁ ] —dan (ks b, o)

The term dpp dropped mwally, and the oscxllatory contributions are now multiplied
by the new prefactors Z L, co8 9‘ These prefactors vanish (only) for tangent orbits
@ =m/2,i=1,.. -,n%). If we now assume that the tangent orbit contributions behave
similarly to those of the periodic orbits, it will follow that their contributions will also be
eliminated. Hence, the o derivative of the spectral density consists of generic contributions,
exclusively. The validity of this assumption was recently verified to leading order both
analytically and numerically [31).

To examine (86) we use instead of the plain length spectrum (84) a Gaussian modified
one with the kernel

id(.’c; b, o)
do

= —a_l k: b,
doe ( @)

(86)

=0

1 k — ko)
flk, x: ko, o) = Norr exp (—E'Eii) cos(kx) . (87

The parameters kp and o were chosen, such that for the calculated spectra, the integration
limits can be safely taken to oo, thus avoiding undesired boundary effects. Integrating
both sides of (86) with this kernel, one gets

i_exn(—‘%’—z) [kn —ko
0-2

cos{kyx) + x sin(knx)] (%)
a=0

= F {:;’ [ko cos(kox) — xa? sin(kox)] + (";’ - 2_1;;‘) %cos(kox)]
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where
A il
Apm = -——%(ml)”“‘vﬁm Z cos 8 . (89)

i=]

Here we used the explicit expression for the smooth spectral density of the two-dimensional
quarter Sinai billiard including the corner and curvature terms. To check (88), we calculated
numerically the derivatives of energy levels with respect to & by using finite differences for
o =0 and o = 0.0005 /2. In both cases b = 200 and 0 < k, < 300. In figure 5 we
present the quantum results together with the semiclassical predictions of (86) which consists
of contributions due to generic isolated and unstable periodic orbits (and their repetitions)
only. The agreement between the quantum and the semiclassical results is good throughout
the entire length interval (except for a few deviations which are due to special effects which
will be discussed latter). This demonstrates the power of the derivative method, and the
general success of the semiclassical theory.

A more detatled examination of figure 5 reveals the following details. At the lengths
2 and 2+/2 which correspond to the shortest BB families and their limiting tangent orbits,
we can observe very small structures. Comparing them to the corresponding peaks in the
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N-D spectrum, we see that the tangent orbits behave as expected. The very small peaks
that nevertheless exist there, are attributed to higher-order corrections to the semiclassical
approximation and to the smail contribution of the second repetition of the shortest periodic
orbit of length 1. Other BB families cannot be separately examined for the given k range due
to the clustering of periodic orbits {the total number of periodic orbits grows exponentially
with their length).

It is important to note that the quality of the semiclassical theory is uniform throughout
the length domain, even at longer lengths, where individual periodic orbits cannot be
resolved. This is a very demanding test for the semiclassical theory since it involves the
interference of dozens of periodic orbits per wavelength. To get such a good reconstruction
of the exact iength spectrum requires a very accurate evaluation of the individual amplitude
and phases. '

The largest discrepancy between the numerical data and the semiclassical theory is
seen in the vicinity of x = 6.21. At this length there exists 2 triplet of unstzble periodic
orbits which are very close to tangency with the disc. It wouid be eliminated by pruning
if the radius of the disc was increased beyond R = 0.555. Other points in the length
spectrum where deviations of the semiclassical theory from the numerical length spectrum
can be observed are also close to bifurcations of this type with two or three periodic orbits
becoming simultaneously tangential to the disc. Therefore we suspect that the deviations
have their origin in the failure of the semiclassical theory in its present form in the vicinity
of tangent orbits.

The method presented above was recently applied in the analysis of the 3D Sinai billiard,
There, the length spectrum is entirely overwhelmed by BB contributions. One can study the
contributions of isolated periodic orbits only after the spectrum is analysed by the methods
explained above. The detailed analysis of the 3D Sinai billiard will be presented elsewhere.
Finally, we would like to note that the method presented here can be applied in many
variations, whenever a particular set of orbits is of particular interest, and one wishes to
suppress all other contributions.

5. Parametric spectral statistics

Random matrix theory has been successful in describing universal properties in the spectra
of a large variety of single systems. These include classically chaotic systems as well
as disordered mesoscopic systems, There is now an increased interest in considering not
only single isolated systems but also systems that depend on an external parameter and in
describing correlation functions in this parameter and statistics that depend on the sensitivity
of the energy levels to the change of the parameter [11-14].

Two very often considered quantities are the velocity and the curvature distributions,
i.e. the distributions of the first and second derivatives of the levels with respect to the
parametier. For these guaniities several theoretical results exist. The velocity distribution
P{v) is a Gaussian for random matrix ensembles. It has been shown by Gaspard et al
[11] that the asymptotic distribution for large curvatures is universal. Subsequently, this
behaviour was verified numerically for several systems [32, 33, 13). Formulae for the
complete curvature distributions for the GUE, GOE and GSE of random matrix theory were
conjectured by Zakrzewski and Delande [13] based on detailed numerical examinations. In
addition, it was suggested that deviations from these distributions in chaotic systems could
be taken as a measure of the degree of scarring in this system [33, 13]. It has been proved
recently that the conjectured distributions are indeed the exact distributions for the random
matrix ensembles [34-371.
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In this section we examine the velocity and curvature distributions for the Sinai billiard
with mixed boundary conditions on the dispersing arc, As has been mentioned in the
introduction, it is a special feature of this parameter dependence that it restricts only to the
quantum system, whereas the corresponding classical system is parameter independent. As
parameter we take the quantity « of (5) with fixed b = 200. The velocities are

2 -1
=22 B ﬁ(x)=<(%‘)> 90)

where x, (o) = Nk, (oe); b, ar) are the unfolded energy levels. We scaled the first derivatives
3x, /8¢ by their local standard deviation, since this standard deviation is not constant with
increasing energy. The brackets (), denote an average over the levels x, in a local interval
around the value x. The scaled curvatures are defined as

o o 2%n BOE)
"7 802 wum
where v classifies the corresponding random matrix ensemble. It is equal to one for GOE,

which is appropriate for systems with time reversal symmetry. The distribution of curvatures
for GOE is given by

(91)

1 1
2(1+c)¥2’

We compare the numerical distributions for the Sinai billiard to the random matrix
results and discuss the deviations that occur, especially in the context of the scarring of
wavefunctions in the system. The calculations were done for the quarter Sinai billiard
which has two symmetry classes, odd and even. The ecigenfunctions of these symmetry
classes are solutions of the Helmholtz equation for the fundamental region of the Sinai
billiard, which is drawn in figure 7 with thick full curves, with Dirichlet {odd) or Neumann
(even) boundary conditions along the line y = x, mixed boundary conditions along the
circular part of the boundary and Dirichlet boundary conditions along the remaining two
straight sections of the boundary. As in the previous section R = 0.5 and L = 2 and for
these parameter values there exist two families of bouncing ball orbits. For the numerical
analysis the energy levels with a wavenumber in the range 100 < £ < 300 were used.
This corresponds to approximately 2500 levels in each symmetry class. The statistical
distributions were evaluated by averaging over the two symmetry classes.

Ple) = (92)

5.1. Non-generic features in the parameter-dependent energy spectrum

Figure 6 is a plot of the wavenumbers %, of a part of the spectrum as a function of the
parameter o for the two symmetry classes of the quarter Sinai billiard. There is a mean
decrease of the levels with increasing o which is due to the « dependence of the mean
number of energy levels N (k). A striking feature in figure 6 is that one can distinguish
apparent horizontal lines. These lines consist of almost straight pieces which are interrupted
by avoided level crossings. As will be argued below these lines can be attributed to the
existence of the families of bouncing ball orbits. We discuss these lines in more detail since
they lead to deviations in the velocity and curvature distributions from the random matrix
theory, Similar apparent lines have also been found in various other systems (see e.g. [38])
and also in experiments (39].

The lines are regularly spaced and they can be divided into two families. The first
family appears at the same positions in the spectra of both symmetry classes. The lines
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actually appear as double lines where the upper line is less pronounced than the lower line.
The positions are roughly given by & = nm, where n is a natural number (full triangies
in figure 6). In the case of the second family of lines there is a difference between the
two symmetry-classes. One can distinguish horizontal lines at the approximate positions
k = nm/+/2, but they only appear for odd integers » in the odd symmetry class and for
even integers » in the even symmetry class (empty triangles in figure 6). Although we
did not calculate wavefunctions, we strongly suspect that the horizontal lines correspond
to wavefunctions that are mainly concentrated (scarred) along one of the two families
of bouncing ball orbits and that these states are not strongly influenced by changing the
boundary conditions on the circular part of the boundary. Under these assumptions the
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actual position of the lines and the difference between the two symmetry classes can be
explained by a very simple model, namely by approximating the wavefunctions by the
superposition of two eigenfunctions of appropriate rectangular billiards.

We first consider the position of the lines in the vicinity of &« = 0. Later on, we shall
show that the lines are not strictly horizontal, but that they drop slightly as o approaches
m/2. We start with the first family of lines. It is convenient to discuss them in the quarter
Sinai billiard instead of the fundamental region. We assume that the wavefunctions that
correspond to these lines are scarred along the first family of bouncing ball orbits. These
are orbits that are parallel to the x-axis or the y-axis in the coordinate system shown in
figure 7, i.e. they occupy the region of the upper shaded rectangie in figure 7 and the region
of another rectangle that is obtained by reflecting the first rectangle on the line y = x.
We then express the wavefunctions by a linear superposition of a function f(x,y) and
its mirror image f(y,x), where f(x, y) is concentrated along the first of the rectangles
only. The wavefunctions of the two symmetry classes are then given by f(x, y) F f(y, x).
This decomposition in terms of f{x, ¥) and f(y, x) is, of course, only possible within an
approximation since it implies that both symmetry classes have the same eigenvalue.

The fact that the eigenvalues of the wavefunctions are only slightly influenced by the
change of the boundary conditions on the circular part of the boundary points to a small
excitation of the function f(x, y) in the x-direction and a high excitation in the y-direction.
For that reason, we determined its eigenvalue by an adiabatic approximation in which the
high excitation in the y-direction and the low excitation in the x-direction are separated.
In the energy range considered, the results differ only slightly from the eigenvalues of
the rectangular billiard in figure 7 with Dirichlet boundary conditions., For simplicity
we therefore restrict the discussion to the eigenvalues of this rectangular billiard. The
wavenumbers of its eigenvalues are given by kyn = m/n%/a? + m?/b?, where n and m
are integers and @ = 1 and » = 1 — R are the lengths of its sides. The wavenumbers k, ,,
provide a more detailed description of the positions of the lines than the rough estimate
k = nm. The values of &, are marked in figwre 6 forn =6l to 63 and m = I and 2
by full triangles. As one can see, they agree well with the position of the horizontal lines.
Scarred wavefunctions that carrespond to higher values of m might also exist, but they are
more sensitive to a change of the parameter o and therefore the corresponding lines cannot
be clearly distinguished in the spectrum.

For the consideration of the second family of lines we introduce new coordinates
u=(x—y)/2and v = {x + y)/2, and consider a region that is bounded by the lines
u=0u=1,v=0and v =1 and two circular arcs as shown in figure 7. Let us denote
this region by D. It contains four copies of the fundamental region of the billiard which
is indicated by thick full curves, The second family of bouncing ball orbits runs along
lines of constant # or constant v. In order that a wavefunction in the domain D is also an
eigenfunction of the two considered symmetry classes of the fandamental region, it has to
satisfy Dirichlet or Neumann boundary conditions, respectively, on the straight sections of
the boundary of [ and additionally it has to vanish on the diagotials v=yand v=1—-u.

We now consider a wavefunction which is mainly concentrated along the family of
bouncing ball orbits that is parallel to the v-axis. This region is indicated by the tilted
rectangular region in figure 7. Again we try to approximate the energy of this scarred
wavefunction by an eigenvalue of the rectangular billiard. Depending on the symmetry
class considered, the eigenfunction f{u, v) of the rectangular billiard has to satisfy Dirichlet
or Neumann boundary conditions on jts short sides and Dirichlet boundary conditions on
its long sides (we consider the case ¢ = (). From f{u, v) one can obtain a2 wavefunction
Yr{u, v) in the fundamental region, i.e. one which vanishesonthelinesv =uw and v = 1—u,
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by defining ¥ (x, v) = f{u, v)— f(v, u) and requiring that f(%—{-z, %—-z) = f(% -z, %+z).
A consequence of the last condition is that the function f(x, v} must have the same parity

with respect to reflection of its first coordinate at 4 = -;— as with respect to reflection of the

second coordinate at v = 1.

We now consider the odd symmetry class of the quarter Sinai billiard. For this case
the function f(u,v) is given by fu, v) = ¢, sinlzrvlsin[rm{n — r}/(1 — 2r)], where
Cn.m 1S a normalization constant and r = R /ﬁ is the radius of the circle in the (4, v)-
coordinates. The corresponding wavenumbers are k, » = 7+/n?/a? + m2/b2//2 where
a=1and b = (1 —2r) and the factor /2 has its origin in the Jacobian determinant of
the coordinate transformation. The symmetry condition that f(u, v) has to satisfy restricts
the possible values of m and x. It is satisfied if either m and » are both even or if they
are both odd. As a consequence, the lowest excitation m = 1 in the y-direction is only
possible, when r is an odd number. In the left-hand graph of figure 6 the wavenumbers
k,m are indicated by open triangles for the values n = 87 and 82 and m = 1 and close
to these positions one can see horizontal lines in the specttum. The positions of the lines
are actually slightly below the values of k., possibly because the wavefunctions spread
slightly beyond the rectangular region. The lines are less pronounced than the lines of the
first family and already for the cases m = 2, which correspond to even values of n, there
are no clear lines in the spectrum.

For the even symmetry class of the guarter Sinai billiard, the function f(u, v) is given
by fu,v) = ¢y mcosfanv]sin[rm{n — r}/(1 — 2r)]. Now the symmetry condition for
f(u, v) requires that m is even if n is odd and vice versa. In the right-hand graph of
figure 6 the lines of the second family for m = 1 have the same qualitative propertics as
in the left-hand graph, with the difference that they now appear for even values of #. The
open triangles in the right-hand graph mark the values of k, . for the values » = 86 and
88 andm = 1.

Up 1o now, we considered only the position of the horizonta! lines in the spectrum
near the parameter value o = 0. We now discuss the fact that the lines are not strictly
horizontal but that they drop slightly when « is increased. In order to describe the lines
more accurately over the whole o range we again use the simple model of the two rectangular
billiards in figure 7. This time we impose mixed boundary conditions on those sides of the
two rectangles that are tangential to the circular arcs in figure 7. The resulting wavenumbers
kp.m () (for the appropriate values of r and m) have the following properties. They are
monotonously decreasing functions of ¢, yet the decrease is very slight except near o = /2,
where it becomes stronger. At o = n/2 the lines have a distinctive negative curvature and
negative slope. The model of the rectangular billiard is not good enough to give an exact
description of the actual position of the lines in the spectrum, but the qualitative behaviour
of the functions k, (o) that is described above can also be seen in the spectram.

5.2. The velocity and curvature distributions

We now come back to the distribution of velocities and curvatures and first consider the
results for the parameter value o = 0. The velocity distribution is shown in figure § and
is compared to a Gaussian of the same mean value and standard deviation. One notices
that the distribution is not well approximated by the Gaussian curve. }t is asymmetric and
it has an excess of large velocities. This deviation from the random matrix resuit can be
explained by the presence of the horizontal lines in figure 6 (see [13]). When the spectrum
is unfolded, these lines go over into lines that have a large slope {except near ¢ = 7/2 as
will be discussed later). They thus contribute to large positive velocities. Similar resulis



5070 M Sieber et al

04|
o3t
02 }-

olr

P(v)

0.0
4

Figure 8, The velocity distribution P(v} at @ = 0 in comparison with a Gausstan.

09
08 |
0.7 L
06
o5
0.4 5
03
02
01
0.0_4

Plo)

Figure 9. The curvature distribntion P{c) at & =  in comparison with the GOE-distribution of
(92).

were obtained for the hydrogen atom in a strong magnetic field, a system which has a large
number of scarred states [13].

The curvature distribution that is shown in figure 9 is likewise not in agreement with
the random matrix result. There is a large excess of small curvatures in comparison with
the distribution of (92). These results are again in qualitative agreements with results for
the hydrogen atom in a magnetic field and also with results for the stadium billiard where
the parameter is the length of the straight section of the boundary [33, 13].

The high peak of the distribution at small curvatures can be explained by two effects,
The horizontal lines in figure 6 contain long pieces where the curvature is almost zero. This
is still the case after unfolding the levels and these parts of the spectrum thus contribute to
an accumulation of small curvatures. Secondly, as has been noted above that they are also
responsible for an excess of large velocities. This excess leads to an increase of the variance
of the velocity distribution =1 and, by definition (91), to a decrease of the curvatures.
Because of these effects it has been suggested that the excess of small curvatures can be
taken as a measure for the degree of scarring in a system [33, 13]. We will discuss this
point in more detail when considering results for other values of the parameter «.

It is possible that the small avoided level crossings along the horizontal lines also lead
to a non-generic curvature distribution at large curvatures {13}, but the number of levels has
not been large enough in order to check this in detail,

In order to see whether the discrepancy between the calculated distributions and the
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with a Gaussian, as described in the text.

random matrix result is only due to levels in the vicinity of the horizontal lines, we
disregarded these levels and determined the distributions with the remaining levels. The
levels which are taken out, however, have on average large velocities and therefore the
average velocity of the remaining levels is different from zero. This effect can be removed
by choosing a different unfolding mechanisin which takes into account the fluctuations in
the spectrum due to the bouncing ball orbits. This is done by defining

xp = N() + Nop(fn) (93)

where Nys(k) is the semiclassical contribution of the bouncing ball orbits to the spectral
staircase. We would like to note that this unfolding procedure alone already leads to a more
symmetric velocity distribution and reduces slightly the peak of the curvature distribution
at small curvatures.

We varied the number of levels that were removed and found that we had to neglect
about 25% of the spectrum until most of the non-generic contributions to the distributions
were removed. The resulting velocity and curvature distributions, obtained by unfolding
with (93), are shown in figures 10 and 11, The agreement with the random matrix results
is now much better than before. One can still see some small deviations, but the main
part of the non-generic contributions are removed. This indicates that wavefunctions that
are scarred along the bouncing ball orbits are really the reason for the deviation from the
random matrix results,

We have also calculated the velocity and curvature distributions for several other values
of the parameter «r. Over & large range of this parameter the results are very similar to those
for @ = 0. The velocity distributions are asymmetric and bave a tail at large velocities
which is larger than for a Gaussian and the curvature distributions show an excess of small
curvatures. Also, if one again removes the part of the spectrum which is mostly affected by
the bouncing ball orbits and performs the unfolding with (93) the agreement with the random
mattix results becomes quite good. However, as one approaches the value o = x/2 the
distributions become qualitatively different. In figure 12 the distribution of all velocities in
the range 100 < k, < 300, unfolded without bouncing ball terms, is shown fore =x/2. It
is compared to a Gaussian with the same mean and standard deviation. Here the agreement
. with the Gaussian is better than for the distribution for & = O in figure 8. The distribution is
more symmetric, the peak at v = 0 is lower and there is a smaller excess of large velocities.
The curvature distribution is shown in figure 13. It differs strongly from the o = 0 case.
There is much less contribution from small curvatures and the deviations from the random
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Figure 13. The curvature distribution P(c) at o = /2 in comparison with the GOE-distribution
of (92).

matrix curve are mainly due to an asymmetry in the distribution.

The different behaviour near & = /2 can again be explained by the apparent lines in
the spectrum. As was discussed in the last section, these lines are not quite horizontal near
o = /2, but they have a negative slope and negative curvature. As a consequence, when
the levels are unfolded they have smaller velocities and larger (negative) curvatures than in
the case & = 0. This is exactly the difference that is observed in the velocity and curvature
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distributions.

We also tried for ¢ = /2 to improve the agreeméent with the random matrix results
by removing a part of the spectrum and unfolding with (93). However, in this case the
agreement does not improve. The peak of the velocity distribution goes down, but the
distribution is slightly asymmetric and the peak of the curvature distribution decreases below
that of the random matrix result. Currently, we do not have a satisfactory explanation for
this result. Possible explanations are that due to the stronger o dependence of the horizontal
lines they also have an influence on more distant energy levels, or that the mixed boundary
conditions do not behave generically near Neumann boundary conditions, at least in the
energy range considered.

A definite interpretation of our results would also require an examination of
wavefunctions. However, in the case that there are many scarred wavefunctions at ¢ = /2,
our results seem to indicate, that scarred states do not necessarily have to lead to an
accumulation of small curvatures. A prerequisite for such an accumulation is an almost
linear change of the corresponding energy levels with the parameter o, which is not
necessarily the case.

Finally, we add a remark on the choice of the parameter o. The curvature distribution
is not independent on this choice if it is evaluated within a restricted energy range. We
chose a parameter dependence that is symmetric with respect to Dirichlet and Meumann
boundary conditions, but in principle, one could define a different parameter A = f(a)
and then the curvature distribution would change. For example, at & = w/4 we calculated
the curvature distribution also for the x-dependent boundary conditions of (4) and we got a
slightly different result than for the & dependence. (At o = /2 there is no difference, since
the Taylor expansion of the sine has no quadratic term.) Examinations of the universality of
the curvature distribution thus also require a careful definition of the parameter dependence.

6. Discussion

In this paper we have extended the semiclassical methods for treating billiard systems to
situations where the boundary conditions interpolate between the standard Dirichlet and
Neumann conditions. The parametric dependence on the boundary condition was shown to
be a very useful tool in the spectral analysis and in the context of the parametric spectral
statistics, the variation of the boundary condition is similar to the variation of any external
parameter in a Hamiltonian system. It should be born in mind, however, that the boundary
condition is strictly a wave (quantum) feature and as such, has no classical analogue,
In this sense the system we consider here is different from the usual parameter-dependent
Hamiltonian systems, where the parameter has similar meanings in the quantum and classical
representations. We shall address this point in the present section and show that, in one
limit, there exists an alternative interpretation of the mixed boundary conditions. We will
also discuss some results which can further illuminate some features of the semiclassical
approximation for mixed boundary conditions.

We shall show first, that the variation of the spectral density in the vicinity of the
Dirichlet boundary condition can be related 10 a variation of the boundary itself. The laiter
certainly has a similar meaning in both the classical and the quantum pictures, We rewrite
the mixed boundary conditions, equation (4}, as

Y(F) +ediy(F) =0 FeX %4

where € = k=, € > 0. This defines a Green function, G(¥, 7”; ¢), and its derivative with
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respect to ¢ near ¢ = 0% (Dirichlet case), g(r’, 7), can be easily shown to satisfy
# "")-l-f ds(p) GoF', B) 8:g(p, 7"} = —f ds(p) 83;Go(r", B) 8;:G(B, 7", e =0)

(95)

where Go(7, ) is the free Green function. Let us now define a uniform inflation of the
boundary, which is affected by shifting each point g on the boundary a distance v along
the normal:

T(v): p = P+ vi(p) PEX. (96)
Note, that this inflation is not just a rescaling of the coordinates, except for special cases
like the circle billiard and regular polygons. Hence, the structure of the periodic orbits will
in general change, Keeping the boundary condition to be Dirichlet (¢ = 0) for all values of

v, one can show after some calculation, that 3G (7, F"; v)/8vl,¢ satisfies the same integral
equation (95) as for g7, 7). Thus we establish the relation between Green functions

a o "f.’ aG "ﬂ‘
G, F" €, v) (7,7 €, v) . ©7)
de e=p=0 av e=y=0
To derive the relation between the spectral densities we use for k > 0
2k - . .
dik;e,v) = —— lim f dF Im G(F, F; k2 +18; ¢, v) . (98)
T =0t A

The derivative with respect to € affects only the integrand, while the derivative with respect
to v also affects the integration domain. However, since we consider Dirichlet boundary
conditions (¢ = 0), we have G(#,7; ¢ =0) = 0 for ¥ € £, and the second contribution is
0. Therefore we conclude:

adik; €, v) _ 3dik; e, v)
de PRt - v e=u=0 (99)

This exact result becomes clear intuitively in the semiclassical limit: for the smooth part
of the level density we can use dA/8v],—0 = L, where A, L are the billiards area and
perimeter, respectively, When this is inserted into (7) we get to leading order:
adik; €, v) _Bd(k; €, v) _ Lk
de e=p=0 - av e=v=0 B 27 .
(For smooth billiards one also gets the next term by similar methods.) As for d,,., only
consider the contributions of generic periodic orbits which are far from tangency to the
boundary. In the Guizwiller sum, only the fast varying derivatives of the actions kL,
with respect to v will be important in the semiclassical limit. Simple geometry shows that
Ly /3vl=0 = 2¥ ;7  cos6?, and together with the relation 8/3¢lc=o = b3/darla=o One
gets the desired equivalence (see equation (86)).

Even though the boundary condition is a pure quantum feature, its expression in the
semiclassical spectral density depends on the underlying classical dynamics and deserves
some more discussion. In particular, we shall now study the phase factor which multiplies
the contributions of the generic unstable periodic orbits (9). The main feature of this phase
is that for the mixed boundary conditions it depends on both k and the angles of incidence
8;,i = 1,...n along the periodic orbit. This should be contrasted with the Dirichlet and
Neumann boundary conditions, where a reflection leads to a simple factor of (—1) or (+1),
respectively,

Let us consider the phase factor for very long periodic orbits. We are interested in orbits
that fill the phase space uniformly, so that the phase factor can be calculated approximately

(100)
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by an ergodic averaging over phase space. The appropriate coordinates for doing this are
the length along the perimeter s and the canonical momentum p = cos¢, where ¢ is the
angle of the reflected trajectory with the (directed) tangent. The phase & is then obtained

as
= k
d = ZZarctan (E cos&;)

=1

n [t : k
=—f dsfdpa.rctan(—dl—pz)
L 0 —1 K
=mr( 1+(g)2—%). (101)

The number of reflections on the boundary » can be expressed by n = {f¢), where ! is
the length of the orbit and {¢) is the mean chord length, i.e. the mean distance between

two consecutive reflections on the boundary. Denoting by c(s, ¢) the length of a chord that
starts at s with an angle ¢ with respect to the tangent, the mean chord length is obtained by

f f de sing c(s, ¢)

- EE daf ds sing(e) (s, p(a))

TA

=7 (102)
where a transformation to an angle & with respect to a fixed direction in space has been
made and c(s, ¢) = O for directions that point outside of the billiard. The integral over ds
gave the area A, since dssing is the component of ds orthogonal to the chord. With this

result the phase & is given by

L PRI 4
S=I—|1+(=) -]
A ( +( k) k) (103)
This additional phase can be interpreted as a small comrection to the classical action [ - &

which is the leading term in the semiclassical phase. The expression which multiplies [ in
(103) leads to a mean shift in the spectrum with respect to the Dirichlet value:

L e\
— D o e — —_— ——
kn —k, " ( 1+ (kn) kn) . (104}

On the other hand the mean speciral shift due to a change in the mean number of levels is
semiclassically given to leading order by (7}

- - —_ 2

ky = kP = =[N (k) — NP k) JBE = _.% ( 14 (%) - -:—n) (105)
where Ak = 1/d(k) is the mean distance between wavenumbers. The result is identical
to (104). 1t shows that the ergodic average over the additional phase is responsible for the
mean shift of the energy levels with respect to the Dirichlet case. The deviations of the
phase factors of periodic orbits from the ergodic mean thus lead to fluctuations of the energy
levels around their mean shift. The fact that the mean shift in the energy levels, which is
derived from considering very short orbits, can also be obtained from the ergodic average



5076 M Sieber et al

of very long orbits is another example of the bootstrapping property in periodic-orbit theory
{40].

The last comment is a word of caution. The mixed boundary conditions were shown
to appear in the expressions for the smooth and the oscillatory components of the spectral
density. The theory presented here for the smooth part gives the first few leading terms
in the asymptotic expansion of d(k) in powers of k™. This is not true for the oscillatory
contribution, where only the leading contribution was considered.
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Appendix. The smooth part of the spectral density for the semicircle billiard

In this appendix, the smooth part of the spectral staircase N (k) is derived for a semicircle
with mixed boundary conditions on the circular part of the boundary and Dirichlet or
Neumann boundary conditions on the diameter, respectively. The derivation is done by
using the methods of section 2.1. From the results the contribution of a 90° corner is
extracted.

The Green function for the semicircle billiard is obtained from that of the circle billiard
by the method of images:

GF.7,sY = G°G, 7,5 5 6°G, A7, 57 (AN

where the upper and lower sign correspond to Dirichlet and Neumann boundary conditions
on the diameter, respectively and the operator R denotes the reflection on the line y = 0.
The upper index ¢ will from now on denote the quantities for the full circle billiard. From
(A1) the Green function for the semicircle follows as

G, 75 )_--— Z I{s7 [ Kn(s75) + ayIn(s75)][cos (8 — 6) 5 cosn(@ +6')].

(A2)

Subtracting the free Green function and taking the trace results in

R(s?) = f drr f GG, 52 — Gol, 7', 5D
= 3K°(%) F IR0, 5) — D(sRIKo(sR) + (s RIK{(sR)]. (A3)

Now, the asymptotic expressions for the Bessel functions for large arguments are inserted
and after expanding in powers of 1/(sR) one obtains

R? kfs—1 1
2y _ ~pc 2 _
K(s") = K OF 4 [2(5R)2 k/s+1) SR] ’ a4
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From this the contributions to the mean level density and to the mean spectral staircase
follow as

£
k

R 1
dik) = —d‘(k) For T3 g

—E— (A5
=17 !
and
o 1o kR[] kol
Nk) = 5N (k) ¥ T (E arotan — — g) (A6)

where the constant term has been determined as discussed in section 2.1. The term
FkR/{27) in (A6) is the contribution of the diameter to N(k). The last term in (A6)
is the contribution of the two corners and thus it follows that the contribution of a 90°
corner with mixed boundary conditions on one side and Neumann and Dirichlet boundary
conditions, respectively, on the other side is given by

1 k 1
. (E arctan & -13) (A7)
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