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Penumbra Diffraction in the Quantization of Dispersing Billiards
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Diffraction corrections to the semiclassical spectral density of dispersing (Sinai) billiards, due to
orbits which are almost tangent to the concave part of the boundary, are studied here for the first time.
We show that most periodic orbits needed for quantization must be corrected. For orbits which just
miss tangency, the corrections are of the same magnitude as the semiclassical contributions themselves.
For orbits which glance at an extreme forward direction, the new theory replaces the semiclassical term
that approache$ at tangency with a finite one. These corrections are one of the most significant
modifications of the trace formula considered so far.

PACS numbers: 05.45.+b, 03.65.Sq

Dispersing (Sinai) billiards play a prominent role in the conditions onC. The integration is carried out along the
study of classical and quantum chaos [1,2]. They ardoundaryexcludingthe circle, i.e., along.
defined by boundaries which consist of concave circular The contributions of PO’s which boundé times off
arcs and possibly straight segments. The best knows to the density of state€/(k) are derived from (1),
example, which we refer to as the Sinai billiard, has aby considering theNth term in the multiple reflection
boundaryI’ that consists of a squar® and a concentric expansion [8]
inscribed circleC. It was used as a standard paradigm to

N
investigate some of the most important aspects of quantun"lmz_ 4a f dsi---dsy G, (r.1) - G, (ty.¥1) .
chaos and of its applications in various fields [2]. 7N dk Js any Z
The classical map of dispersing billiards is discontinu- (2)

ous when a trajectory is tangent to an arc. This singu-

larity introduces diffraction effects when the billiards are The saddle points of the integrand correspond to PO’s,
semiclassically quantized. Because of the finite waveand their contributions are evaluated by the stationary
length, the domain which is affected consists of a finitephase approximation.

neighborhood of the tangent trajectories, and is called the In the following, we consider the leading contribu-
penumbraalmost shadow) [3]. In this Letter we analyze tions to G.(r,r’). We shall briefly outline the deriva-
the effect of diffraction in the penumbra on semiclassicaftion of the standard semiclassical and creeping results,
quantization of dispersing billiards. We shall show thatand then derive the leading corrections in the penum-
it introduces modifications to the standard semiclassicapra. We start from the exact expression {8](r,r’) =
trace formula [4], which are of the same order as the leady ™ _ G"(r,v'), where

ing terms, and thus are of prime importance. Moreover, o

diffraction corrections must be applied to most of the pe- G™(r,v) = é[ di [Hy (kr<) + Si(kRYH; (kr)]

Cc

riodic orbits (PO’s) which are relevant for semiclassical -
quantization. n . .

Diffraction corrections in the penumbra are to be X Hy (kr) explilAf + 2miml). (3)
distinguished from the exponentially small contributions

of creeping trajectories, which are described by the €€’ (r<) is the larger (smaller) of andr’, S;(kR) =
geometrri)caglJ thei)ry of diffraction [5], and which v)\//ere —H; (kR)/H/ (kR) s the diagonal element of the circle

previously included in the trace formula [6]. Zszlqtterllng m?tle, andthg)lte<a£gle<dlffe\r/\e/nw =10 t_h ¢
For clarity, we concentrate on the Sinai billiard. We IS always taken so - = m. VVeassume tha

: . ; : ! ~1/3 ; ; .
analyze diffraction effects by using a variant of the’>” =R * R(kR)™'/", i.e., the two points are not in the
boundary integral method (BIM). The eigenvalues of thehear vicinity of the circle. The analysis concentrates on

oL , , 0, . -
billiard are those real values &ffor which the equation ~ G¢_(r.r’), which gives the dominant contribution. .
0G The domain ofr andr’ in which the standard semi-

u(ry) = 2[ ds' —= (ry,ry)u(ry) (1) classical result holds is called tiliminatedregion [see
5 s Fig. 1(a)]. In this region, the integral fotr}go)(r,r’) is
has a solution. In contrast to the standard BIM [7],evaluated using the Debye approximation for the Han-
we use the outgoingircle’s Green functionG.(r,r’), kel functions [9], and the integration is performed using
which is defined in the exterior ofC. It satisfies the stationary phase approximation. There are two saddle
(A + k*)G.(r,r') = —8&(r — r') and Dirichlet boundary points, which relate to the two classical trajectories from
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illuminated The limits oo and o, are directed infinities in the
(2) , " penumbra complex plane, defined in [10].
g The evaluation of the direct part is similar to that
shadow of the direct trajectory contribution in the illuminated

region. The only difference is that here we take into
account the boundary of the integralia&®. As a result,
the semiclassical contribution of the direct trajectory
is multiplied by the factor{F(<) — F(»)]/+/2i, where
F(x) = C(x) + iS(x) is the Fresnel integral function [9],
andv = (R — by)VkL/</7zz'. The impact parameter of

the direct path is denoted by, z = 4/r2 — b3, 2/ =

\r? — b}, andL = z + 7/ is the length of the direct

trajectory [see Fig. 1(b)]. The Fresnel factor equ%al‘s:r
exact tangency, and goes to 1 (0) when approaching the
borderline of the illuminated (shadow) region.

The main contribution to the glancing part (4b) comes
from the vicinity of/ = kR. In the integrand$;(kR) is
FIG. 1. (a) The three regions of for a fixedr. The direct replaced by its transition region approximation for kR
and reflected trajectories are shown fdrin the illuminated [9]. The rest of the integrand is evaluated lat= kR,

region, and the shortest creeping trajectory is shown in thghere the Debye approximation is used for the Hankel
shadow region. (b) The geometrical setup in the penumbra. l?unctions One obtains

the upper part andr’ are in the classically illuminated region

(bs > R), and in the lower part they are in the classically C (kR)3
shadowed region. G,(r,v) = —— (kR) " o k(L + Ly +Ry) (5)
& 47 kL, L, ’

rtor’: One is direct, and the other reflects once fromwhere C = 0.996193019928 ¢/ was obtained by a
the circle. Using the two contributions in (2), one re-numerical integration. The length of the line segment
covers the standard semiclassical trace formula. The Ddtom r (r) to the point where it is tangent to the circle
bye approximation fos; (kR) fails if kR — I, = (kR)'/3, 1S L, (L), andy”) is the directed creeping angle [see
wherel, is the angular momentum of the reflected trajec-Fig- 1(b)]. Whenb, < R the lengthL, + L, + Ry"
tory. This sets the limit of validity of the semiclassical iS equal to the length of a creeping path franto r'.

approximation and defines the borderline between the iiWVhenb, > R the angley'®’ becomes negative.
luminated region and the penumbra. The contribution of PO’s to the density of stai@g)

is now found by substituting in (2) for each segment the
appropriate approximation foG.(r,r’). In all regions
¢this approximation is of the formie™-r) (where A
varies smoothly withr andr’), which allows the use of

The term GEO)(r,r’) gives the exponentially small
contribution of a creeping trajectory in tsadowregion
[see Fig. 1(a)]. It is obtained by closing the contour o

integration in (3) in the compleX plane, and summing X L . ,
over the poles of;(kR) [5]. Using creeping contributions the stationary phase approximation. For !solated PO's
that traverse the penumbra once, with a direct segment,

in (2) one recovers the results of [6]. This procedure . . o .
failg i)fthe creeping angle© is < (kR[)J1/3. Thepabove the standard semiclassical contribution [whichCigk®)]

condition defines the borderline between the shadoy® Multiplied by the Fresnel factor. Thus the correction
region and the penumbra to the trace formula will be of the same order as the

In the penumbra, neither of the above approximation ontributic_)n itself. In the case O.f a single glan(_:ing
. ’ . 0, raversal in the penumbra, the contribution is proportional
hold. Following Nussenzveig [10], we spl: (r,r’)

. di d aglanci hich Vel to k~'/%, and is not simply related to the standard
Into adirectand aglancingpart, which are, respectively, qomiciassical contribution which it replaces. The latter

defined by approached) at tangency due to an extreme classical
, i [ N N AR instability, while the former remains finite. The extension
Ga(r,r')= gfkR dLH) (kr)H,' (kr')e"27, (43) o0 PO's with few segments that traverse the penumbra
R is straightfor\_/vard. Sinc& . (r,r') gives a contribution
Gg(r,r’)=if dl S,(kR)H;" (kr)H;' (kr')e'!2? in the classically shadowed region of the penumbra,
oy there will also be significant contributions of PO’s with

i 72 B + +,, n ing  Classically forbidden segments.
* 8 fkR diLSi(kR) = 11H," (kr)H ;" (kr')e™". We shall present now numerical results which illustrate
(4b)  the importance of the penumbra corrections. This is well
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demonstrated in terms of the length spectrum [4] [see Fig. 2(a)]. The semiclassical contribution consists of
o two terms [13]: The contribution of the familyo[(k'/2)]
D(x) = f dk w(k)e™d(k), (6) and the contribution of the limiting orbit at the edge of
0 the square @(k°)]. Comparison with the exact length

spectrum shows a significant difference. Application of
our analysis in the penumbra gives an additional term
O(k~'/%), which is due to an isolated exactly tangent or-
bit, and is obtained fron@,(r,r’). This successfully cor-
rects the semiclassical approximation. The semiclassical
result for the double repetition of this family is similar to
the single repetition, and again shows a significant devia-

obtained using the scattering method [11]. The classiczﬂOn fro_m. the.exact re_sult [Fig. 20.3)]' Application of our
PO’s were calculated using the minimum and the uniquéjm""!)ys'S mErl\}g case glve§lt/r31ree d!ffracnon terms O_f orders
coding principles [12]. In (6)v(k) is a Gaussian centered 0(k%), Ob(k .),”andO(k ), which reduce the differ-
aroundky, = 150 whose width iso = 40. ence substantially.

. . Unstable isolated PO'’s traversing the penumbraiVe
Exactly tangent orbits—They always exist at the edge . .
y fand y y 9 consider the two PO’s of length:5.10 [see Fig. 2(c)].

of the one-parameter families of neutral PO’s (“bouncin he t bit trically simil t that
balls”) that bounce only between the straight segments o € two orbits are geometrically similar, except that one
the direct) is almost tangent to the circle, and the other

the billiard. The simplest of these families is of length / ; L
(the glancing) reflects in an extremely forward direction.
The semiclassical amplitude of the direct orbit is multi-
plied by a Fresnel factor, which i&71 exp(—0.23{) for
k = ko = 150. This accounts for most of the difference.
Including the corrected contribution of the glancing orbit
further reduces the remaining difference by half.
Classically forbidden PQO’s which traverse the shaded
part of the penumbra=The two orbits shown in Fig. 2(d)
of length =5.24 are classically forbidden. One cuts
through the disk and the other creeps around it. (If
we were to reduce the radius of the disk continuously,
these orbits would coalesce &t= 0.48 and appear as
a single tangent orbit.) Our theory successfully accounts

wherew(k) is a weight function. Every PO contributes
to D(x) only in a small vicinity of its length. This allows
us to isolate the contribution of a single PO (or of few
orbits with a similar length) and to compare it to the
theory. We consider the fourfold desymmetrized Sinai
billiard (see Fig. 2), with sidé and radiug).5. The first
5667 exact eigenvalues in the ran@e= k = 300 were

10810 ID(.’17)|

0.12 ) for the large difference between the exact quantum length
= 1\ spectrum and its semiclassical counterpart at the relevant
2 0.06 length. A naive application of the geometrical theory of
S S d diffraction [6] (including many modes) results in large

0.00 deviations from the quantum mechanical length spectrum.

The above examples illustrated the success of our
theory to account for the significant penumbra corrections
for particular PO’s. In the sequel, we provide arguments
showing that most of the PO’s that are relevant for
quantization are affected (cf. [14]). One should bear

FIG. 2. Penumbra corrections of the length spectrum for fourIn mind that the borderlines of the penumbra dre

selected cases. Solid lines show the quantum (exact) |englqj16pendent. Any orbit (which is not e_xqctly tarjgent) IS
spectrum. All other lines show thdeviations fromvarious ~€xcluded from the penumbra for a sufficiently high wave
semiclassical approximations (SCA). The orbits considered araumber. Hence the standard semiclassical contribution
shown below each frame. Vertical bars indicate locations ofof any particular PO is valid in the semiclassical limit
unstable PO’s, daggers indicate bouncing ball families. (a), _, Moreover, the fraction of phase space occupied

Shortest tangent orbitx = 2). Dotted line—SCA including . 3 .
bouncing ball and edge contributions according to [13]. Dashed®Y the penumbra is of ordefkL) /3, where L is a

line—glancing contribution also included. Note the logarith- typical length of the billiard, and this fraction vanishes
mic scale. (b) Double traversal of the orbit considered inas k — «. Thus one may naively conclude that the
(a). Dashed line includes three penumbra contributions (seglobal effect of diffraction is negligible, which is not

text). (c) Pair of almost tangent PO's at~ 5.10. Dotted e pecause of the following reasons: For an orbit with
line—standard SCA, dashed line—direct term included, sparse . R ' .
dotes—glancing contribution also included. (d) Pair of classi-? Segments, defind = min; |/; — kR|, where; is the
cally forbidden PO's atr ~ 5.24, indicated by double dagger. angular momentum of thgth segment with respect to the
Notation is as in (c). circle’s center. The orbit traverses the penumbra at least
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once ifA < (kR)'/. Each segment of the orbit hasan the corrections of amplitudes of individual orbits is of

priori probability p = (kL)~%/3 to traverse the penumbra. the same order as the semiclassical contribution itself.
Assuming statistical independence of the segments, anthis should be contrasted with other types of corrections,
homogeneous coverage of phase space by long PO'which are of higher order (e.g., [16,17]) or exponentially

the probability that the orbit will avoid the penumbra small [6]. Second, the corrections should be applied to
is (1 — p)" = exgd—n(kL)"%3]. In order to achieve an most of the relevant PO’s. This is a direct consequence
energy resolution of the order of the mean level spacingef the chaotic classical dynamics. The effect of penumbra
one has to include in the semiclassical theory all thecorrections on an individual energy level is still to be

PO’s whose lengths are smaller than the Heisenbermpvestigated.
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