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Abstract. 
scattering by scattering laser light from symmetrically 
positioned circular discs. The apparatus is described in 
detail and we explain how the results illustrate several of 
the principles of chaotic scattering. In particular, we use 
this phenomenon to introduce in a natural way the 
abstract concepts of the Cantor set and its fractal 
dimension. 

It is possible to demonstrate classical chaotic 

1. Introduction 

The concept of a chaotic system is now very familiar 
-indeed, it is now known that chaotic behaviour in 
classical systems is the rule rather than the exception. 
By definition, the time development of a chaotic sys- 
tem is exponentially sensitive to its initial conditions 
in phase space. This sensitivity implies that although 
the system is deterministic, in the sense that its time 
development is determined by well defined equations 
of motion, one cannot in practice predict the state of 
the system over long times. This gives rise to the 
crucial-and, at first sight, paradoxical-idea that 
the behaviour of a classical system can be both deter- 
ministic and unpredictable. (For reviews of classical 
chaos, see Berry (1983) and Ford (1988)J 

This phenomenon was originally observed in sys- 
tems that are hounded or, in other words, confined. 
However, it has become clear that chaos appears also 
in scattering problems, in which the dynamics is 
unbounded (Jung 1986, Noid er ol 1986, Petit and 
Hinon 1986, Eckhardt 1988, Hinon 1989, Bliimel and 
Smilansky 1990). The characteristic features of chaotic 
scattering are strikingly manifest in the behaviour of 
the associated reaction function, which gives the 
dependence of the parameters that specify the out- 
come of the collision in terms of those that charac- 
terize the incoming channel. When the scattering is 
chaotic, this function fluctuates wildly: there is an 
infinite number of points in whose vicinity a small 
variation in the initial conditions induces arbitrarily 

Rh". 
chaotique classique en observant la diffusion du faiseau 
d'un laser de quelques disques symmetriquement pods. 
L'erp4rience est decrit en detail a u s i  que les relations 
entre les resultats exp4nmentaux et plusieurs pnncipes de 
la diffusion chaotique. En particulier, on peut se sevir de 
ce phenomenon afin d'expliquer, d'une fa$on naturelle, le 
concept abstrait de I'ensemble de Cantor et sa dimension 
fractale. 

II est possible de d&"trer la diffusion 

large changes in the outcome of the scattering process. 
(A typical example of a reaction function is shown 
and described later, in figure 2). Further study shows 
that the singular points of a reaction function are 
associated with trajectories that are trapped forever 
in the region in which the interaction between the 
scattered particle and the scatterer takes place. The 
closer a scattering trajectory is to a trapped trajectory, 
the longer it will spend in the interaction region, and 
the more severely affected it will he by the chaoticity 
(instability) of the trapped unstable orbits. 

The process of identifying the trapped trajectories 
and the corresponding singularities in the reaction 
function brings us close to the theory of 'strange sets' 
of the type first introduced by Cantor in his investi- 
gations of the theory of the continuum. These sets 
were long considered as purely theoretical concepts. 
However, recent studies have shown that Cantor 
sets appear very naturally in chaotic dynamics, and 
they determine the behaviour of physical systems 
(Mandelhrot 1982, Gleick 1987, Kaye 1989). Chaotic 
scattering is probably the simplest physical system in 
which these sets emerge and play an important role. 
We use this to our advantage here, as a means of 
introducing Cantor sets and the surprising concept Of 
a non-integer dimension. 

A particularly simple example of a chaotic system 
is provided by a point particle that is elastically 
scattered in a plane from three non-colinear hard 
circular discs (figure I). This system has proved to be 
a very fruitful area of study-not only is it amenable 



Demonstration of classical chaotic scattering 

Figure 1. The type of scanering studied in this paper. 
The centres of the  three circular discs are located on 
the corners of an equilateral triangle. The particles are 
scattered by t he  discs, in a plane. 

to classical, semi-classical and quantum mechanical 
analysis, it also forms the hasis of a model of uni- 
molecular fragmentation (Eckhardt 1987, Gaspard 
and Rice 1989). 

For the three-disc system, the reaction function we 
considered is the difference between the outgoing 
angle of a scattered particle and the incoming angle, 
as a function of the initial impact parameter b. Hence, 
in this case, the reaction function is a dejection finc- 
lion. Figure 2(a) shows this function, and its complex 
structure is emphasized by showing magnified details 
of this function in parts (b)  and (c) of figure 2, in 
which there is the same oscillatory pattern as the one 
in figure 2(a). If figure 2(c) were to be magnified, the 
same structure would be observed on a yet smaller 
scale, and so on ad infinitum. Chaotic reaction func- 
tions are in general characterized by this self-similar 
complexity, that is, by their fractal structure. 

This paper describes how the three-disc configur- 
ation can be used experimentally to demonstrate 
several of the most important features of chaotic 
scattering. We begin in section 2 by reviewing briefly 
the dynamics of the system, drawing attention to  
the points that can easily be illustrated with the 
apparatus. In section 3, we describe in detail how 
the three-disc model can be set up  in a laboratory with 
the aid of a laser and some easily obtained materials 
and equipment. We also point out the features of  
chaotic scattering that can be demonstrated using the 
apparatus. Finally, in section 4, we present a brief 
summary. 

2. The three-dlsc conflgurstlon and the 
associated Cantor set 

The model that we shall consider consists of three 
circular discs whose centres are located on the comers 
of an equilateral triangle (figure I). The particles that 
enter the scattering region are assumed to be elasti- 
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Flaure 2. The deflection function associated with the 
Scattering of particles from the configuration shown in 
figure 1. Zero impact parameter b = 0 corresponds lo 
paths that are initially directed towards the  centre of the  
apparatus. equidistant from the centres of the three 
discs. The deflection function has a fractal str~ctcm- . 
the  same structure is manifest on decreasing scales 
((al. (bl and WI- 
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cally scattered in il plane by the surfaces of the discs, 
which we shall label A. Band C. I t  isconvenient to use 

Abn c Ab". . and that Ihc numher of intervals in the 
n t h  eeneration is 312" I. 

symbolic dynamics to label each scattered particle's 
trajectory, by specifying the order in which it collides 
with the discs. For example, if a particle collides first 
with C, then with A, and then finally with B before it 
leaves the scattering region, the trajectory is labelled 
CAB (figure I). Obviously, the 'length' of a trajec- 
tory's label can consist of any number of the symbols 
A, B and C between one and infinity, and no two 
consecutive symbols in the label can be the same. 

An alternative assignment of symbols to trajec- 

\- , ~~ 

Tie  ratio Abn+,/Abn between the lengths of succes- 
sive sets can he interpreted as the probability that 
the particle, having been scattered n times, does not 
escape the scatterer before being reflected once more 
from a disc. This ratio is expected to approach a 
constant g as n - m because after many collisions the 
particle loses all memory of its past, and its chance of 
escaping depends on average only on the width of the 
'escape channels' between the discs, relative to the 
circumference of the enclosure between the three 

lories can be given b) using as 3. label the sen& in 
which the particle propagates from one disc to the 
next. i f  the propagation i s  clockwise. it is denoted by 
R. for right. and if the propagation is counterclock- 

discs. We can cummarire thr situiltion by sqing that .  
as the generation number n increase,, the numher of 
suhintenals proli/erart? as 2" while the length of c3ih 
of them deurasec as (E 2J". In the limit, the interval.; 

wise it is denoted by L, for left. In this language, 
trajectories are coded by strings composed of two 
symbols, and there are no restrictions on the allowed 
sequences. Thus, we obtain a 'binary code' that is 
essentially the same as the one used to represent real 
numbers in a binary basis in a computer. However, 
our codes are not limited to a finite number of digits. 
(The initial disc from which scattering occurs cannot 
be specified by the binary code. However, because 
of the symmetry of the problem, this is completely 
immaterial.) 

It is instructive to examine the conditions in which 
a particle undergoes an increasing minimum number 
of collisions with the disc-at least one, at least two, 
at least three etc-in order to study the progression 
towards the extreme condition of permanent confine- 

converge to points. This, intervals of impact par- 
ameter become narrower as the corresponding scatter- 
ing trajectories spend longer times in the interaction 
region. The points to which these intervals converge 
define the trajectories that spend arbitrarily long times 
in the interaction region-these arc the trapped orbits. 

Sets of points that are generated by this type of 
limiting process were originally introduced by Cantor 
and they bear his name. The canonical example of a 
Cantor set is constructed in the way illustrated in 
figure 3. One starts from an interval of unit length and 
divides it into three equal intervals, of which the middle 
one is discarded. One attaches the letter L to the left 
interval and the letter R to the right interval. Each 
subinterval is again divided into three equal intervals 
and the middle ones are aeain discarded. There are - 

menl. the chancteristic feature uf chaotic wattcnng. 
For the hakc ofdcfiniteness. we shall consider incom- 
ing trajectonec fur which the angle of incidense is 
fixed 

Let usconsider theintervalsoftheincoming impact 
parameter for which a particle will collide a specified 
minimum number of times with the discs. Fint, ue  
shalldefine AhA to he the interwl in impact parameter 
for uhich the incident panicle collides initially with 
disc A. The total impact parameter interval Ab. for 
the first generation of scattenngs is defined as the sum 
of the impact parameter intervals for at least one 

nou' four intends, each of length &,  which are 
denoted as 1.L. I .R.  RL and R R .  This procedure IS 

repeated successively and it is easily seen that at each 
gcncration the numbcr of intervals increasrs h) a 
Factor of 2. while the length of each cuhinter\al 
decrease.7 h) a factor of 3. After n divisioni, each 
interval is labcllrd hy a s)mbol which IS n lettrrs long. 
composed of the letter, Land R. When this process IS 

continued ud infinitum one ohtains a set uf points- 
the Cantor %et. The sitnilant) between the canonical 
Cantor set and the set we defined using our scattenng 
experiment is now ebident because hoth are encoded 

scattering: Ab, =Ab., + Ab, + Ab,. 
The total impact parameter Abi for the second 

generation of scatterings is defined analogously as the 
interval in impact parameter for which the incoming 
particle collides at least twice. If AbA0 is the interval 
for which the first two scatterings are from A and 
then B, then Abi AbAB + AbAc + AbBA t AbBc t 
AbcA + AbcB (note that the set that corresponds to 
at least two collisions is a subset of the set corre- 
sponding to at least one collision, Ab2 c Ab,). 
Similarly, the third generation interval is given by 
Ab, = AbABA +AbABc + AbAcA + AbAcs t Ab,,, + 
Ab,,, + Absu + Ahcs + &AB t Ab,,, t Abcm + Ab,,, (Ab, c Ab2). It is easy to see that this pro- 
cedure can he used to find Ab. for an arbitrary genera- 
tion number and hence to show inductively that 

hya binary code. The difference is that, in the case of 
scattering, the removal of the middle interval is effected 
by the escape of trajectories in the scattering Cantor 
set. 

Cantor sets defy our intuition: on the one hand, 
there is a one-to-one correspondence between the 
points in the Cantor set and the points in the interval 
[0, I]. On the other hand, the total 'length' of the 
Cantor set is zero since at each stage, the total length 
of all the intervals is (2/3)", so in the limit n - 00, 
the 'length' vanishes. Thus, the unit interval and the 
Cantor set have the same 'number' of points hut 
completely different lengths. A slightly more detailed 
comparison between the canonical Cantor set and the 
scattering Cantor set makes matters even more per- 
plexing. The points have the same codes in both sets, 
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and therefore they have the same ‘number’. However, 
their lengths have a ratio that is not unity for most 
values of g! This counter-intuitive phenomenon 
shows that in order lo deal with such sets, one has to 
sharpen the definitions of ‘length or ‘dimensionality’. 
Otherwise, intuition can lead one astray. 

A quantitative measure for the ‘length of a Cantor 
set can be given in terms of the set’s ‘fractal dimen- 
sion’, a concept that can be explained quite easily. 
First, we need to look closely at the definition of a 
dimension of an object, so that we can generalize the 
concept and apply it to Cantor sets. In order to 
motivate the idea of dimension, consider the follow- 
ing thought experiment: draw a line in the plane that 
encloses a certain area; take coins of a given radius r 
and count the number N,,, (r) that are needed to cover 
the area, and count the number of coins NUM(,) that 
are necessary to cover only the line; repeat the experi- 
ment several times, each time with coins of a smaller 
radius. If the functions Na,(r) and &(r) are now 
plotted as a function of r ,  it is found that the two 
functions diverge as r - 0, but at different rates. Both 
functions can be fitted by an expression of the form 
Nor-d ,  here No is a constant and d takes the value 
d = I for the function Nu, and d = 2 for N,, . The 
‘dimension’ of an object is simply the exponenf that 
determines the number of coins needed to cover the 
object when the size of the unit oflength used (r in our 
case) approaches zero: 

d = -%mit,-.,[lnN(r)/ln(r)] (1)  

Using equation(l), we can now find thedimension of 
a Cantor set. The intervals one has in the nth gener- 
ation certainly cover the Cantor set. Hence, if discs 
with the size (g/2)” were used, 3(2”-’) discs would be 
needed to cover the scattering Cantor set. Hence, by 
using equation ( I )  a non-integer value for the dimen- 
sion d is obtained: 

(2) 
This shows that the dimension of the canonical Cantor 
set is ln(2)/ln(3), as it must be, according to its 
definition (figure 3). 

We shall now show how the fractional dimension of 
equation (2) can be related to physically meaningful 
quantities. Because g measures the probability that 
the particle will be scattered once more, after the nth 
scattering (for large n) ,  the probability that the par- 
ticle will be scattered n times can be expressed as e-?”, 
where y = Iln(g)l. Hence, y is the inverse ‘lifetime’ of 
the ensemble of scattering trajectories: it takes l/y 

Flgun 3. The  first stages in the generation of a Cantor 
set from a straight line. 

d = In(2)/[lln(g)l + In(2)I. 

collisions to reduce the number of trajectories within 
the interaction region by a factor I/e. Another 
important quantity that appears here is the factor g/2, 
which measures the rate of shrinkage of the width of 
an impact parameter interval. This exponential thin- 
ning of each interval reflects the lack of stability of the 
scattering dynamics. At the same time that the con- 
traction of the intervals occurs, the uncertainty in the 
conjugate variable (the angle in this case) increases. 
Thus 2 = Iln(g)l + ln(2) characterizes the exponential 
sensitivity of the angle to ’infinitesimal’ changes in the 
initial conditions: ,I is the Lyapunov exponent in this 
case. If all these quantities are substituted into the 
expression for d (equation (Z)), it is found that 

(3) 
This relation is a characteristic feature of chaotic 
scattering, and is by no means true only for our simple 
problem. It reflects the intimate connection between 
dynamical instability, the fractal dimensionality and 
the physically observable ‘lifetime’ of the scattering 
ensemble. 

In the experiment that we describe here, the par- 
ameters y. d and 1. can in principle be measured. In 
particular, we shall demonstrate the proliferation of 
subintervals in b,, and determine y by measuring the 
ratios Abn+,/Abn. However, because we are dealing 
with a chaotic system, any error in specifying an 
accurate value in the value of the impact parameter 
increases exponentially when one wants to measure 
effects that correspond to long dwell times in the 
chaotic domain. For this reason, we shall be able to 
measure only the intervals Ab,, Ab2 and Ab,. If 
the apparatus were to be replaced by a computer 
simulation, n could be increased to 15 or to 30, 
depending on whether single or double precision is 
used and on the amount ofCPU time that is available. 
This is an important illustration of the concept of 
‘deterministic unpredictability’ which we mentioned 
in the introduction. Our measurements will be 
adversely affected by transients that are always 
present when one is not well into the domain of large 
n. We shall take this into account by comparing our 
experimental results with the more precise computer 
simulations. 

y = ( I  - d)A. 

3. Demonstration 01 chaotic scatterlng 
effects 

3.1. The apparatus 

The apparatus described here makes it possible to 
observe the scattering from three circular discs con- 
figured as in figure 1. The observations are made 
possible by scattering laxr light from cylinders that 
are covered with a highly reflective coating-the 
elastically scattered particles are, in this case, 
photons. 

A photograph of the apparatus is given in figure 4. 
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~ i g u r e  4. Photograph 01 t h e  apparatus. 

The outer diameter of each of the cylinders is 12cm, 
and their centres are accurately positioned on the 
comers of an equilateral triangle that has sides of 
length 19 cm. These dimensions are not critical. How- 
ever, it is important for quantitative work that the 
apparatus is well engineered, so that the discs are 
accurately positioned, with precisely circular cross 
sections. We found that, for the purposes of demon- 
stration, it is convenient to use cylinders that have a 
height of approximately 9cm, although once again 
this dimension is not critical. 

The source of light is an ordinary helium-neon 
laser of the type found in any optics laboratory. The 
laser is mounted on a travelling miC"cpe that 
enables the vertical height of the beam to be finely 
adjusted (to within about 0.1 mm). This facilitates the 
measurements of the impact parameter intervals for 
successive generations of scattering. and we shall 
discuss these data shortly. 

The light is scattered by the rigidly mounted 
cylinders, which are coated with an extremely smooth 
and highly reflective coating. For this purpose, we 
used aluminized Mylar, an inexpensive and readily 
available material, commonly used in cryogenic expen- 
ments. It is not advisable to use an inferior substitute 
such as aluminium foil because the surface of this 
material tends to be uneven and crinkly after it has 
been attached to the surface of the cylinder. It is 
also important to protect the reflecting surface of 
the Mylar from damage and from soiling by dirt, 
dust, fingerprints etc. This protection can be readily 
achieved by wrapping each cylinder with a tightly 
fitting paper cover that is removed only during 
experiments. 

The cylinders are mounted on a rigid plane surface 
that can be rotated by up to 120" (by symmetry, any 
further angular adjustability is superfluous). The 
angle of rotation is recorded on a linear scale that 
is fixed on the outside of the rotating surface. The 
scattered beam is detected on a fixed screen that sur- 
rounds the mounted cylinders in the vertical plane. 
It is, of course, necessary to cut a vertical slit in 
this screen in order to allow the beam to enter the 
apparatus and to allow the height of the beam to be 
adjusted. In our apparatus, the slit has a vertical 
height of 15cm and a width of Scm. 

For an ordinary helium-neon laser with a modest 
beam intensity, it is often difficult to observe the path 
of the scattered beam, even in a darkened room. One 
solution to this problem is to pour liquid air into a 
metallic container that is fixed above the apparatus 
(figure 4); when the liquid evaporates, the falling 
vapour enables the path of the beam to be identified 
after a maximum of three scatterings. This method 
has the disadvantage that it is difficult to maintain 
the density of the vapour a t  a satisfactory level. A 
more effective solution is to blow into the path of 
the scattered beam a supply of smoke which can be 
generated conveniently, if unhealthily, by buming a 
cigarette. 

3.2. Obsenation of ehnotie scattering effects 

Before the apparatus is used, it is important to ensure 
that it is securely fixed to the work surface and aligned 
in such a way that the scattering takes place in a plane. 
This alignment can be made easily by reflecting the 
laser light by slightly less and by slightly more than 
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(0.06) (0.30) (0.14) (0.53) (0.38) (0.38) (0.52) 

180" from the discs and by then checking that the 
reflected beam is in the same plane as the incident 
beam. 

The most striking effect that can he demonstrated 
using the apparatus is the unboundedness of the scat- 
tering for certain scattering angles. At most angles of 
incidence, the scattering is regular and so a point is 
detected on the screen, just as should he expected 
intuitively. However, when the beam grazes one or 
more of the cylinders the scattering becomes unstable 
and the whole screen is illuminated (apart, of course, 
from areas that are in the shadows of the cylinders). 
Under these conditions, the scattering is very sensitive 
to small perturbations in the dimensions of the scat- 
terer: if the beam is slightly deflected by putting a tiny 
object in its path, the image on the screen changes 
markedly. 

Because the laser beam has a narrow hut non-zero 
width, the incident trajectories have initial conditions 
that are close together in phase space. When the 
system is chaotic, these nearby trajectories diverge 
rapidly from one another and their rate of separation 
is measured by the system's Lyapunov exponent. It  is 
possible in principle to measure this exponent by 
measuring the width of the beam after each successive 
scattering. Such measurements allow one to demon- 
strate convincingly that, under chaotic conditions, the 
Lyapunov exponent is non-zero. A quantitative deter- 
mination ofthe exponent is precluded by the difficulty 
of measuring the width of the beam after ihe second 
scattering and by the resolution of the apparatus, 
which we found would permit the unambiguous identi- 

Table 1. Impact parameter in1ervals.t 

fication of scattering only up to the third generation. 
The finite resolution of the apparatus limits the degree 
of detail that one can observe in the fractal deflection 
function (figure 2). 

Using the present apparatus, it is possible to study 
qualitatively the exponential proliferation of the seg- 
ments that make up the nth generation of scattering. 
The definition of the first generation interval Ab, 
requires some care as it is important to exclude scatter- 
ing that is not characteristic of the long-time behaviour 
of the system. For this reason, any trajectory that has 
an impact parameter below the centre of disc A or 
above that ofdisc B (figure 1) must he excluded from 
this generation. I t  is straightforward to identify experi- 
mentally this first generation and the second, hut 
difficulties arise when observing the third, owing to 
the small widths of most of the scattered beams in this 
generation (the same problem would of course occur 
for higher generations if they were measurable). This 
problem makes it necessary to decide on a criterion to 
determine the heginning and end of each interval; for 
the nth generation, we took the starting point of the 
interval to be the point at which the first part of the 
beam is deflected at least n times, and the correspond- 
ing end point as the point at which the last part of the 
beam is deflected at least n times. 

In table I ,  our experimental results are compared 
with the results of a computer simulation for the 
configuration in which the line connecting the centre 
ofdisc A to the centre ofdisc B subtends, in the upper 
right-hand quadrant, an angle of 92" (figure I). From 
these data, we calculated the impact parameter inter- 

[ 
(6.00) 

[ (6.99) 1 (6.00) 

(0.18) (1.31) (2.20) (2.16) 

(0.16) I (0.38 )I (0.08) I (0.04) I 
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to introduce naturally the concepts of a Cantor set 
and fractional dimensions, and to demonstrate their 
relevance to physical situations. 

The apparatus was designed to give pedagogic 
insights into the nature of classical chaotic scattering. 
However, it should be possible to develop the design, 
for example by using a laser with a finer beam width 
and a higher beam intensity, in order to increase the 
resolution. This would in turn improve the ability of 
the apparatus to make quantitative measurements of 
the chaotic scattering process. .' 1, , , , 1 ,  , , , I , , , , 1 , , , , I , , , , 1 ,  , , , I  Acknowledgments 
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