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We develop a semiclassical description for reactions of complex particles based on Feynman’s influence
functional method. We study inclusive transition probabilities corresponding to a situation where only a set of
collective variables is specified in the initial and the final states, for instance, inclusive angular distributions.
We show that the inclusive probabilities can be expressed in terms of classical trajectories and derive proper
equations of motion. We discuss to what extent interference phenomena appear, and present a uniform

approximation for the description of focusing phenomena.

I. INTRODUCTION

The discussion of reactions between complex parti-
cles attracted recently an increasing degree of attention
in various fields of physics. To list only a few exam-
ples, we can cite the investigation of deep inelastic col-
lisions between heavy nuclei, ! the detailed study of mo-
lecular collisions? and the scattering of ions from sur-
faces.? In all these areas, a rich body of experimental
information is available, and it calls for the develop-
ment of theoretical tools which could match the data
in detail as well as in credibility.

A rigorous treatment of the complicated scattering
problem is beyond present day theoretical and compu-
tational scope. Instead various approximate methods
were developed. A feature common to most of these
methods is the separation of the relevant degrees of
freedom into two classes. The first includes the “col-
lective” (macroscopic) degrees of freedom. Often the
experimental observables are functions of these vari-
ables. Sometimes they are characterized as the “slow’
variables and they appear explicitly as the variables in
any theoretical study. The distance between the two
reactants in a collision is such a degree of freedom.
The second class of degrees of freedom is the “intrin-
sic” (microscopic) set (sometimes they are referred toas
the “bath”). Their coupling to the collective variables
is responsible for dissipation and relaxation phenomena.
One follows their development only to the extent and de-
tail needed for calculating their effect on the motion of
the collective variables.

]

There exists no rigorous algorithm to extract the rele-
vant collective variables for any given problem. In
practical applications the distinction is made on the
basis of physical intuition and convenience. We shall
not investigate this problem, but rather assume that the
Hamiltonian function which describes the complete sys-
tem is already written down in terms of “collective”
and “bath” degrees of freedom. We shall consistently
denote collective variables by upper case letters, where-
as for the bath variables we shall use lower case sym-
bols.
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In the present paper we shall address ourselves to the
calculation of inclusive transition probabilities for the
collective subsystem (macrosystem). That is we shall
calculate the probability that in a given time interval 7,
the macrosystem develops from its initial to the final
state, while the microsystem propagates from its ini-
tial state to any final state. The problem of calculating
the inclusive transition probability is the simplest non-
trivial task in the theoretical investigation of complex
reactions. Our approach will be based on the observa-
tion that for many purposes the description of the col-
lective degrees of freedom in terms of the semiclassi-
cal approximation is sufficiently accurate., We shall
show that the study of the inclusive probability leads
to a natural definition of the “mean” classical trajec-
tory. We shall also show that under some conditions
we can get useful information concerning the distribu-
tion of observables in the intrinsic system. Feynman’s
influence functional method? will be used for the semi-
classical treatment of inclusive transition probabilities.
The influence functional will be introduced in Sec. II.
The semiclassical approximation will be derived by ap-
plying the saddle-point method for the relevant path in-
tegrals. The saddle-point condition results in the equa-
tions of motion for the “mean” (“inclusive”) trajectory
which will be presented in Sec. III. The calculation of
the inclusive probability will be performed and pre-
sented in Sec. IV. We shall also investigate to what
extent quantal interference effects survive after the in-
tegration over all final intrinsic states is performed.
This will be done together with the discussion of a “uni-
form” semiclassical expression which is needed in the
presence of classical focussing. Such focusing is seen
for instance as rainbow scattering in the inclusive angu-
lar distribution of heavy ions' as well as in the scatter-
ing of ions from molecules. 2

The equations of motion derived in the present for-
malism are related to the semiclassical approximation
developed by Pechukas® and they can also be discussed
in the context of the self-consistent mean field approxi-
mation.§ A comparison between our results and those of
Refs. 5 and 6 will be given in Sec. V. It will enable us
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to assess the range of validity of some of our approxi-
mations.

The work reported here is a generalization of our pre-

vious study7 in which the same problem was discussed
but special models where assumed for the bath and its
coupling to the collective variables. That is, we as-
sumed the bath to be either weakly coupled (linear re-
sponse) or to consist of harmonic oscillators linearly
coupled to the collective modes. Under these assump-
tions one gets explicit expressions for the influence
functional in terms of the collective variables. The
main point of the present report is to show that most
of our previous results can be generalized and are
valid under the most general conditions.

ll. THE PATH INTEGRAL

We start by presenting a quantum-mechanical ex-
pression for the inclusive transition probability,
which will offer the most convenient ground for the
semiclassical approximation. We denote the collec-
tive coordinates by R and their canonically conjugate
momenta by P. The microvariables will be denoted
by r and p, respectively. Let H(R, P, r, p) be the
Hamiltonian function of the complete system.

For the sake of simplifying the notation we shall as-
sume that the macrosystem contains just one degree of
freedom. All the results can be generalized to the
multidimensional case in a straightforward manner.

The inclusive probability we are going to consider,
is the probability that in a given time interval T the
collective motion develops from R, to R; while the
microsystem propagates from its ground state {0) to
any final state (#). Thus, the transition probability
is summed over all the final states |n) of the micro-
system

Plncl(Ri;Rf;T):E P(Rh O;Rfs Vl;T) . (2 1)
n

For the semiclassical approximation the most convenient

formulation of quantum mechanics is the language of
Feynman’s path integrals. 4 QOriginally Feynman used a
Lagrangian description when he introduced the path in-
tegral concept, and the paths were defined in coordinate
space. This approach was taken also in Ref. 7. In the
present paper we shall use the Hamiltonian formulation®
because it covers a more general class of physical prob-

lems. Here we have to integrate over paths in phase
space. The quantum-mechanical propagator reads
(with 7=1)

K(R;ry Ry 1pT)
:fD[R, PlD[r, p]exp{idet(Piupi —H)} . (2.2)
0 )

The path integral goes over all paths R(¢), P(¢), r(?),
p{¢), which satisfy the boundary conditions

R(O):R‘ ) R(T):Rf ’ I‘(O):I‘i N I‘(T):I‘f .

(2.3)
Taking proper matrix elements {»|K|0) with respect
to the initial and final states of the microsystem,

squaring and summing over all the final states |n), we

may write the inclusive probability (2.1) as
Pui(RRy;T) = [ DIR, P

T .
x D[R, P] exp[i f di(PR - 131'{)] FIR, P;R, P] .
0
(2. 4)
The right-hand side is a double path integral over the
product space of paths [R,(£), P(¢)]and [ B(¢), B(¢)] for
the macrosystem. Both paths have to satisfy the bound-
ary conditions (2. 3). All the dependence upon the
microsystem is comprised in the “influence functional”:

F{R, P;R, P]= Y (0|Kiz,31[n) (n|K (5, 5, 0) . (2.5)
The propagator
T .
K[R,P]:f Dr, p]exp{ij; dt(pr - H(R(), P(t),r,p)}
(2. 6)

drives the microsystem which is coupled to the macro-
system while the latter follows the prescribed path
[R(¢), P(t)]. Kz, p; is a functional of that path. The
influence functional can be written in a more condense
way. We consider the Schrodinger equation

i > [on,m) =HRW, POV o), @)
with the initial condition
I‘P[R,P](O)> = ’0> . (2. 8)

Here H(R, P) is an operator in the Hilbert space of the
microsystem which depends parametrically upon the
given macropath [R(¢), P(f)]. Therefore, H is explicit-
ly time dependent. The influence functional (2. 5) can
be easily identified as

F[Rrp;é:p]::((p[i,;](T”(p[R.P](T)> . (2.9)
We introduce the abbreviated notation

o) =@ (g, po(t) , @)= 3,240, (2.10)
where the subscripts refer to the initial condition
(2. 8), and write the inclusive probability (2. 4) as
Pioci(R Ry T)

= f D[R, P) f D[R, Plexp{iS.|R, P;R, B}, (2.11)

- = T . -r
SwelR, By R, P)= [ ar (= BR) = 11050 (1) 00(T)
(2.12)

IN. THE CLASSICAL EQUATIONS OF MOTION

We proceed by evaluating the double path integral
(2. 11) in the stationary phase approximation. That
is, we assume that the main contribution to the integral
comes from the neighborhood of those paths for which
the effective action (2.12) has a vanishing first varia-
tion. The latter condition will define classical equa-
tions of motion for the macropaths (R, P) and (R, P).
The approximation is therefore equivalent to a semi-
classical description of the macrosystem whereas the
microsystem is still treated quantum mechanically.
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In order to deduce the equations of motion we study
the first variation of the action (2.12) with respect to
both the paths (R, P) and (R, P),

T N .
B8Sore= f dt(6PR - 6RP —~5PR + 6RP
bi]

i
- (@o(T) 0o(T))
_ (3.1)
The solution |@,(t)) of Eqs. (2.7) and (2. 8) depends upon
the path (R, P) via the Hamiltonian. Operating with the
variation of Eq. (2.7) we find that |5¢,(¢)) satisfies

i Bit [8¢0(£))

oH OH
— 8, P|oge) + (2 or+ 2 op) [ou()y,  (3.2)
with the initial condition
[6¢,4(0))=0. (3.3)

We define a set of solutions | ¢,(f)) to Eq. (2.7) by im-
posing the initial conditions

|0,(0))=|n) .

It is easily shown that at every time ¢ the |¢,(¢)) are
orthonormal and complete,

> 6Vl‘m ’

(3.4)

(@nt) | @t (3.5)

> 10at) (ont)] =1
Expanding |8¢y) in this basis we find

[50(t))

1 t
=7 Z,,:W"(t»jo ds{e,(s)] %%6R+

(3. 6)

e

3.7)
This expression together with the analogous one for
8@, is substituted into Eq. (3.1). Isolating the fac-
tors which multiply the different variations on the right-
hand side we find the equation for the stationary paths,

(Po(T) @ (T))
k= Z‘wo(f Ton(z)y PO

<<po(T)1<p,.(T)>
== 2 Teun o @ (o0

oH
D ‘(pﬁ(t)) )
oF (3. 8)

oH
gﬁl%(t)} .

Two similar equations hold for the path (&, P). The

right-hand sides of these equations are complex valued
so that Egs. (3. 8) represent in fact four equations.
The imaginary parts of Eqs. (3. 8) vanish when

(P(T) 1 0a(T)) 5rg .

(G lpo(T) = 3.9
Then both paths (R, P) and (R, B) have to satisfy
RO= ()] 32 00(1)) ,
_ (3. 10)
Pt )=-<¢o(t)l = | 0®)),
with )

R(O)=R(0)=R,, R(T)=R(T)=R,. (3.11)

[( (;[)(T) | 5900(T)> + <5¢0(T) l (PO(T)>] .

4511

The only coupling between the two paths is the condition
(3. 9) which is equivalent to

| @o(T)) =e**| 0o(T))

where a is a real phase. A stationary point of the
double path integral (2. 11) is defined by a pair of tra-
jectories which simultaneously solve the “classical”
equations of motion (3. 10) and (3. 11) and the Schro-
dinger Eqs. (2.7) and (2. 8) subject to the additional
condition (3. 12).

(3.12)

Equations (3. 10) are Hamilton’s equations of motion
averaged with the microsystem wave function as obtained
from the Schrddinger equation (2.7). But because the
wave function depends upon the path, Eqs. (3.10) cannot
be deduced from a classical (average) Hamiltonian func-
tion. They constitute a nonconservative, dissipative
problem.

The energy loss along a solution (R, P) of Egs. (3. 10)
and (2.7) is easily calculated. Along the trajectory

% (o) |HIR(t), P(t)]| 9ot)) =0 . (3.13)

Assuming the macro and microsystem to be decoupled
at both ends of the trajectory, we find that the classical
path (R, P) loses the energy

E(T) = E(0)= = {{ @o(T) | k| 0o(T) = (O | |0} } .

Here & is the Hamiltonian of the isolated microsystem.

(3.14)

The equations of motion (3. 10) define the paths which
determine the inclusive probability via the stationary
phase approximation. Therefore these trajectories can
be considered as the mean trajectories of the macrosys-
tem in an inclusive experiment. Correspondingly the
equations of motion do not contain any fluctuating force.
We will discuss in Sec. V to what extent we may use the
mean trajectories to extract information on distributions
in the final state of the system.

The formalism discussed above can be easily gen-
eralized to situations where the intrinsic system is ini-
tially defined as an incoherent state with a given prob-
ability distribution {(=density matrix). Thus, the ex-
pectation values which appear on the right-hand side of
Eq. (8.8) should now be taken with the help of the density
matrix p(¢). The later develops by the time-dependent
von Neumann equation which generalizes Eq. (2. 7).

In Ref. 7, we discussed a special class of microsys-
tems. We considered three situations: A harmonic
microsystem with linear coupling to the macrosystem,
and microsystems which are coupled in such a way
that either first-order perturbation theory or the adia-
batic limit hold. These problems have in common
that the Schrodinger Eq. (2.7) can be solved analytical-
ly and the right-hand side of Eqs. (3.10) can be spelt
out explicitly in terms of the trajectory, leading to for-
mally identical expressions in all three cases.

IV. THE INCLUSIVE PROBABILITY

Considering the various possible stationary points
to the double path integral (2. 11} we may distinguish
two basically different cases. In the first case the
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two paths constituting the stationary point are identi-
cal, in the second they are different.

Let us begin with the first case. When the two paths
(R, P) and (&, P) are identical, the condition (3. 12) is
satisfied identically. In other words, every solution of
the boundary value problem (3. 10) and (3. 11) solved
simultaneously with the Schrodinger Eqgs. (3.7) and (3. 8)
represents a stationary point of the path integral (2.11).

In order to calculate the contribution of such a station-
ary point to the integral we proceed with the stationary
phase approximation. We calculate the second varia-
tion of the effective action (2. 12) and evaluate the corre-
sponding double Gaussian path integral around the sta-
tionary point
Pg.py= f D[5R, 5P] f D[SR, 6P)exp[(i/2)6%S 4] .  (4.1)
528,” is a quadratic form in the variations 5 and (R, P)
is the trajectory representing the stationary point. The
evaluation of this Gaussian integral is the content of
Appendix A. We find the classical result

1 -1

3R(T)
P(R.P) ='2';

aP(0)

The transition probability along the trajectory (R, P)
is given by the inverse of the van Vleck “determinant”
of the derivative of the final “coordinate” R(T) with re-
spect to the initial “momentum” P(0). This supports
the interpretation of (R, P) as a mean trajectory. It is
the classical phase space factor along this trajectory
which determines the corresponding inclusive probabil-
ity.

4. 2)

Operationally, we proceed like in the conventional
semiclassical approach. Starting from R, and varying
the initial conjugate momentum P{0) through the range
of possible values we create the “deflection function”
R(T) as a function of P(0). From that we determine
those values of P(0) which lead to the desired R,. The
derivative of the “deflection function” determines the
probability (4.2). This derivative is the R component
of the stability field which describes the variation of the
trajectory with the initial momentum P(0). It may also
be obtained by solving the corresponding stability equa-
tion given in Appendix A.

Compared to the conventional semiclassics we still
miss interference terms as they may appear when to the
given R; there contribute more than one classical tra-
jectory. This interference is given by the second class
of stationary points mentioned at the beginning of this
section.

Let us assume that there are two trajectories leading
to Ry, i.e., two solutions of Egs. (3.10)and (3.11) and
(2.7) and (2.8). Such a pair of paths may constitute a
stationary point of the double path integral (2.11) which
we would clearly interpret as due to interference be-
tween the two trajectories. However, the two have to
satisfy the additional condition (3. 12) that at ¢ =7 the
two wave functions of the microsystem as propagated
along the two different trajectories must be physically
identical. Considering any nonirivial microsystem we

K. Mghring and U. Smilansky: Semiclassical evaluation of transition probabilities

realize that there is practically no chance to satisfy
such a requirement. In other words, the correspond-
ing stationary points are shifted into the complex plane
and represent only exponentially small contributions to
the double path integral.

We therefore draw the conclusion that for the inclu-
sive probability contributions due to interference can
well be neglected and we stay with the “classical” con-
tributions (4. 2).

There is, however, still one remaining manifestation
of quantum mechanics. R(T) as a function of P(0) may
exhibit an extremum. In the neighborhood of such an
extremum the right-hand side of Eq. (4.2) gets very
large. We meet a classical catastrophe or focus where
at least two classical trajectories coalesce. The
treatment which resulted in Eq. (4.2) and which was
based on the assumption that the stationary points
are well separated, breaks down. We have to go be-
yond the “primitive” stationary phase approximation
by introducing the proper uniformization. 8

We restrict ourselves to the simplest case and con-
sider two coalescing stationary points. In a conven-
tional semiclassical treatment of transition amplitudes
such a case would call for an Airy-type uniformization.
The present problem is slightly more complicated be-
cause we deal with a double path integral which has
two real-valued stationary points and two complex ones
as discussed above.

The way how to derive the proper uniformization is
described in Appendix B. The resulting expression for
the inclusive probability reads

Plnclz(P(R1,P1) +P(R2,p2))|§|-1/21(§, n, (4. 3)
with
_1 fwiif_ -nx? ( 2 o7
1(5,77)—ﬂ=' , Vx e™" cos §x—12 —4) . 4. 4)

Here (R4, P;) and (R,, P;) are the two classical trajec-
tories representing the two contributing stationary
points. The parameters £ and 7 are defined in terms of
the “mixed” effective action Sy (R4, Py; Ry, P,) as given
by Eq. (2.12). They are

£ = [3[Suts(Ry, Py;R15 P1) = Sore(Ry, PisRy, Py)IF/P (4.5)
and
1.
=== £[Soe(Ry, Po;Ri1, P1) + Sets(Ry, Pi;Ry, Py)] .

8i

4. 6)
We note that at the focus both ¢ and 1 go to zero. The in-
tegral (4.4) stays finite and the factor £71/2 in (4.3) can-
cels the classical divergence of the Py, p,)- The prob-
ability (4. 3) remains finite at the focus. In deriving Egs.
(4. 3) and (4. 4) the complex stationary points were taken
into account only in an approximate fashion, consistent
with the fact that the corresponding interference terms
do not really contribute to the inclusive probability.
Still, inspecting the structure of the integral I as given
in Fig. 1, we find some reminiscence of an interference
pattern. The parameter 7 differs from zero only when
the overlap 1{@q(T)l@y(T))| differs from 1. Therefore,
77 measures to what extent the two classical trajector-

J. Chem. Phys., Vol. 74, No. 8, 15 April 1981

Downloaded 17 Jan 2005 to 132.77.4.129. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



K. Mbhring and U. Smilansky: Semiclassical evaluation of transition probabilities 4513

Ty NN NS
N/

"

l 0.

0.5 -1  FIG. 1. A contour plot of the uniformiz-

ing integral I (¢, n) defined by Eq. (4.4).
1.0
0.5 0.5
1.0 ] ) ]
-2.0 0 2.0 4.0 6.0

E—>»

ies violate the interference condition (3.12). Corre-
spondingly I(£, 1) shows some oscillatory behavior on
the bright side of the focus (£ >0) when 7 is sufficiently
small.

Calculations at the shadow side of the focus (classical-
ly forbidden transitions) would require complex-valued
trajectories. Instead, we propose a crude but simpler
approximation based on a quadratic expansion around
the focus. The resulting expression for the classical
probabilities together with the parameters £ and 7 are
also given in Appendix B.

For { —= (well separated trajectories) the expression
(4. 3) again reduces to the classical result, namely, we
get the sum of the two classical probabilities.

V. DISCUSSION

In the preceding sections we derived a semiclassical
approximation for the inclusive transition probability.
It is obtained in terms of the “inclusive” classical tra-
jectories for the macrosystem. We established classi-
cal equations of motion which are to be solved simulta-
neously with a Schrodinger equation for the microsys-
tem. The form of these equations appears to be quite
natural. As stated by several authors (cf., e.g., Refs.
9-11), they can, once the macrosystem is assumed to
behave classically, be derived by just applying Ehren-
fest’s theorem. The classical motion of the macrosys-
tem is governed by the coupling to the microsystem
averaged with the quantum-mechanical wave function of
the microsystem, as the latter is not observed in the
inclusive probability.

The analysis of the underlying path integral allowed
the discussion of interference and, in particular, focus-
ing effects. We find that, apart from focusing, the
manifestation of interferences between different inclu-

sive trajectories is quite improbable. For a proper
uniformization of the semiclassical inclusive probabil-
ity next to a focus the formalism provides all the necess-
ities. For the simplest case of two coalescing trajec-
tories we present the uniformization explicitly.

We may conclude with the question to what extent the
proposed semiclassical description of the collision pro-
cess may provide information beyond the inclusive prob-
abilities. Strictly speaking, the wave function of the
microsystem is only an auxiliary quantity for the pur-
pose of calculating the classical inclusive trajectory.

As discussed by Willis and Picard® the Schrodinger equa-
tion (2. 7) represents a mean field approximation. Using
it to describe the microsystem is justified only when the
correlations between the two subsystems leave the density
matrix of the entire system factorized into a macro and
a microdensity matrix. (The correlations required for
the calculation of the inclusive probability are taken in-
to account correctly. ) We did not fully recognize this
point in our previous publication” when discussing the
distribution of the transferred energy. Some of our
statements there should be modified.

Accepting the mean field approximation we can easily
calculate the mean and the width of the final energy dis-
tribution in the microsystem. The result is

(e)={@o(T) || @o(T)) (5.1)
and
oe)={L (T | K| @o(T)) — (e)?}/2 . (5. 2)

This should provide a fair description as long as the dis-
tribution is narrow. The mean energy gained by the mi-
crosystem appears to be equal to the energy (3.14) lost
from the macrosystem. Similarly the amount of angular
momentum lost from the macrosystem along the trajec-
tory equals to the gain in intrinsic spin by the microsys-
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tem, These results reflect the consistent treatment of
both the macro and the microsystem in the mean field
approximation,

A proper description of the final state of the micro-
system within the semiclassical approximation was pro-
vided by the work of Pechukas.® He proposed a semi-
classical approximation for the transition probability
P(R;,0; Ry,n; T) to a given final state n of the micro-
system (cf. Sec. II). His result is

(5.3)

-1
P(Riyo R,,n T)—|<nl(p(")(T)>l2% 8Rn(T)l

8P, (0)

Here, (R,, P,) is a classical trajectory which satisfies
the equations of motion

R, (@) =Re{;—é2—:(‘z—£;—(—;—;§ ‘"’(t)[ 5 lo ”(t))}

. n

P,(t) =~Re{2 éﬂ%rﬂ% o ( t)l | o t))} ,
(5.4)

with the boundary condition (2.3). The ¢ (¢) solve the

Schrédinger Eq. (2.7) along the path (R,, P,) with the

initial condition

|l ©0)) = |m) . (5.5)

Equations (5.4) demand the a priori knowledge of the
wave functions @™ (T) at the end of the trajectory. As
the equations are coupled to the corresponding Schro-
dinger equation, they can be solved only iteratively.
This complication reflects the fact that we are inter-
ested in a particular final state of the microsystem.
Similarly, when together with the macrosystem also the
microsystem can be treated semiclassically, **? the
trajectories are defined via a highly dimensional bound-
ary value problem. Only for.the inclusive probability
where no final information about the microsystem is re-
quired, the classical problem reduces to a pure initial
value problem as far as the microsystem is concerned.

Expression (5.3) offers a more transparent interpre-
tation of the inclusive trajectory as a mean trajectory.
The transition probability to a given final state » is giv-
en via a specific classical trajectory (R,, P,) which de-
pends upon this state. The probability is given by the
the corresponding phase space factor multiplied by the
“excitation probability” 1{nl¢{(T))|2. Summing Eq.
(5.3) over all » and comparing to Eq. (4.2) we find

-1
aP(o)‘ =2 [<nlogm ) ? 3R, (T)

8P, (0)
Thus, the inclusive trajectory (R, P) is a mean trajec-
tory in the sense that its phase space factor (van Vleck
determinant) is the mean of phase space factors calcu-
lated along the classical trajectories to the individual
final states |n) weighted by the corresponding excita-
tion probabilities.

(5.6)

In many cases of practical interest, the trajectories
(R,, P,) corresponding to final states which exhaust most
of the excitation probabilitiy, are rather similar. Then
the inclusive trajectory (R, P) can be taken to approximate
them, so that

-1
PRy, 0;Rpm; T)= [(n|@o(T))|? 511;

3R(T) , 5.7)

aP([
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where all the quantities are calculated along the inclu-
sive trajectory. This is again the mean field approxi-
mation. Its practical advantage is apparent, especially
if one compares the equations of motion (3.10) and (5. 4).
Summed over all #, Eq. (5.7) is again semiclassically
exact.

An alternative improvement of the mean field approxi-
mation can be achieved along the lines of Ref. 6. Some
progress in this direction will be reported in Ref. 13.

It leads to a Fokker —Planck like equation for the classi-
cal motion of the macrosystem whereas the dynamics of
the microsystem which determines the transport coeffi-
cients, is governed by the Hamiltonian averaged over
the classical phase space distribution of the macrosys-
tem. It seems, however, that by such an approach one
is restricted to the purely classical description of the
macro degrees of freedom excluding a proper descrip-
tion of focusing.
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APPENDIX A

In this Appendix we evaluate the Gaussian double path
integral (4.1)
P = f D[SR, 6P] f D[6R, 6P] exp(’E 523,,,> (A1)
by techniques which were essentially developed in Refs.
7 and 8.

The result is given by Eq. (4.2). The right-hand side
contains the van Vieck determinant 8R(7)/8P(0) which is
related to the classical stability equations. They result
from derivating the classical equation of motion (3.9)

with respect to the initial momentum P(0). In matrix
notation
d 0
r —-0)t=0, t0)= (A2)
dat 1
T and 6 are 2x2 matrices,
r-{% -1 (A3)
1 0
and
;] oH 3 oH
=00l == 00?500l = |90)
9
6= aR 38R P 3R (A4)
9 aH ] 9H
a1 (9ol 3p [00) 55¢%l 55 l@o?

£=() is a two-dimensional vector and obviously x(T)
=3R(T)/8P(0).

It should be noticed that © is an integral operator (of
Volterra-type) as is easily seen with the help of Eq.
3.7).
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In order to calculate the integral (A1) we first write
down the second variation of the effective action explicit-
ly. After some straightforward algebra, again using
Eq. {3.7) and the equivalent for {6¢,), we obtain at the
Stationary point,

%S yre f dt bQ(l" —-e)cQ-foT dt oé(r % -e)aé
-fo dtjo ds{ﬁQ(t)d)(t,s)éQ(s)

~26Q()8(t, $)6Q(s) +6é(t)<l>(t,s)6é(3)} . (A5)

We isolated the stability operator T'(d/dt) - © of Eq. (A2).

5@ and 66 are the path variations

6R =~ _{8R

6Q = ,  0Q= , (a8)
6P 5P
and ¥ is the matrix
b(t,s) = ®xns Srp s (A7)
q>Pqu)I-"I"
with
,y-—Zwo(nl 9,1 0u6)| 22 L loae) . (a8)

Next, we introduce a path expansion scheme as dis-
cussed in Ref. 8, As a basis we use the eigenfunctions
of the differential operator I'(d/dt)

d
T E; X(?) (t) =(P;~X(7) (t) R (AQ)
(1)
T LA (A10)
v(Y) (t)
for the boundary conditions
u™(0)=u"(T)=0. (A11)
There is one vanishing eigenvalue,
¢e=0, (A12)
the corresponding eigenfunction reads
1 /0
@ () =
XV = 7= 1 (A13)

T'(d/dt) being Hermitian in the considered path-space,
the path variation can be represented as

5QW) = a, X (),
r=0

690 =2, &1, (a14)
pet

and the path integral can be rewritten as an integral
over all the expansion coefficients. Truncating the ex-
pansion {Al14) at y =N we get the Nth approximant to the
integral

PR, f Ilda di JNexp[ 82S,ee Gay, @, })]

The Jacobian J, is deduced in Ref. 8.
double path integral)

(A15)

It is (for the

4515

1 @
Yy
Iv = @nF E 2m (a16)
Performing the integral we find
PR = ZWTH(P' e, (A17)

where § is the determinant of essentially all the (2N +2)
% (2N +2) 2nd derivatives of §2S,,,with respect to the co-
efficients a, and 4,. Explicitly we obtain at the station-

ary point
a=-qget[ 4 BY , (A18)
-BT C
with the (¥ +1)x (N +1) matrices
T
App =f0 dt x"”(r %-e) X" -B,, , (A19)
T T
B = [ at [ dsx®B,x"6), (820)
] 0
T d
Cype =f; dtx""(l"a —0) X7 +B,, (A21)
Rewriting Eq. {(A18) as
= — det A+B B (A22)
-BT+C-A-B C-B
we easily see that
T 2
- [det f dt x” ’(r - —e) x"’] (A23)
0
and therefore
. -1
P&lp = H(,O,, detf dt x ’<l" — —9) XMl . (A24)

We now prove the identity of the right-hand side of Egs.
(A24) and (4.2) for N~«~. We use a technique used in
Ref. 8 and compare the expressions

- 11 T o d
fla)==2+T 71:115; detJ; dt (r dt.-e) X" {A25)
and
fla)=2rxla, T) (A26)

as functions of the parameter o which can vary from 0
to 1. We have to prove that f and f are identical in ab-
solute value at o =1. In Eq. (A25), x(x;T) is the upper
component of the solution of

d 0
(rﬁ_ae) E(a,t)=0 ’ g(a’o): . ’
(a27)
&a, t) = *layt)
via,t)

Whenever f(a) vanishes, £(a; #) can be represented as
a linear combination of the ™ and therefore f(a) van-
ishes, too. The reverse conclusion holds, too.

In particular, both f and f vanish at o =0. There, as
may be easily proven, also the first derivatives of f and
f are identical:
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7

a=0 dao

ar
da

_(F d 0
= dat©,1) [T =--06 (A28)
=0 [} dt 1
and in general nonvanishing.

Therefore, in order to prove the identity of f and f at
a =1, it is sufficient to compare the logarithmic deriva-
tives whenever f and 7 are nonvanishing.

With the notation

T ) a r)
— _ Y
D,y (@) —]{; dt x (I‘ i oze) x7, (A29)
D(a) =detD,, (a) , (A30)
and d{%’ the (y, ¥) minor of D(a) we obtain
1 fT ') )
f(a) daf(a) Z By % @ CatxTexT . (a31)

Turning to f{a) we need the derivative of £(q,t) with re-
spect to . It satisfies the equation

(ri—e) Zg( ) =6&(a,t), (%E(a,oh(o

, (A32)
: ‘)

which may be solved with the ansatz
d
o Ea, f) =A(a)i(a, B) +zr:b,(a)x“"(t) . (A33)

A(a) is the desired logarithmic derivative.
(A32) is equivalent to

2 b,(a)D,,. (@)

Ala) +2_ b, (@) E(a, 0)x™ (0)] =

Equation

T
[ atxeen
0
(A34)

Solving for A{a), we obtain

f(a) daf(a) =2 D( ) tla, 0)x™ (0)]d,p (@)

nr

xj dt X" '0 t(a, 1) . (A35)
o

For the comparison of Eqs. (A31) and (A35) we intro-
duce the Green’s function G, for the boundary value
problem,

(1" (%—ae) "Y-0 , r@)=r(T)=0. (A36)
s
G can be given in two representations
Golt,t') = E X7 -1”(—()—)x‘” @) (A37)
and
Galt, ') =E(a, t,) % ta, to) . (A38)

In Eq. (A38), 4 (t) is the larger (smaller) of the two
arguments f and #', % is the solution of the integrodiffer -
ential equation (A27) with the final condition

ta, T) =<(1)>

N is a proper normalization.

(A39)

K. Mohring and U. Smilansky: Semiclassical evatuation of transition probabilities

Inserting Eq. (A37) into (A31) and (A35) we obtain

1 df(a) f
7a) de dAtOG(t,t) (A40)
and
1 dfla) _ JT r
@ da ), WCat 0@ 07 0a, ). (ad1)
With the help of Eq. (A38) both expressions can be re-
written as

1 d 1 d -
@ Eaf(a) =m E&f(a)

T
=% f dtEHa, )0 tla, 1) . (A42)
Q

This completes the proof of Eq. (4.2).

APPENDIX B

In this Appendix, we derive the uniform approxima-
tion (4.3)-(4.6) for the inclusive probability when there
are two contributing classical trajectories ¢, ) =[R,{t),
P,(t)] and @, (t) =[R,(t), P,(t)]. We follow closely the lines
of Ref, 7, Appendix C. A general discussion of the uni-
formization of path integrals may be found in Ref. 8.

We again use the path expansion scheme introduced
in Appendix A. With a reference path g,{t) every path
[R@), P@#)] contributing to the integral (2.11) can be
written as

(R(t)>=Qo(t)+i ax™ @) .
7=0

P(t)

B1)

The functions ¥ (t) are discussed in Appendix A. A
similar expansion holds for the paths [R (), P{#)]. The
path integral (2.11) is now an integral over all the ex-
pansion coefficients. We first consider the Nth approxi-
mant

N
P = f E da, da,Jy expliS$y ({a,, @,})] (B2)

¥=0
which results from truncating the expansion (B1) at y
=N. In Eq. (B2) the effective action still depends pa-
rametrically upon the reference paths @,(f) and @y (t).
The Jacobian J is given in Appendix A,

We introduce new variables such that the effective
action reads

Sé:'f) ({aw ﬁ,}) ER A {u, 7, {‘U,, 51})

-12° 0% -7 .
(B3)
¥ is the simplest analytical form which is topologically
equivalent to S,,: In all but two variables ¥ is a qua-
dratic form. It has the same symmetry properties as
Sessy namely its real (imaginary) part is odd (even) un-
der the interchange of the two paths @, and @, (as long
as the paths are real valued). For n+#0 ¥ exhibits two
real and two complex stationary points, The coefficients
¢ and 7 should be fixed by matching the stationary points
of the two functions S,,, and ¥ upon each other. In the
present case two stationary points correspond to complex:

=50® — tu =30 il - P +
y=
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classical trajectories. Their contribution to the inclu-
sive probability is in general exponentially small. This
may allow to map only the two real-valued stationary
points

(ub &1) & (‘/—ér ‘/E) E (Ql, Ql) ’

(. ) 2 (—E, ~VE) 2 (@2 @2) » (B4)
and postulate in addition
(us, 723) é (‘[g; -‘[E—) el (Ql; Qz) ]
(B5)

(#4a, 544)'% (—‘/-E» G) & (Qz» Ql) .

We note that when the complex stationary points happen
to be near the real axis they almost coincide with the
points taken into account by (B5). The right-hand side
of Egs. (B4) and (B5) represent pairs of trajectories in
the double path integral. On the left-hand side we only
denote the values for the variables « and % and drop the
trivial conditions v, =%, =0.

Requiring that at the four points Eq, (B3) holds ex-
actly, we identify the parameters ¢ and 5 to be

£ =[3Sure (€25 Q1) = Serg (@13 QNI 2,

=8-—t_ E Saty (@25 Q1) +S,,“(Q;1, Q) . (B6)

Substituting the new variables into the integral (B2), we
get

N
pm =fdud1'2H dv, d5,dy expGE) | ®7)
<1

8({a7’ a })

Tu=dy 8(u,u,m ) (B8)

Jy contains the Jacobian of the transformation.

The uniform approximation is achieved by approxi-
mating J, by a linear form in « and 7% in such a way
that its actual value is reproduced at those points which
dominantly contribute to the integral. These are the
stationary points and consistently with our above ap-
proximation we consider only the real-valued ones.

At a stationary point the Jacobian of the transforma-
tion of variables is given via the second derivatives of
the functions S,,, and ¥:

8(a,, a,}) _(detéz‘ll"” /2 (B9)

8(u, 2, 1 yy Tyy)  \detdST) ) ’
with

dets® ¥ = — 4y (- 1)¥ (B10)
and

(dets®s{yy/2 =P, WJ‘,} . (B11)
Equation (B11) follows directly from Eq. (A15).

With the ansatz
s 1 .
Gy g [ atu s, (B12)

the exact value of J y at the stationary points are repro-
duced (for N— =) when

1
p=5- Py +Puay) >
2g = (B13)

1
QZ;Q(P(CA) _P(Qg)) .

Substituting Eq. (B12) into (B7), we perform the integra-
tion over (u +%) and obtain finally,

| E‘ dx T
P=(Pq, +P,) f exp(~ m’z)cos<1—2— ix +Z>.
(B14)
A contour plot of the integral on the right-hand side is
given in Fig. 1.

So far, we restricted ourselves to real-valued classi-
cal trajectories and could only calculate the “bright”
side of the focus ¢>0. We may, however, provide ap-
proximate expressions for the “shadow” side by a proper
expansion around the focus. Such a procedure is well
known for the conventional Airy uniformization. !4

Consider the final coordinate R(T) as a function of the
initial momentum P(0) and assume a focus at P(0)

SR (T)

3P0) =0. (B15)

For definiteness assume R(7) to be a maximum. Asking
for transitions to values of R(T) larger than R(T) the
corresponding values of P(0) are complex. Expanding
around the focus we find

P@)= P(O)iz[Z(R(T) R””/l%

and the classical probability along the corresponding

trajectories
-1/2
] . (B17)

For the calculation of the parameters ¢ and 5, we also
expand the effective action (2.12) around the focus. It
turns out that we have to go up to third order in [P(0)

] (B16)

P= [2(R(T) R(T)) I OR(T)

- P(0)]. The derivatives involved are

85 8Sys 5 OR(T)

—eff _ _ eff _ 41 _

25,0 "5, ~ ) 550 > (B18)
azsou #R (1)

35,07 7 550F

D (@ol@n)r BH
+l; aPl( 4’0“% T)f K(I/nlap(o)‘q%)t
(B19)

Inspecting the contour plot in Fig, 1 for the shadow side
of the focus £<0 we find that the expression (B14) is al-
most independent of the parameter 7. We conclude that
the degree by which condition (3.9) is violated only
slightly affects the probability for forbidden transitions.
Therefore, we neglect the second term on the right-
hand side of Eq. (B19) which relates to the interference
condition (3,9). Consistently, the other derivatives of
Seq¢ become

azs r _ azscﬂ
8P,0F ~oP,0F ’ (B20)
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aaseﬁ = asselt - Bsse!f =0 (BZI)
3%Ses Sy _OP(T) &*R(T) (B22)

8P, (0~ 8P,(0)° aP(0) 2P(OF °

In Eq. (B22), we neglect the third derivative of R(T) with
respect to P(0) as was done in the expansion with which
we started. Substituting the expansion of S,,, into Eq.
(B6) we get

3B (T) azR(T)I -1/2)2/3 ’ (823)

- 1 -B gLl

£=-3R(T)-R(T)) <8P(0) 3P0
n=0.

We note that at the focus £/2 vanishes to the same order

as the classical probabilities (B17) diverge whereas the
integral in Eq. (B14) stays finite (cf. Fig. 1).
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