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Introduction

According to a well-known theorem by Sturm, a vibrating string is
divided into exactly % nodal intervals by the zeros of its #-th eigenfunction
w, . Let usalso mention that in generalizing this theorem Sturm conjectured,
and Liouville and Rayleigh proved, that a linear combination of w,, , @p4q,
© -, @, with constant coefficients has at least m—1 and at most n—1 zeros
in the open interval covered by the string.

Even a superficial study of vibrating membranes shows that the possib-
ility of generalizing theorems of this kind to higher dimensional problems is
strongly limited. The intrinsic interest of Courant’s nodal line theorem is the
fact that it carries over one half of Sturm’s nodal theorem for the string to the
theory of membranes. Indeed, the theorem states that % is an upper bound
for the number of nodal domains of the »n-th eigenfunction of a membrane.
In examples it is easily seen that this upper bound is occasionally attained.

The main point of the following lecture is the observation that Courant’s
nodal line theorem can be sharpened with the help of a theorem due to Faber
and Krahn. Thus it will be proved that for certain membrane problems, in
particular for all membranes with fixed boundaries, the maximal division
by nodal lines occurs only for a finsée number of eigenfunctions. This ob-
viously gives a stronger emphasis to the difference between string problems
and similar problems in several dimensions.

For the convenience of my audience I shall first recall a few facts about
vibrating membranes and the nodal line theorem. Discussion of regularity
questions will be omitted.

1. Vibrating Membranes

Let V be that connected domain of the z,y-plane which is covered by
a vibrating membrane and let S be its boundary. We consider eigenvalue
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where 4 is the Laplace operator and v is the normal of S. Provided V is
bounded and S is sufficiently regular, the problem has a discrete spectrum
of eigenvalues §; < <-++— 4o and a corresponding set of eigen-
functions @, , w,, - -+, If the boundary of the membrane is fixed, i.e. if
S =35, we write {, = 2, , o, = ¢, , and in the case of a free membrane,
S = 8, , we denote the eigenvalues and eigenfunctions byl = thn, @, =9, .

Let K be the class of square integrable functions defined in ¥ which are
continuous, have piecewise continuous first order derivatives and which, if
S, is non-empty, also satisfy the boundary condition % = 0 on Sy Ifu
belongs to the subclass K, of K = K which is defined by the additional con-
ditions of orthogonality

J}Mw,-dV:O, g=1,2, 55, m—1,
then, provided # is not identically zero,
(2) J-Vgradz-udV/fVude = E

Equality holds if and only if » is an eigenfunction with the eigenvalue
{ = {,. This, in particular, requires that # is twice continuously differen-
tiable in V. ;

We also recall that a solution of the membrane equation Au—+Zw = 0,
which is regular in this way, cannot vanish in all points of a subdomain of ¥
without vanishing identically. This follows from the fact that the solution
of the Cauchy problem for the membrane equation with u = dufdv = 0
on an arbitrary curve is unique and hence identically zero (see [6], p. 212).

2. Proof of the Nodal Line Theorem

In this section we recall Horst Herrmann’s proof of the nodal line theo-
rem in a slightly modified form (see [3]). _

Let U be a twice continuously differentiable function defined in a sub-
region of V. A connected domain 2 is called nodal domain of U with respect
to problem (1) if U £ 0 in 2 and if 2 is bounded by lines U = 0 and perhaps
also by arcs of S on which U then satisfies the boundary condition of problem
(1).

Let us first prove

THEOREM 1. If —AU[U <t and t <, , then the number N of nodal
domains of U is less than n.

Assume N =# and let 2,, 2,, - - -, 2, be nodal domains of IJ bounded
by & ,8,--,8,. Pat
Uin 2,
U=\ oim vro,,





















