The behaviour of two-dimensional electron gases in strong magnetic fields
at low temperatures has been a rich source of new physics for two decades,
and continues to surprise theorists and experimentalists alike

Fractional quantum
Hall effects
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2 Measuring the guantum Hall effect

By

depth

Gaas substrate

Modern guantum Hall expenments are camed out in semiconductor
structures that contain layers of gallium arsenide (GaAs, blue) and aluminium
gallium arsenide (AiGaAs, orange) that have been grown epitaxially on togp of
an insulating GaAs substrate. The slectrons for the two-dimensional electron
£as (2DEG, black dashed line) are supplied by silicon atoms in the SEAIGaAs
donor layer (purple). The resulting potential-wedl structure (red line on graph)
confines the electrons 1o a guasi-two-dimensional regkon that is typscally

10 nm thick and about 100 nm below the surface. The 2DEG s separated
from the donor layer by an AlGals spacer layer (typecally 20-60 nm thick),
Current fiows in and out of the device through ohmac contacts that penetrate
into the structure and make contact with the 20EG. The magnetic field is
applied at nght anges to the layers and vanous electrodes aliow both the Hall
and the longitudinal voltage 1o be measured.

these reasons the mtermanonal standard for resistance s now
detined moerms of the guanmm Hall effeor

he beluworour of the longiudimal resistance, KL s also
mricresting. I the regons where the Hall resistance s
comstant, the longmudimal resistnan viamishes, Lo condensed-
nuatter phvsics such an alsence ol energy dissipanon suggests
the existence ol an encrgy gap between the ground state ol
the syste and is frst exeited states This s a vaduable clue m
trving o understand the plvsies of these svsiens

Ul essential technodogy behind the discovers ol the mi-
LT (pLLantam Hall et weans the silicon-Tased metal-oxide
seriiconduetor el oflecn transistor  AMOSFE D | which s
peny o Dackbone of the meroclectronws mdoaso, In s
devicr electrons are condined o thin ~ W0 o) Laver, and this
confinement leads wo strong enerey quantizaton in the diree-
LI |a:'r]u'|u||| vl ter the imterfiee, At o enough lempera-
s e elecirons ovenpn only the loswest quantized encrgy
state and thew motion s conbimed w the two dimensions par-
allel o the interfinee, Inaddinen o ther scwenuhe value, thes
two=dimensional electon gases also form the basis ol high-
performance clectromie components i many mobile-coms-
mvncations and satellite-television svstens.

Flectrons mening i a two=chimensaonal electiron gas 216G
can have exoremely lugh mobalioges doe wothe low levels of
impurit scattering Phe iteger guantom Hall eflect was
disconered 1 a sthicon MOSFET wuh an elecumon mobilin
of 30 010 eV s
covered mea gallim arsemde Zalunanmuom galluom arsemc
Coon S/ A s strvctore winh a haghwer molalio he electeon

Swhitle the trctonal elfect was dis-

redaliny i todas s struectures can be as hoghooas W one v -
hgrure 20,

Quantum Hall theory
Uhe theory of the ineger epuantuam Hall effeor was workeed
ot shrthy afte s experimental discovers. Classicallv whoen
an electron s contmed o a plane and subijes ved w o perpen-
cicular magneue held, n performs evelorron monon sl
lrequency @, = el and a radius 8 = P78 where s the
mass ol the electron and £ 15 s momeniuam Cuantum
mechanically, the energy of the eleciron s quanized i so-
called Landau levels with enerees £, = 100+ i
s an mteger and s the Planck constant divded by 200 1 e
dilferemt Landaun levels are
cvelotron energy, B,

Fach Landau level is vasthv degenerate and can thereton

wliere .V

therelon x-imr,nul I e

hedel a Large number of electrons. For a Livge sample,
number of states m each Landau level i maeros o aliy
large and s approximately equal o the nuniber of nagnen
Hux quanta, @, = &/, threading the entire sample. A gnen
Landau level s full when there s one electron circalating
around each Hux quantum. The number of filled Landau
eel the “filling facwor™, v and it can be an integer
or i fraction. The filling factor can be thoughio of as the nume

ber of conduction electrons per quantum of Hux, whidl i
viventw v, =ud /B=nhivl

At zero temperature the electirons popubsee all the suaes
belons the chemical potental or Ferm energys and no staees
above this energy. Therelore, iF the chemincal potenal les
if v =\
energy gap between the ground state, where N Landa levels

between two Landau levels there will b
are lr:||i;t|.:'l:'|i'_. filled. and thie excied staies, where soane ol
IFONS GCCUpy sates i the A+ 1 Landau kevel, Indeed, fon
sarmples with very few mpurites the platcaux found mda
weger guantum Hall effeoy are cemred around 8= @00
hgure 1), while the corresponding encrey gaps are of 1l
order of the eveloron energy, fiw . The chencal potenial
can be vared by changimg the applied magneoe held, £ o b
using electrostane or opical helds wovary the number of cle
(TOILS PHET L Arca, i

Scattering by impuriies, which s bound o bappen worcal
samples, broadens the vange ol encrges moea b Laandzan el
andd locales most of the electronie states, While localized
states o ot carmy carrent, states with eoerees Close e
remaim extended and therelore o apable ol carrving curven
Hence swhen the chemical potential is vaned withan the energy
range i which all the staes are localized, there s J'|4a=i|=~1|4.1|:| il
Lo, the longrudinal resistance i eero)and e numiber ol clec-
Hall
just as 15 seen in e experiments, |l

conseguence ol o

Lross |h¢||. Ul CAarry Currenl remnanres copisiant e th
resisLAlice 15 constant)
mteger quantum Hall effect is thereore
strong magnetc held and weak mmpunmy scaiering

In comirast, the fracuonal quanium Hall oflect canmon fa
explamed without taking o account the Coulombs repul
sion berween electrons. Most of the fracuonal quannuam Hall
eflect stares are observed for v, < 1: that s when there are
more Hux quanta than conduction electrons i the svstem
I'he strong magneu held needed 1o observe the fracoonal
ellect makes the evoloron encrey signibicamdy larger thaa
the nvpical iIneraction energy between the elecirons, whach
means: that most of the acnon tkes place e the lowes
| andau bewel,
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Ihis  observation  mouvated  Robert
Laughlin to develop, in 1983, manv-body
trial wanelunctons lor the v=1/2m+ |
fractiional  quantum Hall These

warveTunetions are « omposed solelv of sin-

slalits,

gle-particle wavelunctions from the lowest
Landau level and are badle i a way than
mnmiees the o shabilits of the electrons
'_:l‘tliliu1 lowses 1o cach onher: L 'ﬁ'l:lm. these trial
wavefunctons, Laughlin was able 1o ex-
plain the v = "and v = 5 lractional quan- ¢
tumn Hall elfects.

Moreonen In dreawme msights from hus
trtal wavefuncuons and from the expen-
mental olservations of energy gaps and
cquantizcd Hall resistrvity, Laughlin predic-
e it excitations abwwe the v = 1/2m + |
grovndd state sould b composed of Tocal-
veed lumps ol charge  referred w as “guasi-
praarticles”™ o and than the
charge on cach lomp would be o fraction ol
the elecwon clhuaree

Following this, Bertrand Halperin ol
Harvard U niversin |1|1':|.i| ted that these
fractomally charged excitations should no
alwy etther of the that
s neither Fern Dirac statstios or Bose
Finstein statistics
cther partcles, Instead thes ol so-called
{ractieomal statistics

L inany warvs the integer and Bractional guanoam Hall elleers
seen similar, For mstanee, they both nivolve the PreCIse (uan-

“puastholes”

sl ol statistes

than are obeved by all

tizanion of the Hall reststiviey aned the ow of currenn waithom
dhssipration. However i appreared dithicule an fust, o puat the
theories ol the two efleces onan coual Lo wing In |J.l|'lil. wilaar,
clevion electron imteractions were an essential neredient fia
thee Tractional cilect b nen for the nneger elleet

Avconumon theory ol the pwo ellects was lirst developed D
Jainendra Jain of the State University ol New York (SUNY
at Stony Brook i 1989, Jamn explomed the sinilariny between
Laughlin's wanvelunction lor the v =172 fractonal
states and the wavefuncoon of the filled v = 1 Landiu level.

A different approach was the developiment m the late TH8s
ol soecalled Chern Simons field theories hirst used
theoretical partcle plivsicists for the fractonal elfect, Thas
approach wanstorms the Schrodinger equanon deserbing

m+ |

clectrons e a strong magnete beld m a diflerent Scliro-
chinger equation that is. m some senses, casier o handle see
Lo om page 40 for the mathematical details .

Ihe transtormation can be visualized as the atachment of
an integer number @ of magnene Hux quant w o each elec-
tron, These flux quanta point i the oppostte directon o the
applied magnetic field (see ligure 30, The combinanon of the
clectron and the fux guanta s called a composite pariclk

More precisely, inguantum theory a many-body problem
iy dlefined by s Hamihionian and by the svmmeny of s
wavefunetion, In the fractional quantum Hall eflect the
Hamitltonian (betore the transtormanon desorbes electroms
that L-1|:1'1'L;'|u e o untform magmene held, B, and repel cach
othier s o result of Coudomb forces, T he wavelunenon has a
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(&) The quantum Hall effects occur when a two-dimensional electron gas s placed in a magnetic field
B iblue armow). (b) The electrons (red dots) can be mathematically transformed into composite
fermions, which consist of an electron plus two magnetic flux quanta that point in the opposite
direction to B. (c) In the “mean fiedd approximation” these lux quanta are replaced by a uniform
magnetic field of magnitude B, ;. The net magnetic field that each cComposite fenmion eXpenences is
now AB =B - B, . The behaviour of composite fermions in a field AB can be related to the behawiour
of electrons in the stronger field, B, () The benaviour of the longitudinal resistivity, p,,, near B, -,
where the composite fermions behave as charged fermions in a relatively weak magnetc field.
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Hannlonian
cach particle is noss subject toa
nuagneti held thar s Lulupu'\l'l| ol £, whin
new held, &= @D, plr), where plr s the eleciron densine T hos
new beld &), which orginates from the Bontous Hus oabes

Arer the Chern Sonons transtormsation
Comtalng i new meredient

11> sbdli, sanedl .

carricd by the compasite fermmions, s dynanoe and poants
i l:|||' l:lPl.H.l\i!l l:l.i'll LIy iy _H |..Jlr sy Iy ol
formed waveluncton s fermmenie whien @ = o
when @ s odd, Here, w
know as composite fermmon (Cl

thie trags
v aatned Do snans
ewill focus on the case ol 0= 28 s
sy

A hiest sagh, the translormaton mvakes
since the magniude of the magnene field, £ &
quantum operator, the value of which chumges st the Hiw
tations m the densiy ol the electons, Howe
|:1|lu|1||1:}}|}rn\||||.|ucu| mwhach & s replaced by s avera
value, 8, .. = 0D, 0. =/

In this "mean-held approximation” . the o
waveluncuon s lound wo be the ground--tan

et e farder
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lor composie lermions in a4 magnete held
Furthermore, the
15 related o the electron hlling
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=120 + 1) ranstorms mio ¥y = f
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Experiments on composite fermions

The elfecuve magnete held, AR also muroduces a new leneh

g
ther e

cormposite-lernon
actor v, In (NTHTR!
2 o compaosie lermions, we hndd thal
the brae-

| heveforn

the cyelotron radius for a composie leenion, which e

a lacwor of B/AH

seale

larger than its electromc counterpart by



Composite fermions

The many-electron wavefunction yi{{r]) satisfies the Schrodinger
equation Hyr([r)) = Eyi(r]) where r, is the position of the ith
electron in the x-y plane, E is the electron energy and H is the
following Hamiltonian:

H=> [P.-eBxr/2F/2m+ > &/elr,- 1.

The first term is the sum of the kinetic energy of all the electrons in a
magnetic fieid, B, while the second term is the potential energy due
to the sum of all the electron-electron intéractions. In the absence
of these interactions, the ground state of a partially filled Landau
leved is vastly degenerate, making a perturbative analys:s of
electron-electron interaction all but impossible.

In the Chern-Simons approach one is able to define the
following wavefunction:

xlri)= Hﬂﬂ]ﬂ:p‘ 6> arglr,-r)

Here ¢ is an integer and arglr, - r) is the angle of the vector (r, - r
relative to the x-axis. As explained in the text, the transformation s
equivalent 1o attaching ¢ magnetic flux guanta to each electron.

The new wavefunction x satisfies a Schrodinger equation with a
modified Hamiltonian, and describes composite fermions interacting
in a reduced magnetic field, AB= 8 - b, where b is zero everywhere
except at r=r,, r; and 50 on. At these points the magnitude of b is
equivalent to the magnetic field produced by an infinitely thin solenoid
with a flux of dh/e, The transformed wavefunction, x, is symmetric (or
bosonic) for odd ¢ and anti-symmetric (fermionic) for even ¢.

I'he eflects of this new length scale have been seen in several
experiments. For example, Robert Willet, ken West and
Loren Pleifler of Bell Laboratories in New  Jersey have
mcasurcd changes in the absorption and velocity of acoustic
waves due o the resonant response of composite fermions
when thewr ovelotron radius matches the wavelength of the
ACOLISTIC Witve,

Dhie 1o the nevitable disorder in the samples, the fractonal
quantum Hall eflect 15 usually obsernved only when AR s
large enough (since a large energy gap is needed), which
corresponds w v < 10 However, the resonant response
to acoustic waves has bheen observed lor much smaller A8,
which proves that composite fermions can describe these sys-
tems even bevond the normally observable Fractional quan-
tum Hall effect states,

Interestingly, when v, = ', we find that v becomes infinie
and AB becomes zero, In other words, the flux carmed by the
composite fermions fully cancels out the external magnen
ficld. Therefore the case in which electons are ma v, =
state is transformed into a state in which composite fermions
experience, on average, no magnetic field. An immediate
conscauence of this s that the cvelomron rachius for the com-
3l wite fermions becomes infinie.

Despite this, electrons at v, = behave guite differenthy
from electrons at zero magnetic field, as one nught expect,
One difference is i their longitudinal response to a spatially
penodic electric field, such as that set up by an acoustic wave.
This response is deseribed by the longitudinal conductvity
For electrons at zero field, the longitudinal conductivity is pro-
i ool 1o the x'pu[i,tl period of the electric fiecld. However,

0

The mapping of electrons in a strong magnetic field onto compaosite
fermions in @ much weaker field may sound puzziing at first because,
for exampie, the v, = %2 state (in which the electrons perform fast
cyclotron cycles) transforms into a state in which the magnetic field is
2ero, on average, and the composite fermions therefore move in
straight lines. In fact, the transformation maps the longitudinal
resistivity of electrons in a field B to be that of composite fermions in a
fieid AB. However, the transverse or Hall resistivity for electrons turms
out 10 be the sum of the Hall resistivity for the composite fermions
plus 2h/e”, This additional Hall resistivity is induced by the magnetc
fiux quanta.

The mean-field approximation described in the main text neglects
density fluctuations, which can be justified as a starting point
because the Coulomb repulsion between electrons suppresses such
fluctuations. However, when density fluctuations are taken into
account, electron - electron interactions are found to affect the
properties of composite fermions in a crucial way. In particular, the
Coulomb interaction modifies the mass of the composite fermions,
and this in turn modifies the scattering times and the energy gap.

Many physicists have contributed to the development of
Chermn-Simons composite fermion theory, including Steven Girvin and
Allan MacDonald of Indiana University, Steven Kiveison of the
University of California at Los Angeles and co-workers, Ana Lopez and
Eduardo Fradkin of the University of lllinos at Urbana-Champaign,
Bartrand Halperin of Harvard, Patnck Lee of the Massachusetts
Institute of Technology and Nicholas Read of Yale University, and
Vadim Kalmayer and Shou-Cheng Zhang, then at IBM's Almaden
Research Center in California.

for electrons at v, =
that the conductivity 1s msersely proportonal 1w the peniod.

» composite-fermion theory predicts

I'his prediction has been confirmed in mcasurements with
ACOUSTIC WAVES.

Another unusual property ol the v, =
composite fermions are predicted w be stongly scanered by

state 15 that the

density fluctuatons, simee these are viewed as Buctuanons of
the masnete field. This has been conlivmed m measurenens
of the Coulomb “drag” between a pair of parallel two-
dimensional electron gases (2DEGs). Jim Eisenstein and co
workers at the California Institute of Technology prepared
two adjacent 2DEGs in the v, = % stae. C urrent was driven
[l]ruLH{h one while the voltage induced in the other was meas-
ured. The rano of the voltage 1o the curreni, called e trns-
resistance, reflects the rate of momenoun wranster (e, th
scattering) between the two systems. The scattering at v, =
was indeed found o be several orders of magninude Large
than its value at zero magsmetce held.

Now that we have identificd the composite fermion as the
basic ingredient of the fractional quantum Hall effect. what is
the charge on a composite fermion? To answer this question,
umagine the following gedanken expeniment. An electron is
placed at the origin and two flux quanta are slowly added wo it
to create a composite fermion. In addition: to the charge e
the arigin. the introduction of the magnen -Hux abwes gener-
ates an azimuthal elecine beld around the orgin. and this
field generates a radial Hall current. This curvent sends par
of the initial charge to the edges of the svstem. The remam-
ing charge turns out wo be ¢*=¢/(26+ 1 2 tius 1s the charge of
the Laughlin quasiparticle.
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(@) In the spin configuration known as a skyrmion, the direction of the
ehdctron spin gradually rotates from up at one side W down in the centre,
and back to up at the other side. (b) Measuremant of the &lectronic Spr
polanzation (Knight shift) in a two-dimensional electron gas near v =1
(green circles). The predictions of a model in which skyrmions are formed
(blue dashed ling) are in good agreement with the data, unlike predictions
in which the spins are reversed one by one (black line). (S Barrett et &i. 199
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6 Anisotropy and stripes
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(&) Expenmental measurements of the longitudinal resistivity along the sasy
{red) and hard (Dlue) drections in & high-mobility two-dimenssonal electron
gas at 25 mH. Note the large difference between the resstivity in these
directions at v="4, %, 14 85 and B4, (Data from M Lilly and J Eisenstein)
(b} A possible explanation of this anisatropy is the formation of stripes with
v=Nandv=N+ 1along the easy direction (top). Although the stripes only
Iead to a small modulation in the spatial charge density, n, (bottom),
cailculations show that current flowing perpendicular to the stripes
encounters high resistance.

shot nowse m both the ransmitted and reflected currems
would be 8= 2e* . where £ is the small) reflected currem
st e e

Such experiments were performed in 1997 b Christian
Celanli and co-workers ar the CEA laboraory in Saclav near
cand by Rah de-Picoiotio and colleagues a
our mnstiute for v A small constrction., i the
form ol a quantum pomt contact, was embedded into the
MIELG o rethect the current, These CXPETITENIS Were ven,
demanding because the ]H'l'thd teed shot noise was extremely

s (lor v, =
..||||:|

small, and variows wechmgues were needed o improwve the
sirtLal-to-onse ratio

When the edge current was not partitioned. no noise ws
measured (since £ = 0. However, when a weak reflecnon of
the V. ="m the v, =
good] agreement bhetween the mcasured nonse and the nonss
predicied for e®* = o/ and % = ¢/ 5, venifving the eflect ol trac-

channel was inmtroduced, there was

tiomally charged quasiparticles (see figure +4

Naively, one would expect all the electron spins i grouned
states with ¥, < | 1o point in the direcuon of the maenet

L

feld (1e. to be “spin polarized”), and hence for the spin degres
ol freedom to be frozen. However, 1t so happe s that the el
twular structure of the gallium arsemide (Caoks) Linice can
lead 1o far more complicated arrangements of clectron spins
I'he Lande g-factor, which determines the splinting ol enere
levels wath different spin angular momentun m g magnets
held, s very small in Gas and this allosws o wide pange of
nagnetic behavioun

One example of such interesting behaviour v the destruc-
non of the state with zevo longiudinal resistmce ar v, =
See "A new spin on the quantum Hall effect™ by Gailes Davaes
H:l] sty iwrded Sepiember 19949 pages 200 2

A second example of surprising spin bheluniour can D
obsernved in the vicimny of the v, = | state, Lo this state the
elecirons form a lerromagnet where the exclange mieracoom
almis all ther spins i the same direcion. However as we
mowve away Iraom v, = | by changing the magnetc beld. ohe
spin polarzation falls dramancally, Moving avay from v, = |
s equivalent o keeping the number ol magoetc Hux boes
constant and adding (or taking awav) electrons souan there
just more (or just less) than one electron per Hus quantum

I'wo scenarnos are possible when an electron s remoned
homav, = | stale. |t|'I|u'1l]ar,l|u'-|]:-|||~rtr the pemvanmnrge ol
trons are left intact, reducing the magnenzaton by the con
iribution of that parucular elecrron. In the second, all o
spans reorient themselves to dorm a “spim wextire” known s
skyvrmuon (hgure Sal. Ina skyrmion the spin direetion cluanges
from being parallel w the magnete field w bemg antiparall
I'his happens over a length scale that is mueh Larger thian the
I|I-I!.|||.: " |:|1'1'.H':':I| |'|r'| RN IES 1||211 I‘..I‘- - | ||'|.|.|"..|'|l i ||| o1 aatt h
ewerall naenenzanon,

surprisinghy, in 1993 Shivag Sondhi, then ae UCLA and
corworkers showed tha the skvromom conbiguration has 4
lower energy than that in which the spins do oot changs
direction, This was later confirmed in experiments by Sean
Barren and co-workers at Bell Labs (hgure 54 Skvrmons

e theermescs

were also found o play a role in various o
PLaIT ..|||.F| l].lt!‘-l"l]| |:l||.| THETW @ Near'y =

Most work on the fracuonal quantuwm Hall effect has concen
trated on the lowest Landau level. However, when phivsacrs
recently looked at samples with extremely lngh mobaliny o

found surprisimg

e ]

VT [oma ICMperatires | < i mk
hehaviour in the high Landau levels,

Measuwrements by Jum Eisenstemn’s growp at Caltech In
Stormer, Tsuland co-workers at Primeeton U nnversity, aned [
Mansour Shavegan and co-workers. also an Proncewon, founed
that the longinudinal resistviey showed a strong peak around
V= and

chirecuon (the so~called hard direcuon . and @ momnmoum whes

when the current was Homange mnoonie

the current was Howing in the arthogonal divection (the cass
direcnon L The resistivary in the hard direction. p
allv 5 10 times greater than that m the casy directon, g, he-
ure ba). Moreover, the Hall resisuvaty, p o was

I'his amisotrapic state also shows several other imerestng

Waas I Jan
LR FARS
' h.|.|'u:--[j.'|.u‘;pu|1 Fu-r.'u-r!i:--._ For mstance, wihen a magnetn

field of about 1 esla s apphed m the plane o 21kA
along the casy direction, the anisotropy can disappear and.

1

soMme cases, reverse the hard and casy axes
I'he new phase, which seems to be highly sensitive 1o dis
order and to temperature, may be related 1o carbier theoret-

Pavsic: Worio Masce 2000
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