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1. RG analysis for the onset of Superconductivity in the presence of disorder 

Consider a thin three-dimensional superconducting material, with dimensions 𝑊 × 𝐿 × 𝐿 where𝑊 ≪

𝐿. The BCS interaction term  𝐻஻஼ௌ = 𝑢௕ ∑ 𝑐௞↓
ற 𝑐ି௞↑

ற 𝑐ି௣↑𝑐௣↓௞,௣  leads to a pairing instability. Assume that 

the bare interaction parameter 𝑢௕ follows 

𝑢௕ = ൜
𝑢଴ for 𝜔஽ < 𝜔 < 𝐸ி

𝑢଴ − 𝑢௣௛ for 𝜔 < 𝜔஽
, 

where 𝜔஽ is the phonon Debye frequency, 𝐸ி is the Fermi energy and 𝑢଴ > 𝑢௣௛ > 0. The RG flow of 

the running coupling constant 𝑢 is described by 
𝑑Γ

𝑑𝑙
= 𝛽(Γ), with Γ = 𝜈𝑢  

where 𝑙 = log ቀ
ఆ

ఠ
ቁ, 𝜈 the density of states and 𝛺 is some ultra-violate cutoff.  

a. What is the function 𝛽(Γ)? Using its solution find the transition temperature, 𝑇௖, of the 

following clean systems (𝜈 is the density of states of the material): 
i. log ቀ

ாಷ

ఠವ
ቁ ≈ 5,  Γ଴ = 𝜈𝑢଴ = 0.7, and  Γ௣௛ = 𝜈𝑢௣௛ = 0.3.     

ii. log ቀ
ாಷ

ఠವ
ቁ ≈ 5,  Γ଴ = 𝜈𝑢଴ = 0.8, and  Γ௣௛ = 𝜈𝑢௣௛ = 0.04.   

Now we would like to include the effect of disorder, which become important for frequencies below 
the Thouless energy given by 𝐸்௛ = ℏ

஽

ௐమ, where 𝐷 is the diffusion constant. 

b. Based on the diffusion equation, ൫𝜕𝑡 − 𝐷𝜕𝑥
2൯𝑛 = 0, explain what is the physical origin of the 

Thouless energy. 

It can be shown that, due to the diffusive motion of the electrons, for 𝜔 < 𝐸்௛ the RG equation is 

modified according to  

𝛽(Γ) → 𝑔 + 𝛽(Γ) 

where 𝑔 = 𝜋
௘మ

௛
𝑅  and 𝑅 is the resistance of the sample. 

c. Discussed qualitatively the effect of disorder, via𝑔, on the flow equation. What is the critical 

value of 𝑔 that will make the superconducting phase disappear? 

d. Assume that the interaction parameter at the Thouless energy can be expressed as  

Γ(𝐸்௛) ≡ Γ் ௛ = −
1

log ൬
𝐸்௛

𝑇௖
଴ ൰

, 



where 𝑇௖
଴ is the critical temperature in the clean case, and find an analytic expression for 𝑇௖ as a 

function of 𝑢்௛, and 𝑔. Assume that at 𝑇௖ the interaction parameter 𝑢, flows to −∞. You may find 

the following integral helpful: ∫
ௗ୻

௚ି୻మ

ି|୻|

ିஶ
=

ଵ

ଶ√௚
log ൭

ଵି
ඥ೒

|౳|

ଵା
ඥ೒

|౳|

൱ , for 𝑔 < Γଶ. 

e. Draw qualitatively 𝑇௖ as a function of 𝑔. 

 
2. Mean-field approximation of the BKT transition point – In this question you are asked to use the 

variational principle in order to obtain the critical temperature at which a two-dimensional 

superconductor undergoes a Berezinksii-Kosterlitz-Thouless (BKT) transition between a state in which 

the order parameter’s correlations decay like a power and a state at which they decay exponentially.  

We will use the vairational action 

𝑆௏ = න 𝑑ଶ𝑥 ቂ
𝑐

2
(∇𝜃)ଶ + mଶ 𝜃ଶቃ 

where 𝑚ଶ is a variational parameter to estimate the ground state of 𝑆ௌீ  from question 1. Notice that 

we can write 

𝑍ௌீ = ∫ 𝐷𝜃 𝑒ିௌೄಸ = ∫ 𝐷𝜃 𝑒ିௌೇ𝑒ି(ௌೄಸିௌೇ) = 𝑍଴〈𝑒ି(ௌೄಸିௌೇ)〉 

Where the brackets denote averaging with 𝑆௏. The variaitonal principle amounts to making the 

following approximation.   

𝑍ௌீ ≈ 𝑍଴𝑒ି〈(ௌೄಸିௌೇ)〉 ≡ 𝑍௏ . 

a. Show that 𝐹ௌீ ≤ 𝐹௏, where 𝐹ௌீ  is the free energy defined by the relation 𝐹ௌீ =

−𝑇 logൣ𝑍଴〈𝑒ି(ௌೄಸିௌೇ)〉൧ and therefore 𝐹௏ = 𝐹଴ + 𝑇〈(𝑆ௌீ − 𝑆௏)〉. 

b. Compute 〈(𝑆ௌீ − 𝑆௏)〉 and minimize the free energy 𝐹௏  with respect tom . Here you will need to 

introduce some ultraviolet cutoff Λ which represents a microscopic scale at which the theory breaks 

down. 

c. Show that m   , find  . By taking Λ → ∞ find the critical value of 𝑐 separating the massive and 

massless phases.  


