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Abstract

An array of quantum wires is a natural starting point to realize two-dimensional topological phases. We
study a system of weakly coupled quantum wires with Rashba spin-orbit coupling, proximity coupled
to a conventional s-wave superconductor. A variety of topological phases is found in this model. These
phases are characterized by “Strong” and “Weak” topological invariants, that capture the appearance of
mid-gap Majorana modes (either chiral or non-chiral) on the edges along and perpendicular to the wires.
In particular, a phase with a single chiral Majorana edge mode (analogous to a p+ ip superconductor)
can be realized. At special values of the magnetic field and chemical potential, this edge mode is almost
completely localized at the outmost wires. In addition, a phase with two co-propagating chiral edge
modes is observed. We also consider ways to distinguish experimentally between the different phases

in tunneling experiments.



Introduction

Topological insulators and superconductors have received much attention in the past few years
[1, 2, 3]. Such phases are characterized by a gap for bulk excitations, while the boundaries
support topologically protected gapless edge states. In addition, topological defects in these
phases may carry exotic zero energy excitations with unusual properties. For instance, defects in
topological superconductors (such as vortices in two-dimensional chiral p-wave superconductors
|4] or edges of one-dimensional spinless p-wave wires |5]) support localized states known as
Majorana zero modes. These zero modes have non Abelian properties, and have been proposed
as possible ingredients for a topological quantum computer|6].

Currently, the most promising experimental proposal for realizing Majorana zero modes in
solid state devices involves quasi-1D semiconductor nano wires with strong spin orbit coupling
such as InAs or InSh, proximity coupled to a s-wave superconductor |7, 8]. The main advantage
of this proposal is its simplicity: it does not require any exotic materials, but rather involves
only conventional semiconductors and superconductors. Recent experiments have detected
signatures for Majorana zero modes in heterostructures of semiconducting quantum wires and
superconductors |9, 10, 11, 12|, and fractional Josephson effect [13].

In a two dimensional system of a spinless p-wave superconductor with pairing potential
A(k) ~ k a chiral p-wave with a gapless edge state can be formed [4]. Other possible realizations
of this phase are presented in Refs. [14, 15, 16]. A wider variety of phases is studied in Ref.
|17] using a toy model of spinless electrons in a two dimensional p-wave superconductors.

The topological phases can be classified based on the symmetries (i.e., time-reversal, particle-
hole, and chiral symmetries), and the dimensionality of the system. The topological classifica-
tion is summarized in the “periodic table” studied in Refs. [18] and, [19]. The spinless p-wave
superconductor is in class D (particle-hole symmetric, but not time reversal symmetric), and
is characterized by a Z invariant counting the number of gapless chiral Majorana modes on the
boundary, and two Z, invariants which count the parity of the number of boundary Majorana
modes in each direction. The Z number is defined as strong index and the Zs numbers are de-
fined as weak indices [20]. Here, we will be interested in identifying these phases in a physically
realizable model.

In this work, we demonstrate how quantum wires (or ribbons) can be used as a platform
to realize a rich variety of topological superconducting phases. An array of weakly coupled
wires, such as the one discussed above, is a natural starting point to realize a two-dimensional
phase, analogous to the chiral p-wave phase of Read and Green [4], which supports chiral

Majorana modes in its boundaries. (Similar systems were studied in Refs. [21, 22, 23].) A
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Fig. 1: Schematic view of the system. An array of semiconducting quantum wires proximity
coupled to an s-wave superconductor. The density of electrons in the wires is controlled
by nearby metallic gates. A magnetic field is applied perpendicular to the wires.

graphical illustration is presented in Fig. 1. We study how varying experimentally controllable
parameters, such as the magnetic field and chemical potential, allows to tune into these phases.

In particular, we show that there is a choice of parameters such that the counter-propagating
chiral edge states are almost completely localized on the two out most wires, allowing the
observation of the chiral phase even in an array with only a few wires. One also finds a phase
with two co-propagating chiral modes localized at each edge. In the phase with a chiral edge
mode, an orbital magnetic field perpendicular to the plane of the wires induces vortices which
carry Majorana zero modes at their cores. We also show how the zero energy density of states
(DOS) changes as a function of the orbital field. We discuss experimental signatures that can
be used to identify these phases, through scanning tunneling microscopy into the out most
wires.

The thesis is organized as follows. In Sec 1 we review the topological phase arises in a one
dimensional spinless superconducting wire and its excitation and their meaning. In Sec. 2,
we briefly review the topological superconducting phases that can arise in a two-dimensional
system with translational symmetry, through the model of spinless fermions that was introduced
in Ref. [17]. We then consider an array of weakly coupled semiconducting wires, of the type
studied in Refs. [8] and, [7]. In Sec. 3. We explore the phase diagram of the system as
a function of experimentally controllable parameters, and the structure of the edge states in
the chiral phases. In Sec. 4 we consider the effect of an orbital field. In Sec. 5 we study
the experimental signatures of the different phases. Sec. 5 summarizes our main results and

conclusions.



Part |I. Overview

1 Topological phases of spinless fermions in a 1D Quantum wire.

Before discussing topological phases in two dimensional systems, we will first review the 1D
case.

The simplest realization of a 1D topological phase in the D symmetry class was introduced
by Kitaev [5]. The model describes a spinless p-wave superconductor on a chain with N sites.

The Hamiltonian of the system is given by:

M= 3 il + ) = wOBI — 3) + L + it 1)

where 1); are the spinless fermion operators, u is the chemical potential, £ > 0 is the nearest
neighbor hopping strength, and d = Ae®?, A > 0 is the p-wave pairing amplitude.

The Hamiltonian can be transformed to the Majorana basis:

Xri =i+ xpi= (0 — ). (2)

Notice also that the phase of the order parameter 6 can be conveniently absorbed into the defini-
tion of the Majorana operators by performing the transformation: xg; = ¢ie"g +¢je—i3, XLi=
(wie"g — wje*i%)g The Majorana operators satisfy the relations: XE/L,Z' = XR/Lji» {Xs,is Xs',j} =
26ss’ji (S, s = R, L)
The Hamiltonian in terms of the Majorana operators is:
1

H= 52(_ﬂXR,iXLi + (t+ A)xriXrit1 + (=t + A)XRiXLi+1)- (3)

7
Two distinct cases can be obtained by changing the values of the parameters in the Hamil-

tonian:

1. The trivial case: t = A =0, p <0, H = _%ZMXRJ'XLi. The Majorana operators are

only paired in the same site and there is a single ground state with occupation number 0.

2. The topological case: t = A >0, p =0, H = Y itxriXri+1- The Majorana operators are
coupled between different sites. There are twolunpaired Majorana modes localized in the
two ends of the wire, x1 1 and xg n, and they do not appear in the Hamiltonian (there is
no coupling term between them, nor is there a term that couples them to other Majorana

operators). Hence, the ground state of the system is two-fold degenerate: there are two
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orthogonal states |¢)g) and [i1) that have different fermion parity. (The fermion parity
operator is given by P = H (2@[)2-@0@ — ].) = H — iXL,iXR,i~) P|¢0> = _iXL,IXR,N|77Z)O> =

2

[to), and PlYy) = —ixpiXrn|t1) = —|¢1) (when acting on the ground state the only
relevant term is —ixz1xrny ). Physically, this means that there is a non-local fermion
that can be formed from the two unpaired Majorana modes. The occupation of this

fermion determines the parity of the system.

The point in which the two unpaired Majorana modes are localized completely at the end

sites of the chain is called the “sweet point”.

Notice that the properties of the bulk in these two cases are the same, i.e. the bulk spectrum
is E(k) = 4+/(2tcos(k) + u)? + 4A%sin(k)? where —7 < k < 7. However, the excitations at

the boundaries are different. Moreover, these two cases can be extended into two regions in the

parameters space: (a) the trivial region 2|t| < |u|, and (b) the topological region 2|t| > |u| and
A # 0. These two regions cannot be smoothly connected and the transition between them is
necessarily accompanied by a closure of the energy gap.

In the topological phase, the Majorana zero modes are exponentially localized near the ends.
In a finite system of the length L, the overlap of the Majoranas’ wave functions results in a
splitting of the degeneracy between [1) and |¢/1). The splitting energy scales as e~ /¢, where
¢ is the coherence length.

The phase of the system can be characterized by a Z, topological invariant. An exact
definition of this invariant will be presented in the Sec. 2.

Two unpaired Majorana modes form a non-local two-level system, which is topologically
protected from decoherence due to coupling to the environment|[5]. This makes them attractive
for applications in quantum information processing.

Hitherto, we explored the possible phases in a 1D system. In the reminder of this Thesis, we
will analyze the possible 2D topological phases and their excitations, and study the crossover

between 1D and 2D systems.

2 Topological superconducting phases of spinless fermions in a two

dimensions

In this section, for the purpose of illustration and to set up the framework, we will review the
analysis of a toy model of spinless fermions hopping on a square lattice with a p-wave pairing
potential. This model was introduced and analyzed in Ref. [17]. The tight binding Hamiltonian

1S:
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Fig. 2: Definition of the weak indices in the Brillouin zone [see Eq. (6)]. The signs sp, = £1 are
determine by the Pfaffians of the Hamiltonian at the high symmetry points. The weak
indices v,/y,0/x are determined by the products of pairs of sp,’s. Any topological phase
can be characterized by a pair of weak indices (one in each direction), and a strong
index, v. The dashed ellipses highlight the two weak indices chosen to label the phases
in this work.

1 )
H= Z Z _tij,ﬂ/’iH,j - tywz‘T,ﬂ/’i,jH + M(wljwi,j - 5) + dm¢g7jwj+1’j + Zdy¢37j¢§7j+l +h.c.,
(4)

when ¢, and ?, are the tunneling matrix elements in the z and y directions, d,,d, are the
pairing potential in adjacent sites in x and y respectively, p is the chemical potential. 1; ; (77/);[])
annihilates (creates) a fermion in the jth wire in site i.
The Bogoliubov-de Gennes (BdG) Hamiltonian in momentum space is written as H =
%Z\I/Lh(k)\llk up to a constant, where
Kk

h<k>:< e(k)  d(k) > )

Here, ¥ = < AT ), k = (ks, k), e(k) = —2t, cos(k,) — 2t, cos(k,) — u, and d (k) =
d sin(k,) —id, sin(k,). The distinct topological phases realized in this model, as a function of
the parameters t,, t,, d;, d,, and g have been explored in Ref. [17]. For clarity and for later

use, we review this derivation here.
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The spectrum of h(k) in (5) is E (k) = :|:\/€2(k) + |d (k)|*. Assuming that F (k) # 0 for
all k, i.e. the system is fully gapped, we can determine the topological phase of the system
by examining the high symmetry points that satisfy —I'; = I'; + G, where G is a reciprocal
lattice vectors. The properties of these points I'; will help in determining the weak and strong
topological indices that characterize the system.

The BdG Hamiltonian satisfies Ch (k) C~! = —h (=k), where C is the particle hole operator
defined by C' = 7, and K is complex conjugation and 7, is Pauli matrix in the particle-hole
space. At the the high symmetry points, this reduces to 7,h (I';) 7, = —h? (T;). Using this
relation, we can show that the transformed Hamiltonian & (T';) = Uh (T;) U~" where U = ¢/™7/4
is antisymmetric, h (T;) = —h (=I;)" = —h (T; + G)" = —h(T;)". One can therefore define
the Pfaffians of A (T;) and its sign, sp, = sign {in VL (I‘i)} } It is convenient to define four

topological indices

(-1)

(=1)" = $(0,0)5(r,0)

(=1)"" = $(z,0)S(m,m)

(=1)"° = 5(0,0)5(0,m), (6)

Vo (@ = z,y, K = 0,7) is a topological invariants of an effective 1D system in class D [5]
with fixed k, = K. Fig. 2 illustrates the high symmetry points on the Brillouin Zone and the
relation between the topological weak indices.

In addition to the weak indices v, , one can introduce the “strong index” (or Chern number)

v given by [24]

v = %Z / / dk, dk,Tm (g, V| Ok, ), (7)

where 1), are the eigenstates of the Hamiltonian (5), and the sum runs over the negative energy
bands. Practically, it can be calculated numerically, see Eq.(28) in Appendix B. The strong
index v is related to the weak indices by [17]

Vyo + Vo = Vyo + Vy o = v mod(2). (8)

Therefore, the topological properties of the system are determined by a pair of weak indices,

one with an x label and another with a y label, plus the strong index. In this paper, we choose
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to label the different phases by the three indices v:v, vy, where v € Z and v, r, vy~ € Zo.
For the model (5), the Zy invariants are easy to compute, since sp, = sign [¢(T';)]. The phase

diagram as a function of ¢,, t, appears in Fig. 3.

Fig. 3: Phase diagram of the model defined in Eq.(4) in the ¢, —t, plane. The chemical potential
was set to u = 2. The topological phases are characterized by a strong index and two
weak indices v:v, .1y, - [see Eqs.(6), and (7)]. Along the phase boundaries the energy
gap closes. Strong topological phases (where v # 0) are indicated in blue, weak phases
in pink, and the trivial phase appears in white.

It is well-known that the Chern number is equal to the number of edge modes at the edge
of the system, weighted by their chirality. These chiral edge modes are robust to any weak
perturbations, and do not rely on any particular symmetry. In this sense, a phase with a
non-zero Chern number is a strong topological superconducting phase, and the Chern number
is a strong topological index. The other indices that characterize the 2D system, v, , and
Vy.x, are only well defined in the presence of translational invariance in the x and y directions,
respectively, and will be referred to as weak topological indices. If at least one of the weak
indices is non-zero while the Chern number is zero, the system is in a weak topological phase.

The weak indices can be used to predict certain features of the energy spectrum of gapless
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Fig. 4: A schematic illustration of the energy spectra of a system with an edge parallel to x as
a function of k, in different topological phases. (a) A phase with v =0, v, = 1, and
Vz = = 1. A band of non-chiral edge state appears, and crosses zero energy at k, = 0, .
Notice that for this phase the slopes at k, = 0 and k, = 7 are opposite (b) A phase
with v =1, v;0 = 1, v, = 0. A chiral edge state exists, and crosses zero energy at
ky = 0. (¢) A phase with v =2, v,y =1, v, » = 1. Two chiral edge modes with positive
slopes exist. One crosses zero energy at k, = 0 and the other at £, = .

edge states that appear on boundaries in specific directions. For example, a straight boundary
parallel to the x axis that preserves translational invariance in the z direction will have v,
(V2 ) zero energy Majorana edge states at k, = 0 (k, = 7), respectively. Using these properties,
it is easy to understand Eq.(8) which relates the weak and strong indices. For example, the two
systems whose spectra appear in Fig. 4a and 4c have the same Chern number parity, because
there are two edge modes, one at k, = 0 and the other at k, = m. Yet, in 4a the edge states
have opposite chirality (opposite sign to the slope of the edge state), hence the Chern number
is zero. On the other hand, in 4c the edge states have the same chirality. Therefore, the Chern
number is 2. Fig. 4b shows a case where there is only one edge state at k, = 0, hence the

parity of the number of edge states is 1 and the Chern number is 1.

Part Il. Results

3 Array of quantum wires coupled to a superconducting substrate

In this section, we will discuss a more realistic model that gives rise to the phases described in
Sec. 2. The first subsection (3.1) will be devoted to a description of the setup, and the second
subsection (3.2) to the analysis of the distinct phases arise in the model as a function of the

model parameters.
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3.1 Setup and model

We envision an array of N parallel quantum wires with strong spin-orbit coupling, proximity
coupled to a superconductor (Fig. 1). Each wire has a single (spin-unresolved) mode, a large
g-factor and strong Rashba spin orbit coupling (this can be achieved, e.g., in InAs or InSb wires
|10, 9, 25]). The superconducting substrate induces a proximity gap in the wires. It also allows
electrons to tunnel relatively easily from one wire to the next. The system is described by the

following Hamiltonian:

H=H+H" (9)

Here, H!, and H* describe the intra-wire and inter-wire Hamiltonian respectively.

The intra-wire Hamiltonian, H/ is given by

N
H=> "M,
j=1

H; = / dkx[gj(km)w,:wwkz,j+a sin(kz)w,im,joywkz,j —uw;x’jo—zw,{zﬁm;xd (wy)wikmﬁh.c.}.
(10)

H,; is the Hamiltonian of the jth wire, where ¢;(k,) = —2t, cos(k,) — p is the dispersion of the
wire (z is chosen to be along the wires, see Fig. 1), t, is the hopping matrix element along the
wire, 4 is the chemical potential, « is a Rashba spin-orbit coupling term originating from an
electric field perpendicular to the wires (which we define as the Z direction), and V, is a
Zeeman field along Z. The Pauli matrices ¢ acts in spin space. We have assumed that there is
a periodic lattice along the wires, and A is the pairing potential induced by the s-wave
superconductor. For now, we ignore the orbital effect of the magnetic field; we will consider it

in Sec. 5.

The inter-wire Hamiltonian H* is given by:

N-1

HE = Z/dk’x[_tyd’liz,jwkw,jﬂ - iﬁ¢ll,j0x¢kw7j+1 + Ayw};m,j(iay)@bikbjﬂ + h.e], (11)

Jj=1
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where ¢, is the inter-wire hopping matrix element, A, is the pairing potential associated with
a process where a Cooper pair in the superconductor dissociate into one electron in the jth
wire and another in the (j + 1)th wire, and [ is the coefficient of a spin-orbit interaction that
originates from inter-wire hopping.

Let us briefly discuss the typical magnitudes of the parameters in Eqs.(10) and, (11). The
hopping matrix element ¢, is a quarter of the bandwidth of the conduction band in the quantum
wires, and is therefore of the order of a few electron-volts. In experimental setups similar to
those of Refs. [10, 11, 9|, the parameters |A|, |V,|, ||, and |u + 2¢,| (the chemical potential
measured relative to the bottom of the conduction band) are all of the order of a 0.1-lmeV.
Therefore, in such setups, ¢, is much larger than all the other parameters in the Hamiltonian.
One can also imagine suppressing ¢, and creating a super lattice. The super-lattice can be
achieved for example by applying a periodically modulated potential along the wires, which
would allow the ratio of £, to the other parameters to be of order unity.

The inter-wire hopping occurs through the superconducting substrate. In order to get a
significant inter-wire coupling, the distance between the wires must be at most of order &,
the coherence length in the s-wave superconductor. The inter-wire spin orbit coupling term [
depends mostly on the properties of the material creating the coupling; in the case of nearly
touching wires or ribbons this term will depend mostly on the semiconducting material of the
wire, such as InAs or InSb. However, when there is a significant distance between the wires, (3
depends mostly on properties of the superconductor; therefore, if the superconductor is made
of a light element (such as Al), 5 might be negligible. To get large values of 5, one would have
to use a superconductor made of a heavy element, e.g. Pb. As we will show below, the physics

depends crucially on g; if § = 0, one can not obtain gaped chiral superconducting phases.

3.2 Phase diagram

We now turn to analyze the phase diagram of the model of Eq.(9). In the limit of decoupled
wires, t, = A, = [ = 0, this is precisely the model studied in Refs. [7] and, [8]. The
phase diagram of each wire consists of two phases, a trivial phase which is realized when
V, < /A2 + (u+2t,)2, and a topological phase for V, > /A2 + (u + 2t,)2. The topological

phase is characterized by a zero energy Majorana mode at the two ends of each wire |7, 8]. In

terms of the two-dimensional topological indices described above, the trivial phase corresponds
to v =0, , = 0,1, = 0, while the non-trivial phase is a weak topological superconducting
phase labeled as v = 0:v, , = 0,1 = 1.

Next, let us consider the effect of inter-wire coupling. We will study the phase diagram as
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a function of the chemical potential  and the Zeeman field V, for a fixed value of A. Imagine
starting deep in either the 0:00 or the 0:01 phase, and turning on a small inter-wire coupling.
Clearly, the inter-wire coupling cannot induce a phase transition as long as it is small compared
to the gap. In the vicinity of the phase transition between the 0:00 and 0:01 phases, however,
the inter-wire coupling can give rise to new phases.

Fig. 5 shows the phase diagram of the model (9) as a function of p and V, for fixed values
of A, t,, t

and locating points in the (u,V,) plane were the gap closes. The spectrum of the system is

y» a and 8. The phase boundaries were obtained by diagonalizing the Hamiltonian

given by

E? = V2 + Ak + €(k)* + (k)P £ 2¢/(VoAer)? + (V2 + [1(K)P)E(K)?, (12)

where Aeg = A+ Aycos(ky) , (k) = —p — 2t,cos(k,) — 2t cos(k,) and y(k) = asin(k,)i +
Bsin(ky).

The different phases are then identified by using the topological indices of Eqgs.(6) and, (7).
an explicit calculation of these number is given in Appendix B. Slivers of phases with non-zero
Chern numbers appear between the 0:00 and 0:01 phases. For example, examining Fig. 5
we note that upon increasing V, from zero at a fixed negative value of y between —2 to —3
(measured in units of ¢, ), the gap first closes at k = (0,0) and then reopens, and a 1:00 phase is
stabilized. This phase is an anisotropic realization of a chiral p + ip superconductor, and has a
chiral Majorana edge mode at its boundary. Upon increasing V, further, the gap at k = (0, 7)
closes and reopens, and the system enters the 0:01 phase. The point in k- space, in which the
gap is close, can be extracted by looking at the values of sp, in the points I'; in the Brillouin
Zone and searching for changes in sign in one of the I'; points between one phase to the other
as shown in table 1.

As discussed earlier, the experimentally accessible regime in setups similar to those of Refs.
[9, 11, 10| is defined by t, > {|A|,|V.|,|al, |+ 2t.|}. We highlight the accessible region
by a dashed box in Fig. 5. In order to access all the possible phases in Fig. 5, one needs
to suppress t,, for example by applying a periodically modulated potential along the wires,
creating a super-lattice.

The spectrum of a system with a finite number of wires in the 1:00 phase is presented in Fig.
6a, as a function of momentum along the wires. As expected, there are two counter-propagating

edge modes within the bulk gap. These modes are localized on the opposite sides of the system.
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Fig. 5: Phase diagram of a system of weakly coupled wires in proximity to an s-wave super-
conductor, as a function of the Zeeman field V, and the chemical potential . The
topological phases are labeled by a strong index and two weak indices, v:v, 1, [see
Eqs.(6), and (7)]. The white regions are topologically trivial, the pink regions are the
weak topological phases, the blue regions are the strong topological phases with a strong
index v = 1, and the yellow regions are the strong topological phases with a strong index
v = 2. The dashed box highlights the region accessible in experiments using electron
doped quantum wires, in which the chemical potential is near the bottom of the conduc-
tion band. This region is defined by t, > {|A[,|V.], |a], | + 2t,|} [these parameters
are defined in Eqgs.(9), (10), and (11)]. The parameters used in this calculation are
t, =1,t, =03, A=06, 5=0.3, and o = 1.

3.2.1 A phase with a strong index v = 2

It is interesting to note that the phase diagram (Fig. 5) contains a 2:11 phase, with a Chern
number v = 2 and two co-propagating chiral edge modes. This phase appears around p = 0
for large Zeeman fields (V, ~ 2t,). One can understand qualitatively the emergence of this
phase as follows. Focusing in Fig. 5 on the region in which —2t, < p < —2t,, as the Zeeman
field is increased from V, = 0, the gap closes at k = (0,7) and reopens, stabilizing a —1:01
phase. This phase is characterized by a chiral edge mode, which appears around k, = 0 in a
system with a boundary parallel to the = axis. Similarly, for the particle-hole conjugated path
at 2t, < p < 2t,, the gap closes and reopens at k = (7,0) upon increasing V, from zero, and
one finds a —1:10 phase with a chiral edge mode around k, = 7 at a boundary along the x
axis. Near p = 0, these two gap closings coincide, and we find a phase that has both a chiral

edge modes at k, = 0 and at k, = 7 (see Fig. 6b). We analyze the appearance of this v = 2
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phase in detail in Appendix C.

(a)

1 I I
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-6 I I I I I I I I I ]
-1 -08 -06 -04 -02 0 02 04 06 08 1
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™

Fig. 6: Energy spectra of an array of coupled wires in proximity to an s-wave superconductor, as
function of the momentum along the wires, k,. The parameters used in the calculation
are t, = 1,t, = 0.3, A = 0.6, 8 = 0.3, a = 1. The system is composed of 101 wires,
with open boundary conditions in the y direction. By varying p and V., we can tune
the system into different phases: (a) For y = —1.4 and V, = 0.6y/2, the 1:00 phase is
realized. This phase has one chiral mode at each edge, located at k, = 0. The inset
illustrates the edge modes in real space, using the frame of coordinates defined in Fig.
1. The +x (—x) moving edge mode is colored in red (blue), respectively. (b) For g =0
and V, = 2.088, the phase 2:11 emerges (see Sec. 3.2.1). Two chiral edge modes appear
at each edge, one at k, = 0 and the other at k, = .

3.2.2 “Sweet point” with perfectly localized edge states

Interestingly, upon tuning the Zeeman field V., there is a special “sweet point” at the center
of the 1:00 phase (as well as in the other chiral phases) in which the chiral edge states at an

edge parallel to the x axis are almost entirely localized on the outmost wires. (Notice that the
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localization lengths of edge states at edges along the z and y axes are generically different from
each other, due to the anisotropy of our system.) At this point, the edge states on the two
opposite edges do not mix even in systems with a small number of wires, making it attractive
from the point of view of experimental realizability. This point in parameters space is analogous
to the special point in the Kitaev’s one-dimensional chain model [5], in which the Majorana
end states are localized on the last site. In our two-dimensional setup, we will show how one
can access this point by tuning the magnetic field.

We now derive a criterion for realizing the “sweet point”, and give a simple picture for its
emergence. First, let us consider a system without coupling between the wires. The Hamilto-
nian of the jth wire Eq.(10) can be written as H; = %;\I}Lx7jhj(kx)\llkz,j; where

hj(ky) = €(ky)T, — V0, + asin(k,) 0, + AT, (13)

Here, \IILIJ = (14,1%,]"@Z’I,kz,j@bi,—kmja_@b’r,—km)a and 7 are Pauli matrices acting in Nambu
(particle-hole) space.

The strategy in constructing the “sweet point” is as follows. We first tune the parameters of
the single wire Hamiltonian Eq.(13) to the critical point at the transition from the trivial to the
topological phase. At this point, the low-energy theory is described by two counter-propagating
Majorana modes. Turning on the inter-wire coupling induces backscattering between these
modes. At the sweet point, the inter-wire coupling takes a special form such that the right
moving Majorana mode of one wire couples only to the left moving Majorana mode of the
adjacent wire (see Fig. 7). This coupling gaps this pair of modes out, leaving only the two out
most counter-propagating modes gapless. This is similar to the approach of Refs. [26, 27, 28,
29, 30, 31| for constructing quantum Hall phases starting from weakly coupled wires.

Let us demonstrate this by focusing on the single-wire critical point at

= —2t, + V2 - A% (14)

in which the gap closes at k, = 0. We diagonalize the Hamiltonian by a Bugoluibov transfor-
mation of the form
W,y = Wi, Wi, 5, (15)

where @ZH = <w;kwﬁj, wi,kx,j’ U1 ey g —1/J27k17j>, and the matrix Wy_ is given by:
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Fig. 7: Schematic illustration of the physics leading to the “sweet point” (Sec. 3.2.2). At low
energies, each wire has two counter-propagating Majorana modes. When the condition
in Eq.(19) is satisfied, the inter-wire coupling takes a special form such that the right
moving Majorana mode of each wire couples only to the left moving Majorana mode of
the adjacent wire. As a result, this pair of Majorana mode is gapped out, leaving only
the two outmost counter-propagating modes gapless.

s 0 10
Al -1 0 0
Wi =4/ | 16
ke =0 2V.s 0 s 1 (16)
0 —1 0 s
Here, s = %%M. At the critical point, 1, 4, ; is gapless and disperses linearly, while v, ;
remains gapped. Expanding near k, = 0, the Hamiltonian takes the form
H=>" [U’fxl/{kz,ﬂ/il,kx,j + Vbl o, + O(K2) | (17)

ke,j

where v = %‘. Inserting Eq.(15) into Eq.(11), and using the explicit form of W, given in

Eq.(16), the inter-wire coupling Hamiltonian projected onto the low-energy (v1) sector becomes

H- = Z [<ty(52 -1) - 2Ays) @Z)I,kz,jwlvkw’jﬂ (18)

kz,j

+ izsﬁ@b{,khﬁb;kmﬂ + h.c.} ,
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At k, = 0, the Hamiltonian is identical to Kitaev’s one-dimensional chain model |5] with zero

chemical potential. This model simplifies greatly for a special choice of parameters such that

It,(s* — 1) — 2A,s| =|2sB|. In terms of the physical parameters, this condition is written as
2t +
ty A + A, =|p]. (19)

For these parameters, the k, = 0 Hamiltonian is easily diagonalized by introducing Majorana
fields

XR,j = ?/11,]'61'(z> + i/fi,jefid)
XLj = —i¢1,j6i¢ + leijeiid). (20)

Here, ¢ = %Arg(¢>%Arg(_—iBA>. In terms of these fields, the Hamiltonian

ty(s2—1)—2Ays ty(QIZU+H)+

takes the form
MY =10> |25BIX0 X Rj+1- (21)
J

The resulting phase has two chiral edge modes on the two opposite edges, which are com-
pletely localized on the out most wires, up to corrections of the order of ‘t/—y due to virtual
excitation to the gapped mode 1)5,. If the condition in Eq.(19) is not satisfied exactly, the
edge states become more spread out in the direction perpendicular to the wires, but remain

localized near the boundary as long as the bulk gap does not close.
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Fig. 8: Wave functions of the two Majorana edge modes in a system of 43 wires tuned to the
“sweet point” [Eq.(19)]. We plot the probability distributions of the lowest energy states
at k, = 0, as a function of the wire index along y. The two zero energy states are
almost fully localized at the first wire (blue) and on the last wire (red). The following
parameters were used: ¢, = 0.5, t, = 0.1, A =06, A, =0, p = —-14,V, = 0.6v/2,
8=0.1and o = 1.

One can tune into the “sweet point” by setting V, and p such that both Eqs.(14) and (19) are
satisfied. The required parameters are V, = ++/A2 + (u + 2t,)? and p = —2t, — %(|Ay| +18]).

We tested the “sweet point” numerically, by diagonalizing the Hamiltonian (9) for a system

with a finite number of wires. In Fig. 8, we present the wave functions of the lowest energy
states as a function of position perpendicular to the wires. As expected, the wave functions of

these states is almost localized on the out most wires.

3.2.3 In-plane Zeeman magnetic field

Applying an in-plane magnetic (Zeeman) field provides an additional experimentally accessible
knob to tune the system between different phases. We now consider its effect on the phase
diagram. Note that in our system, a perpendicular magnetic field is essential in order to realize
the strong topological phase (this is different from the case considered in Ref. [14], due to the
different form of the spin-orbit coupling). The in-plane magnetic field generally destroys the
topological phases, leading to a gapless phase instead.

In the presence of an in-plane Zeeman field applied parallel to the wires, we should add the
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term _quﬂlm,ﬂx@blm to Eq.(10). Then, the spectrum is given by

B2 (k) = V2 + A2 + €)% + [y (k)
2\ JVE A2 + (Vg + ))EK)? + (Visin(k,)8)%, (22)

where Vit = /V2+ V2. The condition for a closer of the gap:
V24 V2= (uTF2t, F2t,)* + A% (23)

Fig. 9 shows the phase diagram as a function of y and V,, fixing V. = v/2A. The line V, = 0
corresponds to a line of fixed V, of the phase diagram shown in Fig. 5. Upon raising V,, a
gapless (metallic) region is formed. The gap closes because of the destruction of the proximity
effect by the in-plane field, due to the Zeeman shift of the normal state energy at k relative to
—k. The effect of an in-plane field perpendicular to the wires (V) is qualitatively similar, but
the “bubbles” of the 0:01 phase do not appear, and are replaced by gapless regions. (Notice that
the response for a Zeeman field in the x and y directions is different because of the anisotropy
of our system.)

One can also show that the “sweet point” within the strong topological phases survives in

the presence of an in-plane field. The sweet point condition is given by Eqs.(19) and, (23).

4 The orbital effect of the magnetic field in a 2D p-wave

superconductor

So far, we have neglected the orbital effect of the magnetic field, treating only the Zeeman
effect. This assumption is justified in the limit of large g-factor g. In this section, we will
consider the orbital effects of the magnetic field.

We will now discuss the condition for the appearance of vortices in our system. We assume
that the s-wave superconductor is a narrow strip, whose width d is small compared to its length
and to the bulk penetration length. Under these conditions, the critical field for creating
a single vortex in the superconductor is [32] He ~ ®/d?, where ®y = h/2e. This gives
Hey ~ 2mT (1pm/d)?

To get a feel for the value of this critical field in realistic setups, let us consider a system
with N wires made of InAs, similar to those of Ref. [10]. Assuming that the distance between
the wires is of order £ (ensuring a reasonable inter-wire coupling).If we take £ ~ 40nm (as in

Pb) and N = 25, we get d =& N¢ ~ 1um and the critical magnetic field for creating a single
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Fig. 9: The phase diagram and the energy gap as a function of an in plane Zeeman field V,, and
chemical potential u, at a fixed V,. The light green line marks the phase boundaries,
along which the gap closes. Notice that the V,, = 0 line corresponds to a constant V, cut
in Fig. 5. The parameters used in this calculation are: ¢, = 1,¢, =03, A = 0.6, 8 =
0.3, V. = 0.6v/2and a = 1.

vortex is B ~ 2mT. In order to be in the topological phase the Zeeman field must satisfy

V, = # > \/A?nd + (p + 2t,)? (where Ajyq is the induced superconducting gap in the wire).
In InAs, g ~ 20 and Ajg can be of the order of 50ueV[10]. This gives that the required
magnetic field to be in the topological phase is B > 30mT', and thus vortices are present in
the strip. As we decrease the size of the system, the critical field increases. For a system
with N = 5 and d =~ 0.2, for example, the critical field is B ~ 50mT’, and one can realize a
vortex-free topological phase.

Below, we discuss features of the quasi-particle spectrum in the presence of an orbital field

that can be used as a signature of topological phase in the system.

4.1 Majorana zero modes in vortex cores

The chiral phase is characterized by the presence of a Majorana zero mode in each vortex core
|4]. For an applied field slightly above H.j, the ground state contains vortices along the strip,
with a Majorana zero mode at each core. In addition, (when the number of vortices is odd)
the chiral Majorana mode on the edge has a mid-gap state. In general, the Majorana states

in the vortex core can leak into the edge mode. However, if we choose parameters such that
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the system is near the sweet point described above, such that the effective coherence length
transverse to the wires is essentially one inter-wire spacing, the mixing between the vortex core
states and the chiral edge modes can be made negligibly small (assuming that the wires are
sufficiently long) as can be seen in Fig. 11. One can show that the sweet point condition,
Eq.(19), remains unmodified when projecting to the lower energy bands in the presence of an

orbital magnetic field (see Appendix E).

4.2 Doppler shifted chiral edge states

In addition to inducing vortices, the orbital field induces circulating orbital currents in the
sample. These orbital currents modify the low-energy density of states (DOS) due to a “Doppler
shift” of the quasi-particles at the edge. In a chiral superconductor, the Doppler shift either
enhances or suppresses the DOS at the edge, depending on whether the orbital supercurrent
is parallel or anti-parallel to the propagation direction of the chiral edge state [33]. Using the
London gauge near the edge, such that V¢ = 0 (where ¢ is the phase of the order parameter),
the external orbital current is proportional to the vector potential A. Consider a system defined
on the half-plane y > 0, with an edge at y = 0. To linear order in k, and A,, The low-energy

quasi-particle spectrum is given by

The velocity v, and the coefficient 9, can be calculated using first and second order perturbation
theory in k, and A,. (Notice that since we set the lattice spacing a, = 1, §, ! has units of mass.)
In the model described in Sec. 3, the perturbative calculation gives v, = %, and §, = t,. See
Appendix D for an explicit derivation of this result. Since the local DOS is proportional to the
inverse of dF /dk(k = 0), Eq.(24) shows that the zero-energy DOS depends linearly on A, [33].
Fig. 10a shows how the slope of the chiral edge state changes when the orbital magnetic field is
not negligible. Similarly, one can calculate the spectrum of the edge mode at an edge parallel
to y. For such an edge, v, = Avf and 6, = t,.

Surprisingly, the linear dependence of the local DOS at the edge on the supercurrent is
not limited to the strong (chiral) topological phases, but exists also in the weak phases. E.g.,
consider a system in the 0:01 phase with a straight edge parallel to y. There are low-energy
edge modes both near k, = 0 and at k, = m, whose dispersions have opposite slopes. The
dispersion of the edge mode near k, = 7 is given by E(m + 0k,) = —0k,(v, + A,9,), to linear
order in 0k,. Therefore, if we apply a supercurrent near the edge such that the slope of the

edge mode at k, = 0 increases in magnitude, the slope of the mode at £k, = 7 increases as well,
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N ST o)

Fig. 10: The effect of an orbital magnetic field on the energy spectrum in the 1:00 strong phase
(a) and the 0:01 weak phase (b). The dashed red lines are the spectra of the edge states
in the presence of an orbital field, as a function of the momentum along the edge. The
solid blue lines are the corresponding spectra without an orbital magnetic field. The
orbital field induces supercurrents in the superconductor. As a result, the velocity of
the edge modes changes. The parameters used in the calculations are ¢, = 1, t, = 0.3,
A=06,3=03 V. =062 V, =0,and a = 1. The chemical potentials are (a)
u=—14 and (b) p= —2.

and the total DOS at the edge decreases linearly with the current, as can be seen in Fig. 10b
the slope of the edge state changes when the orbital magnetic field is not negligible in the weak
phase.

In general, a linear dependence of the DOS on the supercurrent is possible if time-reversal
symmetry is broken. In our system, time-reversal is broken by the external magnetic field,
which is present both in the weak and the strong topological phases. In the weak phases,
the edge modes do not carry current; nevertheless, a supercurrent couples to the edge modes
through the phase of the condensate.

In the presence of vortices, the orbital effect leads to an interesting variation of the low-
energy local DOS at the edge. Each vortex produces circulating supercurrent. Therefore,
the superfluid velocity at the edge varies as a function of position; it is either enhanced or
suppressed in regions of the edge which are close to a vortex core, depending on the chirality of
the vortex relative to that of the superconductor. (In our system, the relative chirality of the
vortices and the superconductor depends on the signs of the spin-orbit coupling terms « and
B, and is not easy to control externally.) Therefore, according to Eq.(24), the local DOS at the
edge shows either a dip or a peak in the vicinity of a vortex in the bulk.

We tested this effect numerically for a finite system with a single vortex. Fig. 11 shows

the probability distribution of the two lowest energy states in the system. We used two sets
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Fig. 11: The probability distribution of the Majorana zero modes in a system in the strong (1:00)

phase, with a vortex at the center of the system (for a precise definition of these zero
modes, see discussion at the end of Sec. 4.2). The coordinate along the wire is denoted
by z, and the wire index by y. Panels (a) and (¢) show the probability distribution
of the zero mode at the vortex core; panels (b) and (d) show the distribution of the
zero mode localized on the edge. In (a) and (b), the chiralities of the vortex and
the superconductor are identical, whereas in (c¢) and (d) the chiralities are opposite.
Notice the change in the distribution of the edge zero mode near the vortex (at x = 0,
y = £50): in panel (b) the probability has a dip near the vortex, whereas in (d) it has
a peak. This is because of the effect of the supercurrents around the vortex on the edge
states. In case (a,b) the velocity of the edge mode increases in the vicinity of the vortex.
Due to probability conservation, the probability current (given by the velocity times the
probability) is divergence free. In order to compensate for the increase in velocity, the
probability near the vortex must decreases. Following the same reasoning, in the case
(c,d) (of opposite chirality), there is a peak in the probability distribution of the edge
state near the vortex. In these calculations, we use the following parameterst, = 1,
t, =03, A=06A,=0,u=—14,V, =06v2, 3 =03, and a = 1 [for which the
“sweet point” conditions, Eq.(19), are fulfilled].
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of parameters, one in which the vortex has the same chirality, as shown in Fig. 11a, and the
other in which it has opposite chirality Fig. 11b, relative to the superconductor. The low-
energy states are superpositions of a localized zero mode at the vortex core, and a propagating
mode localized on the edge. The variations of the probability distribution of the edge mode
are proportional to the variations of the local DOS on the edge. As expected, the local DOS
is either enhanced (second row Fig. 1lc¢ and Fig. 11d) or suppressed (first row Fig. 1la,
and Fig. 11b) in the region of the edges close to the vortex. The vortex is incorporated in
our model by multiplying the order parameter by a spatially dependent phase factor such that
A(r) = Ae™®™) where (") = % The vector potential was taken to be A = 1 B(zg—yz).!

The Doppler shift effect is a signature of all the topological phases, by measuring the
tunneling current into the edge in the presence of a supercurrent J; along the wire direction.
Since, in the London gauge, J;, < A,, According to Eq.(24) the DOS depends linearly on the
current. This can be used to measure the velocity (amplitude and direction ) of the chiral edge

state.

5 Distinguishing between the different phases experimentally

In this part, we discuss ways to distinguish experimentally between the different phases shown in
Fig. 5, the results are summarized in Table 1. These phases can be divided into two groups: the
strong topological phases characterized by v # 0, and the weak topological phases characterized
by v = 0. Each of these phases is characterized by the appearance of Majorana modes at specific
momenta along the edge. The topological phase can be determined by measuring the tunneling
conductance from a metallic lead into the edges.

The strong phases are characterized by the presence of chiral edge states along any edge,
regardless of its direction. The weak phases, on the other hand, may have low-energy edge
states on a boundary along x, y, or both, depending on the values of the weak indices. Scanning
tunneling spectroscopy (STS) experiments, in which electrons tunnel from a point-like tip into
the sample, will detect a finite tunneling conductance at low energy on all boundaries in the
strong phase. Finding a finite conductance on a boundary along x but zero conductance on a
boundary along y (or vise versa) is a signature of a weak phase. In all cases, the bulk of the

system is fully gapped.

! We expect the splitting between the two eigenenergies closest to zero to scale as exp(—Ly/&,), where L,
is the size of the system in the y direction and &, is the corresponding coherence length. (We assume that
L, > &,.) The corresponding eigenstates are linear combinations of the localized Majorana state at the vortex
core and a Majorana mode bound to the edge. The next lowest energy scales as o L%, due to the finite size in
the x direction.
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Phases with different weak indices can be distinguished in momentum-resolved tunneling
experiments. One can imagine tunneling from an extended wire into the boundary of the sys-
tem, so that the momentum along the boundary is approximately conserved. A perpendicular
magnetic field can be used to control the momentum transfer in the tunneling process [34].This
way, one can isolate the contributions to the tunneling density of states from the vicinity of
k = 0 and k£ = 7 along the boundary. The tunneling in specific momentum corresponds to
the multiplication of two values of sp, with the same momentum in certain direction, which
corresponds to the accordant weak number |Eq.(6)]. For example, tunneling from a wire in
k, = m corresponds to multiplication of s )5 r), Which is the measurement of v, ..

Table 1 summarizes the different possible phases and their signatures in STS experiments,
as well as momentum-resolved tunneling experiments at momentum k£ = 0 or 7 along the
boundary. By combining these experiments, many of the phases can be distinguished from
each other. However, the 0:11, and 2:11 phases have identical weak indices (see Table 1), hence
tunneling experiments can not distinguish between them. In order to resolve them, one would
need additional experiments (e.g. a measurement of the thermal Hall conductance [4]). Notice,
however, that neither the 0:11 nor the 2:11 phases occur naturally in our coupled-wire setup
(see dashed region in Fig. 5). As discussed in subsection 3.2.1 the 2:11 phase can be realized

in a super-lattice structure, and appendix A describes a possible realization of the 0:11 phase.
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Tab. 1: Summary of the different phases, their edge properties, and their experimental signatures. The different

phases are labeled by the three indices v:v; vy », Where v € Z and vy , vy » € Zo. The strong index v
is given by Eq.(7), and the weak indices, v, » and v, ., are defined by the product of a pair of sr,’s [see
Eq.(6)]. The values of sp, in each phase are listed in the second column. The third column describes
the edge states. The edge properties can be determined from the sr,’s. For example, a low-energy
state appears along the edge parallel to z near momentum k, = 0 if s(9,0)S(0,~) = —1, and so forth.
In the upper table, the first line is the trivial phase. Lines 2-4 describe the weak topological phases,
which can be distinguished by measuring the local tunneling density of states at low energy on the
edges perpendicular and parallel to the wires.

The lower table lists the strong topological phases. These phases cannot be distinguished from each
other using a local tunneling probe, since they all have low-energy chiral modes on all edges. The
phases differ in the position of the edge states in momentum space (see Fig. 4). Hence, they can be
distinguished in a tunneling experiment from an extended wire, such that the momentum along the
edge is conserved in the tunneling process (as in the experiments of Ref. [34]). The momentum probed
in the tunneling experiment can be tuned by varying the flux between the wire and the edge of the
system[34].

(*) The 0:11 and 2:11 phases have identical weak indices. Therefore, they cannot be distinguished
by tunneling experiments. In order to resolve them, one would need additional experiments (e.g., a
measurement of the thermal Hall conductance[4]).
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Conclusions

In this work, we studied an array of weakly coupled superconducting wires with spin orbit cou-
pling. This system can be used to realize a rich variety of two-dimensional topological phases,
either of the “weak” or “strong” kind. One can tune between different phases using experimen-
tally accessible parameters, such as the chemical potential and the magnetic field. The strong
phases are anisotropic analogous to the chiral p + ip phase, and have chiral (Majorana) edge
modes at their boundaries.

In particular, there is a choice of parameters, such that the chiral edge states are almost
completely localized on the two out most wires. At this “sweet point”, the edge states on the
two opposite edges do not mix even in a system with few wires. Similarly, at this point in
parameters space, the Majorana zero mode at a vortex core is tightly localized in the direction
perpendicular to the wires, and resides only on one or two wires.

Each one of the topological phases has a unique signature in its edge spectrum. The different
phases can be distinguished in tunneling experiments into the edge. Moreover, density of states
of the Majorana edge modes is predicted to vary linearly with an applied supercurrent in the

wires.
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Appendices

A The topological phase 0:11

The topological phase 0:11 does not appear in the physical system of coupled wires, or in the
simplified model described in Sec. 2. One can imagine a different setup that realizes this phase,
such as the one presented in Fig. 12. Consider two layers of weakly coupled parallel wires,
rotated by 90° relative to each other. Initially, suppose that there is no coupling between the
two layers. One of the layers is in the 0:01 phase (i.e., adiabatically connected to a phase of
decoupled 1D topological superconductors oriented along the x direction), and the other is in
the 0:10 phase. If we turn on a weak coupling between the two layers, we get a single two-
dimensional system whose indices are the sums of the indices of the two constituents (modulo
2). The entire system is therefore in the 0:11 phase.

The 0:11 phase is characterized by having non-chiral Majorana edge modes at low energy
on edges along the x or y directions. More generally, on an edge directed along an angle ¢ such
that tan @ = p/q (where p, q are integers), there is a low energy Majorana mode if p + ¢ is odd.
This can be seen from fact that such an edge preserves translational invariance along (p, q). If
we turn off the coupling between all the wires (both within each layer and between the layers),
every unit cell of the edge contains p + ¢ Majorana zero modes. Upon turning on inter-wire
coupling, we get an edge mode that crosses zero energy at momenta 0 and 7 parallel to the
edge if the number of Majorana zero modes per primitive unit cell is odd. Otherwise, we can
pair the Majorana zero modes within each unit cell and gap them out.

It is interesting to consider the case of an edge such that tan6 is irrational. In this case,
the edge breaks translational symmetry, so we cannot define the number of Majorana modes
in a unit cell in the decoupled limit. On physical grounds, we expect to get a gapless mode in

this case, since we can approximate tan 6 by p/q arbitrarily well, with p 4+ ¢ =odd.

B Computation of the topological invariants in an array of coupled

quantum wires

The Hamiltonian Eq.(9) in momentum space is given by H = > LK)y, where k = (k,, k),

and

h(k) = &, + asin(k,) 1.0y + Vo, + [A 4+ Aycos(ky)] 7 + Bsin(ky) 1.0, (25)
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Fig. 12: Two layers of the model presented in Sec. 2, when one is rotated in 90°, in this
configuration the phase 0:11 can be reach.

Here, & = —2t,cos(k,) — 2t,cos(ky,) — . According to Eqgs.(6), the topological indices only
depend on the Hamiltonian at the high symmetry points I';. At these points, it is convenient
to transform to the Majorana basis: ¢¥r, = V~r,, where 71?2_ = ( X1 X2 X3 X4 ) (x1..4 are

Majorana operators) and

0 ¢ O
1 0 1 0 =1
V== 26
21 0 1 0 —i (26)
-1 0 ¢ O
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In this basis, the Hamiltonians at the high symmetry points are given by

1
Br, = VIHy,V = 57, (ér, + Veow — iAoy =

0 0 o+ Ve —A

0 0 A v,
L . (27)
2|~ ) A o0

A —(r, = V2) 0 0

The Pfaffians of Br, can be computed using the relation

0 a b ¢

pr| ¢ 0 e e e
b —d 0 f
—c —e —f 0

In our case, c = —A, d = A, a=0,d = ¢, +V,, and e = &, — V,. This gives sp, =
sign {i [Pf(Br,)]} = sign (¢, — V2 + A?). From this, the Z indices can be computed using
Eq.(6). It also enables us to produce the phase diagram as depicted in Fig. 5 up to the parity
of the Chern number using Eq.(8). We have calculated the Chern number numerically and
verified these conclusions. The calculation was done with periodic boundary conditions in both

directions, using the formula|3]:

V= % > ) casTr(P(k)0aP(k)Is P (K)), (28)

keBZapex,y

where P (k) is a projection operator on the negative energy bands, defined as P(k) = > |1,) (¢,
{En<0}

Substituting P (k) into Eq.(28), we arrive at Eq.(7). In Appendix C we give an analytical ex-

planation for the existence of the strong index v = 2 in the phase diagram.

C Explanation for the existence of v = 2 in the phase diagram

In order to understand the appearance of a phase with a strong index v = 2 in the model
described in Sec. 3, we analyzes the changes in the Chern number along a trajectory in the
parameters space V, — u. Along the line p = 0 and —co < V, < oo, the gap closes at
V, = £/A% + (2t, £ 2t,)? [see Eq.(12)]. At each of these points in the parameters space,

the closure of the gap occurs simultaneously at two points in the Brillouin zone. E.g., at
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V, = /A% + (2t, +2t,)2 = VS, the gap is closes at k = (0,0) and (7, 7), whereas at
V, = /A% + (2t, — 2t,)? = VS, the gap closes at k = (m,0) and (0,7). Near these points,

the low-energy part of the spectrum is linear (Dirac-like). Tuning V, away from V* Dirac

mass terms appear. The vicinity of each Dirac point in the Brillouin zone contributes sign(m)/2
to the total Chern number, where m is the Dirac mass. Thus, a sign change in the mass term
corresponds to a change in the total Chern number by 4+1. Below, we derive the form of the
linearized Dirac Hamiltonians at V, = V+ and the mass terms, which arise away from these
points, and shows that the Chern number changes by £2 as V, is swept through V +.

First, we project the Hamiltonian Eq.(25) to the two bands closest to zero energy. At the

critical point V, = V +, the zero-energy eigenstates are v{p = ( —1 0 # 0), vsp, =

( 0 # 0 1 > where I'y = (0,0) and I'y = (7, ), and & = —pu —2t, cos(k,) —2t, cos(k,).

The effective 2 x 2 Hamiltonians in the vicinity of I'; » and near the critical point V + are given
T

by Haxo(T';) = ( v#’ri ) H( Ui, V2T, ) (where ¢ = 1,2). Explicitly,

Yar;
VZ-VZ., al BA
HQXQ(Fl) = TG’Z — 76k$0'y — 7(5/%01,
HQXQ(F2) = TJZ + 75kx0y -+ 7(51@0}5.

Here, 0k =k — T;.

At sufficiently large V,, the strong index is v = 0. Crossing through V, = V+, the
contributions to the Chern number from I'; is given by

1 V-2 A?
Vry = Vr, = 581gn(2—vz’0+)81gn(?z2aﬁ) (29)
Therefore, the change in the Chern number from V, > V+ to V, < V* is Av = Avp, +

Avp, = —2. In the same way, tuning V, through V- from above changes the Chern number
by Av = 2.
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D Quasi-particle spectrum in the presence of orbital magnetic field

In this appendix, we will show that the density of states of the edge modes in the presence of an

orbital magnetic field (or a supercurrent parallel to the edge) is linear in the vector potential.

We consider a BAG Hamiltonian of the form H = § STl h(k, A)Wy, using the Nambu notation:
Kk

0l = (¢hio ¥t 1), and

h(k,A) = ;

Ak —O@HS(k, _A>Jy
Here, Hy(k, A) is the normal (non-superconducting) Hamiltonian, and Ay is the pairing matrix.
We note that the particle-hole symmetry is expressed in this basis as follows: C = 7,0, K. This

implies h(k, A) = —Ch(k, A)C. Hence, the spectrum should satisfy

E(k,A) = —E(—k,A) (31)

We now consider a semi-infinite system with periodic boundary conditions in the x direc-
tion and half-infinite in the y direction. The equations for the eigenstates acquire the form:
h(kyy A)| U (kzy A)) = Epy(kyy A) | (kzy A)), where h(k,, A) is a matrix whose indices are the
wire labels, and m runs over all the eigenstates.

Let us assume that there is a single Majorana edge mode at k, = 0 and that A = A,z.

Expanding the edge mode energy, Ey(k;, A;), near k, =0 and A, = 0, we get
Eo(ky, Ay) = Ep(0,0) + kyOk, Eolk,.A,—=0 + AzOa, Eolk,.A,—0 + kz AzOk, 04, Eolk, Ay—0 + - -+

Particle-hole symmetry [see Eq.(31)] requires that Ey(0,0) = 0 and 04, Fo|k, a,—0 = 0. We
denote v, = O, Eolk, A,=0, 0z = Ok, 04, Folk, .a,—0. The coefficients v, and §, can be calculated

using:

Ve = {©0|Ok, h|¢0), (32)

0z = O, (0|0, h|wo) = ({©0]0a, Ok, hlwo) + (Da, 0|0k, hlpo) +c.c.). (33)
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Substituting |04, p0) = > ‘“pm><§m|_aggh“po>, we can arrive to the following formula:
m7#0 "

Ok, P | om) (Pm|0a, b
(Ol Do) = 3~ 0l o O Rlw) 3
m7#0 m

In Eqgs.(32), (33), and (34), |¢,,) is evaluated at k, = A, = 0.
For the model described in Sec. 3, Ay = 542 A and Hy has the following form near k, = 0:

Hy(k, A) =t (k, — Ay)* — 2t, cos(ky) — p — 2t, + ak,o, + Bkyo, + V,0,.

In the sweet point, discussed in 3.2.2, the edge state at k, = 0 is completely localized on the
out most wire. In the limit V, > t,, 5, we can evaluate Eqs.(32), (33), and (34) perturbatively
in t,/V, and /V,. To zeroth order, we can replace the wave-functions |¢,,) (m # 0) with the
eigenstates of the decoupled wires (¢, = § = 0). Using the explicit form of the single wire

eigenstates, ¢y, j, ¥24,,; and their particle-hole partners [given in Eqs.(16) and (15)], we get

Ao
‘/zu

Uy = O‘<¢1|Tzay|@/}1> = (35)

E The effect of the orbital field on the “sweet point”

Here, we demonstrate that the "sweet point” condition [Eq.(19)] is not modified in the presence
of a small orbital magnetic field.
Let us consider a system with a uniform orbital field. The single-wire part of the Hamiltonian

is given by:
Hy = [ dhae,(hes 010,y — asin (s — 267) o, (36)
+Vtz¢]];z7j0-z¢km,j + Awl:x,j (iay)wikm + h.c..

Here, 27¢ is the flux per unit cell, and ¢;(k;, ¢) = —2t,cos(k, — 2m¢pj) — . We have used the
Landau gauge, such that A, = By = 27¢j.
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Applying the same procedure as in Sec. 3, the Hamiltonian matrix at k, = 0 is given by:

h;i(ky =0,¢) =¢;(0,9)1, + V.0, + asin(2r¢j)o, + AT,. (37)

For a sufficiently small orbital field such that ceBL, < A,V,? (where L, is the width of the
system), we can treat the orbital field perturbatively. To zeroth order in ¢, the single wire
Hamiltonian at the critical point [Eq.(14)] is diagonalized by a Bogoliubov transformation Wy,

specified in Eq.(16). In terms of the eigenstates ¢, ; and s, ;, the vector potential term is

A?(1 + s?)

W2W¢jw;km’jw;km,j + h.c.. (38)

—a2m gl oy, +he = ia
Here, s = i“”_ALVZ. Upon projecting the Hamiltonian onto the low-energy (v, ;) sector,
this term is zero as it couples 9y, ; and gy, j. Therefore, to first order in ¢, the inter-wire
Hamiltonian projected to the low-energy subspace retains the form of Eq. (18). Le., to first
order in ¢, the “sweet point” condition [Eq.(19)] is unaffected.

2 Taking o = AsoAso/h where \go is the a typical spin orbit coupling length and Ago is a typical spin

orbit energy. Since V, = gzihe, the factor B in the inequality condition cancels and we find the condition
Ago K %. For Ago = 100nm, L, = lum the requirement is Ago < 0.01g[K]. In the experiments
e y

[10, 9] this condition is only marginally satisfied.
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