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Abstract

The realization of topological superconductors (SCs) in one or two dimensions is a highly pursued goal. Prominent
proposed realization schemes for these phases include semiconductor/superconductor heterostructures and set stringent
constraints on the chemical potential of the system. The ability to keep the chemical potential in the required range while
in the presence of an adjacent SC and its accompanied screening effects, is yet to be demonstrated in two-dimensional
systems. In this work, we introduce a SC lattice in which the SC is deposited periodically on a one- or two-dimensional
sample. We demonstrate that a SC lattice is a practical realization platform for a variety of topological SC phases, which
overcomes the challenge of controlling the chemical potential. We show how zero-energy Majorana modes emerge at the
ends of a one-dimensional system proximity coupled to a one-dimensional SC lattice, and continue to present SC lattice
based realizations of two-dimensional topological phases. We show how one can stabilize a p, + ip, SC with chiral zero-
energy Majorana modes at its edges and obtain signatures of the gapless topological SC phase. In particular, we establish
that even when assuming the worst case of absolute screening, in which the chemical potential under the SC is completely
unaffected by the external gate potential, all of the above described topological phases can be achieved by tuning the
chemical potential in the areas not covered by the SC.
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Chapter 1

Introduction

1.1 Topological Superconductors and Majoranas

Topological superconductivity is a state of matter that received much attention in recent years, mostly because it is
associated with quasiparticle excitations which are Majorana fermions. It is still unclear if there are elementary particles
which are Majorana fermions, but they are likely to exist as quasiparticle excitations in certain condensed matter systems.
In these systems, the analog of a Majorana fermion is a collective excitation of elementary particles, that has zero energy
and is self conjugate. We will refer to these zero energy Majorana fermion modes as “zero-energy Majorana modes” or
simply as “Majorna modes” throughout this thesis. These Majorana modes are especially interesting due to their special
exchange statistics: They are non-abelian anyons [1]. This means, that unlike other known particle types where an
exchange operation merely has the effect of multiplying the wavefunction by a scalar factor, exchanges of Majorana modes
are nontrivial operations which in general do not commute. As they are excitations of a topological phase, Majorana
modes often present themselves as gapless excitations that reside at the edges of systems with gapped bulk spectrums.
This gap protects the excitation in the sense that in order to destroy the topological phase and become a trivially gapped
system without zero energy excitations, the gap must close. Their non abelian braiding properties, together with their
topological protection and their ability to store non-local quantum information, has placed Majorana modes as a promising
condensed matter candidate for the realization of fault tolerant quantum computation [2, 3, 4].

Being its own anti-particle means that a zero energy Majorana mode must be an equal superposition of an electron and a
hole state. It is natural to search for such excitations in superconducting systems, where the wavefunctions of Boguliubov
quasiparticles have both an electron and a hole component. However, the annihilation operator of a quasiparticle in an
ordinary s-wave SC has the form b = ucirr +vey, where ¢, annihilates a normal fermion with spin projection s =1 / |. This
annihilation operator is non-hermitian for any u,v due to the fermion’s spin structure. A SC with a “spin-less” form is
required, with excitation of: b = uc’ +vc, where v = u* would yield a self adjoint creation/ annihilation operator. Kitaev
[5] showed that indeed a one-dimensional SC made out of spinless electrons may host bound states that are zero-energy
self adjoint Majorana modes at its two ends.

In practice, electrons have spin, and so the realization of Kitaev’s spinless SC in a physical system is not straightforward.
However, it has been shown that several electronic systems can effectively behave as a spinless SC (or a topological SC),
due to a combination of Zeeman splitting, spin-orbit coupling (SOC), and proximity-induced s-wave superconductivity
[6, 7, 8, 9, 10]. Experimentally, several groups reported features consistent with Majorana end modes in a variety of
systems composed of semiconductor/SC heterostructures [11, 12, 13, 14, 15, 16, 17].

We shall briefly review the proposal for realization of topological superconductivity in semiconducting one-dimensional
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nanowires and semiconducting two-dimensional electron gases (2DEGs).

1.2 1D Majorana Realization

Consider a one-dimensional semiconducting nanowire with Rashba SOC, coupled to a conventional s-wave SC, placed in
an external magnetic field in the direction of the wire. The Hamiltonian of the system is given by:

2
H= /d:mp;f (x) [—281; — p+iadyoy + VZ%] Yy (x) + (Awl (x)wl (x) + H.c.), (1.1)

where m is the effective electron mass, « is the Rashba SOC constant, Vz is the Zeeman coupling due to the applied
magnetic field, p is the chemical potential and A is the induced pairing potential as a result of the superconducting
proximity effect. o; are Pauli matrices that act on the spin degree of freedom of ). Here and throughout the rest of the
thesis, we set i = 1. This Hamiltonian can be written in momentum space:

H= [dkV}HppaVy
Hppg = (%—M—OJW;O 7. + Vzo, + ATy (1.2)

Wy, = ( N L A >T7

where 7; the Pauli matrices that act on the particle-hole degree of freedom. To show how this model can effectively
resemble a spinless SC, we add each of the necessary ingredients one by one and examine their contribution. Without
a Zeeman field, SOC and superconductivity, the spectrum of the wire is given by a spin-degenerate parabolic dispersion
(Fig. 1.1a). Applying a Zeeman field would split the two spin bands (Fig. 1.1b), which for —V; < pu < V7 removes spin
degeneracy from the Fermi level. At this point electrons seem effectively spinless, however a conventional s-wave SC does
not induce pairing between electrons of the same physical spin. The SOC term solves this, rotating the spins at the Fermi
points in opposite directions (Fig. 1.1c¢). Finally, coupling to a conventional s-wave SC induces pairing of electrons from
a single band. If the induced pairing term is small compared to the splitting between the bands, we can project out the
upper band, remaining with a single nondegenerate band and thus realizing an effective spinless SC.

Beyond the limit of small pairing, by squaring the Hamiltoinian in Eq. (1.2) twice, we can obtain the bulk energy spectrum
of the system:

9 2 9 2
E,=+ (k - u) + (k) +VE+ A2+ 2\/[VZ2 + (ak)ﬂ (k - u) + VZA2, (1.3)
2m 2m

For non-vanishing SOC and induced SC, the gap closes only at k¥ = 0 when p? + A% — V2 = 0. This equation defines
a surface in the parameter space representing a phase transition surface, as the topological phase can not turn trivial
without gap closure. For p = 0 and A <« Vz we have argued that the model is effectively a spinless SC, thus it hosts zero
energy Majorana bound states at its ends. Therefore, one concludes that for p? < u% the system is topological and for
w? > pd it is trivially gapped, with:

pe =Vy; — A% (1.4)

1.3 2D Majorana Realization

Using the above described ingredients, the topological superconducting phase can be realized in two dimensions [8, 18, 19,
20], namely the p, +ip, SC. We analyze the Hamiltonian of a Rashba SOC 2DEG on the z —y plane, with a magnetization
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Figure 1.1: Spectrum of the Hamiltonian in Eq. 1.2 before considering induced superconductivity. (a) In the absence of
Zeeman field and SOC, the parabolic spectrum is doubly degenerate. (b) Applying a magnetic field, causes the spectrum
to split into two opposite-spin bands due to Zeeman coupling. (c) Upon considering spin-orbit coupling, the states on
the Fermi level acquire an anti-aligned spin component. Pairing of electrons in a single nondegenerate band is enabled by
induced superconductivity from a conventional s-wave SC. Thus, the system behaves as a topological spinless SC near the
Fermi level.

term in the % direction:
H, /d2r1/ﬁ (7) {— — 1 —ia (0yoy — 0yoy) + Vzo, | Ys (7)), (1.5)

where m, «, Vz, and u represent the same quantities as in the one-dimensional case. In this two-dimensional setup, The
Rashba terms above can be viewed as an effective magnetic field that aligns the spins in the 2DEG plane, normal to their
momentum. The addition of a Zeeman term to the SOC separated bands results in an avoided crossing which resembles
a gapped Dirac point at small momenta (Fig. 1.2). Similarly to the one-dimensional case, for || < |Vz| the electrons in
the quantum well occupy only the lower band and exhibit a single Fermi surface. The Hamiltonian in Eq. (1.5) can be
diagonalized in momentum space:

Hy = /ko [E+ (k) (E) b (E) v E_(k)w! (E) b (E)} : (1.6)

where ¢4 annihilate states in the upper/lower bands and obey [20]:

w(i%’)=¢>+()w+()¢ £) v (F)
o+ (¥) :( z: Hf ) (1.7)
- ()

By (k) = % — p V2 + (ak)? (1.8)

and the energies are given by:
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The addition of an s-wave SC adds a pairing term that is generated via the proximity effect:
Heo = / r [0} (7) 0] (7) + e (1.9)
which can be rewritten in momentum space in terms of ¢, as:
= 8 0L ()1 (-6) 5t ()01 (-6)+ il ()L (H) v ], 0
where using Eq. (1.7):

A (F) = f, () (B=) A (L.11)

One can see that the proximity effect generates interband s-wave pairing encoded in the first term as well as intraband
ps £ ipy pairing with opposite chirality for the upper/lower bands. As in the one-dimensional case, considering A much
smaller than the inter-band distance, the upper band can be ignored. In this case, the problem maps onto that of spinless
fermions with p, + ip, pairing, which is the most basic example of a topological SC supporting a single Majorana bound
state at a vortex core [21, 22]. Since the presence of a Majorana fermion has a topological origin, it cannot disappear as
long as the bulk excitation gap remains finite. Ref. [8] studies the unprojected Hamiltonian and shows the gap closes for:

pd = Vg — A% (1.12)

Thus, for u? < p2 the system is in the topological phase and for p? > p2 it is in the trivial one.

1.4 Gapless Topological Superconducting Phase

Another relevant two-dimensional phase is the gapless topological SC phase [24]. This intrinsic gapless SC phase, hosts
well localized edge states that coexist with a gapless bulk. The proposed realization for this phase involves a 2DEG with
Rashba SOC, with a Hamiltonian similar to the one in Eq. (1.5) and proximity coupled to an s-wave SC. The twist in
this case, comes in the form of a modulated magnetization term which instead of the Zeeman term reads: :

Hon = [ 1o} (7) (macos (@) b (7) (1.13)

with @ = 2kp , where kp is the Fermi momentum of the outer Fermi surface. For weak superconductivity, i.e. |A| < |m],
it can be shown that one part of the Fermi surface is gapped by the magnetization and the other part is gapped by
superconductivity [24]. Therefore, the nature of the gap changes along a path in momentum space and the gap is closed
at the point of change. The band structure for |A| < |m| with open boundary conditions in the & direction is shown in
Fig. 1.3. Two distinct gapless Dirac nodes are visible, as well as edge modes localized at the boundaries. These localized
edge states indeed coexist with a gapless bulk, however they are protected by conservation of energy and momentum.
Practically, For clean enough systems these edge states exhibit quantized thermal conductance and cause an enhanced
local tunneling density of states (LDOS) near the edges, even when the LDOS at the bulk is non-zero.
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Figure 1.2: Spectrum of the Hamiltonian in Eq. (1.5). The gray surface represents the band structure of the Rashba
SOC band in the absence of a time reversal breaking Zeeman field, while the blue surface represents the spectrum in the
presence of such a field [23]. A low momentum massful Dirac cone emerges when the Zeeman field is applied in the 2
direction.
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Figure 1.3: Topological SC phase characteristic signatures. (a) Band structure of the Hamiltonian from Eq. (1.5) with
open boundary conditions in the & direction, coupled to an s-wave SC and subjected to a modulated magnetization [24].
a is the lattice spacing and ¢ is the hopping term of the tight binding model used in Ref. [24]. The bulk spectrum is
gapless at all energies, however the edge modes are clearly separated and are protected due to momentum and energy
conservation. (b) Edge state wave functions that appear along the the § direction.
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1.5 Gating in the Presence of a Superconductor

Naturally, proposed realization schemes for all of the topological SC phases presented above include conventional SCs,
placed in proximity to various non-SC systems. In addition, in most proposals to realize such phases, the chemical
potential of the system must reside in a specific and limited domain in order to facilitate the topological phase. These
two requirements pose a great experimental challenge, as they effectively counter one another. When the system is in
the presence of a SC that is close enough to enable the desired proximity effect, controlling its chemical potential with
a gate is usually difficult due to screening by the SC, that can effectively weaken and even eliminate the effect of the
external potential. In commonly used materials, there is a work function difference between the SCs and semiconductors,
that implies that proximity between these materials causes transfer of electrons into the semiconductor. This is the cause
for the often measured increase in the chemical potential of the semiconductor, as measured from the bottom of the
conduction band, when placed in proximity to a SC.

In one-dimensional systems, the gating challenge was addressed by partially covering the nano-wire with the SC, which
enabled some control of the electron density under the SC contact [11]. Recently, another approach was employed, of
growing the SC as an island on the semiconductor [25], improving the ability to control the chemical potential via gate
voltage due to the fact the SC is floating rather than grounded. Finite size floating SC islands may lead to a set of
phenomena related to the charging energy of small systems. In this Thesis, we assume that the effective coupling between
the SC islands is strong enough so the the charging effects can be neglected.

None of the above described two-dimensional SC phases have been experimentally observed. Currently, experimental
efforts are focused on creating SC contacts to 2DEGs that enable good coupling, and possess diminished electron flooding
properties. The ability to perform successful gating and to constrain the chemical potential to the domain required for
the topological phase, is yet to be demonstrated in two-dimensional systems.

In this work, we propose addressing the challenge of gating by employing a SC-lattice geometry. In a SC lattice, the SC is
deposited periodically on the sample, as is depicted in Fig. 3.1. In this apparatus, the electrostatic screening caused by the
SC occurs only in certain spatial positions. In other spatial positions, which are not in proximity with the SC, the chemical
potential is more easily controllable by the gate. Previous works proposed lattices of alternating chemical potential [26]
and one-dimensional periodic structures of alternating SCs and gates [27, 28, 29, 30] as realizations of topological SCs.



Chapter 2

Goals and Thesis Outline

In this work, we introduce a SC lattice in which the SC is deposited periodically on a one or two-dimensional sample. We
demonstrate that a SC lattice is a practical realization platform for a variety of topological SC phases, which overcomes
the challenge of controlling the chemical potential of a system that is proximity coupled to a SC.

We begin in section 3, by describing the methods we use in order to obtain our results. In section 4.1, we show that
zero-energy Majorana modes emerge at the ends of a one-dimensional system proximity coupled to a SC lattice. We
analyze different regimes of the ratio between the SC lattice unit cell size and the Fermi wavelength of the system, and
demonstrate that choosing them to be of the same order provides an optimal accessibility to the topological regions, while
maximizing the gap which protects the Majorana bound states. Furthermore, we show results for a scenario in which the
SOC exists only in the regions covered by a SC, which can resemble the case of a one-dimensional system composed of
light chemical elements, such as a Carbon nanotube which has no substantial SOC, covered by a SC lattice composed of
a heavy SC such as NbN.

In section 4.2.1, we show that zero-energy Majorana modes appear at the edges of a two-dimensional system proximity
coupled to a SC lattice. Here too, we discuss a relatively practical case in which the SC lattice unit cell dimensions are
of the order of the Fermi wavelength. We show that while the gap of the system is somewhat diminished, compared with
the case of a uniform SC, the SC lattice platform allows to tune into the topological phase by controlling the potential
only in the normal non-SC regions.

In addition, in section 4.2.2, we propose a relatively simple realization scheme for the gapless topological SC phase, that
involves a 2DEG with strong SOC proximity coupled to an s-wave SC, in the presence of in-plane magnetization. The last
feature allows the topological SC phase to be experimentally accessed using in plane magnetic field, that does not entail
orbital effects. We show that proximity coupling the SC in a super-lattice geometry to this system, rendering the chemical
potential requirement experimentally achievable, provides well localized edge modes coexisting with a gapless bulk.

In particular, we demonstrate that even when assuming the worst case of absolute screening, in which the chemical
potential under the SC is completely unaffected by the external gate potential, all of the above described topological
SC phases can be reached. We study how varying experimentally controllable parameters such as the magnetic field,
the chemical potential in the normal regions and the lengths of the SC and normal regions, allows to tune into these
topological SC phases. Moreover, we establish that these phases are sustained over finite and substantial regions in the
space of tunable parameters, exemplifying the known robustness of topological phases. We attempt to address some
experimental considerations and to provide prescriptions regarding length scales, materials and geometries to be used.

In chapter 5, we present experimentally accessible signatures of these topological SC phases, and propose a realizable
Majorana braiding procedure that utilizes the periodic nature of our SC lattice scheme. Finally, in chapter 6 we conclude.

10



Chapter 3

Methods

3.1 Analytical Model

3.1.1 One-Dimensional Superconducting Lattice

In order to address the gating issue, we consider a scenario in which the SC is periodically deposited in a super-lattice
geometry on a one-dimensional system, as depicted in Fig. 3.1a. We analyze a one-dimensional wire with Rashba SOC,
placed in an external magnetic field and covered by a SC lattice. The Hamiltonian of the system is given by:

H = [ dog] () [~ 32 — 1 (2) +iad0, + Vo | b (2)
(3.1)
+ (A () ¢ ()] () + Hc)

where m is the effective electron mass, « is the Rashba SOC constant, Vz is the Zeeman coupling due to the applied
magnetic field, u () is the spatially dependant chemical potential and A () is the spatially dependant induced pairing
potential as a result of the superconducting proximity effect. o; are Pauli matrices that act on the spin degree of freedom
of 1. For uniform p () = po and A (z) = Ag, this Hamiltonian resembles the Hamiltonian in Eq. (1.1), which was shown
to be in the topological phase for: |uo| < \/V7 — A% = uc.

In actual experimental setups, the chemical potential of a semiconducting wire coupled to an s-wave SC is typically much
higher than pc, due to the work function difference between the SC and the wire. In the absence of control over the
chemical potential (for instance, due to screening), the system will remain trivial.

We model the SC lattice in Fig. 3.1a by choosing the spatial profile of the pairing potential A (x) = Ag - f (z) to be:

f(z) = Zj rect (LLS —-j-L)=>, fa,exCn (3.2)

fo. = Gpsine (S52).

where L and Lg are the lengths of the super-lattice unit cell and the SC segment inside each unit cell, respectively.

G, = Q“T” , n € Z is a general inverse lattice vector for the super-lattice, and fq, is its corresponding Fourier component.

The functions rect(z) and sinc(z) are given by:

11
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Ls,
L

(a)

Figure 3.1: A schematic illustration of a system covered by a SC lattice in (a) one dimension and (b) two dimensions.
Under each system is an enlarged picture of a unit cell of which the super-lattice is composed, where lengths and quantities
are marked. Red color marks regions with induced SC due to contact with a SC, while blue marks normal regions not in
proximity to a SC. The red regions have an induced pairing of Ay and a chemical potential ug. The blue regions have no
induced pairing term, and a chemical potential puy. The chemical potential values to be used for ug and puyn are given by
the distance between the bottom of the conduction band in the respective regions to the general electro-chemical potential,
which is uniform in equilibrium.
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0 for |z| > 0.5
rect(z) = ¢ 0.5 for |z[=0.5
1 for |z| <0.5 (3:3)
sinc(z) = sin(rz)

T

We would like to assume nothing regarding the ability to control the chemical potential in the regions covered by a SC,
which we denote as ug. Specifically, we model a scenario where ug is unaffected by an attempt of gating it due to screening
by the SC. On the other hand, we assume that the chemical potential in the normal regions not covered by a SC, which
we denote as uy, can be controlled by an external gate, as they are not in proximity to a SC.

Overall, we analyze a spatial distribution for the chemical potential of the same form as the pairing potential distribution:
w(x) = ps-f (x). We choose us > uc, and the form of f(x) dictates ux = 0 which obviously upholds the required condition
for the topological phase given in Eq. (1.4). It is noteworthy, that the chemical potential values to be used for ug and
un are the distance between the bottom of the conduction band in the respective regions to the general electro-chemical
potential, which is uniform in equilibrium.

Let r = Lg/L < 1 be the fraction of the unit cell covered by a SC. Bellow, we will compare the modulation period of the
SC lattice to a characteristic Fermi wavelength. For an estimation of this wavelength, we diagonalize the Hamiltonian in
Eq. (3.1) for A(z) = 0 and a constant average value of the chemical potential i = rug+ (1 —7)un. The Fermi momentum
and wavelength of the outer band are:

kg = \/2m2a2 +2mfi + 2m\/VZ + m2a* + 2ma?p

(3.4)
A= Z.
In the presence of these periodic potentials, the Hamiltonian of the system written in momentum space is:
™ _ 2
H =[5 b {0l _q, [9525 — alk - Gu)oy + Veo:] don-a, s
n 3.5

JFAOfG,,@/J};kwIGn_k Jr:quanikwIk—G" + H.c. } .

We keep only the zeroth and first harmonics of the periodic potential, which essentially means we approximate it to be a
cosine plus a constant potential in real space. Thus, we neglect any matrix elements that correspond to momenta of G4
and higher. The topological properties of the system are weakly affected by this approximation for L < A [31], since the
neglected matrix elements alter the spectrum at high energies. For L ~ A, we will use a tight-binding approximation (see

T
section 3.2) rather than the formulas derived below. Defining the Nambu spinor ¥y, = ( Uity Yy, 1[[“, —q/;im ) ,

we make an approximation valid for L < Ag where only the bands at G,, with n = 0, £1 are kept and the Hamiltonian
becomes :

L f gt hio
H=3 f—L% dk ( \I/k+G71 vy, ‘I’k+G1 ) H(k) Uy,
Yita, (3.6)
ho (k' + G_l) h1 0 ’
H(k) = h_q ho (k) hy ,

0 h,1 h() (k+G1)



CHAPTER 3. METHODS 14

where the uniform and the first harmonic terms are:

ho(k) = (% - fGoMS - Osz'y) T+ Vzo, + ngAOTw
(3.7)

hii = fG;UAOTw - fG:tl/’LSTza
with 7; the Pauli matrices that act on the particle-hole degree of freedom. Overall H (k) is in this case a 12 x 12 matrix,
in the space of spin, particle hole and inverse lattice vectors degrees of freedom. The zeros in H (k) originate in the
approximation of the potential to a cosine potential in real space. The fact that it is only of size 3 x 3 in the inverse lattice
space is due to keeping only the first momentum space replicas [32]. It is noteworthy, that the zeroth Fourier component

fco, appearing in ho(k), is equal to the average of the distribution f (z). This means that in effect, for any amount of
harmonic terms kept in the periodic potential, fq,pus = rus and fa, Ao = 1.

In order to investigate the topological properties of this Hamiltonian, we note its symmetries. It obeys a time reversal
symmetry given by 7 = k, where k stands for complex conjugation. The Hamiltonian upholds:

PH (k)P = —H(—k), (3.8)

where P is the particle-hole operator given by P = Ak, and A is given by:

0
A=10
1

o = O

1
0 | ®iry ®oy. (3.9)
0

P and T square to the value of +1, therefore the system is in class BDI of the topological classification given in [33], and
is characterized by a Z topological invariant [34, 35]. We are only interested in the parity of this Z topological invariant
[36], which has been shown by Ref. [37] to be equivalent to the Zs topological invariant of class D given by [5, 38]:

P = sgn {Pf[AH(k = 0)]} - sgn {Pf [AH(k - %)} } . (3.10)

3.1.2 Two-Dimensional Superconducting Lattice

For the realization of the two-dimensional topological SC phases, we consider a 2DEG with Rashba SOC, in the presence
of a Zeeman field, covered by a SC lattice, as depicted in Fig. 3.1b. The Hamiltonian describing the system is given by:

H = [ ()|~ 5 — 5 ()~ i 0,0 — ) + V2d 0] b ()

3.11
+(A @ vl (e () +He.), 341

where m, a, Vz, u, and A represent the same quantities as in the one-dimensional case. Below we consider separately the
case of d = Z (perpendicular) and d = § (in plane). The two cases give rise to a p, + ip, topological SC phase and a
gapless topological SC phase, respectively.

3.1.2.1 Topological p, + ip, Superconducting Phase

We first discuss the realization of the p, + ip, topological SC phase, where the magnetization term in the d = 2 direction.
In our analysis we disregard orbital magnetic effects that would be present when applying a perpendicular magnetic field.
A Zeeman term without such effects can be achieved by proximity coupling the system to a ferromagnet. Alternatively,
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the p, + ip, phase can be realized with an in-plane magnetic field in a system with strong Dresselhous SOC (such as
a 110-grown InSb quantum well) [20]. For simplicity, and since the emphasis of this thesis is the use of a SC lattice
to address the gating issue, we focus solely on a Zeeman term in the perpendicular direction. For further discussion of
experimental considerations, see section 5.2.1.

For uniform p () = pp and A () = Ay, the Hamiltonian in Eq. (3.11) resembles the system analyzed in Section 1.3, that
has been shown to be driven into the topological p, + ip, SC phase for |uo| < /V;7 — A3 = uc [8]. We model the SC
lattice in Fig. 3.1b. by choosing the spatial profile of the pairing potential A (¥) = A - f () as:

£ =X yareet (25 =5 L) et (2 =1 Ly) = 5000, 070

y

5 ‘ 5 (3.12)
fa,, = Lszéjy - sinc <(G"”")1LS’”) - sinc <7(G"””)yLSy)

n,m L, 27 27 ’

where L, L, are the lengths of the super-lattice unit cell and Ls,, Lsy are the lengths of the SC segment inside each unit
cell in the & and g directions, respectively. én)m = (i—’:n, i—:m) , n,m € Z is a general inverse lattice vector for the
super-lattice and f@n)m is its corresponding Fourier component. As in the one-dimensional case, we will analyze a spatial
distribution for the chemical potential of the same form as the pairing potential distribution: pu (¥) = o - f (¥), where we
choose |po| > |uc| , resulting in |ps| > |pc| and pux = 0.

In the presence of these periodic potentials, the Hamiltonian of the system written in momentum space is:

2m

0 (b = Gyl = (e = Cum))on) + Vo] i, (3.13)
4—A()f§mn1/)ﬂ;zZJl a it H.c.
tuofg, Wil 5 +Hel.

. i (G 2 —(G 2
H — f—LZLl dk’x f—LZLy dky{ ZszEf@mm |:(kf (Gnm)r) +(ky (Gn,m)y) _|_

As in the one-dimensional case, we keep only the zeroth and first harmonics of the periodic potential, neglecting any

matrix elements that correspond to momentum transfer of over max (2%, 2 ). Defining the Nambu spinor
z y

T -
Ve = < ’(/}ET7 wl?i’ ’(/JT_E¢, —wT ) , we keep only the bands at G, ,, with n, m = 0, £1 and the Hamiltonian becomes:

—kt
\I,E+éo,71
H=1 (" dk, % dk, ( ! i ot wl | wt H %Tpé”"
-2 f*ﬁ z f*LLy Y ( E+Go._1 k+G_1.0 E k+Gio k+Goa ) k k
\PE+61,0
\I’E-i-éo,l
ho (k + GO,,l) 0 hY 0 0 (3.14)
0 ho (E + 6_1,()) T 0 0
H = R K, ho (k) hi hY ,
0 0 h, o (12:'+ GH,O) 0
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where the uniform and the first harmonic terms are:

hO(E) = (Lz - f@o,o “Ho — a(k$0y - kyo—”ﬂ)> T + Vz0,

2m
+fé070 : AOTz
x (3.15)
h:tl = féil,o “AoTy — féil,o CHOT2
hz;/tl = féo,;tl : AOTw - féo,:tl CHOTz-
The Hamiltonian upholds PHE7771 = —H_j, with the particle-hole operator:
0 00 01
0 0010
P=]1001 0 0 |®ir,®oyk, (3.16)
01 0 0O
10 0 0O

which squares to +1. It does not obey time reversal symmetry, so it is in class D of the topological classification given in
Ref. [33]. In two dimensions, this implies a Z invariant [34, 35] given by the Chern number:

Z / dk, / o dkyIm (B, pn| Ok, Pn) - (3.17)

where ¢,, are the eigenstates of the Hamiltonian in Eq. (3.14), and the sum runs over the negative energy bands. From
computational efficiency considerations, we follow Ref. [39] for calculating the parity of the Chern number as the sum of
weak indices. We verify the actual value of the Chern number by calculating the integral in Eq. (3.17) for a representative
point within each gapped region in the parameter space.

3.1.2.2 Gapless Topological Superconducting Phase

We will analyze the Hamiltonian in Eq. (3.11), with in plane magnetic field in the direction d = §. In order to look for a
signature for the gapless topological SC phase, we will analyze a system with open boundary conditions in the g direction.
Gapless states localized at the edges of the system, clearly separated in momentum or energy from the bulk states, will
be the hallmark of this phase. An experimentally accessible signature for this phase, will be an enhanced LDOS near the
edges of the system.

The LDOS is by definition given by a sum of delta functions at the eigen-energies E,, of the Hamiltonian, weighted by
their corrisponding eigen-functions:

3 E) = Z|¢m(7j)|25 (E - Em)

We define the retarded green’s function:
i (7) P (77

- B, + ”]
(3.18)

n—0t

G(7,7,E) = lim (7|[E — H +in]” 1|ﬁ>:n13g+z<mm><m| [E— H +in)]”" |m/)(m!|F) = Jim Z
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Using the relation d(x) = —%Im [limn%m ?1“7} we find that the local density of states is give by:
1
N(7, E) = —=Im[G(7, T, E)]. (3.19)
™

The LDOS will be used to demonstrate the emergence of edge states in all of the topological phases.

3.2 Tight-Binding Model for Simulations

3.2.1 The Model

The tight-binding model will allow us to numerically evaluate the topological invariants, as well as the LDOS of the zero
energy excitations, for a general form of the spatial distribution of the SC lattice. In this section we present the method of
finite differences as a technique to discretize the Hamiltonian of a continuous system. This is obtained by discretizing the
Hamiltonian on a lattice, where the lattice spacing is chosen such that it is smaller than the relevant physical parameters
of the system, as the Fermi wavelength, the SOC length etc. The lattice sites themselves do not in general correspond to
an atom, but describe a region of the system in a coarse graining sense. It is noteworthy, that the tight-binding lattice
sites are not directly related to the above discussed super-lattice model this work presents.

3.2.2 One-Dimensional Tight-Binding

The scheme for discretizing the one-dimensional real space Hamiltonian given in Eq. (3.1) is as follows. A lattice with
a lattice parameter a is introduced, which defines the lattice points x = na , n = 1,..., N. N is the number of sites, and
Na represents the physical length of the entire system. The lattice creation operators are related to the operators of the

continuous case by:
1

Yl (= na) — %CLS. (3.20)
The derivative operators are then approximated by the method of finite differences:
0z f () a%[f(w+a)—2f(fr)+f(w—a)]~ '
Converting all integrals into sums [ dz — > , the Hamiltonian in Eq. (3.1), with the spatial profile of A and
xTr =
n=1 N

geeey

1 as given in Eq. (3.2), is mapped to:

Hy= 3, cn s€niss'Cn,s’ T [Chstss Cnst,s +hoc] + 30 [AnCIL;TCL;i + h.c.
n

7166

€nss’ = (2t — ,Un) ass’ =+ VZU?S’

togr = —t0gg — iuags/ (3.22)
Hn = :uofn
Ap = Aofn

=2 rect (2% —j- L),
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where t = 1/2ma® and u = a/2a . t,s represents the hopping amplitude between the sites of the wire, with the —td,,
term originating in the kinetic term, and —iuc?,, originating in the Rashba SOC term. Notice that the periodic nature is
preserved, where each unit cell is now composed of L/a sites of which Lg/a are in proximity to a SC (we assume L and
Lg are integer multiples of a).

In order to model real experimental systems using tight-binding Hamiltonians, we can relate the tight-binding parameters
t,u to the physical parameters used in experiments. The SOC energy and length are given by:

2

Eso =

(3.23)

—aqt
ZSO = au.

Given physical values for Eso, L and m, and specifying a number of unit cells, we can compute all the tight-binding pa-
rameters. In order for the tight-binding model to accurately describe its continuous counterpart, we require the bandwidth
4t to be larger than all other energy scales in the system: 4t > Fgo, A, V., po.

The Fermi wavelength in terms of the tight-binding parameter a, is calculated similarly to Eq. (3.4), and is given by:

_ 21/2
N 20

— 27
)\F—kF.

3.2.3 Two-Dimensional Tight-Binding

The extension of the tight-binding procedure to two dimensions is simple. a, and a, define the lattice points x = na, and
y = ma, . The indices n and m count the sites between 1 and N,, Ny, in the £ and g directions respectively. Thus, N a,
and Nya, represent the physical lengths of the system in these respective directions. The Hamiltonian in Eq. (3.11), with
the spatial profile of A and p as given in Eq. (3.12), is mapped to:

— Y
Hy, = Z c;fl,m;senm;sslcn,m;sl + [C;fl,m;st?s’c’f”rl,m;s' + hC] + [ciz,m;stss’cmerl;S' + HC] + Z [An;mcl,mﬁ‘cjz,m;i + HC:|
n,m,s,s’ n
€nm;ss’ = (Qt - Unm) 0ssr +Vzd - o5y
1%, = —tdsy —iuc?,,
tY ., = —tdss + tuct,

HUnm = MOfnm
Anm = AOfnm

frm = zl:rect (% -7 Lx> - rect (T;ly’ —1. Ly> .
Js

(3.25)

3.2.4 Super-Lattice Momentum Space

We will utilize the periodic nature of the super-lattice potential for analyzing the topological properties of our tight-binding
Hamiltonians. To do so, let us write a general tight-binding model for a periodic system:

H= Z cj,,jh (r—r",4,5") e jo. (3.26)

rrl i’
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Where the 7, 7’ indices represent the unit cell index and the j, j* indices represent the sites inside each unit cell including all
of their degrees of freedom (site index, spin, particle-hole). The matrix element h depends only on the difference R=r —r’
due to the periodic nature of the super-lattice. The Hamiltonian in the space of momentum which corresponds to the
super lattice unit cells can be written as:

H= 3 cf;hi (5.5 ek
kg’

hie (g = Y PR (R.4,5) (3.27)

For nearest neighbors hopping models such as the one presented above, h (R, j,j’) is non-zero only for R = 0,4+1. The
information describing the internal structure of the unit cell will reside in h (0, , j'), and the hopping between neighboring
unit cells elements will be in h (£1,7,5’). If n* is the amount of sites composing a unit cell, k runs between —m/n*a and
7/n*a, while the usual tight-binding momentum defined for uniform systems which runs between —m/a and 7/a. Thus,
the tight-binding equivalent of the Zy invariant given in Eq. (3.10) would be:

P = sgn {Pf[AH(k = 0)]} - sgn {Pf [AH(k —_— )} } , (3.28)

n*a
with P = Ak the particle-hole operator and A is given by:

A = Lgjtes ®iTy ® 0y, (3.29)

where 145 is the identity matrix in the space of tight-binding sites.

The extension of this super-lattice momentum space treatment to two dimensions is similar to the one-dimentional case
shown in Eqgs. (3.26) and (3.27), and it results in a two-dimensional momentum space Hamiltonian hj. If ¢, are the
eigenstates of hg, the Z topological invariant is given by Chern number:

1
=1y
q

where the sum runs over the negative energy bands. An illustration of the super-lattice unit cell and momentum is
presented in Fig. 3.2.

° dk, / " dkeyTm (O, gl Ok, Vg ) » (3.30)

_
L(I‘/
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Figure 3.2: An illustration of a tight-binding unit cell and the momenta corresponding to the super lattice periodicity.
Red sites represent regions with induced SC due to contact with a SC, blue sites represent normal regions not in proximity
to a SC. (a) A one-dimensional tight-binding model of the super-lattice unit cell. The additional hopping term between
the first and last sites which rises from Eq. (3.27), represents the hopping between adjacent unit cells that receives a te'*
factor, where k is the super-lattice momentum. (b) A two-dimensional tight-binding model of the super-lattice unit cell.
In this case, each site located on one of the edges has a hopping term to the opposite edge, which represents the hopping
between adjacent unit cells and is multiplied by the corresponding t/e?*s factor. k; is the super-lattice momentum in the
direction j.



Chapter 4

Results

4.1 One-Dimensional Phase

4.1.1 Results for L <« \p

We investigate the phase diagram of the system depicted in Fig. 3.1a in the limit where the unit cell is much shorter than
the Fermi wavelength, L < Ap. In this limit, one expects that the electrons effectively experience the average values of
wu(x) and A(z). A similar effect was concluded in Ref. [42] in the case of a SC-ferromagnetic super-lattice. Observing Eqgs.
(3.6) and (3.7), L < Ap implies that hy; can be disregarded. Recalling that fg, = r (see Fourier component definition
in Eq. (3.2)), we can indeed expect the effective values of the chemical and induced pairing potentials to be their spatial
average:
p=rps+(1—r)uN
A = ’I“A(). (41)

We begin the analysis by examining the case where uy is tuned to 0 by a gate potential. In this L < Ap limit, we expect
the phase transition to occur at [9, 10]:
r? (A + pd) = Va. (4.2)

In Fig. 4.1a we present the topological phase diagram as a function of the Zeeman field, Vz, and chemical potential, ug,
calculated according to Eq. (3.10). Indeed, for A\p ~ 1/ma and Lg = L/3 < Ap, the phase transition follows the line
Vz = 1/3y/(A§ + p3), marked in red. The green line marks the line Vz = /(A3 + p2) , which would have been the
topological phase transition if the wire was uniformly covered by a SC, according to Eq. (1.4). The difference between the
two lines represents the enlargement of the topological section in parameter space, due to the reduced averaged chemical
and induced pairing potentials in the case of the SC lattice. ug is by assumption and in practice larger than the threshold
value of \/V;7 — A3, which is required in order to achieve a topological phase in a wire uniformly covered by a SC which
induces a coupling Ag. Furthermore, pg is hard to control due to the above described gating issues caused by the proximity
to the SC . An attempt to reach the topological phase by increasing Vz might suppress the superconductivity, as the critical
field of the SC may be reached. The factor of r < 1, that appears in Eq. (4.2) due to the periodic application of the SC
onto the wire, allows the system to be brought into the topological phase for weaker magnetic fields and for higher values
of ug, as is clearly demonstrated in Fig. 4.1a.

The “price” of this accomplishment, comes in the form of a reduction in the size of the gap protecting the Majorana bound
states. For an effective pairing potential of A = rA, we expect the a gap of about A far enough from the phase transition

21
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Figure 4.1: Results for a one-dimensional system such as depicted in Fig. 3.1a, in the limit L < A\p, exemplifying that a
topological SC phase with Majorana bound states localized at the system’s ends can be reached for a system in proximity
to a SC lattice. (a) The topological invariant P as a function of the Zeeman field, Vz, and the chemical potential of the SC
regions, ug, calculated according to Eq. (3.10), for L ~ Ap/100, Ls = L/3 and Eso = 1.5A¢. This ratio between Ego and
Ay is in accordance with Ref. [12]. The Fermi wavelength, Ap, was calculated according to Eq. (3.4) [40]. The topological
P = —1 region is marked in dark grey and the trivial P = 1 region is marked in light grey. The phase transition line is
marked by the red line. As expected in this . < Ap limit, the phase transition follows that of a uniform distribution
with modified effective parameters ji = rug and A = rA, given by Eq. (4.2) with r = Lg/L = 1/3. The green line
follows Eq. (1.4) and represents the phase transition line for a case where the system is uniformly covered by a SC. An
extension of the topological region into lower zeeman fields and higher values of the chemical potential due to the SC
lattice is observed. (b) The excitation energy gap normalized by Ag. As expected, the gap closes at the phase transition
between the trivial and topological phases. The gap in the topological phase far enough from the phase transition line
has the expected [41] diminished value of approximately E, = rA due to the SC lattice. (c) The LDOS of the states
inside the gap in arbitrary units, calculated according to Eq. (3.19). A tight-binding simulation was used, of a finite wire
of length 30 - lso, where the spin-orbit coupling length was calculated according to Eq. (3.23). The SC lattice unit cell
size was taken to be L ~ [go and the fraction covered by a SC was kept at Ls = L/3 < Ap. The LDOS is shown for two
points marked in Fig. (a). Light blue represents point A: (us = 2A¢, Vz = 1.24), located well above the phase transition
line where the gap is approximately A, while dark green is for point B: (us = 24, Vz = 0.8Ag) which lies close to the
phase transition where the gap (shown in Fig. (b)) is small. One observes Majorana bound states, localized at the ends
of the system. The localization length of the Majorana states is smaller when the gap is larger, as expected. As can be
seen in Fig. (a), for both these points a system uniformly covered by a SC would have been in the trivial phase. (d) The
topological invariant P, as a function of the chemical potential in the normal and SC regions, un and pg, for L ~ Ag/15,
Ls = L/3. Ar was calculated according to Eq. (3.24). The phase transition line clearly follows Eq. (4.3) with r = 1/3,
which is marked by the red line. Note, that since uy is tunable we are able to obtain the topological phase even when

Hs > pe-
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line [41]. The simulation presented in Fig. 4.1b shows that this is indeed the case. Fig. 4.1c shows the tight-binding
simulation for a system with open boundary conditions (see section 3.2). The LDOS of the states inside the gap is shown
for two points marked in Fig. 4.1a, with the Majorana bound states clearly visible at the edges of the wire. Both points
are located between the red and the green lines in Fig. 4.1a, meaning that for these parameters a system uniformly covered
by a SC would have been in the trivial phase.

In order to investigate the effect of the gate potential, we assume that only uy is affected by it. In the L < Ap limit,
changing un would mean altering the effective chemical potential according to Eq. (4.1). Within the approximation of the
effective parameters and for a given unchangeable ug, one can reach the topological phase when tuning uy to the region:

r VZ 2 r VZ 2
—us— /[ 2) a2 L Z) _az). 4.
| s <T> o) <mv<y— | -mst (T> 0 (4.3)

Fig. 4.1d shows, for a system with periodic boundary conditions, that by bringing down pyx with a gate potential one
can compensated for high ug, when L < Ap. This is simply due to the fact that the resultant effective potential upholds
=2 2 _ A2
ne < Vi — A2

4.1.2 Results for L 2> \p

The picture in the L < Ap limit is neatly mapped into a solved uniform problem, with the super-lattice affecting the
values of the effective parameters fi and A. However, in many practical systems, the relevant length scales for the unit
cell shown in Fig. 3.1a are A\p and above. For unit cell size in the order of or larger than the Fermi wavelength, L 2 Ap,
the dependence does not follow Eq. (4.2) perfectly. Instead, an interesting mini-band effect takes place. Since L is large
with respect to the Fermi wavelength, the additional momentum bands due to the super-lattice are closer than kp to the
original band at k = 0. Therefore, in general there are avoided crossings between bands in energies smaller than or equal
to the Fermi energy Er.

In this case, the mini-bands created by the super-lattice cannot be ignored. Thus, we use a tight binding simulation rather
than the approximation of Eq. (3.10) that was used in some parts of the previous section. Fig. 4.2 presents the phase
diagrams for the case L ~ Ar and for the case L ~ 5\p. The mini-bands effect is visible in the higher chemical potentials,
as they generate topological P = —1 regions for chemical potentials ;g much higher and Zeeman fields much lower than
required in the condition given in Eq. (4.2). This creates an interesting situation in which a super lattice with a unit
cell of a larger size relative to the case discussed in section 4.1, seemingly grants access to the topological phase for more
realistic ug values, which are much larger than the required for the known uniform case phase transition.

It is important to note that these higher bands are not the transverse sub-bands that become relevant when the cross
section of the one-dimensional system is not small enough. They appear even if only one transverse channel is taken into
consideration, and as mentioned are created by the super-lattice.

Observing the gap of the systems given in Figs. 4.2b and 4.2d, it can be seen that the gap protecting the Majorana bound
states at the high chemical potential topological regions is somewhat diminished. It is also clear that an effort to reduce
the size of the unit cell is important even in this regime. we can see that since less mini-bands are compressed into an
energy window for L ~ A versus L ~ 5Ap, the topological regions due to the mini-bands are more extended and robust in
the first case. Accordingly, a larger energy gap protecting the Majorana bound states is observed in this case. This result
can be further explained by the following argument. Qualitatively speaking, the localization length of the Majorana bound
state must be at least the size of a SC lattice unit cell for it to be affected by all the potentials of the SC lattice. When
this unit cell increases in length, the minimal Majorana localization length increases with it. As the pairing potential is
inversely proportional to the Majorana localization length, one can expect a reduction in the gap when increasing the unit
cell size.
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Figure 4.2: Results for a one-dimensional system in proximity to a SC lattice, as depicted in Fig. 3.la, in the L 2 Ap
limit. In this limit, approximations used to derive Eq. (3.10) are invalid so a tight-binding simulation (see section 3.2)
was used instead. (a) The topological invariant P as a function of the Zeeman field, V., and the chemical potential of
the SC regions, ug, calculated according to Eq. (3.28), for L ~ Ap, Ls = L/2 (r = 1/2), and Eso = 1.5Ag. The Fermi
wavelength, A\r, was calculated according to Eq. (3.24) [40]. Topological (P = —1) regions are marked by dark grey and
trivial (P = 1) regions are marked by light grey. The additional momentum space bands, created by the periodicity of
the system, generate topological regions for chemical potentials and Zeeman fields which are outside the region obtained
by the uniform approximation of Eq. (4.2), marked in red. (b) The excitation energy gap in units of Ag, for L ~ A\p and
Ls = L/2. In the L < Ap limit a gap of about Ay was obtained in the topological regions. In this L ~ Ap case, the gap
remains quite close to this value for » = 1/2 in the presented mini-bands. (c) The topological phase diagram as a function
of Vz and psg, calculated according to Eq. (3.28), for L ~ 5Ap, Ls = L/2, and Ego = 1.5A. In this limit, the topological
regions, caused by the additional momentum-space bands, appear denser as a function of ug. (d) The excitation energy
gap in units of Ag, for L > Ap. It appears that in the topological regions, the gap protecting the Majorana bound states
is reduced substantially relative to the L ~ A case.



CHAPTER 4. RESULTS 25

C ous=82A¢ us = 12.7A¢
o2 A ‘ o2 .
< . Y | <
~ : ] L ‘ ~
;N 1 ) T >N 1 7 . -
0 0 :
-2 -1 0 1 2 -2 -1 0 1 2
pn /Ao pn/ Ao

(a) (b)

Figure 4.3: The topological invariant P as a function of the experimentally accessible parameters V7 and py, calculated
according to Eq. (3.28), for L ~ Ap [40] and Ls = L/2. pg is fixed at (a) a "hard" value of 8.2A (line A in Fig. 4.2a)
and (b) an "easy" value of 12.7Aq (line B in Fig. 4.2a). As can be seen in Fig. 4.2a, at line A the system is in a region
of a trivial phase in parameter space “in between” regions of a topological phase for low and more accessible values of V,
while at line B the system can be brought to a topological phase for these values of Vz. It can be seen that by varying the
experimentally accessible parameters un and Vz, one can reach the topological phase even without the ability to change
us, for both situations.

The phase diagram as function of ug (shown in Fig. 4.2) is important as this parameter is set by the interface between
the SC and the semiconductor, and is often hard to control and limiting. Different values of ug, for example lines A and
B marked in Fig. 4.2a, can result in different scenarios. For line A (ug = 8.24), the system is in a region in parameter
space “in between” regions of a topological phase, and a large Zeeman field is required in order to enter the topological
phase. For line B (us = 12.7A¢) on the other hand, the system is near a mini-band minimum and can be easily driven
into the topological phase for lower more accessible values of the Zeeman field. Interestingly, this occurs despite the fact

that uéA) < ,u(SB), and it is due to the mini-bands created by the SC lattice.

Assuming that the chemical potential under the SC is hard to control and is unaffected by the gate potential, Fig. 4.3
studies the effect of the experimentally accessible parameters: the chemical potential in the normal regions (controlled
by a gate potential) and the Zeeman field (controlled by an external magnetic field). Fig. 4.3a shows that even for the
given “problematic” value of ug (line A in Fig. 4.2a), one can still reach a topological robust phase when tuning the
experimentally accessible parameters.

4.1.3 Spin-Orbit Coupling in the Superconducting Regions Only

We consider a case in which the SOC exists only in the regions covered by a SC, meaning there is no SOC in the non-SC
regions. This scenario can resemble the case of a one-dimensional system composed of light chemical elements, such
as a Carbon nanotube which has no substantial SOC, covered by a SC lattice composed of a heavy SC such as NbN.
Furthermore, this example can serve as a proof of concept for the higher dimensional cases. For example, it serves as an
incentive for considering a heavy SC in proximity to a 2DEG with weak SOC, such as GaAs.

In the sites which are not in proximity to a SC, we take the SOC strength to be « = 0. For L <« Ap we expect the
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Figure 4.4: The topological phase diagram for a one-dimensional SC lattice, in which the SOC exists only in regions
covered by a SC . In the limit L. ~ Ap and for Lg = é, the topological invariant presented in Eq. (3.28), as a function of
(a) pus and Vy for fixed uxy = 0 and (b) pn and Vz for fixed pug = 8Ap . As can be seen in (a), for this value of ug = 84
marked by line A, the system is in a region of a trivial phase in parameter space “in between” regions of a topological
phase for low and more accessible values of the Zeeman field It can be seen that by varying the experimentally accessible
parameters pun and Vz, one can reach the topological phase even without the ability to change ugs.

electrons would feel a ’smeared’ potential, as was exemplified in section 4.1.1. Therefore, this case is less interesting and
is expected to yield a topological phase according to Eq. (4.2). Fig. 4.4a shows the phase diagram obtained for L ~ A\p.
Similar replicas of topological zones in phase space as those analyzed in section 4.1.2 appear at high values of us. Indeed,
we see that even in the L ~ Ap regime we receive a topological phase for a SC lattice that has SOC only in regions covered
by a SC. The SC lattice scheme also allows us to tune into the topological phase using the gate potential in the normal
regions, as is demonstrated in Fig. 4.4b.

4.2 Two-Dimensional Phases

4.2.1 Topological p, + ip, Superconducting Phase

We show that a two-dimensional apparatus which involves a SC lattice such as depicted in Fig. 3.1b and described by
Hamiltonian of Eq. (3.14) can yield a topological p, + ip, SC phase, with propagating zero energy Majorana modes
localized at the system’s edges. This occurs even when ug cannot be brought to the range required in the uniform case
according to Eq. (1.12), i.e. when us > uc.

Similarly to the one-dimensional case, we intuitively expect that when the Fermi wavelength of the semiconductor A is
much larger than the super-lattice unit cell dimensions, i.e. L., L, < Ap, the electrons effectively experience ‘smeared’
potentials. In this limit, A%, and A%, can be disregarded in Eq. (3.14), and the effective values of the potentials are
expected to be their averages presented in Eq. (4.1). The fraction of the unit cell covered by a SC is now given by:

Ls. L
= Sz Sy<

1. 4.4
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Figure 4.5: Results for L,, L, < Ap [40] in two dimensions, exemplifying that a topological SC phase with chiral zero
energy Majorana modes localized at the system’s edges can be reached for a system in proximity to a SC lattice. (a)
The Chern number presented in Eq. (3.17), as a function of ugs and Vz for L, = L, ~ Ap/100, Ls,/y = L/, /2 and
Eso = 1.5A¢. The topological v = 1 region is marked in dark grey and the trivial v = 0 region is marked in light grey.
The phase transition line, marked by the red line, follows that of a uniform distribution with modified effective parameters
i =rus and A = rA, given by Eq. (4.5) with r = Ls, Ls, /L, L, = 1/4. The green line follows Eq. (1.12) and represents
the phase transition line for a case where the system is uniformly covered by a SC. (b) Excitation gap normalized by Ay,
which closes exactly at the phase transition line. The gap in the topological phase has a value of about E; = rAy. Small
oscillations observed in the gap are due to finite size effects. (c¢) The spectrum as a function of k, for a two-dimensional
tight-binding model with lattice constant a and open boundary conditions in the § direction, with Ls,/, = L./, /2 < Ap
at the point (us = 240, V, = Ap), marked in blue in Fig. (a). The gapless and chiral Majorana edge states are visible at
the center of the spectrum, separated by a gap of approximately rAg from the bulk states. As can be seen in (a), for these
parameters a system uniformly covered by a SC would have been in the trivial phase. (d) The LDOS (at zero energy)
of the states inside the gap in arbitrary units for the same parameters (blue point in Fig. (a)), with open boundary
conditions. A sample size of about 18[so x 1850 was taken. The SC lattice unit cell size was taken to be L, ,, ~ lso, and
its size is marked and expanded. One observes an enhanced LDOS at the edges, due to the localized Majorana edge state.
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Using the values of A and /i for ux = 0, the phase transition is expected to occur at:
P2 (A2 4 u2) = V2, (4.5)

Observing Fig. 4.5a, Eq. (4.5) fits perfectly in the limit L,, L, < Ap. As in the one-dimensional case, the topological
region in parameter space is expanded to more accessible regions, namely lower Zeeman fields and higher values of g, due
to the reduction of the effective pairing potential by a factor of r. Fig. 4.5b shows that the gap for excitations is about

A =r/y, a consistent reduction in the gap protecting the topological phase [41].

Figs. 4.5c and 4.5d show momentum space and real space signatures of the chiral Majorana edge states localized at
the system’s edges. Fig. 4.5¢ shows the spectrum as a function of k, for open boundary conditions in the g direction.
The gapless chiral Majorana edge states are visible at the center of the spectrum, and the bulk states exhibit a gap of
approximately rAg. Fig. 4.5d shows the LDOS of the states inside the gap with open boundary conditions. One observes
an enhanced LDOS at the edges, due to the localized Majorana edge state. Both these signatures are shown for the blue
point located between the red and the green lines in Fig. 4.5a, meaning that for the same parameters a two-dimensional
system uniformly covered by a SC would have been in the trivial phase.

Fig. 4.6 shows results for the more realistic case of a unit cell size of the order of or larger than the Fermi wavelength,
Ly, Ly 2 Ap. In this case, the dependence does not follow Eq. (4.5) perfectly. Fig. 4.6a shows a multi-band effect similar
to the one-dimensional case. Fig. 4.6b shows the gap of the system, which is somewhat diminished due to interference
effects. As argued in the one-dimensional case (see full discussion in section 4.1.2), the localization length of the Majorana
edge state must be at least the size of a unit cell for it to be affected by all the potentials of the SC lattice. Thus, for
a larger size of the SC lattice unit cell, the minimal Majorana localization length is larger, and a decrease in the gap is
expected. Even with this decrease, the mini-bands due to the SC lattice are still observed, providing a realistic way to
tune into the topological phase when ug is unmovable.

In Fig. 4.6¢, we observe a situation where the chemical potential under the SC falls in a trivial zone between two topological
zones for the low and more accessible values of the Zeeman field (line A in Fig. 4.6a). We see that varying the chemical
potential in the normal regions, which is an experimentally accesble knob due to the distance from the SC, allows us to
tune into the topological phase. Fig. 4.6d shows the momentum space signature of the propagating Majorana edge state,
for point B in Fig. 4.6a, which is located in a topological region created by the SC lattice.

4.2.2 Gapless Topological Superconducting Phase

An additional two-dimensional phase we discuss in the context of a SC lattice, is the gapless topological SC phase presented
by Baum et al. [24]. We first suggest a simple realization setup for this phase, and then move on to combine it with a
SC lattice for an achievable gating scheme. It is noteworthy, that our study of this phase is a matter of ongoing research.
This section is meant to present our suggested setup and current results, as well as to demonstrate how the SC lattice
scheme aids the gating procedure even in the gapless case.

We show that signatures of this phase can be obtained by electing an in-plane magnetization term (d = ¢) in Eq. (3.11).
This term can be experimentally achieved by applying an in-plane magnetic field, which yields no consequent orbital
effects. We show the emergence of signatures for the gapless topological SC phase by writing Eq. (3.11) in momentum
space, first for uniform A (7) = Ag and p () = po :

— 21T
2 H= [k H; (46)
HE = (2]%1 — Mo — O[(kza'y - kyax)> T, + VZUy + A07—:13‘

The spectrum of this system is gapped for [Vz| < |Agl, and is gapless for all |[Vz| > |Ap|. In the latter case, the spectrum
exhibits two Dirac cones appearing at opposite momenta and opposite energies, as can be seen in Fig. 4.7a. When adding
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Figure 4.6: Results for L,, L, ~ Ap [40] in two dimensions, exemplifying that in this limit as well, a two-dimensional
topological SC phase can be reached for a system in proximity to a SC lattice. Furthermore, similarly to the L ~ Ag in
the one-dimensional case (Fig. 4.2), a mini-band effect is observed, enabling access to the topological phase for higher
values of ug and lower values of Vz than Eq. (4.5) dictates. (a) The Chern number presented in Eq. (3.17), as a function
of us and Vyz for L, = L, ~ Ap, Lsy/y = Lx/y/Q and Fso = 1.5Ag. The topological v = 1 region is marked in dark
grey and the trivial v = 0 region is marked in light grey. The mini-band effect is evident in two dimensions as well. (b)
Excitation gap normalized by Ag, which is somewhat diminished due to interference effects. (c¢) The Chern number as
a function of ux and Vyz for fixed pg = 6.75A¢ (line A marked in Fig. (a)). As can be seen in (a), for this value of ug
the system in a region of a trivial phase in parameter space “in between” regions of a topological phase for low and more
accessible values of V. It can be seen that by varying the experimentally accessible parameters pyn and Vz, one can reach
the topological phase even without the ability to change us. (d) The spectrum as a function of k, for a two-dimensional
tight-binding model with Lg,/, = L/, /2 ~ A, lattice constant a and open boundary conditions in the ¢ direction. The
spectrum is calculated at the point pug = 9.35A¢ and V, = 0.95A (point B marked in Fig. (a)). As can be seen in (a),
this point is in a topological region generated by the minibands. The chiral Majorana edge states are visible at the center
of the spectrum, not exactly at zero energy due to finite size effects.
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an edge perpendicular to the direction of the magnetization, gapless localized edge modes appear which coexists with a
gapless bulk, as can be seen in Fig 4.7b. Their protection stems from momentum and energy conservation, and pictorially
from the observed separation in k-space between the bulk states and the edge states of the same energies. Even though
the bulk is not gapped, an enhanced LDOS is expected near the edges.

Unlike the realization model presented in [24], which uses a modulated magnetization in the perpendicular direction, the
band structure for this model is inherently tilted due to the in-plane magnetization. This implies that edge modes located
on the two opposite facets of the two-dimensional sample (see Fig. 4.7c), always have the same sign of net velocity. This
result is consistent with the system being gapless, since at the edges of the sample translational invariance is broken and
the two modes mix with the gapless bulk. It is noteworthy that due to this tilt no small perturbation can render the
spectrum fully gapped at a certain energy.

Observing Fig. 4.7b, it is evident that for this phase too there is a requirement regarding the value of the chemical potential.
Specifically, we can see that in order to have an edge coexistent with a gapless bulk, the chemical potential must reside
between the two cones. The exact values of the cones’ locations are easily achievable numerically by digonalizing Eq.
(4.6), however their form is quite complex since their existence depends on non-zero Zeeman and SOC terms. In the
example shown in Fig. 4.7b, where V; = 1.7Aq and a = 31/Ag/m , the chemical potential allowing this gapless phase is
roughly |u| < 0.4 - Ag = pe. This requirement naturally brings forth the SC lattice as a realizable platform for achieving
this phase. Figure 4.7d shows the normalized LDOS at zero energy and zero momentum of a system described by the
Hamiltonian in Eq. (3.11) with in plane magnetization and a SC lattice with dimensions Ls, /, = L’”Q/ Y and parameters
un = 0, us = 2uc > pe. It is evident that even though the bulk states are present at zero energy, the edge states are
dominant. The signatures for this two-dimensional gapless topological phase are obtained by covering the 2DEG with a

SC lattice, even when assuming the chemical potential under the SC is not in the desired regime.
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Figure 4.7: Signatures for the gapless topological SC phase appear when applying in-plane magnetization to a 2DEG with
SOC in proximity to an s-wave SC. (a) A tilted two-dimensional spectrum, exhibiting two Dirac cones which appear at
opposite momenta and opposite energies. This is the form of the spectrum for all V, > Aj. Increasing V, results in an
increase in the tilt. (b) An addition of a hard edge perpendicular to the direction of the magnetization results in the
appearance of two gapless edge modes within the bulk states window. The two modes overlap in energy almost completely,
as their spatial overlap is effectively zero. Due to the tilt caused by the in-plane magnetization term, the two modes always
have the same sign of net velocity. (c) A plot of the spatial distribution of the two modes that appear, revealing they
are localized on the two opposite edges. (d) A two-dimensional tight-binding simulation with lattice constant a, open
boundary conditions in the ¢ direction, and periodic boundary conditions in the & direction. The LDOS at zero energy
and zero momentum is shown, for a system described by the Hamiltonian in Eq. (3.11) with in plane magnetization.
The SC lattice has dimensions Lg,/, = L,/,/2, and the chemical potential profile is un = 0, us = 2uc > pc. The
Zeeman field is V, = 1.7A¢ and the SOC strength is o = 31/Ag/m. Each unit cell is of dimension L,,, = 20a, and we
concatenated 12 unit cells in the § direction while setting periodic boundary conditions in the & direction. It is evident the
edge states are present when covering the 2DEG with a SC lattice, even when assuming the chemical potential under the
SC is not in the energy-momentum "window" shown in Fig. (b). Setting periodic boundary conditions in the ¢ direction
while concatenating 12 unit cells in the & direction, we receive no enhanced LDOS near the edge parallel to the §. This
corresponds to rotation of the in-plane magnetic field by 90 degrees, which should create or annihilate the localized states
on a specific edge.
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Experimental Apparatuses

5.1 One-Dimensional Superconducting Phase

5.1.1 Realization in Wires

We have established that a one-dimensional SC lattice such as described in section 3.1.1 results in spatially separated zero
energy Majorana end states. One can imagine realizing this phase by periodically covering a one-dimensional nanowire
with an s-wave SC from atop. This would be in accordance with the majority of current realization schemes, which cover
the nanowire with a uniform layer of a SC. We suggest an alternative version, depicted in Fig. 5.1, where the wire is
placed on top of a SC in the shape of a comb. This apparatus, allows one to measure the LDOS of the Majorana states,
such as the one we have shown in Fig. 4.1c, using a scanning tunneling microscope (STM). The STM tip could access the
wire from atop, without the obstruction of the SC.

A caveat to this approach, is the fact that the screening by the SC in the regions it does exist in the comb geometry, would
be total, rendering the gate’s affect on the chemical potential negligible in these regions. Indeed, without the use of the
SC lattice geometry, it makes more sense to cover the nanowire with the SC from atop in order to reduce the screening
effects. In addition, in this configuration, as the wire is placed on top of the SC which tends to oxidize easily, one has to
make sure that a good contact between the wire and the SC is established.

Using the SC lattice geometry, we have demonstrated that a SC topological phase can be reached even in the worst case
of no control over the chemical potential in regions covered by a SC. The gating in the normal regions is sufficient in order
to tune into the topological phase. Thus, our suggestion, which is based on the SC lattice geometry, allows measuring the
LDOS of an entire topological wire directly with an STM.

5.1.2 Realization in 2DEGs and Braiding

Alternatively to the nano-wire based realization, one can attempt to use a one-dimensional channel which resides within
a two-dimensional environment, for example a 2DEG. This scheme is beneficial twice. Firstly, the fabrication process of
a 2DEG usually results in samples much cleaner than the one-dimensional nanowires, where the effect of disorder often
dominates. The effective induced SC gap, Aeg, protects the topological phase in the presence of disorder of typical energy
FEgis, as long as Aeg > FEyis- If one were to construct the one-dimensional phase within a two-dimensional sample, the
Majorana states could be well protected even if the effective induced SC gap is relatively small. Secondly, within the
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thin
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Figure 5.1: Suggested SC lattice based realization scheme for the one-dimensional topological SC phase discussed in section
3.1.1. The wire is placed above a SC in the shape of a comb, while its top can be measured with an STM without the
obstruction of a SC. The gating form in this case would be similar to the model analyzed above, which was shown to be
in the topological regime even if the chemical potential under the SC strips is completely unaffected by the external gate.
The comb geometry ensures that the SC strips are connected and shorted, so that all the SC in contact with the wire
have the same phase.

framework of this two-dimensional realization, a Majorana braiding procedure which utilizes the periodic nature of the
SC lattice can be employed.

We begin by picturing a one-dimensional SC lattice such as the one analyzed in section 3.1.1, set up within a one-
dimensional channel in a two-dimensional sample. The two-dimensional sample can be a 2DEG made from a material
with strong SOC, such as InAs or InSb. The one-dimensional channel can be obtained for example by using a top-gate
which depletes a specific part of the 2DEG.

In Fig. 5.2 we see an illustration of such a one-dimensional SC lattice residing within a two-dimensional sample. Assume
that without gating, the one-dimensional system we can refer to as the “wire” is initially in a trivial phase. Assume that
we are in an operating point which corresponds to line A in Fig. 4.2a, such that if the chemical potential in the normal
regions is tuned by gating to unx = —0.5A, the “wire” would enter a topological phase when a Zeeman field of Vz; = Ay
is applied, as can be seen in Fig. 4.3a. Alternatively, if our operating point corresponds to line B in Fig. 4.2a, gating
pn to 0 would result in a topological “wire” when a Zeeman field of Vz = Ag is applied, as can be seen in Fig. 4.3b.
Now, as is portrayed in Fig. 5.2, we can think of gating the normal regions to the correct value for a gradually increasing
amount of unit cells (the assumption throughout this paper is that pn is the tunable parameter while ug is not). As
is pictorially demonstrated, this procedure results in an effective topological “wire”, with a gradually increasing effective
length implying a gradually decreasing overlap between Majorana end modes.

For practical experimental realizations, it is desirable that the Majorana localization length will be small enough in terms
of the SC lattice unit cells. Fig. 5.3 shows an example for L ~ Ap, in which the spectrum stabilizes after approximatly 6
unit cells. This means that the Majoranas’ overlap becomes negligible after 6 unit cells. Due to the exponential nature
of the Majorana wavefunction decay, any number of unit cells greater than 6 is effectively infinity, making the apparatus
realizable.

The procedure depicted in Fig. 5.2 and the corresponding spectrum shown in Fig. 5.3, provide us with a measurable
signature of this phase. We suggest to measure the spectrum on one end of the effective wire while gradually increasing
its length using the gates. This measurement can be preformed via a tunneling barrier at the edge of the 2DEG. The
spectrum would reveal a Majorana state gradually decaying to zero energy, as Fig. 5.3 shows. We note that there is a
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Figure 5.2: An illustration of the process of spatially separating the Majoranas at the edges of the one-dimensional SC
lattice. The light blue surface represents the two-dimensional substrate and the dark blue lines represent the decaying
envelope of the Majorana wave functions located at the edges of the effective “wire”. The amount of unit cells comprising
the effective “wire”, is controlled by the gates represented by the ‘V’ symbols, placed between the SC islands, represented
by the red squares. Gating the normal regions such that py assumes the value required for the topological phase (cf. Fig.
4.3), for an increasing amount of unit cells, results in an effective topological “wire” with a gradually increasing effective
length, implying a gradually decreasing overlap between Majorana end modes. If we imagine that the SC islands are
connected from above and shorted, similarly to the comb geometry presented in Fig. 5.1, then a measurement of the
LDOS on one of the “wire” ends through a tunneling barrier is possible without charging the islands.
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Figure 5.3: The 2 lowest positive energy levels of a one-dimensional system as a function of the number of unit cells in
the SC lattice (due to particle-hole symmetry, the spectrum is symmetric around zero). The blue crosses represent the
positive energy mode comprised of a pair of majoranas located at the wire’s ends. This mode approaches zero energy as
the effective wire length increases and the overlap between the Majoranas decreases. The orange crosses, which are the
first of the bulk states, represent the gap. The chemical potential under the SC is as usual taken to be larger than the
critical value for a wire uniformly covered by a SC, puc. The chemical potential in the normal region is tuned to ux = 0.
The length of a unit cell is L ~ Ap, and the SC ratio is Ls = L/2. The Zeeman field is Vz = 2A(. The results show
that the Majorana end modes decouple for an approximate length of 6 unit cells and higher, as the gap stabilizes and the
Majorana modes are effectively at zero energy.

challenge in gating specific points in the 2DEG, as it requires additional electronic inputs to the circuit, as well as relative
precision in the spatial extent of the applied voltage.

Finally, we recall the braiding procedure suggested in Refs. [3, 43], referred to as ‘Y-junction’ or ‘T-junction’ braiding,
where a sequence of operations decreasing and increasing the overlap between different Majorana pairs in a Y or T geometry
was shown to result in an effective Majorana braiding. The SC lattice can be employed for realizing this braiding, as is
portrayed in Fig. 5.4. The required tuning of the effective overlap between Majorana pairs can be achieved using local
gating between SC islands, effectively increasing and decreasing the length of the “wires”.

5.2 Two-Dimensional Superconducting Phases

5.2.1 Topological p, + ip, Superconducting Phase

In order to obtain the p,+ip, phase described in section 3.1.2.1, we required a Zeeman term in the 2 direction, perpendicular
to the 2DEG surface. Ref. [8] suggests achieving this term using a ferromagnetic insulator placed in proximity to the
2DEG. This scheme requires a good interface between the ferromagnetic insulator and the quantum well in order to obtain
a sufficiently large value of the Zeeman field, which poses a significant engineering challenge. In addition, this would limit
the ability to alter the value of the Zeeman field. If one simply applies an external magnetic field perpendicular to the
2DEG, it is far from obvious that the Zeeman field dominates over orbital effects, which could affect the SC and are
beyond the scope of this thesis.

Ref. [20] shows that if one considers a zincblende quantum well grown along the 110 direction, rather than the more
common 100 direction, then the application of a parallel magnetic field would drive the system into a topological SC
phase. This is shown by considering the Dresselhaus spin-orbit coupling term, which may be significant in InSb quantum
wells, as bulk InSbh exhibits large Dresselhaus spin-orbit interactions relative to bulk InAs or GaAs [44]. As stated above,
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Figure 5.4: An illustration of a T-junction apparatus implemented in a two-dimensional system, comprised of one-
dimensional SC lattices which create wires of varying effective lengths. Tuning the effective overlap between Majorana
pairs as required for the braiding procedure presented in [3, 43] can be achieved using local gating between SC islands,
effectively increasing and decreasing the lengths of the “wires”. In this example, Majoranas «y; and 7 have high overlap
with Majorana ~4. Majorana «ys has low overlap with Majorana -4, as it is located 6 unit cells away from it (see Fig. 5.3).

orbital effects are expected to be small when applying an in-plane magnetic field. The SC lattice presented in this work
offers a practical solution to the gating issue. Combining the SC lattice with the proposal for application of a parallel
magnetic field on a 110 well, provides a practical scheme for the realization of the p-wave SC phase in two dimensions.

5.2.2 Gapless Topological Superconducting Phase

For the realization of the gapless topological SC phase, we suggested a simple setup discussed in section 4.2.2. The inherent
tilt in the spectrum described above and portrayed in Fig. 4.7(a), facilitates an interesting experimental signature. The
presence of this tilt implies that edge modes located on the two opposite facets of the sample always have the same sign of
net velocity. Thus, the thermal conductivity measured from one end of the sample to the other, in the direction parallel to
the vlocity of both edges, will contain an ingredient of the edges’ contribution. This ingredient will have the value of 2gy,
where go = m2k%T/3h is the thermal conductance quantum. Therefore, when we subtract the “upstream” contribution to
the thermal conductance from the “downstream” one, the bulk contribution cancels and the net result is expected to be
equal to 2gg. Alternatively, rotation of the in-plane magnetic field by 90 degrees should create or annihilate the localized
states on a specific edge, thus measuring the thermal conductivity on the edge during rotation should reveal or conceal this
term. Additionally, a measurement of the LDOS via a tunnel barrier on the edges of the sample, in different orientations
of the magnetic field, should show the contribution of the edge states, as is shown in Fig. 4.7(d).



Chapter 6

Discussion

In this work, we have suggested a practical solution in the form of a SC lattice to the problem of gating systems in the
vicinity of a SC. We have established that for a SC lattice with a unit cell of size L 2 Ap, high energy mini-bands create
additional topological regions that reside close to high values of ug (cf. Figs. 4.2 and 4.6). Importantly, since ug is set
by the system parameters and is more difficult to tune due to screening, these topological regions are accessible by tuning
un for a large range of ug.

For L > Ap we have observed a reduction in the gap size. Hence, a SC lattice with L ~ Ap is the optimal choice as it
creates topological regions close to the chemical potential that still show robustness due to a relatively large energy gap.

For a SC lattice with a unit cell of size L < Ap, the system is effectively described by the average values of the chemical
and induced pairing potentials. As shown in Figs. 4.1 and 4.5, the topological phase transition is then described by Eq.
(4.2) in one dimension and Eq. (4.5) in two dimensions. The SC lattice potential effectively enlarges the topological region
and makes it more accessible than the uniform case, as the topological phase can occur at higher chemical potentials under
the SC and at lower Zeeman fields.

Furthermore, we suggested a realizable apparatus in which signatures for the gapless topological SC phase can be observed.
We demonstrated that in this case as well, a SC lattice renders practical a proposal based on gating a system in proximity
to a SC.

Finally, we discussed several experimental configurations containing SC lattices in which the phases described above can
be realized, and we have suggested measurable signatures of these phases. Further work should include the investigation
of additional SC lattice structures (e.g. honeycomb), effects of an orbital magnetic field that may create vortexes in the
SCs, effects of charging energies in the SC islands and effects of electron repulsion in the 2DEG.
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