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Abstract—Vortex penetration into a thin superconducting strip of a rectangular cross section is considered at
an increasing applied magnetic field H,, taking an interplay between the Bean—Livingston and the geometric
barriers in the sample into account. We calculate the magnetic field H, at which the penetration begins and
show that two regimes of vortex penetration are possible. In the first regime, vortices appearing at the corners
of the strip at H, = H, immediately move to its center, where a vortex dome starts to develop. In the second
regime, the penetration occurs in two stages. In the first stage, at H, < H,,, tilted vortices penetrate into the edge
regions of the strip, where novel domes are shown to be formed at the top, bottom, and lateral surfaces. In the
second stage, at H, = H,, the vortex propagation to the center becomes possible. The difference between the
regimes manifests itself in slightly different dependences of the magnetic moment of the strip on H,,.
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1. INTRODUCTION

The Bean—Livingston [1] and geometric [2] barri-
ers are important for understanding many phenomena
in type-II superconductors. In particular, these barri-
ers lead to a hysteretic magnetic behavior of the super-
conductors even in the absence of any bulk pinning of
vortices [1—7]. Both these barriers also influence the
magnetic relaxation [8, 9] and transport properties of
superconductors [10—13]. Various manifestations of
the Bean—Livingston and geometric barriers were
experimentally studied in numerous works [14—31]. In
this paper, we theoretically consider how an interplay
between the geometric and Bean—Livingston barriers
influences the vortex penetration into a platelet-
shaped type-II superconductor placed in a perpendic-
ular magnetic field H,. For simplicity, we assume that
flux-line pinning is negligible in the superconductor.

The Bean—Livingston barrier in bulk supercon-
ductors is due to the attraction of a penetrating vortex
to the sample surface at distances of the order of the
London penetration depth A [1]. In the increasing
magnetic field H,, the attraction leads to a delay of the
vortex penetration compared to the lower critical field
H,,. As a result, the penetration is possible only at the
field H, that can reach [32] kH,,/Inxk, the thermody-
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namic critical field, where k = A/ is the Ginzburg—
Landau parameter and § is the coherence length.

The geometric barrier has a different origin and is
due to the shape of the superconductor [2, 16]. This
barrier appears for samples different from an ellipsoid.
In an ellipsoid—shaped superconductor at the mag-
netic field H., = (1 — N)H,,, the self-energy ey/(r) of a
straight vortex placed at any point r of the sample is
exactly equal to the work W(r, H,,) done by the Meiss-
ner currents circulating in the sample to transfer the
vortex from the surface of the superconductor to this
point. Here, ¢, = (®y/4mA)’In(A/E) is the vortex
energy per unit length, @, is the flux quantum, /(r) is
the length of the vortex passing through the point r,
and N is the appropriate demagnetizing factor of the
ellipsoid. This specific property of the ellipsoid-
shaped superconductors leads to the penetration of
vortices into the sample just at the equilibrium pene-
tration magnetic field H,, (if the vortex attraction
to the surface is neglected). In the platelet-shaped
superconductors, the position-dependent energy of a
vortex,

E(r9 Ha) = eol(r) - W(l', Ha)a

sharply increases near the edges due to the increase in
the vortex length / from zero to the sample thickness d
and decreases toward the center of the platelet due to
the effect of the Meissner currents. This geometric
barrier prevents the vortex penetration into the sample
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Fig. 1. The magnetic field line (a—b—c—e—f—g) adjoining
a superconducting strip in the Meissner state. Under the
conformal map described in the text, this line is the image
of the real axis of the complex plane.

at the field H,, that can now be defined as the lowest
field at which the minimum of e, d — WAr, H,,) with
respect to r reaches zero. Vortex penetration begins
only at a higher field H, = H, when the barrier near the
edges disappears. At H, > H,, the penetrating vortices
are accumulated in the region of the superconductor
where E(r) has a minimum with respect to r, and
hence a vortex dome appears near the center of the
platelet.

Two situations may occur for the platelet-shaped
superconductors. In the case of thin superconducting
films whose thickness d is essentially less than the
London penetration depth A, the attraction of a vortex
to the film edges develops on the scale noticeably
larger than the effective penetration depth A =
A?/d> A, d |33], whereas the effect of the vortex-
length variation is not essential in this case. This situ-
ation of the extended Bean—Livingston barrier can be
described by replacing e,/ in E(r) with an appropriate
attraction potential U, (r), and the process of vortex
penetration into such films reveals features [10, 34]
that are similar to the features in the case of a purely
geometrical barrier [2]. In the second case of bulk
platelet-shaped superconductors, we have A < d, and
the vortex attraction to the surface is essential only at
distances of the order of A, whereas the geometrical
barrier develops on the scale of the order of d. Just this
case A << d is studied in our paper.

In this paper, we consider a thin superconducting
strip of a rectangular cross section of width 2w (—w <
x < w) and thickness d (—d/2 <y <d/2; d < w), which
infinitely extends in the z direction. The magnetic field
is directed along the y axis. In this case, we have [2]

Heq = (d/zw)Hcla HP~H01/\/d/W > Heq'

This estimate of H, is based on formulas for the Meiss-
ner currents circulating in an infinitely thin strip [35]
and on cutting off these currents in the edge region
w—d < |x| <w, where they diverge. However, such an
approach cannot give an accurate result for the cur-
rents in this edge region, which is especially important
for the understanding of the geometric and Bean—Liv-
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ingston barriers in the strip. To investigate both these
barriers in more detail and the interplay between them,
we cannot neglect the thickness of the strip, and in this
paper we find a two-dimensional distribution of the
currents in the xy plane of the strip. For simplicity, we
assume below that the superconductor is isotropic and
that the applied field H, is not too large, and hence the
magnetic induction B in the sample is noticeably less
than the low critical field H,,. This assumption on B
simplifies our analysis of the geometric barrier.

The paper is structured as follows. In Section 2, we
present a two-dimensional distribution of the Meiss-
ner currents in a thin strip with a rectangular cross sec-
tion. Using this distribution, the magnetic fields of the
vortex penetration through the Bean—Livingston bar-
rier in a corner of the strip and through the geometric
barrier are estimated in Section 3, and it is shown that
two regimes of vortex penetration into the sample can
occur depending on the relation between these fields.
In Section 4, the penetration field due to the geomet-
ric barrier is analyzed with a consideration of stray
fields of the penetrating vortices. In Sections 5 and 6,
we discuss and briefly summarize the obtained results.
Some mathematical details are presented in the
Appendix.

2. MEISSNER STATE IN A THIN STRIP
WITH RECTANGULAR CROSS SECTION

For the strip in the Meissner state, the magnetic
field H(x, y) outside the sample can be found from the
Maxwell equations

divH = 0, curlH = 0,

and hence the field can be described both by the scalar
potential

(p(xv y) s H = _V(P 5
and by the vector potential
A = zA(x,y), H = curlA,

where z is the unit vector along the z axis. The complex
potential ¢ — iA is known [36] to be an analytic func-
tion of x + iy. For the strip with a rectangular cross sec-
tion, this potential can be obtained using a conformal
map of the upper half of the complex plane to the
region lying to the right of the line a—b—c—e—f—g in
Fig. 1 (the a—b—c—e—f—g contour coincides with the
magnetic field line A = 0). This region is a rectangle
with one of its sides passing through the infinite point,
and the map can be found using the Schwarz—Christ-
offel formula [37]. In the map, the upper surface of the
strip (the segment b—c), its lateral surface c—e, and its
lower surface e—f are parameterized by a single vari-

able ¢. This variable 7 ranges from —1/ Jm (point b) to

1/ Jm (point f), where m is a constant parameter, 0 <
m < 1, whose value is determined by d/w. At the cor-
ners of the strip, we have t = =1, and 7 = 0 at the point
x=w,y = 0. Calculating H = —V @ using the obtained
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potential at the surface of the strip (H is tangential to
the surface), we find the Meissner sheet currents J, = J

flowing on the strip surface because we have |J] =
(¢/4m)|H| for any surface point.

These Meissner currents in the strip with an arbi-
trary ratio d/w were found previously [38] under the
only assumption that A <€ d, w. Here, we present the
appropriate formulas in the case of a thin strip, when
d < w. In this limit case, we arrive at the following
parametric representations for the lateral surface x = w
of the strip:

Jé)z—l(arcs.in(t)+tA/1—tz), (1)
T

where —1 <¢< 1, whereas for the upper (—l/ﬁ <t<

—1)and lower (1 << 1/ Jm ) surfaces of the strip, we
have:

f1(|t|9 m)
W f(1)m, m)

|7
fi(ld, m) = mj“
All—ms

m=2d/mw <1, andfl(l/ﬁ , m) = 1. The Meissner
surface currents on all these surfaces are described by

the unified formula
dnd(@) _ _N1- mr’ 3)
Hoo -7

where || <1/.J/m.
At 2> 1,ie., at w— x > d, we find from Eq. (2)

that x/w= A/1 — mt’ , and with Eq. (3), we arrive at the
well-known result obtained in the limit of the infi-
nitely thin strip [2, 35]:

J(x,g) = f(x, -‘5’) z%ﬁ (4)

On the other hand, at > =
mula (2) gives

uN’ﬂmw —1——lr1 [l + Af ~ (5)

Thus, formulas (1), (3), and (5) provide an explicit
description in the parametric form of the surface cur-
rents in the edge region of the strip. In particular, near
a corner of the sample (at /=w—x <<d,orat/=d/2 —
ly| < d/2), we obtain that the surface current diverges
like [-173:

wW—x _

(2)

where

1,i.e.,atw—x = d, for-

24"

Jr —= (6)
4nﬁ(3nl
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Of course, this divergence should be cut off at / < A,
and the current density j throughout the corner region

Ww—=A<x<w,d/2 — A<yl <d/2)is approximately

constant and is of the order of

J(x:w-}»)z CHa (ﬂ 1/3
x dmhfm 3T

j(x, y) ~ (7

3. THE PENETRATION FIELD
3. 1. Bean—Livingston Barrier

Using the results in Sec. 2, we now estimate the

penetration field HfL that is due to the Bean—Living-

ston barrier originating on the scale A from the surface.
Since the Meissner currents are maximum at the cor-
ners of the sample, it is favorable for a vortex to pene-
trate into the strip through these points. We consider a
small circular vortex arc of radius » < A with its focal
point placed at a corner of the strip (in estimating

HfL , we assume that & <€ A for simplicity). The effect

of the surfaces of the superconductor on the vortex
segment can be taken into account by constructing the
images of the arc. This trick ensures that the currents
generated by the vortex are tangential to the surface
[1]. The energy of the vortex arc calculated within this
approach also largely takes the stray fields outside the
sample into account [39]. Therefore, the energy E,,. of
the penetrating vortex arc can be estimated as a quarter
of the energy of the appropriate circular vortex ring
placed in the bulk of the superconductor [40, 41],

E ()~ grao[ln(g + co} 8)

where g, = o, o/(4mh)?, the factor In(r/&) takes into
account that the magnetic fields and currents begin to
decay sharply at the distance r from the ring rather
than at the distance A, and the constant ¢, determines
the energy of the ring of the radius r = &. This constant
¢, is given by the formula [40, 41],

[Jl(Q/K)] Jl(u)]
mEutlel - cjutilel

dl+q N+

where J,(x) is the Bessel functlon of the first kind. At
K > 1, the constant ¢, is practically independent of «,
and we have ¢, = 0.22.

At a given current density j, there is a critical radius
r,at which the Lorentz force (/(I)O/c)n r,/2 generated by
the current and acting on the vortex is balanced by the
squeezing force —0FE,,./Or. In other words, this 7,(j) is
found from the equation

1.
—jOymr, = ¢ ln()+1+c}
2(:] ’ 20[ & ’
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Fig. 2. Two scenarios of vortex penetration into the strip.
(a) p > p., the Bean—Livingston barrier prevails over the
geometric one. (b) p < p,, the penetration of vortices is
mainly determined by the geometric barrier. The parame-
ter p is defined by Eq. (19), p. = 0.52. The dashed lines
schematically show vortices propagating in the strip. The
solid lines inside the strip designate the immobile vortices
that are in equilibrium. These vortices form flux-line
domes near the edges of the strip.

If r> r,, the vortex arc expands, and the quantity

Uc(.]) = Earc(rc) —chOTCri/‘I'C
specifies the height of the Bean—Livingston barrier
near the corner. When the current density j increases,
the radius r, and U,(j) decrease, and the barrier U, dis-
appears at r. = Eexp(1 — ¢;) = 2.2&. The appropriate j is
of the order of the depairing current density,
-(1-cp cgy _0.92¢H, x

D& 4nhlnk

whereas 4mjA/c, the local surface field near the corner,
reaches the value of the thermodynamic critical field
in agreement with the results in [32, 39, 42, 43].
Equating this j to the current density defined by
Eq. (7), we find the penetration field H, = HfL at

which the Bean—Livingston barrier disappears for a
vortex penetrating through a sample corner,

0.92H61K(18d}\,2) 1/6
nw3

Ink
We note that due to a small value of the ratio A/d, this
penetration field is noticeably smaller not only than

j = 2e (10)

BL
H =

4

an

the common HfL ~ H,.,x/Inx but also than the field of
a vortex penetration through the equatorial point =0
of the lateral surface of the strip,
HclK(Zd) 1/2

Ink \Tw

This estimate is obtained by equating the depairing
current density to J(0)/A, where J(0) is taken from

Eq. (3).
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3.2. Geometric Barrier Within a Simplified Approach

We now calculate the penetration field caused
exclusively by the geometric barrier in a thin strip,
neglecting the attraction of vortices to the surfaces of
the strip. In this case, a penetrating vortex can jump to
the center of the sample only when its two rectilinear
segments meet at the equatorial point (x = w, y = 0),
as shown in Fig. 2. Let us consider a vortex that ends at
the point x, of the lower plane of the strip and at the
point y, of its lateral surface. The balance between the
line tension of the vortex and the forces generated by
the surface currents leads to the following equations
for x,, ¥y, 0 and H,:

ldJOJ(xO, —9’) = ¢,sin0,
c 2

LoJ(w, 3y) = eycosh,
C

(12)

where the sheet currents J(x, y) are determined by the
formulas in Sec. 2, ¢, = gylnk, and 6 < /2 is the tilt
angle of the vortex relative to the lateral surface of the
strip (see Fig. 2). An inspection of Fig. 2 also gives a
geometric relation between X, y,, and 0,
_(d
wW—Xx, = §+yO tano. (13)
Because y, = 0 at the penetration field, Egs. (12) and
(13) completely determine the three quantities 6, H, =
H,, and x,.
We rewrite these equations using formulas of Sec-
tion 2. Then Egs. (12) become

cosh = *———h, (14)
1-7
2
sing = L=, (15)
f-1
where m = 2d/nw, h = i],,/ﬁ, H, = /H,, is the

dimensionless applied magnetic field, and the param-
eters 7 < 1 and #, > 1 respectively correspond to the
points y, and x,. Equation (13) with the use of formu-
las (1) and (5) gives

[1,F = 1= 1n(t, + A1, — 1)]

(16)
= (g— arcsin(¢) — ¢ l—tz) tan0.

Besides, we can set Jl —mf =~ A/1 —mtf ~ | in
Egs. (14) and (15) sincem < 1, 1< 1, and ¢, ~ 1 here.
Then Egs. (14)—(16) become independent of m, and
the aspect ratio d/w specifies only the normalization
factor in the definition of 4.
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At the penetration field, we have ¢t = 0, and

Egs. (14) and (15) give & = cosO and tf ~ 1 + cot?0.
Eventually, Eq. (16) reduces to an equation for the
angle 0,

gtanG = cotOA1 + cotze

—In(cotB + +/1+ c0t29),

which gives tan0 = 0.74 (6 ~ 36.5°). Hence, from & ~
cosB, we obtain the penetration field caused by the
geometric barrier

HngHclﬁcose, (18)

where cos0 ~ 0.80. The obtained Hf % has the same

order of magnitude as the penetration field found in
[2, 3]. However, we emphasize that estimate (18) is
derived for a single vortex reaching the equator. Such a
situation does not actually occur, as is described in the
next section. We also note that at the penetration field
given by Eq. (18), the surface current J(0) at the equa-
torial point (x = w, y = 0) is equal to cH,,cos0/4m.

a7)

3.3. Two Scenarios of Vortex Penetration
The comparison of formulas (11) and (18) shows

that the ratio of HfL and Hg s equal to p/p. where
the parameter p is defined as

K (1)
Pone\d)

19)

and

b = (i)‘”ﬂz
¢ 3/ exp(l—cp)

If the parameter p is larger than its critical value p,, we
have HfL > Hg 5 , and the penetration field H, coin-
cides with HfL

0.52.

H = H"~ clﬁ(’%’, p>p.. (20)

In this case, small vortex segments appearing at the

corners of the strip at H, = HfL immediately expand,

merge at the equatorial point (x = w, y = 0), and the
created vortex jumps to the center of the sample (see
Fig. 2). This type of penetration occurs because at

p>p.and H, = HfL , when the current density in the

corner region is close to the depairing current density,
the surface current J(0) at the equatorial point is larger
than cH,cosB/4m, and the vortex end cannot be in
equilibrium at this point. At H, > H,, the vortex dome
appearing in the center of the strip is quite similar to
the dome described previously [2], even though the
penetration field is now determined by the Bean—Liv-
ingston barrier. This is because the dome is determined
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by the Meissner currents flowing far away from the
edges of the strip.

If the parameter p is less than the critical value p,,

we have HfL < Hg 8 , and the vortex penetration is a
two-stage process. The current density in the vicinity

of'the corners reaches the depairing value at H, = HfL

At this field, a penetrating vortex line enters the sam-
ple through the corner, but it cannot reach the point
(x=w, y = 0) because J(0) is less than cH, cos0/4m,
and hence this line “hangs” between the corner and
the equatorial point (x =w, y = 0). With increasing H,,
two domes filled by these inclined lines expand in the
lateral surface of the strip. The penetration field H, is
determined by the condition that the boundaries of
these domes meet at a equatorial point, and at this
field, a dome in the center of the strip begins to form.
But the value of H), strictly speaking, is different from
that given by Eq. (18) since the vortex domes near the
edges of the strip modify the current distribution, and
therefore H, has to be calculated self-consistently (see
Sec. 4). Interestingly, if (A/d)'/? > 0.2, we obtain that
p >p.forany k > 1. Therefore, for the case p < p,to be
possible at a given k, the sample should be thick
enough compared to A.

4. SELF-CONSISTENT CALCULATION
OF THE PENETRATION FIELD H, AT p < p,

We consider the case p < p,, when the domes of the
tilted vortex lines appear on the lateral surfaces of the
strip in an increasing applied magnetic field. In this
situation, the surface currents in the sample are com-
posed of the part that screens the applied magnetic
field H, and the part generated by the vortices. The
first part was calculated in Sec. 2, while the second
part can be found using formulas in the Appendix. Let
the ends of a vortex be at the point (x =w, y =y,) of the
lateral surface of the strip and the point (x = x,, y =
—d/?2) of its lower plane. (In reality, we consider a vor-
tex “layer” extending in the z direction and consisting
of such inclined vortices.) According to Egs. (12), for
this vortex to be in equilibrium, the surface currents
must be equal to cH,;cos0/4n at the point (x=w, y =y,)
and to cH,;sinB/4n at the point (x = x,, y = —d/2).
Then Egs. (12) take the form

1—mf

~

cosH = [A+ F(1)], 21)
1-7

. N mtf

sinf = 2—[h + F(1,)], (22)

-1

where h = H,/\/m Jm H H,,, and the first terms in the right-
hand sides of these equations describe the Meissner
currents that were solely taken into account in deriving
Vol. 117
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/D,

Fig. 3. The penetration field H), (the solid line) as a func-
tion of the parameter p defined by Eq. (19). The line with
circles is the function f(p/p,.) in Eq. (26), and the line with
dots at p/p.. > 1 is given by formula (20). The dashed line is
the extrapolation of dependence (20) to the region p < p,..
The dotted line shown Hp(p) according to Eq. (18) with

cos0 = 0.80. The field H), is measured in units of H, Jm .

Hg 5 in Sec. 3.2. The second terms describe the cur-

rents generated by the inclined vortices,

F(t) = TZC far ey -y
2 (23)
(1, = 1)1, + 1)
[F = ()17 - ()]

where H, = H./H,, and H, is the x-component of the
magnetic field at the lateral surface x = w. This com-
ponent is due to the tilt of the vortices and is perpen-
dicular to this surface. In Egs. (21)—(23), the coordi-
nates x, and y, are expressed in terms of the parameters
tand ¢, used in Sec. 3.2. Due to geometric condition (16),
the parameters #,, ¢, and 0 are interconnected (the

same is true for 7', #;, and 0' in the integrand in
Eq. (23)). The integration in Eq. (23) is carried out
over the vortex dome, 7; < f < ¢,, located in the lower
part of the lateral surface of the strip. The boundaries
of this dome, 7, and ¢,, are found from the conditions
that the current density J/A at the distance A from the
corner be equal to the current density defined by
Eq. (10),

BL

he F(1) = o 080

Hcl ’\/a Pe

(24)
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1
0.5 0 0.5 1.0
2y/d

Fig. 4. The profile H () on the lateral surface of the strip
at H, = H, for p/p. = 0.895. This p corresponds to H, =

0.737H,y /m , t, = 0.5, and 2y(t,)/d =~ 0.609. The field H,
is measured in units of H,..

and that
H. =0 (25)

att=t;and =1,

When H,= HfL (the dashed line in Fig. 3), we have
F(1) =0from Eq. (24). This means that #,=1,, i.e., the
dome only begins to form at this magnetic field. We
can then omit the function F(¢) in Egs. (21) and (22).
These equations together with formula (16) allow
finding # = ¢, = 1, and also ¢, and 6 in the manner sim-
ilar to that in Sec. 3.2. In other words, we can find the
point on the lateral surface of the strip where the dome
begins to form. With increasing H,, the difference 7, —
1, increases, and the parameter 7, reaches zero at H, =
H,. Thus, H, can be found from Egs. (16), (21)—(25)
if we set 7, = 0 in Eq. (23). Eventually, we find

Hp = Hcl'\/%f(pﬁ)! pgpca

where the function f(«) calculated numerically is
shown in Fig. 3. It can be seen that in the self-consis-

(26)

tent calculation, H,/H., Jm decreases compared to
the value 0.8 that follows from Eq. (18). Asp — 0, we

now have H,/H,, Jm =0.63. As an example, in Figs. 4

and 5 we show the dependences H.(y) and 6(y)
obtained by solving Egs. (16), (21)—(25) at ¢, = 0 with
p/p. = 0.895. We note that the field H (y) in the vortex
dome formed on the lateral surface has opposite signs
above and below the equator and vanishes at y = 0.
The tilted vortices starting on the lateral surfaces of
the sample also form the domes H,(x) on the upper
(lower) surfaces of the strip near its corners. The shape
of these domes can be found from the obtained profiles
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20/n

0.44

0.43

0.42
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0 0.2 0.4 0.6
2lyl/d

Fig. 5. The profile 6(y) on the lateral surface of the strip at
H,=H,forp/p.=0.895.

H.(y) and 6(») using the conservation of the flux and
relation (16), Fig. 6. We note that the derived edge
dome in Fig. 6 is a unique feature of the combined
effect of surface and geometric barriers and is very dif-
ferent from the edge field distribution obtained in [2]
and [3], which increases monotonically and diverges
at the sample corners.

We assumed above that the tilted vortices penetrat-
ing the lateral surface of the strip are straight, see
Eq. (16). This assumption is indeed justified under the
condition B <€ H,, implied throughout the paper. In
this case, we have [44, 45] H = Hn = H,n for the ther-
modynamic magnetic field H = 4ndF/0B, where F(B)
is the free-energy density, n = B/B = (cos0, sin0, 0) is
the unit vector along B, and the angle 6(x, y) defines
the local direction of a vortex at the point (x, y). The
shape of the vortex lines inside a superconductor in the
absence of pinning is determined by the equations
divB = 0 and curlH = 0 [46]. The last of these equa-
tions gives (n - V)0 = 0, which means that the angle 0
isindeed a constant along any tilted vortex crossing the
lateral surface of the strip.

5. DISCUSSION

We compare the magnetic moment of the strip (cal-
culated per unit length along the z axis) in the cases
p>p.and p < p.. In the first case (p > p.), when the
penetration field H, is determined by the Bean—Liv-
ingston barrier, the magnetic moment of the strip in
the Meissner state, i.e., at H, < H,, is equal to [38]

w2(1 -m)H, N _Haw2
A[E(K)-mK(K)] 4

where m= 2d/nw, k'= /1 —m ,and K(k') and E(k'") are
the complete elliptic integrals of the first and second

M, = - (27)
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Fig. 6. The profile H (x) on the upper surface of the strip at
H,= H,forp/p,=0.895. The field H, is measured in units
of HC] .

kinds, respectively. In the second case (p < p,), when the
penetration field is determined by the geometric barrier,
the magnetic moment is still given by formula (27) at

H,< H)", where H." is described by Eq. (11) or

Eq. (20). Butat H," < H, < H,, an additional contri-
bution dM, to the magnetic moment appears. This
contribution is due to the currents generated by the
domes of the tilted vortices. The accurate analysis of
dM, requires substantial numerical calculations, and
we here give only a simple estimate of this 6M,,

|8My| ( P)
—r~ 1-0842—| <1,
M, fm p.h

(28)

where h = H,/ Jm H_,. Hence, a small break in the
H,-dependence of the magnetic moment should occur

at H, = HfL in the second case, p < p.. Because the

parameter p increases with increasing the temperature
T due to the increase in A(7), the second type of the
vortex penetration transforms into the first type with
increasing 7. In this situation, if the temperature
dependence of the magnetic moment M, is measured
at a constant H,, a break in this dependence M(T)
should also occur.

When H, exceeds H,, the vortex dome in the center
of the strip begins to form. The boundary b of this
dome is found from the condition that the current
density J/A at the distance A from the corner is equal
to the current density defined by Eq. (10), whereas the
shape of the vortex dome at |x| <bis determined by the
equation J(x, d/2) = J(x, —d/2) = 0. The difference
between the cases p > p, and p < p, is only in that the
currents generated by the domes of the tilted vortices
must be taken into account in the second case. But if
Vol. 117
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Pe

Fig. 7. The dependence of the critical value p. on the

anisotropy parameter € under the condition that HfL is
independent of €. Here, m = 1/36 i.e., w/d = 22.9.

H,< H, < H,, then the domes near the edges of the
strip and at its center are far from each other, and we
can neglect their mutual influence in the first approx-
imation. In this situation, the domes near the edges of
the sample do not change with increasing H,, and the
distinction between the central domes for p > p, and
p < p,. is small. Using formula (34), we can show that
these central domes are approximately described by
the appropriate formula in [2]. When H, ~ H,,, the
central dome and the domes near the edges of the strip
are close to each other, and any of them should be cal-
culated self-consistently, taking the effect of the other
domes into account. This situation will be considered
elsewhere.

So far, we have considered the vortex penetration
into an isotropic superconducting strip. We now
briefly discuss the case of an anisotropic superconduc-
tor, where the anisotropy parameter € = A /A, is less
than unity, € < 1. Here, A,,, and A, are the respective
London penetration depths in the plane of the strip
and in the direction perpendicular to this plane.

Because the field HfL is determined by the depairing
current density (see Sec. 3.1), we can expect that this
field is practically independent of €. With formulas of
[47], it can be shown that the anisotropy € leads to the
respective additional factors 1/€, and €%/¢, in the left-
hand sides of Egs. (14) and (15), where ¢ =

N cos’0 + &’sin’0. As a result, the field HEB found in

Sec. 3.2 depends on €. But this dependence proves to
be relatively weak, and hence the critical value p,

introduced in Sec. 3.3 as the ratio HfL/ HpGB also

depends on € weakly (Fig. 7). Therefore, p.(¢) is of the
same order of magnitude as in the isotropic case € = 1.
This result means that we have p > p, for anisotropic
superconductors with k > 1 at reasonable ratios A ,,/d.
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6. SUMMARY

We analyzed the process of vortex penetration into
a thin superconducting strip of a rectangular cross sec-
tion, with the width and the thickness of the strip being
much larger than the London penetration depth. It is
shown that in the absence of flux-line pinning, the
process of penetration is governed by the parameter p,
Eq. (19), characterizing an interplay between the
Bean—Livingston and geometric barriers. If this
parameter is larger than the critical value p, ~ 0.52, the
magnitude H, of the external magnetic field at which
the vortex penetration into the central region of the
sample starts is determined by the Bean—Livingston

barrier in the corners of the strip, H, = HfL , and is
given by Eq. (11) or, equivalently, by Eq. (20). At an
external magnetic field /, > H,, the vortex dome in the
center of the strip forms, and its shape is close to that
described previously [2]. In the opposite situation

where p < p,, we obtain H,> HfL (see Fig. 3), and the
vortex penetration is a two-stage process. In the inter-

val HfL < H, < H,, the tilted vortices penetrate only

into the edge regions of the strip, and vortex domes of
unusual shape appear there (see Fig. 4 and 6). At H,>
H,, the edge domes practically do not change, whereas
the vortex dome in the center of the strip develops. The
shape of this central dome is again close to that
described previously [2]. Hence, two types of vortex
domes exist in the sample in this case.

In principle, the predicted new edge domes should
be observable experimentally by decorations, mag-
neto—optics, and scanning SQUID microscopy.
These domes change currents circulating in the sam-
ple. Hence, if the edge vortex domes appear or disap-
pear in a superconductor under changes of the exter-
nal magnetic field H, or the temperature 7, the mag-
netic moment M of the sample should exhibit a small
break in the appropriate H,- or 7-dependences of M.
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APPENDIX

Currents Generated by “Layers”
of Tilted Vortices in a Strip

We consider two thin “layers” of tilted vortices in
the lower part of the strip (Fig. 8a). These two layers
are located symmetrically with respect to the axis
x =0, and extend to infinity in the z direction. Let the
ends of the right layer be at the points (w, y,) and

(x9, —d/2) described by the respective parameters ¢

No.3 2013
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and f;. The width of the layer is determined by the

small interval df' or by the appropriate dy,, and the
layer carries the magnetic flux d® = H,(y,)dy,. The
surface currents generated by the two layers can be
found using the results of Sec. 2 and a conformal map
that transforms the upper half-plane of the complex
plane onto the interior of the rectangle shown in
Fig. 8b. The lower and upper sides of this rectangle
correspond to the parts of the magnetic field lines
A =0 and A = —d® that lie outside the strip and that
are shown in Fig. 8a, while the lateral sides of the rect-
angle correspond to the infinitesimal intervals dy, and
dx, carrying the flux d®. Eventually, we find that the
surface current generated by the layers at a point 7 is
given by

47 (1=m\"? h-t
—J() = G(¢ »
(1) ()(1—32) [t~ ][t -] >
if—1<7<1, and by
4T h)
c (30)
N(l=m\"? -t
= NG(t
sgn(7)G( )( tz_lz) (£, —1][1—1]

if1<|4 <1/./m.Here, sgn(?) = 1 for >0 and sgn(s) =
—1 for < 0, the factor G(¢') is
' H(£)dr( 1—(r 2\ 12
Gy = B 1=(0) )7,
TN Zm(r)

€2))

and H.(1) = H(y,).

If two similar layers are in the upper part of the
strip, i.e., if the right layer has the coordinates —¢' and
—1, and carries the flux H(—t")dy, = —H(t"dy, =
—d®d, then we find

4n N(1=m\"? -1
—=J = -G 32
- (1 (t)( l—t;) (£, + ][+ 1] 2
for—1<t<1and
A rr)
¢ (33)
(Lem\ =t
- _ G
sgn(?) (t)( tz_lz) [£,+ ][+ 1]

for 1 < | < 1/./m. Formula (23) is the sum of the
expressions (29) and (32) and also (30) and (33) for
t>0.

In a similar manner, we can obtain the surface cur-
rents generated by two vertical layers of vortices that
are located symmetrically with respect to the axis x =
0. Let the ends of the right layer be at the points (x,,
—d/2) and (x,, d/2) described by the respective param-
eters ¢, and —7, . The width of the layer is determined

by the small interval df; or by the appropriate dx,, and

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS

447
A
1
(a) VA _
a2 A=0
w » X
r
e +A =—dd
A=0 f"“_
= 1
7
-A
(b) JoA

Yo

Fig. 8. (a) Two thin symmetric layers of tilted vortices pen-
etrating the lower part of the strip are shown schematically
as the dashed lines. The ends of the right layer carrying the

flux d® are marked by 7 and #| . Arrows indicate directions

of the magnetic field lines A = 0 and 4 = —d® that leave
and enter the right layer and that adjoin the surface of the
strip (the line A4 = 0 also passes through the infinite point).
(b) The rectangle in the complex plane ¢ — i4 (see the
text).

the layer carries the magnetic flux d® = H,(x,)dx.
Eventually, we find the following surface currents gen-
erated by the layers at a point #, on the upper or lower

surfaces of the strip, 1 < |£)| < 1/Jm,

' /2
4T ) = —gﬂy(u')du'(% 1
¢ n l—u
(34)
u

R
u2 _ (uy)2

where u= J1—mfi/JT—m,u' =u(f,), and Hu') =

H (1) = H,(x,). When X, is not close to the edge of the
strip (w — x, > d), we have u = x,/w (see Sec. 2).

X
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