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Charge and spin addition energies of a one-dimensional quantum dot

T. Kleimann,1 M. Sassetti,1 B. Kramer,1,* and A. Yacoby2
1Dipartimento di Fisica, INFM, Universita` di Genova, Via Dodecaneso 33, 16146 Genova, Italy
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~Received 7 March 2000; revised manuscript received 28 April 2000!

We derive the effective action for a one-dimensional electron island formed between a double barrier in a
single-channel quantum wire including the electron spin. Current and energy addition terms corresponding to
charge and spin are identified. The influence of the range and the strength of the electron interaction and other
system parameters on the charge and spin addition energies and on the excitation spectra of the modes confined
within the island is studied. We find by comparison with experiment that spin excitations in addition to nonzero
range of the interaction and inhomogeneity effects are important for understanding the electron transport
through one-dimensional quantum islands in cleaved-edge-overgrowth systems.
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I. INTRODUCTION

Recently, considerable progress in the science and t
nology of semiconductor nanostructures has been made.
experimental realization of one-dimensional~1D! quantum
wires has opened new routes to investigating the influen
of interactions and impurities on electron transport at l
temperatures where quantum effects dominate.1–3 In spite of
numerous theoretical results obtained for the Luttinger liq
model,4–6 which have been used for interpreting the da
complete physical understanding of the experiments has
been achieved yet. It is therefore useful to study microsco
cally the combined effects of interactions and impurities
1D quantum transport within more realistic models and
compare the results with experimental data.

The Luttinger liquid model allows one to take into a
count interactions between fermions in one dimension
actly. The linear conductance of a clean, infinitely long~spin
degenerate! Luttinger liquid has been predicted to beG
52e2gr /h, the universal conductance renormalized by
interaction constantgr .7 However, dc transport experimen
on quasi-1D semiconductor quantum wires at relatively h
temperatures showed only quantization in terms of the u
versal conductanceG52e2/h. This has been interpreted e
ther in terms of a compensating, self-consistent renormal
tion of the external electric driving field8–10 or the use of
noninteracting leads connected to the quantum wire11–13 that
eventually determine the conductance. However, at lo
temperatures, temperature-dependent deviations from
universal conductance steps have been found:

dG}Tk ~1!

(k,0). This has been attributed to weak scattering at
random impurity potential in a Luttinger liquid.14

When the electron density in the GaAs/AlxGa12xAs quan-
tum wires fabricated by using the cleaved-edge-overgro
technique is decreased by applying a voltage to an exte
gate, eventually even the lowest electronic subband can
depopulated15 and the region of Coulomb blockade reache
Here, the mean electron density is sufficiently low, such t
only very few maxima of the random potential of the imp
PRB 620163-1829/2000/62~12!/8144~10!/$15.00
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rities are higher than the Fermi level. A1D quantum island
can be formed between two potential maxima in such a w
Electron transport is then dominated by charging effects.16–18

At temperatures lower than the charging energy, the lin
conductance shows discrete peaks corresponding to tran
ring exactly one electron through the quantum island.

In this region, it has been detected that the tempera
dependence of the intrinsic widthG of several conductance
peaks is modified by the correlations between the electr
and, instead of being independent ofT, shows nonanalytica
power-law behavior (l.0):

G~T!}Tl. ~2!

Such a behavior has been predicted in the sequential tun
ing regime for resonant transport through a quantum
coupled to a spinless Luttinger liquid19 and for a double bar-
rier in a Luttinger liquid.20,21

In nonlinear transport, collective excited states of t
electrons in the island can contribute.22,23 The low-
temperature current-voltage characteristics shows fine st
ture within the ‘‘Coulomb steps,’’ which reflects the excita
tion spectrum of the electrons in the quantum dot. Especi
in one dimension, strong effects of the spin of the correla
electrons have been predicted by using a sequential tunne
model combined with the exact spectrum of eigenvalues
the corresponding states.24 In the above mentioned exper
ments,15 contributions of the excited states in the 1D isla
have been found. In addition, one of the corresponding pe
in the differential nonlinear conductance showed an int
action-induced nonanalytical temperature dependence
sistent with the above Luttinger liquid behavior~2!. Thus,
correlations beyond the phenomenological charging mo
seem to be present in these semiconductor quantum w
This is also indicated by recent results of Raman scatte
experiments, which strongly suggest that semiconduc
quantum wires are very probably dominated by non-Fe
liquid behavior.25 In view of the existing broad theoretica
understanding of 1D non-Fermi liquids,26 it is highly desir-
able to provide quantitative results for charging and corre
tion phenomena in these systems by using reasonably re
8144 ©2000 The American Physical Society
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tic and controllable models, including the nonzero ran
interaction between the electrons as well as the potentia
the impurities.

Efforts in this direction have been made by studyi
transport through a single barrier in a Luttinger liquid inclu
ing long-range interactions.27–30Charging in the presence o
two impurities has been studied for spinless electrons with
interaction range much smaller than the distance between
two impurities.31 The crossover from a Luttinger liquid with
a long-range interaction to a Wigner crystal in the prese
of two symmetrically arranged potential barriers has be
investigated.32

In the present paper, we establish the fundamentals
transport theory for 1D quantum dots embedded in a
electron system of correlated electronswith spin, which turns
out to be considerably different from the spinless case.
pecially, we concentrate here on the energies for charge
spin additions to the electron island formed between t
strong impurities in a single-channel quantum wire of dia
eter d with an electron interaction of nonzero range. T
quantum wire is described by using the Luttinger liqu
model with spin.26 The bias electric field is assumed to ha
an arbitrary spatial shape. The interaction is assumed as
Coulomb potential, which we project to one dimension
using the Gaussian wave function associated with the low
state in a parabolic, cylindrically symmetric confinement p
tential. Screening is introduced by an infinite metallic pla
at a distanceD parallel to the wire. For comparison, w
comment also on results obtained for a projected scree
3D Coulomb interaction.

With the imaginary-time path-integral method, we det
mine the effective action in which charging and transp
contributions are identified. The strength and the range of
interaction,V0 andD, respectively, and the length of the 1
quantum island—the distance between twod-function-like
potential barriersa—determine characteristic energy sca
related to the charge and spin excitations that appear in
model. We find that the characteristic energy related to
addition of charge to the island—the charging energy—
always increases with increasing interaction range unt
saturates when the latter exceeds considerably the leng
the island. On the other hand, the energy related to the a
tion of a spin—the spin addition energy—is approximately
the same as that of noninteracting particles induced by
Pauli principle. This is due to the smallness of the~short-
ranged! exchange interaction.

We observe that the spatial shape of the electric field
ters the effective action. The corresponding term can be
terpreted as simulating the influence of the voltage at a g
electrode in experimental realizations.

Using our results, we have analyzed recent experime
data.15 We attempted to deduce the parameters of the qu
tum wire used in the experiment quantitatively. We fou
that it is not possible to identify a region of parameters tha
consistent withall of the experimental findings. We conclud
that depending on the quantity considered, the freque
spectra of the collective excitations, or the temperature
pendence of the peaks in the differential conductance,
periments probe the interaction in different regions of the
sample, namely, within the island itself or within the who
quantum wire extending along the edge of the sample. T
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indicates that, together with spin and finite interaction ran
inhomogeneity effects have to be taken into consideration
understanding the quantum transport in these 1D semic
ductor systems.

The paper is organized as follows. Section II briefly d
scribes the model. In Sec. III, the effective action is provid
and discussed. In Sec. IV we comment on the conditions
current transport. Quantitative results for the charging ene
are given in Sec. V. Finally, we analyze experimental data
Sec. VI.

II. THE MODEL

A. The Hamiltonian

We use the bosonization technique6,26 for interacting elec-
trons with spin in one dimension. The quantum dot is d
scribed by a double barrier consisting of twod-function po-
tentialsVid(x2xi) at xi ( i 51,2) wherex1,x2. An external
electric fieldE(x,t)52]xU(x,t) is assumed to induce trans
port. The Hamiltonian is

H5H01HB1HU . ~3!

The first term describes the interacting electrons wit
the Luttinger liquid model,4,5

H05
\vF

2 E dx$Pr
2~x!1@]xqr~x!#2%

1
1

pE dxE dx8]xqr~x!V~x2x8!]x8qr~x8!

1
\vsgs

2 E dxS Ps
2~x!1

1

gs
2 @]xqs~x!#2D , ~4!

wherevs is defined below and

gs5S 11hex

12hex
D 1/2

, ~5!

with the exchange interaction matrix elementh ex

[V̂(2kF)/2p\vF . In Eq. ~4!, the electrons are represente
by conjugate bosonic fieldsPr ,qr , andPs ,qs associated
with the collective charge and spin density excitations,
spectively. The system length isL and the Fermi velocityvF .
The interaction,V(x2x8), is a projection of a modified 3D
Coulomb interaction onto thex direction ~see below!. It has
the Fourier transformV̂(q), which is the dominant quantity
in the dispersion relation of the charge excitations33

vr~q!5vFuquF12hex
2 1~11hex!

2V̂~q!

p\vF
G1/2

[vr~q!uqu.

~6!

The dispersion relation of the spin excitations,

vs~q!5vFuqu@12hex
2 #1/2[vsuqu, ~7!

contains as the dominant part the exchange interact
which is generally very small compared withV̂(q) at small
q.25,33 This implies that the group velocity of the spin exc
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tations,vs , is very close to the Fermi velocity,gs'1. In the
following, hex will therefore be omitted whenever it is only
small correction.

The contribution of the two localized impurities is

HB5r0 (
i 51,2

Vi cos@2kF xi1A2pqr~xi !#cos@A2pqs~xi !#,

~8!

wherer052kF /p is the mean electron density. Equation~8!
is the potential energy of the impurities corresponding to
number density of charges:

r~x!5r↑~x!1r↓~x!

5r01A2

p
]xqr~x!1r0 cos@2kF x1A2pqr~x!#

3cos@A2pqs~x!#. ~9!

The second term in Eq.~9! accounts for the slowly varying
part of the charge fluctuations. The third term represents
charge density wave involved in the 2kF backscattering in-
terference between left and right moving electrons. It a
couples the charge with the long-wavelength part of the d
sity of spins,

r↑~x!2r↓~x!'A2

p
]xqs~x!, ~10!

which is considered here with respect to a zero mean va
When calculating the energy of the impurities, one obta
also a contribution due to the second term in Eq.~9!, besides
the above contributionHB . As this represents a forward sca
tering process, it can be eliminated by a unitary transform
tion and will not be considered any further.

On the other hand, if a potential is slowly varying on t
scale kF

21, its dominant contribution is mainly due to th
long-wavelength part of the density~9!. We assume this to
be the case for the bias electric field. The corresponding t
in the Hamiltonian is, with the elementary chargee (.0),

HU52eA2

pE dx U~x,t !]xqr~x!. ~11!

The presence of the two localized impurities natura
separates the charge and spin degrees of freedom at ‘‘b
positionsxÞx1 ,x2 from those at the barriers. It is useful t
introduce symmetric and antisymmetric variables for parti
(n5r) and spin densities (n5s):

Nn
65A2

p
@qn~x2!6qn~x1!#. ~12!

The quantityNr
2 is associated with the fluctuations of th

particle number within the island as compared to the m
particle numbern05r0(x22x1). The corresponding exces
charge isQ52eNr

2 ; Ns
2 represents thez component of the

fluctuation of the number of spins within the island corr
sponding to a change of spinNs

2/2. The numbers of imbal-
anced particles and spins between left and right leads
represented byNn

1 . The dc current-voltage characteristic c
e
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then be evaluated by considering the stationary limit of
charge transfer through the dot in the presence of an exte
voltage:

I 5
e

2
lim
t→`

^Ṅr
1~ t !&. ~13!

The bracketŝ •••& include a thermal average over the co
lective excitations atxÞx1 ,x2 and a statistical average pe
formed with the reduced density matrix for the degrees
freedom atx5x1 ,x2.

B. The interaction energy

We consider in the following two models which can b
used for discussing experimental results quantitatively.

1. Model 1

Because of gates and surrounding charges in the exp
ments done on quantum wire, screening is always presen
the interaction between the electrons which normally inter
via the 3D Coulomb interaction. Although the geometry
the gates and the wire are certainly more difficult in t
experiment,15 we assume in the following that we can d
scribe the screening as being solely due to an infinite me
lic plane at a distanceD in the y-direction parallel to the
(x,z) plane. The quantum wire is assumed in thex direction.
The effective electron-electron interaction energy can th
be calculated by using the method of image charges:

V~rW2r 8W !

5
V0

urW2r 8W u
2

V0

A~x2x8!21~z2z8!21~y1y822D !2
,

~14!

with V05e2/4pe0e and the dielectric constante0e.
We assume for simplicity a parabolic confinement of t

electrons perpendicular to the wire. The effective interact
in the lowest subband can then be obtained from Eq.~14! by
projecting with a normalized Gaussian confinement wa
function corresponding to the diameterd of the wire. The
Fourier transform of the resulting effective interaction pote
tial is for D@d

V̂~q!5V0Fed2q2/4E1S d2q2

4 D22K0~2Dq!G , ~15!

where E1(z) is the exponential integral and K0(z) the modi-
fied Bessel function.34 This expression shows explicitly how
the gate screens the Coulomb interaction. In the limitqd

→0, one obtains the finite valueV̂(q→0)52V0@g/2
1 ln(2D/d)# (g50.577 22 Euler constant!. This implies a fi-
nite interaction constant

gr[
vF

vr~q→0!
5F11hg12h lnS 2D

d D G21/2

, ~16!

whereh52V0 /p\vF . The 1D equivalent of the unscreene
Coulomb interaction is obtained forD→`.
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2. Model 2

We also consider the screened Coulomb interaction

V~rW2r 8W !5V0

e2aurW2r 8W u

urW2r 8W u
, ~17!

with a phenomenological screening lengtha21. The Fourier
transform of its Gaussian projection to 1D is10

V̂~q!5V0e(d2/4)(q21a2)E1S d2

4
@q21a2# D , ~18!

and the corresponding interaction constant

gr5F12hg12h lnS 2

adD G21/2

. ~19!

III. THE EFFECTIVE ACTION

In order to evaluate the current-voltage characteristic
has to perform a thermal average over the ‘‘bulk modes’
xÞx1 ,x2. This can be done with the imaginary-time pa
integral method.35 The result of the integration is an effectiv
actionSeff , which depends only on the four variables defin
in Eq. ~12!. In the continuous limit (L→`), with the inverse
temperatureb51/kBT one obtains

Seff@Nr
6 ,Ns

6#

5E
0

\b

dt HB@Nr
6 ,Ns

6#

1 (
r 56

(
n5r,s

F E
0

\bE
0

\b

dt dt8 Nn
r ~t!Kn

r ~t2t8!

3Nn
r ~t8!2dr,nE

0

\b

dt Nr
r ~t!L r~t!G . ~20!

The Fourier transforms, at Matsubara frequenciesvn

52pn/\b, of the dissipative kernelsKn
6(t) and of the ef-

fective ‘‘forces’’ L 6(t) are determined by the dispersio
relations~6! and ~7! of the collective modes, respectively,

@Kn
6~vn!#215

8vngn

\p2 E
0

`

dq
16 cos@q~x12x2!#

vn
21vn

2~q!
, ~21!

L 6~vn!5
4evF

\p2
Kr

6~vn!E
2`

`

dxE~x,vn!

3E
0

`

dq
cos@q~x2x2!#6 cos@q~x2x1!#

vn
21vr

2~q!
.

~22!

Both Kn
6 andL 6 contain the collective bulk modes tha

introduce the interaction effects to be described below. F
of all, we note thatKn

1(vn→0)50.21,35 On the other hand
Kn

2(vn→0)Þ0. The latter describe the costs in energy
e
t

st

r

changing the numbers of charges and/or spins on the is
between the potential barriers. The corresponding Euclid
action is

S0@Nr
2 ,Ns

2#5 (
n5r,s

En

2 E
0

\b

dt~Nn
2!2, ~23!

with the characteristic energies

En52Kn
2~vn→0! ~n5r,s!. ~24!

For n5r, this corresponds to the charging energy that
supplied or gained, in order to transfer or remove one cha
to or from the island as compared with the mean value,Nr

2

561. Correspondingly, forn5s, the spin addition energy
Es is needed or gained in order to change the spin by exa
61/2. The Coulomb interaction in the dispersion relation
the charge excitations increases considerably the char
energyEr , in comparison with the spin addition energyEs ,
which is only influenced by the~small! exchange interaction
We always expectEr.Es .

The frequency-dependent parts of the kernels describe
dynamical effects of the external leads and of the correla
excited states in the dot. Their influence is described by sp
tral densitiesJn

6(v) related via analytic continuation to th
imaginary-time kernels20,36

Jn
6~v!5

2

p\
Im Kn

6~vn→1 iv!. ~25!

Due to the nonzero range of the interaction, analytic expr
sions for these densities are not available. However, one
always extract their limits forv→0,

Jn
6~v→0!5

An
6~gn!

4gn
v, ~26!

whereAr
25gr

4(Er /E0)2 (E05\pvF/2a), and for the three
other combinations of indicesAn

651. This limit describes
the dissipative influence of the low-frequency charge a
spin excitations in the external leads,x,x1 and x.x2. It
holds also for finite frequencies. However, these must
smaller than the frequency scale corresponding to the ra
of the interaction, and smaller than the characteristic exc
tion energy of the correlated electrons in the dot.

Let us now discuss the driving forces. In general,L 6(t)
depend in a quite complicated way on the dispersion of
collective modes and on the shape of the electric field.
focus on the dc limit where it is sufficient to evaluate t
Fourier components forvn→0. In this case, the quantity
L 1(t), which acts on the total transmitted charge, depe
only on the integral of the time-independent electric fie
over the entire system, the source-drain voltageU
[*2`

` dxE(x),

L 1~t!5
eU

2
. ~27!

SinceL 1 is the part of the effective force that generates
current transport, this result generalizes the one obtained
viously for only one impurity.35 It can be easily derived from
Eq. ~22! by using the relation
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e2vF

\p2E0

`

dq
vn~16 cosqx!

vn
21vr

2~q!
5s0~0,vn!6s0~x,vn!.

~28!

Here,s0(x,vn) is the frequency dependent nonlocal condu
tivity of the Luttinger liquid per spin channel35 with the dc
limit s0(x,0)5gre2/h.

On the other hand,L 2(t) acts on the excess charge o
the island; it doesnot generate a current. It depends on t
spatial shape of the electric field and can formally be writ
in terms of the total chargeQE accumulated between th
points x1 and x2 in the absence of the barriers as a con
quence of the presence of the dc electric field

L 2~t!5
ErQE

e
, ~29!

where the charge is given by

QE52E
2`

`

dx8E~x8!

3 lim
v→0

Fs0~x12x8,2 iv!2s0~x22x8,2 iv!

iv G .
~30!

Equivalently, this can also be understood in terms of
dition energies. By introducing explicitly in Eqs.~22! and
~24! the dependence on the interval considered when ev
ating the addition energies, one finds

L 2~t!5
e

2
Er~x12x2!E

2`

`

dxE~x!

3F 1

Er~x2x1!
2

1

Er~x2x2!G . ~31!

It is reasonable to assumex2,156a/2. If the effective
electric field has inversion symmetry,L 2 vanishes. Without
inversion symmetry, the electric field generates an effec
charge on the island that will influence the total current
coupling betweenNr

1 and Nr
2 due to the impurity Hamil-

tonian HB . Physically, this externally induced charge m
be thought of as being generated by a voltageVG applied to
an external gate that electrostatically influences the charg
the island. Thus, the above Eq.~29! can be interpreted as
term representing the effect of the gate voltage in the p
nomenological theory of the Coulomb blockade.

IV. CONDITIONS FOR CURRENT TRANSPORT

So far, we have discussed the influence of the spin
charge bulk modes on the four variablesNn

6 that describe the
quantum dot. In order to calculate explicitly the electric
current one has to solve the equations of motion for theNn

6 .
This is beyond the scope of the present work and will
discussed elsewhere. Here, we briefly describe the re
that are needed in the following.

For barriers much higher than the charging energy,Vi
@Er , the dynamics is dominated by tunneling events c
necting the minima ofHB in the 4D (Nr

1 ,Nr
2 ,Ns

1 ,Ns
2)
-

n

-

-

u-

e

on

e-

d

l

e
lts

-

space.7 For equal barriers,V15V25V, the impurity Hamil-
tonian is

HB5r0VFcos
pNr

1

2
cos

pNs
1

2
cos

p~n01Nr
2!

2
cos

pNs
2

2

1 sin
pNr

1

2
sin

pNs
1

2
sin

p~n01Nr
2!

2
sin

pNs
2

2 G . ~32!

The transitions between the minima of this function
four variables correspond to different physical processes
transferring electrons from one side to the other of the qu
tum dot. At very low temperature, the dominant proces
transfer the electron coherently through the dot. In particu
when the number of particles in the island is an odd inte
there is spin degeneracy,Ns

2561. The island acts as a lo
calized magnetic impurity, similar to that in the Kond
effect.7 This leads to a Kondo resonance in the transp
through the island.37,38

On the other hand, if the temperature is higher than
tunneling rate through the single barrier, the dominant p
cesses are sequential tunneling events.19,21 The transfer of
charge occurs via uncorrelated single-electron hops into
out of the island, associated with corresponding change
the total spin. This is precisely the regime that recently h
become accessible by using cleaved-edge-overgrowth q
tum wires.15 In this region, one has to consider minima th
correspond to pairs of even or oddNr

2 andNs
2 . The domi-

nant transport processes are those that connect minima
transitionsNr

2→Nr
261 associated with changes of the sp

Ns
2→Ns

261. For each of these processes also the exte
charge and the spin change byNn

1→Nn
161.

The degeneracy of these minima is lifted by the cha
and spin addition energiesEr andEs , which force the sys-
tem to select favorable charge and spin states in the isl
These selections become essential at low temperatures,kBT
,En , when current can flow only under resonant conditio
The latter can be achieved in experiment by tuning exter
parameters, like the source-drain voltage or the gate volt
in order to create degenerate charge states in the island

A. Linear transport

In the linear regime,U→0 for T50, starting with the
island occupied byn electrons, we expect that another ele
tron can enter and leave only if the difference between
ground-state energies ofn11 and n electrons are aligned
with the chemical potential of the external semi-infinite Lu
tinger systems. The ground state of an even number of e
trons in the 1D island has the total spin 0. On the other ha
the ground state of an odd number of electrons can be
sumed to have the spinNs

2561.24,39 This implies the reso-
nance condition

U~n11,6sn11!2U~n,6sn!50 ~33!

with U(n,6sn) the ground-state energies withn particles and
total spinssn50 (n even! or sn51/2 (n odd!, respectively.

With the above charge, spin, and external gate terms, E
~24! and ~29!, these conditions become
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ErS n2n02nG1
1

2D1~21!n
Es

2
50. ~34!

The variablenG5eVGd/Er represents the number of in
duced particles due to the coupling to a gate at which
voltageVG is applied, with a proportionality factord that can
be determined experimentally. The zero of energy has b
assumed to be given by the external chemical potential in
~33!.

From the above expression one can see that the dist
of the peaks of the linear conductance when changing
gate voltage is given by DVG5@Er1(21)nEs#/ed
'Er /ed sinceEs!Er . Having independent information o
d one can extract the value of the charging energyEr ~in
principle also for the spin addition energyEs) from the ex-
perimental data.

In order to evaluate the current as a function of tempe
ture and/or source-drain voltage, one needs to consider
behavior of the spectral densities given in Eq.~25!. In the
sequential tunneling regime, one can show that only th
sum enters the transport21

J~v!5 (
r 56

(
n5r,s

Jn
r ~v!. ~35!

The frequency behavior of this determines the curre
voltage characteristics both in the linear and in the nonlin
regimes~see below!. In particular, it determines the expone
of the power-law dependencies of the current as a functio
temperature and/or the bias voltage.

For temperatures lower than the excitation energy in
quantum dot, the low-frequency behavior of the spectral d
sity is mainly determined by the charge and spin excitati
in the leads. Thus, the power-law dependence of the con
tance peaks is dominated by the interaction in the region
the quantum wireoutsideof the electron island. From Eqs
~25! and ~26! one obtains

J~v!'Jleads~v!5
v

2 S 1

gs
1

11Ar
2

2gr
D . ~36!

Equation~36! generalizes the results obtained previously
spinless electrons and zero-range interaction,19,21 where
J(v)'v/gr . We conclude that the presence of the spin
the leads introduces an effective interaction strength

1

geff
5

1

4 S 11Ar
2

gr
1

2

gs
D , ~37!

which determines the exponents of the power laws.
For example, it has been shown for spinless electrons19,21

that the intrinsic widthG(T) of the linear conductance Cou
lomb peak depends on the temperature. For low temperat
this has been found to be given byG(T)}T1/gr21. Corre-
spondingly, with spin, one finds instead

G~T!}T1/geff21. ~38!

B. Nonlinear transport

One can investigate the nonlinear current-voltage cha
teristic by increasing the source-drain voltageU. In this case,
the current-voltage characteristic shows the Coulomb s
e

en
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case associated with transitions between successive gr
states of the electrons in the quantum dot. In addition, fi
structure appears that reflects the excitation spectra of
correlated electrons. They can be due to collective cha
and spin modes or to particular polarizations of the spi
Ns

2Þ0,61. The former, for a voltage dropU at the potential
barriers~fixing the chemical potential in one of the leads
be equal to that in the dot!, has a maximum periodicity

U5m0~n11!2m0~n!5Er1~21!n11Es , ~39!

wherem0(n) is the electrochemical potential ofn electrons
on the quantum island.

In the present model, the possible particle-hole excitati
are collective spin and charge modes confined within
island. In a completely isolated island, the corresponding
ergy spectrum would be discrete,vr(qm) andvs(qm), due
to the discretization of the wave numberqm5pm/a associ-
ated with the confinement. Due to the coupling to the el
trons in the leads via the interaction, these levels are bro
ened. In the following argument, we assume that t
broadening is negligible.

The screened Coulomb interaction causes a nonlinear
persion relation for the charge modes in the infinite Lutting
system. This leads to nonequidistant charge excitation e
gies in the quantum dot,

Der~qm!5\@vr~qm11!2vr~qm!#. ~40!

Their explicit values depend on the ratio between the d
tancea and the range of the interaction,D or a21.

For values ofa much larger than this range, the first e
cited charge modes are equidistant. They are given by
charge-sound velocity forq→0, vr5vF /gr ,

Der5
\pvr

a
5

\pvF

agr
[

2E0

gr
. ~41!

In the opposite limit, the nonlinear dispersion is already
fecting strongly the first excitation. This results in a val
smaller than Eq.~41!, for model 1,

Der5
\pvF

a
A12gh12h lnS 2a

pdD[
2E0

f r
. ~42!

For the spin excitations, the dispersion in the infinite s
tem is linear and the discrete spectrum is equidistant,

Des5
\pvs

a
[2E0

vs

vF
, ~43!

with the spin mode velocityvs ('vF).

V. THE CHARGING ENERGY

The above discussion emphasizes theimportance of
charge and spin addition energiesand of thecharge and
spin excitation energiesfor the linear and nonlinear transpo
properties. It is therefore crucial to evaluate these quanti
microscopically and determine their dependencies on
model parameters, especially in view of comparisons w
the experimental data of Ref. 15.

We analyze now in more detail the charging and s
energies of the Luttinger island as a function of the para
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eters of the above model 1. In addition to the interact
strengthV0, which contains as an essential quantity the
electric constante, we have the Fermi energyEF and three
geometrical parameters: the distanceD between the 1D sys
tem and the infinite metallic plane, the diameterd of the
wire, and the lengtha of the island.

The spin addition energy can be easily evaluated from
simple dispersion relation Eq.~7!,

Es5
p\

2a

vs

gs
. ~44!

This energy is the same as the addition energy of nonin
acting particles that is related to the Pauli principle and d
to the quasidiscretization of the spin energies in the dot.

The charging energyEr is evaluated numerically from
Eq. ~24! as a function ofa/d. It is shown in Fig. 1 for
different ratios D/d and different interaction paramete
V0 /d with d510 nm andd520 nm. DifferentV0 /d corre-
spond to differente. ChangingEF between 2 meV and 4
meV, values that cover the experimentally relevant regi

FIG. 1. Charging energyEr in meV for model 1 as a function o
a/d ~Fermi energy EF53 meV, effective electron massm
50.067m0). Top: d510 nm; interaction strengthsV0 /d524.08
meV ~dashed-dotted!, 12.04 meV ~full lines!, 6.02 meV ~dotted
lines!, corresponding to e56, 12, 24 ~equivalent to h
52V0 /p\vF52.04, 1.02, 0.51, respectively!, and D/d51000,
100, 10~top to bottom!. Bottom: d520 nm; interaction strength
V0 /d512.04 meV ~dashed-dotted lines!, 6.02 meV ~full lines!,
3.01 meV~dotted lines!, andD/d5500, 50, 5~top to bottom!.
n
-

e

r-
e

,

changes the curves in Fig. 1 only less than 10%. For sm
a/d, the charging energy diverges. We consider only
regiona/d.1. Asymptotically,

Er

E0
'5 F11hg12h lnS 2D

d D G[ 1

gr
2 ~D!a!,

F12hg12h lnS 2a

pdD G[ 1

f r
2 ~D@a!.

~45!

~46!

Er is only weakly influenced byD/d: changingD/d by 2
orders of magnitude changesEr only by about 30%.

The charging energy always increases with increasing
teraction rangeD, because the cost of energy for puttin
additional electrons into the island increases. Interact
ranges much larger thana do not change the charging energ
because only the short-range part of the repulsion betw
the electrons contributes. Therefore,Er approaches the
asymptotic value of Eq.~46! ~Fig. 1, curves for largestD/d).
For strong Coulomb interaction (h52V0 /p\vF@1) anda
@d, this is

Er5
e2

2pee0a
lnS 2a

d D[
e2

C
. ~47!

Here,C is the classical self-capacitance of a cylinder of t
length a. The stronger the interaction~increasingV0) the
larger theEr , very similar to the behavior of a classica
capacitor with a dielectric,C}e.

Very similar results, withd/D replaced byad, are ob-
tained by using model 2. Basically, this tells that screen
effects may well be described by a global parameter, ir
spective of the underlying microscopic model.

As mentioned earlier, the nonlinear transport shows C
lomb steps with widths given approximately byEr and fine
structure due to the excited states. For a first estimate of
strength of the interaction it is very useful to estimate h
many excited states are present within the energy wind
given byEr . Figure 2 shows the ratios between the ene
Er and the first collective excited~spin or charge! state in the
electron islandDen (n5s,r) for model 1 as a function of
the interaction constantgr . The change ingr is obtained

FIG. 2. RatiosEr /Den (n5s,r; upper/lower curves for fixed
a/d) as a function of the interaction constantgr for a/d520, 60,
500 with e512, d520 nm,m50.067m0 , gs51.
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changing the distanceD from the gate;gr→0 corresponds to
D→`. The ratioEr /Der is always smaller thanEr /Des .

We expect to observe within the windowEr much more
levels due to spin excitations than due to charge excitatio
Er /Den always increases whengr decreases~increasingD).
It saturates forD@a,

Er

Der
5

1

2 f r
;

Er

Des
5

vF

vs

1

2 f r
2

. ~48!

In the opposite limit,D!a, the behavior is described by th
asymptotic expressions

Er

Der
5

1

2gr
;

Er

Des
5

vF

vs

1

2gr
2

. ~49!

VI. COMPARISON WITH EXPERIMENT

In this section, we compare our results with the expe
mental data obtained in Ref. 15. In that work, results of
temperature dependence of the intrinsic width of the cond
tance peaks in the region of Coulomb blockade on quan
wires fabricated with the cleaved-edge-overgrowth techni
have been reported. The data have been found to be co
tent with the power law

G~T!}T1/g* 21, ~50!

with g* '0.82 andg* '0.74 for a peak closer to the onset
the conductance and the next lower peak, respectively
addition, information about the excited energy levels of c
related electrons have been obtained by measuring the
linear current-voltage characteristics. Aminimumof five ex-
cited levels have been observed for a given electron num
Presumably, the number of excited levels is even larger s
the majority of the excited island states is generally
clearly observed in nonlinear transport due to matrix elem
effects.40

The data have been analyzed previously by assuming
within the quantum wire, a quantum dot has been accid
tally formed between two maxima of the random potential
impurities. The electron spin has been neglected. The pa
eters estimated from the experimental setup are length
wire L'5 mm; length of the electron islanda'100– 200
nm; ~nonspherical! diameter of the wired'10– 25 nm; dis-
tance to the gateD'0.5 mm. The charging energy, as es
mated from the distance between the conductance peaks
been given asEC'2.2 meV. Since the observed conductan
peaks are equidistant within 10% we deduce thatEs!Er . A
rough estimate of the Fermi energy isEF'3 meV. With
these parameters, the value of the interaction constant
been estimated asgr'0.4,15 clearly inconsistent with the
aboveg* determined from the temperature dependence
the conductance peaks.

Using our above microscopic approach, which includ
the influence of the electron spin and finite range of the
teraction, we confirm that there is a discrepancy, though
estimate forgr from the temperature dependence of the c
ductance peaks seems to be slightly improved. First, we
timate the length of the islanda from the charging energy in
Fig. 1. AsEr is relatively insensitive with respect to chang
s;
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of D/d andEF in the experimentally relevant region of pa
rameters, we assumeD/d550 with EF53 meV andd520
nm. Furthermore,V0 /d56.02 meV for e512. With the
above 2.2 meV we finda/d'16. This is consistent with the
value given in Ref. 15 within the uncertainties.

By taking into account the spin and using an interaction
a finite range,g* has to be identified with the effective in
teractiongeff in Eq. ~37!. Since for the spin excitationsgs
'1, we find forg* 50.82 and 0.74 an interaction consta
gr* '0.6620% by solving Eq.~37! for Er(gr)/E0 and com-
paring withEr(gr)/2E05Er /Des in Fig. 2. This would im-
ply that D'd @Eq. ~16!#. On the other hand, by using Eq
~16! with the above parameters, especiallyD'50d, we find
an interaction constantgr'0.25620% depending only
weakly onD/d. This is clearlynot a quantitatively consisten
result. The discrepancy can be reduced by changinge. Also,
taking into account the exchange correctionhex (gsÞ1)
gives some improvement. However, within reasonable v
ues of all of the parameters, one is in any case forced
concludegr* '2gr .

Furthermore, with gr* 50.6, one reads from Fig. 2
Er /Der'Er /Des'1. Thus, about one to two excited stat
corresponding to a given electron number should be
served in nonlinear transport spectroscopy. This is alsonot
consistent with the experiment. In order to observe a lar
number of excited states, the interaction constant mus
considerably smaller,gr,0.3, such that the number of spi
excited states within the given window ofEr is increased~cf.
Fig. 2!. Taking into account the exchange interaction (vs
,vF) would additionally decreaseDes ~and Es) and in-
creaseEr and thus increase the number of excited states

Despite the above inconsistency, the energetically low
of the excited states seen in the nonlinear transport are
dicted by our approach to correspond to spin excitatio
Without the latter there is not at all any possibility of unde
standing the results from nonlinear transport even when
ing parameters that give consistent results for the interac
constants. Given this scenario, only the energetically high
experimentally observed state would correspond to a cha
excitation. The latter could be identified, for instance, w
the state denoted in Ref. 15 as the ‘‘strongly coupled exc
state.’’

One might conclude that the part of above quantitat
discrepancy is due to the Luttinger model being questiona
for quantum wires in the extreme low-density limit. How
ever, one can also conclude that the data obtained from n
linear transportspectroscopyhave to be interpreted by usin
a different interaction constant than that obtained from
temperature dependence of the transport. This is also
ported by the theoretical derivation: the temperature beha
of the conductance peaks is dominated by the excitation
the whole quantum wire, while the quasidiscrete excitat
spectra are showing the interaction in the region of the qu
tum island. We are thus forced to conclude thatinhomoge-
neity effects and the influence of the contacts are an imp
tant issue for the understanding of the correlations in
electron transport in these cleaved-edge-overgrowth quan
wires, in addition to spin effects.

VII. CONCLUSION

In conclusion, we have derived the effective action fo
quantum dot formed by a double-barrier potential with a
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alistic long-range interaction between the electrons, a
most importantly, including the electron spin. We have ide
tified an effective driving force acting on the charge of t
electrons, which turned out to be independent of the shap
the driving electric field. Mass terms originating from th
dissipative degrees of freedom in the Luttinger liquid ha
been found for both the chargeand the spin. They are iden-
tified with the charging energy in the case of the addition
charge and with a spin addition energy for the spin. Also,
effective force has been found, which, in the dc limit, is on
nonzero when the driving electric field and/or the barriers
asymmetric. This influences the transport via the coupling
modes at the potential barriers. It can be attributed to ch
ing of the electron island via an external gate.

We have made an attempt to interpret quantitatively
recent experiment that includes linear as well as nonlin
transport data in the region of the Coulomb blockade.
find that even taking into account the electron spin it is i
possible to consistently fitall of the experimental data with
the same interaction parameter. It seems that different in
action strengths have to be used for explaining the temp
ture dependence of the transport on the one hand and
excitation spectrum of the quantum dot on the other.

A possible conjecture to solve this puzzle is to assu
that the temperature behavior of the conductance peak
dominated by the interaction among the electrons in
quantum wire along the edge of the whole sample, in c
trast to the excitation spectra that ‘‘feel’’ the interactio
strength near the quantum dot. This is qualitatively con
tent with the physical origin of the temperature depende
of the conductance, namely, the bulk modes outside the e
.
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tron island. This conjecture would also explain whygr*
'0.6, as estimated from the temperature behavior, is la
than that obtained from the observed number of the exc
states in the island,gr,0.3. The interaction is weaker in th
leads due to screening induced by the contact regions
the attached 2D electron gases, while it can be assumed
stronger within the island due to the absence of nearby
electron gases.

The above interpretation also predicts that the energ
cally lowest collective excitations in the quasi-1D quantu
island observed in the experiment are very likely spin ex
tations. The energies of the lowest observed collective
cited states are so small that it is hard to believe that they
be related to charge modes sincevr.vs , given the above
estimates for the range and strength of the interaction is
the correct order. This is consistent with a previous sugg
tion based on a semiphenomenological model in which ex
diagonalization and rate equations have been combine
order to describe the nonlinear transport through a 1D qu
tum island containing only few electrons.24
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