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The A+B → 2B particle system

A and B particles perform random walks on Zd with jumping
rates DA and DB; A is converted to B upon ‘contact’.

DA

DB

One extreme case, DB = 0: Modified Diffusion Limited Growth.
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The Modified Diffusion Limited Growth (mDLA)

In 2-D, mDLA has a limiting shape;
fluctuation described by KPZ.
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Specializing to 1-D

Kesten-Sidoravicius:

Continuous time, independent random walks on Z>0.

R(t): absorbing boundary starting at R(t) = 0.
R(t) 7→ R(t) + 1 whenever a particle jumps into [0, R(t)].

[  ] [                 ]

How does R(t) grow in t?
Starting with i.i.d. Pois(ρ) number of particles per site:

[Kesten Sidoravicius, 08]
if ρ < 1, R(t) grows like

√
t for t→∞.

[Sly, 16] if ρ > 1, R(t) grows linearly for t→∞.

Transition at ρ = 1!
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A Further Modification, the Frictionless Growth Model

R(t) may move more steps in order to satisfy the flux condition:

R(t) = N(t) := (number of absorbed particles up to time t).

[  ] [                 ]

Proposition (Dembo-Tsai, in preparation)

For the firctionless growth model, start the system with i.i.d.
numbers {ηic(x)}x>0 of particles, with E(ηic(x)) = ρ and
exponential tails.

a) If 0 < ρ < 1, there exists κ = κρ ∈ (0,∞) such that

sup
t∈[0,t0]

|ε1/2R(ε−1t)− κ
√
t| −→P 0, as ε→ 0,

b) If ρ > 1, R explodes in finite time, i.e.,

P
(
R(t) =∞, for some t <∞

)
= 1.
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The Subcritical Regime, ρ < 1

Hydrodynamic limit.

Diffusive scaling:

Rε(t) := ε1/2R(ε−1t);

µεt (·) := ε1/2
∑
i

δ
ε1/2xi(ε

−1t)
(·).

[                             ]

t
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The Subcritical Regime, ρ < 1

Hydrodynamic limit.

Diffusive scaling:

Rε(t) := ε1/2R(ε−1t);

µεt (·) := ε1/2
∑
i

δ
ε1/2xi(ε

−1t)
(·).

As ε→ 0, (Rε(t), µεt (·)) converges in prob to (r(t), u(t, x)dx),
which solves the following PDE:

∂tu(t, x) = 1
2∂xxu(t, x), x > r(t),

u(t, r(t)) = 0,
r′(t) = 1

2∂xu(t, r(t)).

Li-Cheng Tsai Criticality of Randomly Driven Front in 1-D



The Subcritical Regime, ρ < 1

Hydrodynamic limit.
As ε→ 0, (Rε(t), µεt (·)) converges in prob to (r(t), u(t, x)dx),
which solves the following PDE:

∂tu(t, x) = 1
2∂xxu(t, x), x > r(t),

u(t, r(t)) = 0,

r′(t) = 1
2∂xu(t, r(t))

= −d
dt

∫∞
r(t) u(t, x)dx.

Li-Cheng Tsai Criticality of Randomly Driven Front in 1-D



The Subcritical Regime, ρ < 1

Hydrodynamic limit.
As ε→ 0, (Rε(t), µεt (·)) converges in prob to (r(t), u(t, x)dx),
which solves the following PDE:

∂tu(t, x) = 1
2∂xxu(t, x), x > r(t),

u(t, r(t)) = 0,

r′(t) = 1
2∂xu(t, r(t)) = −d

dt

∫∞
r(t) u(t, x)dx.

Li-Cheng Tsai Criticality of Randomly Driven Front in 1-D



The Subcritical Regime, ρ < 1


∂tu(t, x) = 1

2∂xxu(t, x), x > r(t),
u(t, r(t)) = 0,
r′(t) = 1

2∂xu(t, r(t))

For u(0, x) = ρ, explicit solution

u(t, x) =
κ

p(κ)
(Φ( x√

t
)− Φ(κ)), r(t) = κ

√
t,

where κ = κρ is the unique solution of κ
p(κ)(1− Φ(κ)) = ρ.
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The Subcritical Regime, ρ < 1

For u(0, x) = ρ, explicit solution

u(t, x) =
κ

p(κ)
(Φ( x√

t
)− Φ(κ)), r(t) = κ

√
t, (1)

where κ = κρ is the unique solution of κ
p(κ)(1− Φ(κ)) = ρ.

As ρ→ 1, κ→∞.
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An Integrated form of the Flux Condition

For the explicit solution (1),

r(t)(1− ρ) =

∫ ∞
r(t)

(ρ− u(t, x))dx.

A graphical derivation:

x

u(t,x)

r(t)

 ρ
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An Integrated form of the Flux Condition

r(t)(1− ρ) =

∫ ∞
r(t)

(ρ− u(t, x))dx.

A graphical derivation:

x

u(t,x)

r(t)

 ρ
1

Flux condition: distance of move = absorption.
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An Integrated form of the Flux Condition

r(t)(1− ρ) =

∫ ∞
r(t)

(ρ− u(t, x))dx.

A graphical derivation:

x

u(t,x)

r(t)

r(t)(1−ρ)  ρ
1

So, r(t)(1− ρ) =
∫∞
r(t)(ρ− u(t, x))dx.
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The Critical Regime, ρ = 1

Theorem (Dembo-Tsai, in preparation)

Start the system with i.i.d. numbers {ηic(x)}x>0 of particles, with
E(ηic(x)) = 1, exponential tails, and Var(ηic(x)) = σ2 > 0.

ε2/3R(ε−1·)⇒ R(·), as ε→ 0,

where R is the “inverse function” of K(ξ) := 2σ
∫ ξ
0 B(ζ)+dζ.

R(t) := inf{ξ : K(ξ) > t}.
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The Graphical Decomposition

F (x):= x−
∑

0<y≤x
ηic(y) =

∑
0<y≤x

(1− ηic(y)).

F (R(t)) =
∑

y<R(t)

(ηfr(t, x)− ηR(t, x))

=:QR(t)

+O(t
1
4 ).

ηfr(t, x) := number of free particles at (t, x);

ηR(t, x) := number of ‘surviving’ particles at (t, x).
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How to Calculate QR(t)?

R(t) is supper-diffusive, so QR(t) depends on R(t) only locally in
time.

Look for ‘stationary’ solution of the PDE
∂tu(t, x) = 1

2∂xxu(t, x), x > r(t),
u(t, r(t)) = 0,
r′(t) = 1

2∂xu(t, r(t)).

These are constant velocity solutions:

rv(t) = r0 + vt, uv(t, x) = (1− e−2v(vt−x))1x>r(t),

with the corresponding∫ ∞
rv(t)

(1− uv(t, x))dx = 1
2v .

Hence QR(t) ”≈” 1
2dR/dt .
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The Two Oscillating Phases

So far,

F (R(t))

+

”≈”
1

2dR(t)/dt
. (2)

F (R(t)) > 0: instantaneous deficiency of particles, Eq.(2) holds.

F (R(t)) < 0: instantaneous abundance of particles, R(t) travels
effectively infinitely fast.
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The Two Oscillating Phases

So far,

F (R(t))+ ≈
1

2dR(t)/dt
. (2)

F (R(t)) > 0: instantaneous deficiency of particles, Eq.(2) holds.

F (R(t)) < 0: instantaneous abundance of particles, R(t) travels
effectively infinitely fast.
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Integrate to the Solution

Integrating

F (R(t))+ ≈
1

2dR(t)/dt
.

yields

2

∫ R(t)

0
F (r)+dr ≈ t.

F (r) approximates σB(r) for r � 1.

So R(t)
3
2 = O(t) or R(t) = O(t

2
3 ), and

2σ

∫ R(t)

0
B(r)+dr ≈ t.
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