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O ptics deals with continuous ob-
jects: The electromagnetic fields
are continuous functions of

space and time. There are situations, how-
ever, in which the evolution of an optical
field can be represented as a discrete prob-
lem. This happens when the field can be
described as a sum of discrete modes. One
such simple and important case is that of a
coupled one-dimensional (1D) waveguide
array.1,2 In a waveguide array, a large num-
ber (infinite in principle) of single-mode
channel waveguides are laid one near the
other such that their individual modes
overlap. The evolution of the transversal
field distribution is described by an infi-
nite sum of coupled complex amplitudes
of the individual modes. The problem of
light propagation in a linear array was first
treated theoretically by Jones,1 and later
studied by Yariv and co-workers,2 who
fabricated and tested such arrays in galli-
um arsenide.

The equivalent nonlinear problem was
studied fifteen years later by Christo-
doulides and Joseph.3 They showed that
the field evolution in an array exhibiting a
Kerr nonlinearity can be described by a
discrete version of the nonlinear Schrö-
dinger equation (NLSE). They found soli-
tary solutions, which are now frequently
termed discrete solitons. The study of
these nonlinear objects became quite pop-
ular in the 1990s and it was shown that
they also exist as dichromatic discrete soli-
tons in a quadratic nonlinear environ-
ment. In particular, it was found that if the
transverse excitation involves only a few
waveguides, the discreteness of the respec-
tive nonlinear systems matters and any
continuous approximation fails to correct-

ly predict the nonlinear dynamics of the
excitation. Moreover, it has been proven
that in this case many novel exotic soliton
solutions exist unknown from continuous
systems. For a systematic overview of dis-
crete soliton theory and a discussion of
various novel soliton types, such as twist-
ed, flat-top or dark solitons with internal
phase dynamics, the reader is referred to
the review Spatial Solitons and to the refer-
ences therein.4 The study of discrete opti-
cal solitons has remained primarily an
area of theoretical research until recently,
when several experimental studies were
reported. Experiments in indium gallium
arsenide (InGaAs) waveguide arrays
demonstrated the formation of discrete
solitons5 and later involved the study of a
few of their distinct properties.6

Discrete solitons are a particular vari-
ety of spatial solitons. As we are aware
from our knowledge of continuous media
(bulk, or planar waveguides), spatial soli-
ton formation requires interplay between
nonlinear phase modulation and a linear
correlation effect (diffraction). In discrete

systems, this correlation is achieved by
evanescent coupling between modes in
adjacent waveguides. This coupling resem-
bles diffraction in that it spreads an excita-
tion of finite width across the array and
can thus be termed discrete diffraction.
Diffraction has its origin in a varying
phase shift in propagation direction for
different transverse wave-vector compo-
nents. This is a consequence of the de-
pendence of the longitudinal wave vector
on the transverse vector (diffraction rela-
tion). The particular form of this relation
controls the nature of diffraction, which is
very peculiar in a discrete system. For this
reason, a prerequisite to understanding
discrete soliton formation is a complete
understanding of discrete diffraction.

Discrete diffraction
In an optical directional coupler consist-
ing of only two waveguides, the overlap
between nearest-neighbor modes has a
dominant effect on light propagation. It
results in a phase-sensitive linear coupling
between the waveguides. Upon propaga-
tion, the optical power is periodically ex-
changed between them. The period, or
“beat length,” is proportional to the in-
verse coupling strength.

The same type of coupling takes place
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Figure 1. Discrete diffraction: numerical simula-
tion of the field evolution in an array consisting of
75 evanescently coupled waveguides. a) Discrete
diffraction of a finite beam (about eight waveguides
are excited). b) Single waveguide excitation—visu-
alization of Green’s function (note that the energy
is spread mainly into two lobes). c) Diffractionless
propagation (about eight waveguides are excited).

Discrete solitons are 
a particular variety of

spatial solitons...spatial
soliton formation requires

interplay between 
nonlinear phase 

modulation and a linear
correlation effect 

(diffraction).



in an infinite array of identical wave-
guides. But because of the discrete transla-
tion symmetry of the infinite array, an ini-
tially strongly localized excitation (a few
waveguides are excited) tends to spread
over the whole array [Fig.1 (a)]. Mathe-
matically, this spreading can be described
by an infinite set of coupled-mode equa-
tions with nearest-neighbor interaction.
The solution of this set has been known
for many years.1 The linear evolution
when only one guide is excited is depicted
in Fig.1 (b) and represents the Green's
function of the discrete diffraction prob-
lem. Just as in canonical diffraction, the
light distribution tends to broaden as it
propagates. Notice how most of the light is
concentrated in two distinct outermost
lobes. This is in clear contrast to canonical
diffraction in continuous systems.

But discrete diffraction has much more
to offer. The magnitude of diffraction,
normally fixed at a given wavelength, can
now be engineered through the design of
the array, i.e., the coupling strength. More-
over, this magnitude depends harmonical-
ly on the propagation direction. This has

an exciting consequence: Diffraction can
reverse its sign (anomalous diffraction)
and can thus be eliminated completely
[see Fig.1 (c)] in close analogy to disper-
sion in the temporal case.

To understand discrete diffraction, it is
worthwhile to first examine the continu-
ous case. Because we are assuming that
beams are not too narrow, we can restrict
ourselves to the paraxial approximation.
As already mentioned, the nature of dif-
fraction derives from the respective dif-
fraction relation, i.e., the relation between
longitudinal (kz) and transverse wave-vec-
tor component. Each spectral component
(kx) of a finite beam is accumulating opti-
cal phase differently while propagating.
The amount of phase gained by each com-
ponent after propagating distance z is
�(kx )=kz (kx )z. A group of transverse
components centered at this component is
transversely shifted, i.e., refracted, by an
amount of

The beam broadens because of the diver-
gence between the different displacements
�x(kx). The divergence 

is the magnitude of diffraction or the dif-
fraction coefficient, in analogy to the defi-
nition of dispersion.

The diffraction relation for a specific
system can be derived from the evolution
equation by assuming a plane wave solu-
tion. For a scalar propagation in a 2D con-
tinuous system, i.e., a film waveguide, the
diffraction relation in paraxial approxima-
tion is parabolic, as

where � is the propagation constant of the
film mode. Consequently, the transverse
shift is proportional to the transverse
wave-vector component (normal refrac-
tion) and the diffraction coefficient is 
constant (~1/�) and positive (normal 
diffraction).

The evolution equation for the mode
amplitudes En reads as

In close analogy to a linear chain of weak-
ly coupled atoms, the diffraction relation
for the waveguide array is kz (kx )=
�+2Ccos(kx d), where � is now the propa-
gation constant of the channel waveguide
modes, C the coupling constant and d the
waveguide spacing. Because it is periodic,
there are an infinite number of compo-
nents kx propagating for each kz , spaced
equally by 2�/d. It suffices to restrict them
to the first Brillouin zone (|kx |<�/d). Now
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Figure 2. Experimental visualization of the dif-
fraction relation in a polymer array (75 wave-
guides,waveguide separation d = 8.5 µm). Left: out-
put distribution as a function of the beam tilt; right:
a) diffraction relation kz (kx); b) beam shift of the
output beam �x(kx); c) beam width of the output
beam as a measure for the diffraction coefficient.
(From Ref. 9) 



the beam shift upon propagation is also
periodic and attains a maximum value
|�x|=2Cdz at |kx |<�/2d. For increasing kx

the shift decreases for �/2d < |kx | < �/d
(anomalous refraction). The diffraction
coefficient is now D=2Cd 2 cos(kx d) . Thus
it can be engineered in sign and size by
varying the waveguide spacing and/or the
transverse wave vector (initial phase tilt).
For |kx | = �/2d diffraction is arrested [see
Fig.1 (b)] and for �/2d < |kx |< �/d it is
anomalous. These peculiarities led to a re-
newed interest in the linear properties of
discrete optical structures. Recently, pho-
tonic Bloch oscillations in waveguide ar-
rays were predicted and experimentally
verified.7-9 Engineering of diffraction10

and the experimental visualization of the
periodic diffraction relation were also re-
ported.11 In Fig. 2, the experimentally ob-
tained diffraction relation, the anomalous
beam shift (refraction), and the output
beam width as a measure of the diffraction
coefficient are displayed for a polymer
waveguide array.11

Discrete diffraction
and nonlinearity
With regard to the formation of resting or
slowly traveling discrete solitons, the im-
mediate environment of the top (kxd=0)
and the bottom of the dispersion curve
|kx d |= � are relevant. In both cases the
diffraction coefficient has the same modu-
lus but a different sign. Thus, in the linear

array for both cases (phase difference be-
tween adjacent guides is zero for unstag-
gered solutions or � for staggered solu-
tions), beam spreading is identical because
it is only governed by the square of the dif-
fraction coefficient [see Fig. 1 (c)]. But
phase evolution will be reversed. Thus,
when nonlinearity comes into play, we ex-
pect a richer spectrum of nonlinear 
effects.

For example, it is known that a nonlin-
ear increase of refractive index leads to
self-focusing. However, this occurs only in
a medium with normal diffraction. If dis-
crete diffraction is present, a nonlinearly
induced increase of the refraction coeffi-
cient leads to defocusing and to a decrease
in focusing provided that in both cases the
initial excitation is staggered (phase differ-
ence � between adjacent guides, bottom of
the dispersion curve). This defocusing and
decrease in focusing will crucially affect
soliton formation.

In Fig. 3 we show an experimental
demonstration of self-focusing and defo-
cusing in an AlGaAs waveguide array

achieved by working at different points on
the dispersion curve.10 By applying tilts to
the input beam, different groups of kx

modes are launched. Figure 3 (a) shows an
image of the input beam. Figures 3 (b-c)
are images of the output facet when kx=0
for low and high input powers, respective-
ly. As can be seen, in this condition of nor-
mal diffraction, self-focusing, which leads
to the formation of bright solitons, occurs.
Figures 3 (d-e) are again for low and high
power, but when kxd=� and the diffrac-
tion is anomalous. The dark notches that
are seen between the waveguides in this
case are an indication of the � phase
jumps between adjacent guides. When low
optical power is injected, the beam is
slightly broadened, as in the normal case.

DISCRETE SOLITONS

February 2002 ■ Optics & Photonics News 51

Figure 3. Experimental results showing both non-
linear self-focusing and self-defocusing in an array
of GaAlAs waveguides, for slightly different initial
conditions. (a) The input beam, ~35 �m wide at
FWHM. (b) Light distribution at the output facet
for normal dispersion in the linear regime. The
beam slightly broadens through discrete diffrac-
tion. (c) At high power (Ipeak~150W), the field
shrinks and evolves into a discrete bright soliton.
(d) For an anomalous dispersion condition, when
the beam is injected at an angle of 2.6±0.4o inside
the array, it broadens slightly as in (b). Note the
dark lines between the optical modes resulting
from the �-phase flips between adjacent wave-
guides. (e) When the power is increased
(Ipeak~100W), the distribution broadens significant-
ly due to self-defocusing. (From Ref. 10)
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The difference is obvious when the power
is increased. Instead of focusing, which
would be expected in such positive n2 ma-
terial, the light distribution expands con-
siderably.

Discrete solitons
Discrete solitons are stationary solutions
of discrete Schrödinger-type equations
with a nonlinearity. Unlike the cubic NLSE
in a 2D continuous medium, these dis-
crete nonlinear equations are not inte-
grable, and therefore they do not possess
genuine soliton solutions. However, nu-
merical and analytic studies show that sta-
ble solitary-wave solutions propagating
without diffraction exist. Although for-
mally speaking, all of these solutions are
solitary waves, the term discrete soliton is
commonly used to describe all such non-
diffracting waves. Until now these solitons

could be identified in instantaneous cubic
(Kerr) and quadratic nonlinearities. Re-
gions for the existence of various types of
discrete solitons can be identified by sys-
tematically studying modulational insta-
bility of nonlinear plane wave solutions
(see Ref. 4 for details). Strongly localized
bright and dark soliton solutions of differ-
ent topologies, symmetry, and shape can
even be found analytically, and they can be
probed against their stability by a conven-
tional linear stability analysis.4 Numerical
propagation studies can be used for con-
firming the analytical findings. It results
that the family of dichromatic discrete
solitons in quadratic media is even richer
than that of cubic media because of the
vectorial nature of interaction. But be-
cause there is no experimental evidence of
these solitons to date, we focus here on
discrete solitons in Kerr media.

Figure 4 reproduces the first observa-
tion of discrete solitons. Light was injected
into a single central waveguide in a wide
array of InGaAs waveguides. The figure
shows images of the output facet for vari-
ous input powers. At low power, a wide
distribution is obtained, covering about 35
waveguides. This distribution matches
what is expected from a sample a few cou-
pling lengths long [see Fig. 1 (c)]. When
the power is increased, we first see the light
distribution converging to form a bell
shape. Launching even more power leads
to the formation of a confined distribu-
tion around the input waveguide, which
propagates as a discrete soliton.5

Since the diffraction properties can be
modified, waveguide arrays can be used to
form both bright solitons (as shown in
Fig. 4) and dark solitons in the same mate-
rial system. Figure 5 shows that by modify-
ing the input condition (staggered excita-
tion around the bottom of the diffraction
curve, i.e. anomalous diffraction), it is
possible in principle to propagate in 
the excitation field a dark notch, which 
preserves its dimension and does not 
broaden.12

When the discrete soliton is broad and
covers many waveguides, it is very similar
in many of its properties to a spatial soli-
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Figure 4. Images of the output facet of a wave-
guide array at different input powers. Top: Peak
power 70 W. Linear features are demonstrated:
Two main lobes and a few secondary peaks in be-
tween. Center: Peak power 320 W. Intermediate
power, the distribution is narrowing. Bottom: Peak
power 500 W.A discrete soliton is formed. (From
Ref. 5)

Theory and experiments
show that discrete 

solitons are sensitive 
to their position and their 

transverse momentum.



ton in a planar continuous medium. In
particular, it can move across the array.
However, narrow discrete solitons, which
contain just a few waveguides, behave in a
significantly different manner. Continu-
ous solitons possess two fundamental geo-
metrical symmetries of space. Under rota-
tions of the axes and translation of their
origin, exactly the same mathematical so-
lution is reproduced. On the other hand,
for discrete optical systems both symme-
tries are broken due to the direction and
position of the array waveguides. Rota-
tional symmetry is gone altogether while
translation symmetry is reduced. These
differences in symmetry affect in particu-
lar the dynamic properties of discrete soli-
tons: The way they propagate when
launched at an angle with respect to the
waveguide direction.

Theory and experiments show that dis-
crete solitons are sensitive to their posi-
tion and their transverse momentum.
Briefly, the most stable situation is when a
discrete soliton is symmetrically excited
around a central waveguide. Such a soliton
tends to lock in the waveguide direction
and to resist any perturbations that tend
to drive it sideways. Solitons can also be
excited symmetrically around a point be-
tween two waveguides, but they are unsta-
ble and tend to acquire transverse mo-
mentum.6 These dynamic properties
could in principle be used to steer solitons
into a desired location by applying small
perturbations on the input conditions.

There is a well-known way to form a
linearly localized state in a discrete sys-
tem. When one waveguide in an otherwise
uniform array is different, a confined
mode around this site is created. Today, a
topic of study is the interaction of discrete
solitons with defects and boundaries in
the arrays, and the interactions of two or
more discrete solitons. It would also be in-
teresting to identify some of the exotic dis-
crete solitons without the continuous ana-
log predicted in Ref. 4. Another research
goal that will be addressed in the near fu-
ture is soliton excitation in arrays with a
quadratic nonlinearity, e.g., in periodically
poled lithium niobate waveguide arrays.
Other topics that will be a subject of fu-
ture research are the physics of discrete
solitons in higher dimensions—in 2D ar-
rays, for example—or in more complex
1D arrays embedded in two dimensions.
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Figure 5. Generation of a dark discrete solitary
wave in the case of anomalous diffraction. (a) The
input profile, ~40 �m wide at FWHM. (b) For nor-
mal diffraction at low power, a notch is visible in
the output profile.The beam evolves into two re-
pulsive bright solitons when the intensity is in-
creased [(c) Ipeak~250 W]. For anomalous diffrac-
tion (beam tilt=2.0±0.4o in this array), the dark
notch initially present in the output profile [(d) lin-
ear case] slightly narrows and becomes more
marked when the power is increased [(e) Ipeak~250
W)].As a result of anomalous diffraction, the dark
localization is self-sustained in a defocusing bright
background and does not disappear when the
beam broadens nonlinearly. (From Ref. 10).
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