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Conformal invariance in hydrodynamic turbulence

G. Falkovich

Abstract. This short survey is written by a physicist. It contains neither
theorems nor precise definitions. Its main content is a description of the
results of numerical solution of the equations of fluid mechanics in the reg-
ime of developed turbulence. Due to limitations of computers, the results
are not very precise. Despite being neither exact nor rigorous, the findings
may nevertheless be of interest for mathematicians. The main result is that
the isolines of some scalar fields (vorticity, temperature) in two-dimensional
turbulence belong to the class of conformally invariant curves called SLE
(Scramm–Löwner evolution) curves. First, this enables one to predict and
find a plethora of quantitative relations going far beyond what was known
previously about turbulence. Second, it suggests relations between phe-
nomena that seemed unrelated, like the Euler equation and critical per-
colation. Third, it shows that one is able to get exact analytic results
in statistical hydrodynamics. In short, physicists have found something
unexpected and hope that mathematicians can help to explain it.
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Introduction

A central subject here is the symmetries of turbulence statistics. Turbulence is
a state of a fluid deviated far from thermal equilibrium. External forces responsi-
ble for the deviation can be regular or random, and we restrict ourselves here to
the consideration of random forces represented by a finite number of independent
normally distributed Fourier harmonics. Even in such a case we cannot predict the
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statistics of the flow generated by the force, because the equations of fluid mechan-
ics are non-linear. We hope, however, that some properties of the velocity statistics
are independent of the force properties. This is why, in particular, we are interested
in symmetries. In 1941 A.N. Kolmogorov suggested that the velocity statistics in
the inertial interval of three-dimensional turbulence are scale invariant. This means
that the probability density function P(δv, r) of the velocity difference δv measured
at a distance r (much less than the external force scale and much greater than
the internal viscous scale) is assumed to be self-similar: there exist a real num-
ber h and a function f of one variable such that P(δv, r) = (δv)−1f(δv/rh) [1].
Three-dimensional turbulence of an incompressible fluid is an example of a so-called
direct cascade, when the excitation happens at large scales and the dissipation at
small scales. As we have learnt (from experimental data and solutions of a few model
problems), scale invariance is broken in virtually all known direct cascades [2], [3].
Intuitively, such a breakdown seems natural (in the spirit of Landau’s remark dur-
ing Kolmogorov’s talk at Kazan in 1942 [2]), since the symmetries broken by the
force remain broken as long as one considers fluctuations within the correlation
radius of the force. In several cases we have even learnt how to find the families
of martingales (which we call statistical integrals of motion or zero modes) which
describe the breakdown of scale invariance [3]–[5].

However, there exist cases when turbulence is realized at scales exceeding the
correlation radius of the force, as predicted by R.H. Kraichnan [6] and V. E. Zakha-
rov [7]. Such cases are called inverse cascades. Experiments and numerical simula-
tion within the limits of their accuracy show scale invariance of the flow statistics in
inverse cascades [8]–[12]. While we can neither explain not describe this property,
we attempt to take the next step and expand the symmetry to conformal invari-
ance, the program suggested by A. M. Polyakov [13]. This is especially tempting
in the two-dimensional case, where the conformal group is infinite-dimensional, so
that the restrictions it imposes allow one to fix many statistical properties, as has
been effectively done by physicists in field theory and the theory of critical phe-
nomena [14].

One usually imposes the requirements of conformal covariance on the multipoint
correlation functions. In this way it has been possible to obtain analytically several
negative results like the proof that conformal invariance is absent in the turbulence
of a passive scalar field carried by a short-correlated flow [15], [16]. As for the
velocity (or vorticity) field described by the Euler or Navier–Stokes equations (or
other hydrodynamic models), no substantial information about the multipoint cor-
relation functions has been obtained so far analytically, numerically, or experimen-
tally. However, a new language for describing statistical conformal invariance has
appeared recently. It deals with plane random curves (without self-intersections)
which belong to the family SLE (Schramm–Löwner evolution) [17]–[20]. The main
plan of this short survey is to demonstrate that the vorticity isolines described
by the two-dimensional Euler equation and the temperature isolines in the surface
quasi-geostrophic model belong to the class SLE, and to discuss the implications
of this. We start below by describing hydrodynamic models and the inverse cas-
cades they describe, then we define the class SLE and give a few basic facts and
conjectures, and then we describe the findings of numerical simulation in [16], [21],
followed by some concluding remarks.
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§ 1. Hydrodynamic models and inverse cascades

We consider a real function a(r, t) of coordinates and time which evolves
according to the equation

∂a

∂t
+ (v · ∇)a = f + ν∆a − αa. (1)

Here r = (x, y) belongs to a two-dimensional manifold (plane, disc, or torus) on
which is defined a solenoidal velocity vector field v = (∂Ψ/∂y,−∂Ψ/∂x). The
stream function Ψ and the quantity a are connected by the linear scale-invariant

relation Ψ(r, t) =
∫

dr′|r − r′|m−2a(r′, t), where m is an integer for models of

physical interest. That is, a is carried by the velocity v, is pumped by the external
force f , and is dissipated by the viscous and uniform (bottom) friction, with friction
coefficients ν and α, respectively.

The 2D Euler equation corresponds to m = 2, when the pseudoscalar a =

∇ × v = ∆Ψ is called the vorticity and Ψ(r, t) =
∫

dr′ log |r − r′| a(r′, t). We

also consider m = 1, which corresponds to the surface quasi-geostrophic (SQG)
model that describes rotating buoyancy-driven flows near a solid surface, with a the
temperature [22], [23]. The case m = −2 (not considered here) describes large-scale
flows of a rotating shallow fluid, and is also of physical interest [24].

In the Fourier representation the velocity is expressed by vk = −i(k2,−k1)Ψk =
−i(k2,−k1)k−mak. For example, for the 2π × 2π torus the Fourier coefficients

ak(t) =
∫

a(x, t)ei(k·x) dx evolve according to the equation

∂ak

∂t
−

∑
j

[k, j]j−majak−j = fk − (α + νk2)ak, (2)

k, j ∈ Z2 \ (0, 0), [k, j] = k1j2 − k2j1, k = |k|, j = |j|.

The random force is usually taken to be Gaussian: df(r, t) =
∑

k

√
D(k) ei(k·r) dBkt,

where the Bkt are standard Brownian random walks, independent for different k.
The spectral density D(k) is non-zero in the annulus kf < k < Akf , where A is
a factor of order 1. The random fields a, v, and Ψ are generally non-Gaussian,
since they are connected with the force by a non-linear equation.

The left-hand side of the equation (2) preserves the L2-norm
∑
|ak|2 and the

‘energy’ E =
∑
|ak|2k−m, and the right-hand side describes the generation and

absorption. We assume the existence of a statistically steady state, in which the
expectations E[ · ] are time-independent. In this case the following relations must
hold: ∑

k

(α + νk2)E
[
|ak|2

]
=

∑
D(k) ≡ P, (3)∑

k

(α + νk2)k−mE
[
|ak|2

]
=

∑
D(k)k−m ≡ Q. (4)

Let us fix P and Q and consider the limit kf → ∞, ν → 0. For m > 0 it is
natural to assume that the terms with k ≃ kν ≫ kf give the main contribution
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to the left-hand sum in (3), and that the terms with k ≃ kα ≪ kf give the main
contribution to the left-hand sum in (4). Such arguments form the basis of Kraich-
nan’s double-cascade picture, which postulates the existence of two inertial intervals
where the non-linear (inertial) term in (1) dominates and provides for the spectral
transfer of P and Q in the direct and inverse cascades, respectively [6]. Here we
consider the inverse cascade determined by the flux Q. Power-law dependencies
can be guessed by dimensional arguments. In comparing powers of centimeters
and seconds one must keep in mind that the dimension of a is sec−1·cmm−2, while
that of Q is sec−3·cm4−m. Then kα ≃ (α3/Q)1/(4−m), where ≃ means equality
up to a finite dimensionless factor (generally dependent on the details of the force
statistics). Assuming that the statistics in the inertial interval of the inverse cas-
cade (that is, for kα ≪ k ≪ kf ) are determined by the energy flux Q and the
wave-number k, one obtains from power counting that

E
[
|ak|2

]
≃ Q2/3k(4m−4)/3. (5)

In the r-representation,

E
[
a2

r

]
=

∑
k

E
[
|ak|2

]
(1− ei(k·r)) ≃ Q2/3r(4−4m)/3 ∝ r2h. (6)

For m = 1 we have E
[
a2

r

]
∝ log(kfr). A somewhat more rigorous way to get

the exponent h is to require the constancy of the triple correlation function that
describes the energy flux. For instance, in that way one derives the equality
⟨(δv · r)3⟩ = 3Qr4/2, which gives the Kolmogorov–Kraichnan scaling h = −2/3
for the Euler equation (m = 2) [2], [4], [6]. The best thing one can say about such
arguments is that they are confirmed by the data of experiments and numerical
simulation. Namely, within the precision determined by the finite length of the
inertial interval and the experimental errors, the probability distribution function
is invariant with respect to global (uniform) scale transformations: P(ar, r) ∼
a−1

r f(arr
2/3) for m = 2 [8]–[12] and P(ar, r) ∼ a−1

r f(ar/ log(kfr)) for m = 1
[12], [25], [26]. Conformal transformations realize non-uniform changes of scale
(while preserving angles), so that conformal invariance can be thought of as local
scale invariance. Note that the non-local relation between the velocity v and the
field a it carries makes our systems dynamically non-local. However, we excite
the systems by a noise with short radius of correlation k−1

f and hope to find local-
ity in the statistical properties. Specifically, suppose that the turbulence in some
simply connected domain D ⊂ C determines a family of measures µD(z1, . . . , zn)
depending on the points zi ∈ D (for instance, the probability distribution of the
velocity differences at different points). The turbulence excited by the force with
the same kf in another domain D ′ produces another family µD′ . We call the
measure conformally invariant if it is invariant with respect to a conformal map
f : D → D ′, that is, µD(z1, . . . , zn) = µD′(f(z1), . . . , f(zn)). This property holds
for a certain remarkable class of random curves which we now describe.

§ 2. Schramm–Löwner evolution (SLE)

A curve without self-intersections growing from the boundary of the domain can
be described by a conformal map of the domain with the curve inside onto the
domain without the curve. For example, in the simplest case the curve γ(t) starts
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from the real axis of the upper half-plane H. Here t parameterizes the curve and
should not be confused with the time in (1). The map gt : H \ γ(t) → H is fixed by
the asymptotics gt(z) ∼ z + 2t/z + O(1/z2) at infinity. If the curve touches itself,
then one must define the domain K(t) as the union of the curve and all the points
inaccessible from infinity and consider gt : H \K(t) → H. The growing tip of the
curve is mapped to a real point ξ(t). In 1923 Löwner found that the conformal
map gt(z) and the curve γ(t) are completely determined by the tip image ξ(t),
called the driving function [27]. For this one needs to solve the remarkably simple
Löwner equation

dgt(z)
dt

= 2[gt(z)− ξ(t)]−1.

Almost eighty years later, O. Schramm considered random curves in planar domains
and showed (first in a particular case) that the measure on the curves is conformally
invariant if and only if ξ(t) =

√
κ Bt, where Bt is a standard one-dimensional Brow-

nian walk [28]. In addition, the measure µH(γ; z1, z2) on the curves γ connecting
z1 and z2 is Markovian: if one divides γ into two pieces, γ1 from the boundary
point z1 to z and γ2 from z to z2, then the conditional measure is as follows:
µH(γ2|γ1; z1, z2) = µH\γ1(γ2; z, z2). The diffusion coefficient κ allows one to clas-
sify the conformally invariant random curves into classes denoted by SLEκ. Such
curves have been encountered in physics before, as the boundaries of clusters of 2D
critical phenomena described by conformal field theories. The language and formal-
ism of SLE is a new natural communication tool for physicists and mathematicians,
leading to an explosive growth of new results in mathematics, field theory, and the
theory of critical phenomena [17]–[20], [29], [30]. We shall see in the next section
that SLE is encountered in hydrodynamics as well.

We list here some basic facts (and conjectures) about SLE curves. If κ = 0, then
γ is a vertical straight line. The larger κ, the more the curve wiggles. The curve is
simple (that is, with probability 1 it touches neither itself nor the real axis) when
0 6 κ < 4. For SLEκ with 4 6 κ < 8, the curve touches itself and the axis but does
not fill the space. In this case one can define the external perimeter of the curve as
the part accessible from infinity. This perimeter belongs to the dual class SLEκ∗

with κ∗ = 16/κ [31]–[33]. The fractal (Hausdorff) dimension of curves in SLEκ is
Dκ = 1 + κ/8 for κ < 8.

Among the dual pairs κ, κ∗, one is special from the viewpoint of locality. Namely,
the curves in SLE6 do not feel the boundary until they touch it (a rigorous defini-
tion of this property, called SLE locality, can be found in [20]). The dual curves in
SLE8/3 have the restriction property: the statistics of the curves conditioned not to
visit some region are the same as for the subset of curves in the domain without this
region. Intuitively, one can appreciate these properties by considering lattice (dis-
crete) models which turn into the respective SLE in the continuum limit [20], [30].
For example, consider a honeycomb (hexagonal) lattice. A random walk along the
bonds starts from a boundary point that has all black hexagons to the left and
white to the right and keeps that property as it moves, turning right/left as it
meets black/white hexagons. SLE6 is obtained from the classical model of critical
percolation when hexagons get their colours independently with the probability 1/2.
SLE8/3 corresponds to a self-avoiding random walk when every bond is visited at
most once. Also, the value κ = 4 is special because it is self-dual; it corresponds to
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the so-called harmonic navigator. In this case the probability of a particular colour
for the encountered hexagon is determined by a harmonic function defined in the
domain with boundary that includes the hexagons coloured previously; in other
words, a new random walk starts from that hexagon and colours it with the colour
of the boundary the walk hits [20], [30], [34]. In the continuum limit both SLE6 and
SLE4 appear as isolines of Gaussian random fields. If one regards the surface that
is the graph of the random function a(x, y) of two variables as a landscape during
a great flood, then at some water level the probability of sailing across is equal to
probability of walking. At this level, the shoreline belongs to SLE6 (critical perco-
lation) if the correlation functions of a(x, y) decay sufficiently fast. In particular,
the non-rigorous but plausible Harris criterion asserts that if ⟨a(r)a(0)⟩ ∼ r−2h and
h < 3/4, then isolines of the Gaussian field a are not equivalent to critical percola-
tion, that is, do not belong to SLE6 [35]. As for SLE4, this class contains isolines of
Gaussian (free) fields with ⟨a(r)a(0)⟩ ∼ log r [34], [36], [37]. How is all this related
to turbulence, when the only thing we are sure about is that it is non-Gaussian
(because the flux makes the third moment non-zero)?

§ 3. Isolines in turbulence

Fig. 1 shows a nodal line of vorticity obtained by numerical solution of (1)
with m = 2 on a torus (that is, of the 2D Navier–Stokes equation with periodic
boundary conditions and added external force and uniform friction); the details
can be found in [10], [21]. The scale of the force is lf = 2π/kf = 0.05. The
curve looks fractal at scales exceeding lf , that is, in the interval of an inverse cas-
cade. Indeed, the length P grows non-linearly with the end-to-end distance L [21].
Moreover, the power-law exponents of this growth for the curve and its external
perimeter are found to be close within the resolution to the dimensionalities 7/4, 4/3
for the dual pair SLE6, SLE8/3 (historically, the dimensionality 4/3 of the exter-
nal perimeter was first guessed starting from the Kolmogorov–Kraichnan scaling
ar ∼ r−2/3, which stimulated the search for SLE in turbulence [21]). Let us briefly
describe how we identified possible curves in an SLE class in the upper half-plane
and determined the driving function ξ(t). We first drew quite arbitrarily a straight
line and called it the real axis (and checked at the end that translations and rota-
tions of the axis did not change the results). We then started from the intersection
of a zero isoline and the axis and moved along the curve (or along the axis, when
we returned to it) while preserving orientation, that is, keeping positive vortic-
ity always to the right. Such a procedure faithfully reproduces the statistics only
in the locality case; indeed, we expected (and found!) κ ≈ 6. We then divided
our curve into small straight segments and approximated the family of conformal
maps gt(z) by a discrete set of standard conformal maps successively absorbing the
segments one by one [21], [38]. The resulting set of ‘times’ ti and values ξi deter-
mines the driving function ξ(t). The only thing left was to run the Schramm test,
that is, to check how well this function corresponds to a Brownian walk. The data
obtained by analyzing 1,607 curves, represented by upwards pointing triangles in
Fig. 2 (a), show that the ensemble average ⟨ξ(t)2⟩ does indeed grow linearly in time
and that the diffusion coefficient κ is very close to the value 6, with an accuracy
of 5% (lower inset). The probability distribution function of ξ(t)/

√
κt collapses
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Figure 1. A portion of a candidate SLE trace obtained from the vorticity

field. The figure is adapted from [21].

to a standard Gaussian distribution for all times t exceeding l2f/κ (upper inset).
Therefore, the distribution of zero isolines of vorticity in the inverse cascade of the
two-dimensional turbulence is indistinguishable from SLE6 within the limits of our
accuracy. We note that the vorticity field has h = 2/3 < 3/4, that is, the Harris
criterion is violated. However, our field has non-Gaussian statistics (although the
distribution function looks approximately Gaussian, the deviations are measurable,
including the triple correlation function [8]–[12]). The downwards pointing triangles
in the lower inset were obtained for the isolines of a Gaussian field having the same
Fourier spectrum as the vorticity but randomized phases. Apparently, our accuracy
is sufficient to make sure that it does not correspond to any SLE, including SLE6.
Indeed, E[ξ2]/t ≡ ⟨ξ2⟩/t is not constant and approaches the limiting value κ = 6
only at scales exceeding 2π/kα, where the power-law correlation is already cut off
by friction and the field becomes truly uncorrelated. Coloured versions of Figs. 1
and 2 can be found at http://dx.doi.org/10.1070/RM2007v062n03ABEH004417.

The identification of isolines as SLEκ curves makes it possible to apply pow-
erful techniques borrowed from the theory of stochastic differential equations and
conformal mapping theory to obtain analytic predictions for some non-trivial statis-
tical properties of lines, vortices, and clusters in turbulence. For example, vorticity
nodal lines are boundaries of vorticity clusters. The statements from percolation
theory asserting that the probability of a cluster (island) decays with growing area
like s−96/91, and with growing perimeter like P−8/7, can be directly confirmed for
turbulence [21]. Moreover, SLE enables one to get exact analytic formulae for the
probabilities that a nodal line crosses different figures (triangles, rectangles, and so
on). Such probabilities are determined by second-order ordinary differential equa-
tions and are expressed via hypergeometric functions, which miraculously describe
turbulence data coinciding with the data of a numerical experiment [21]. It should

http://dx.doi.org/10.1070/RM2007v062n03ABEH004417
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(a)

(b)

Figure 2. Demonstration of conformal invariance of the isolines of vorticity

for the Euler equation (Fig. (a)) and of the temperature in the surface

quasi-geostrophic model (Fig. (b)). The driving function is an effective

diffusion process with diffusion coefficient κ = 6 ± 0.3 (Fig. (a), [21]) and

with κ = 4± 0.2 (Fig. (b), [16]). Right (lower) inset: triangles pointing up

correspond to the vorticity, triangles pointing down to the Gaussian field

with the same second moment. Left (upper) insets: the probability density

function of the re-scaled driving function ξ(t)/
√

κt at four different times

t = 0.0012, 0.003, 0.006, 0.009 (Fig. (a)) and at t = 0.02, 0.04, 0.08 (Fig. (b));

the solid lines are the Gaussian distribution g(x) = (2π)−1/2 exp(−x2/2).
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(a)

(b)

Figure 3. (a) A part of the temperature isoline that is a candidate for SLE.

(b) The algorithm to extract the driving function. The figure is adapted

from [16].

be stressed that previously the most we could hope for in turbulence theory was to
predict a single number (usually a scaling exponent and often from dimensional rea-
soning), but now we are able to predict non-trivial functions. The ability to make
exact predictions rather than order-of-magnitude estimates is heartening, too. Most
important, though, is that the inverse vorticity cascade, for instance, is described
by the Euler equation, so that the correspondence between the nodal lines in tur-
bulence and SLE hints at some fundamental properties of this equation which we
do not yet grasp.

Let us now describe briefly the results for the surface quasi-geostrophic model,
m = 1. In this case the zero-temperature isoline rarely crosses the straight line, so
we simply choose as the candidates for SLE the pieces of the curve returning to the
line at a distance far exceeding 2π/kα. An example is shown in Fig. 3 (a). Such
a procedure is self-consistent for κ 6 4, which is indeed what we obtain. To recover
the driving function for the curve going from 0 to x∞ in the upper half-plane, one
must solve the equation ∂tgt = 2/{ϕ′(gt)[ϕ(gt)− ξt]}, where ϕ(z) = x∞z/(x∞− z).
This equation can be solved with respect to gt for a constant ξ:

Gt,ξ(z) = x∞
ηx∞(x∞ − z) + [x4

∞(z − η)2 + 4t(x∞ − z)2(x∞ − η)2]1/2

x2
∞(x∞ − z) + [x4

∞(z − η)2 + 4t(x∞ − z)2(x∞ − η)2]1/2
,
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where η = ϕ−1(ξ). In this case the curve is the semicircle connecting η and x∞. We
divide the interval [0, T ] into small intervals [tn, tn+1) (with t0 = 0 and tN+1 = T )
on each of which the driving function can be assumed to be constant, ξn = ξ(tn).
The map gt is found as a composition GtN−tN−1,ξN−1 ◦ · · · ◦ Gt1, ξ0 . When the
curve is approximated by a finite set of points {z0, z1, . . . , zN+1} with z0 = 0 and
zN+1 = x∞, such a discrete procedure defines the set ξn = ξ(tn). The first step is
to find the semicircle passing through x∞ and z1 (see Fig. 3 (b)). This gives the
values

η0 = ϕ−1(ξ0) =
Re z1 x∞ − (Re z1)2 − (Im z1)2

x∞ − Re z1

and

t1 =
(Im z1)2x4

∞
4[(Re z1 − x∞)2 + (Im z1)2]2

.

The map Gt1,ξ0 then maps zk into a new sequence which is one element shorter:
z′k = Gt1,ξ0(zk+1) for k = 1, . . . , N . Iterating this procedure, one defines two sets tk
and ξk, which approximate the driving function. The procedure was checked first
for a self-avoiding random walk, where it gave the right value κ = 8/3 with error
less than 5%. Applying the procedure to the surface quasi-geostrophic model, we
obtain an ensemble ξ(t) whose statistics converge for l2f . κt . 2π/kα to the
Gaussian statistics with ⟨ξ2(t)⟩ = κt and κ = 4 ± 0.2, as shown at Fig. 2 (b).
We conclude that within our accuracy the temperature isolines in the SQG model
behave locally like curves in SLE4. It is worth noting that the temperature field
is essentially non-Gaussian [12], [16], and thus it is completely unclear how it can
have isolines with the same statistics as the isolines of a free Gaussian field with
the same second moment.

We remark that if the contour z(l) belongs to the class SLEκ, then the unit
tangent vector zl has Gaussian statistics (with second moment proportional to
the logarithm of the length of the contour). This property has also been found
for the isolines of temperature and vorticity for both our models (unpublished
manuscript of D. Bernard, G. Boffetta, A. Celani, and G. Falkovich).

§ 4. Discussion of the results

Here we make a few scattered remarks about the mathematical structures that
may be responsible for the conformal invariance in hydrodynamic turbulence.

It might be that the conformal invariance of some statistical properties of tur-
bulence can be explained by analyzing the algebraic structure of the equations of
hydrodynamics. If one defines (locally) z = x + iy, then the generators of the
conformal transformations ℓn = −zn+1∂z form the algebra determined by the com-
mutation relation [ℓn, ℓn′ ] = (n − n′)ℓn+n′ . The change of the measure under the
conformal transformations z → z + ε(z) is determined by the energy-momentum
tensor T (z), and hence the expectation of any quantity X changes by δE[X] =

(2πi)−1

∮
C

dz ε(z)E[T (z)X], where the contour C encircles all the points repre-

sented in X. The expansion T =
∑

z−n−2Ln of the energy-momentum tensor
gives the operators of the Virasoro algebra which act in the Hilbert space and
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satisfy the commutation relations

[Ln, Ln′ ] = (n− n′)Ln+n′ +
c

12
n(n2 − 1)δn,−n′ . (7)

It is common to say that the Virasoro algebra of the operators Ln is a central exten-
sion of the algebra of the operators ℓn. The parameter c is called the central charge;
it measures the number of internal degrees of freedom and determines how the sys-
tem reacts to the boundary conditions [39]. The central charge is expressed via the
diffusion coefficient of SLE by the formula c = (8 − 3κ)(κ − 6)/(2κ), and thus it
also classifies models (up to duality), for instance, SLE6 and SLE8/3 correspond to
c = 0, while SLE4 corresponds to c = 1 [29], [30].

Flows of an incompressible fluid in a region Σ correspond to a much broader Lie
algebra SDiff(Σ), generated by divergence-free vector fields (∂Ψ/∂y)∂x−(∂Ψ/∂x)∂y.
For a plane, one may choose the basis Ψj

i = yj+1xi+j+1, i, j ∈ Z, and then the
Poisson bracket is

[Ψj
i , Ψ

j′

i′ ] = [i(j′ + 1)− j′(j + 1)]Ψj+j′

i+i′ . (8)

The conformal Virasoro algebra (for c = 0) is the subset generated by Ψni
i with

any fixed integer n, including zero. For a central extension one needs harmonic
1-forms (that have zero curl but cannot be represented globally as the gradient
of a scalar) [40]. There are 2g such forms on a surface of genus g. For exam-
ple, for a torus such a Lie algebra has the structural constants Ci

kj = [k, j]δk+j−i

[41], [42]. For the trigonometric basis the generators of the Virasoro algebra (with
a central extension) can be constructed as a series [40]. According to Arnol’d, the
evolution of the flows is described by the equations for geodesics on an infinite-
dimensional Riemannian manifold which consists of the area-preserving diffeomor-
phisms of the flow domain. Different models (different m in our case) differ by the
form of the energy, which determines a metric in the same way as the inertia tensor
for a solid body motion [41], [42]. On a torus the equation of motion without forcing
and dissipation has the form ∂ak/∂t =

∑
j j−m[k, j]ajak−j =

∑
ijl α

ijCl
kjaial on the

dual Lie algebra, where only the inverse inertia tensor αij = j−mδi+j depends on
the model choice. It remains to understand whether the small-scale random force
and the motion along geodesics do indeed generate on the Riemannian manifold
an invariant measure which is conformally invariant, and how the inertia tensor
determines the central charge.

It can be, however, that the statistics of the whole field a(x) are not conformally
invariant (for instance, the correlation functions ⟨a(x1) . . . a(xn)⟩ may have a form
different from that prescribed in conformal field theory [39]). After all, we are
dealing with a system which is far from equilibrium, and there is no particular reason
to expect that the probability distribution has the Gibbs form exp[−H{a(x)}/T ]
with a Hamiltonian H which is the integral of a density locally depending on a (such
locality brings conformal invariance in critical phenomena). It may well be that only
nodal lines are conformally invariant, so that, for instance, the probability that
a given line passes through neighbourhoods of the points x1, . . . ,xn depends on the
coordinates like a correlation function in conformal field theory (this is suggested
by a reading of the paper [43], where the energy-momentum tensor is constructed
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for SLE8/3). If this is the case, then it is worthwhile to study the motion of the
isolines described by the condition a(z(t), t) = const. This condition determines
the function z(t, l), where l is the coordinate along the isoline and t is the time.
The motion is described by the equation Im(ztzl) = vn = ∂Ψ/∂l − f∇a/|∇a|2.
As one can see, the external force has added a short-correlated compressible part
to the velocity field of the isolines. Considering the isoline statistics, one probably
must assume that the extrema of a(x) are isolated points and that the force f does
not generate saddle points (that is, isolines do not cross).

If the contour z(t, l) really belongs to SLEκ, then the unit tangent vector zl has
Gaussian statistics [28], [34]. It is natural to describe the evolution of the contours
by time-dependent conformal maps. One may hope that the Gaussian property
of zl and the contour area (probably other moments, too) are connected with some
integrability of the evolution of the conformal maps corresponding to the respective
hydrodynamic flows in the same way as the integrability of the equations that
describe Laplacian growth of boundaries (flow of an inviscid fluid pushed through
a viscous fluid [44], [45]).

It is unclear how the motion in a velocity field with short- and long-correlated
parts leads to conformal invariance of the measure and what determines the choice
of κ or c. It seems that the genus of the surface Σ where the motion physically
takes place does not play any role, since the uniform friction stops the cascade at
scales far less than the system size. In other words, we believe that the numerical
modeling on a torus and the laboratory experiment on a disc give the same value
of c. A non-trivial topology and the possibility of a central extension probably
appear because some sink is needed for a steady cascade, and this may require
pricked-out points when mapped onto compact manifolds (this conjecture was for-
mulated jointly with K. Gawȩdzki). It may also be that the non-zero charge c = 1
for m = 1 is related to the non-analyticity at k = 0. If this is so, then one may
expect that c = 0 for m = −2, 0, 4.

Conclusion

Above we have seen experimental evidence that the isolines of vorticity for the
two-dimensional Euler equation and the isolines of temperature in the surface
quasi-geostrophic model belong to SLE. It is worth stressing that both vortic-
ity and temperature have statistics which are substantially non-Gaussian, however,
the isolines being in SLE means the existence of local Gaussian fields and hints at
possible integrability of the equations of two-dimensional hydrodynamics.

I am grateful to S. B. Kuksin, who initiated this survey, and to N. Makarov and
K. M. Khanin, who read the first draft and made numerous useful remarks.
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