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Eidelheit’s Theorem

We say that two Banach algebras A and B are isomorphic as
Banach algebras if there is an injective and surjective
homomorphism @ : A — B such that ||®], [|[®~"| < co. ®is
called a Banach algebras isomorphism.

For a Banach space X, L(X) denotes the Banach algebra of all
bounded linear operators on X.

A theorem of Meier Eidelheit from 1940 states that if L(X) and
L(Y) are isomorphic as Banach algebras then X and Y are
isomorphic as Banach spaces. Moreover, if d : L(X) — L(Y) is
the Banach algebra isomorphism then there is a Banach space
isomorphism U : X — Y such that for all A € L(X)

®(A) = UAU.
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Eidelheit

Meier Eidelheit, 1910-1943, was a student of Banach in Lwéw
(=Lvov=Lviv).
He was murder in the Holocaust.

We (Bill Johnson, Chris Phillips and I) noticed that digging a bit
into the proof of Eidelheit theorem one can prove a stronger
theorem.
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Main Theorem

Theorem. (JPS)

Let A be a Banach subalgebra of L(X) and B a Banach
subalgebra of L(Y). Assume that A O F(X) (the finite rank
operators) and that B 2 F(Y). Assume that

b: A B

is a Banach algebra isomorphism. Then, there is an
isomorphism U : X — Y such that for all A € A

®(A) = UAU".

Moreover |U|| < ||®|| and |[U~1|| < ||~ 7.
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Main Theorem 2

Actually, as we'll see, the continuity of ® and ¢~ is automatic
and need not be assumed so a stronger theorem holds

Theorem. (JPS)

Let A be a Banach subalgebra of L(X) and B a Banach
subalgebra of L(Y). Assume that A O F(X) (the finite rank
operators) and that B 2 F(Y). Assume that

b: A B

is an homomorphism of algebras .Then, ® and »~—' are
bounded and there is an isomorphism U : X — Y such that for
allAec A

®(A) = UAU.

Moreover ||U|| < ||®|| and U~ < ||[®~ 1.

Gideon Schechtman Eidelheit’s Theorem Revisited



Corollary

Recall that a (two sided) ideal in L(X) is a subspace Z such that
foral Ac Zand Be L(X) ABand BAare inZ.

If7 and J are closed ideals in L(X) which are isomorphic as
Banach algebras thenZ = J.

Proof: Assume Z and 7 are isomorphic as Banach algebras.
Since any ideal in L(X) contains F(X) it follows that there is a
Banach space isomorphism U of X onto itself such that

A — UAU~" maps Z onto J.

If B € J thereis an A € 7 such that

B = UAU".
Since Zisanideal Be Z. So J C Z. Similarly, ZC 7. =

Remark: Enough to assume that Z and .7 are homomorphic as
algebras.
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This corollary can be used to boost several recent theorems
concerning the number of closed ideals in L(X) for some
classical spaces X.

Theorem. (JPS +)

There is a continuum of closed ideals in L(L1(0, 1)) each two of
which are non-isomorphic as Banach algebras. The same
holds for L(C(0,1)) and L(L(0,1)).

Theorem. (JS +)

Foreach 1 < p # 2 < oo there are exactly 2°0Mnuum cjosed
ideals in L(Lp(0, 1)) up to isomorphism of Banach algebras.
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Theorem. (Freeman,Schlumprecht,Zsak +)

For1 < p < g < oo there are exactly 2°°Minuum closed ideals in
L(¢p @ Lq) up to isomorphism of Banach algebras. Same holds
for L(¢1 @ £q) and L({p @ Cp).

Remark: In the last three theorems one can replace
“isomorphism of Banach algebras" by “homomorphism of
algebras".

In the rest of this talk I'll give the, hopefully complete, proof of
the Theorem.
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Lemma

Lemma
The following are equivalent for Vy € L(X):

1. Wy is of rank at most one.
2. Forall V € L(X) there is a A € C such that
(V)2 = AV,
3. Forall V € L(X) of rank 2 there is a A € C such that

(V)2 = AV,

Proof. 1 = 2:
Let Vp be of rank 1. For each V € L(X), W = VV, is of rank at
most 1. Assume itis of rank 1. W = x* @ x, W(y) = x*(y)x.

WA(y) = X*(y)W(x) = x*(y)x*(x)x = x"(x) W(y).
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Lemma

2 = 3is clear.

3=1:

Assume that the range of V contains two independent vectors
y1 and y». Let x; and x» be such that

Vo(x1) = 1, Vo(x2) = Y.
Let f; and £ be linear functionals such that
fi(y1) =1, fi(ye) =0, K(y1) =0, h(y) =1

and put
V(x) = f1(x)x2 + fa(Xx)Xq.

Then,
Wo(x1) = X2, VWo(Xx2) = Xy.
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Lemma

Wo(x1) = X2, VVo(X2) = X1.
Since, (VV0)2 = AV,

X = (VWo)?(x1) = AVVp(x) = Mo

and thus
Vi =Aye.
A contradiction. m
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Proof of the Theorem

Theorem. (JPS)

Let A be a Banach subalgebra of L(X) and B a Banach
subalgebra of L(Y). Assume that A O F(X) (the finite rank
operators) and that B 2 F(Y). Assume that

b: A B

is a Banach algebra isomorphism. Then, there is an
isomorphism U : X — Y such that for all A € A

®(A) = UAU".

Moreover |U|| < ||®|| and |[U~1|| < ||~ 7.
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Proof of the Theorem

Let Vp be a rank one projection:
Vo(x) = fo(x)Xo

where xg € X, fy € X*, ||xol = |f/ll=1, f(x)=1.
By the Lemma for all V € A there is a A € C such that

(V)2 = AVV,.
Applying ® we get that for all W € B there is a A\ € C such that
(Wo(Vp))? = A\Wd(Vp).

In particular this holds for all W € L(Y) of rank 2. So, By the
Lemma Wy = ®(V)) is of rank one. Say,

Wo(y) = 9o(¥)Yo,

forsome yo € Y, go € Y*, lIvoll =1, llgoll < [|®]]-



Proof of the Theorem

Vo(x) = fo(X) X0, Wo(y) = ®(Vo)(¥) = go(¥)Yo-

We now define the isomorphism U : X — Y.
Given a z € X choose an arbitrary V € A such that V(x) = z
and define
U(z) = &(V)(x0)-
We need to show:
a. U is well defined (doesn’t depend on the choice of V)
b. U is injective
c. U is surjective
d. Uis linear
e. Uis bounded, ||U| < ||®]|
f. U~"is bounded, ||[U~|| < ||o~ 7|
g. Forall Aec A,
®(A) = UAU.
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Proof of the Theorem, a. Well defined

Vo(x) = fo(x)X0, Wo(y) = ®(Vo)(¥) = go(¥)o-
U(z) = o(V)(yo) for V such that V(xp) = z.

Assume Vi(xg) = Vo(xo) =2z, Vi, Vo € A. Then, forall x € X,

Vi(Vo(x)) = fo(x)z = Va(Vo(x))-

SO, V1 Vo = Vg VO
and o(V))Wp = (Vo)W ie, forally e,

9 (Y)P(V1)(¥0) = 9o(¥)P(V2)(Yo)-

So,
®(V1)(yo) = ®(V2)(yo). m
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Proof of the Theorem, b. Injectivity

Vo(x) = fo(X)x0, Wo(y) = ®(Vo)(¥) = go(¥)¥o-
U(z) = ®(V)(yp) for V such that V(xp) = z.

Let zy # z. Let V4, Vb € A such that
Vi(xo) = 21, Va(xo) = 22.
Then Vi Vp # Vo W, so,
S(Vi)Wo # ¢(V2)Wo

Implying
®(V1)(yo) # ®(V2)(xo)

i.e.,
Uz1) # U(z). =
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Proof of the Theorem c. Surjectivity

Vo(X) = fo(X)x0, Wo(y) = ®(Vo)(¥) = go(¥))o.
U(z) = o(V)(yo) for V such that V(xg) = z.

Let y € Y and let W be a rank one operator in B such that
W(yo) = y. Let V € Abe such that (V) = W and let
z = V(xp). Then,

Uiz)=o(V)(¥)=Wp)=y. =
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Proof of the Theorem d. Linearity

Vo(x) = fo(X)x0, Wo(y) = ®(Vo)(¥) = go(¥)o-
U(z) = o(V)(yo) for V such that V(xp) = z.

Letzi,zo e X, AeC. Let V4 (Xo) = Zq, Vg(Xo) = 2Z». Then,
(Vi + V2)(X0) = 21 + 22, so,

U(z1+22) = ®(Vi+V2)(Jo) = (V1) (00)+®(V2)(Yo) = U(z1)+U(2).
Also, Since A\V;(Xo) = Az,

U(Azy) = @(AV1)(yo) = A@(V1)(yo) = AU(z1). =
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Proof of the Theorem e. boundedness

Vo(x) = fo(x)x0, Wo(y) = ®(Vo)(¥) = go(¥)Yo.
U(z) = ®(V)(yo) for V such that V(xp) = z.

Give z € X let V € Awith V(xp) = z, ||V| = ||z||- Then,

U = [*(V)W)ll < I®ll[ VI = [I®]llz]. =
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Proof of the Theorem f. boundedness of U~

Vo(X) = fo(X)x0, Wo(y) = ®(Vo)(¥) = go(¥)Yo.
U(z) = ®(V)(yo) for V such that V(xp) = z.

Following c. Let y € Y and let W be a rank one operator in B
such that W(yp) =y, ||W] =]yl Let V € A be such that
d(V)= W andlet z= V(xp). Then,

U(z) = o(V)(0) = W(x) = .

U W) = lizll = le~ ' (W)(xo)ll < @~ [IIW = [[o~lly]. =
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Proof of the Theorem g. ®(A) = UAU!

Vo(x) = (X)X, Wo(y) = ®(Vo)(¥) = go(¥)¥o.
U(z) = o(V)(yo) for V such that V(xg) = z.

Letze Xand A e A. Let V € Asuch that V(x,) = z. Then,
AV(x9) = A(2) so,

UA(z) = U(A(2)) = ®(AV)(x0) = ®(A)*(V)(y0) = ®(A)U(2).

It follows that
UA =o(A)U,

or,
O(A)=UAU". m
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Another theorem

Theorem. (JPS)

Let X and Y be Banach spaces and let A be a Banach
Subalgebra of L(X) containing F(X). Let

®: A L(Y)

be injective bounded homomorphism.
Then, there is an isomorphism U : X — Yy C Y such that for all
Ac A

UA = o (A)U.

Moreover, for all x € X,

101~ lx || < [1UxI] < [l x].

Also, if X is complemented in X**, Yy is complemented in Y.
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Proposition.

Let X and Y be Banach spaces and let® : F(X) — L(Y) be
injective bounded homomorphism. Then there are U € L(X,Y)
and W e L(Y, X**) such that WV is the natural injection of X
into X** and ||U||, ||W| < ||®]|.

Proof: Let Vy = fy ® xo be a norm one projection in L(X)
(6]l = lIxol| = fo(X0) = 1). For z € X and h € X* define A; and

Bh by

Az(X) = h(X)z, By(x) = h(x)xo.
Note that A, and By, are rank one operators, that || A;|| = ||z|,
|Bnll = ||h|, and that z — A, and h — By, are continuous linear

operations. Also, Ay, = By, = V.
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Forallze X,he X*and all x € X,

BhA;(x) = fo(x)Bn(z) = fo(x)h(Z)xo = h(Z)Ax,(X),
i.e., BhAz = h(z)Ay,.
Fix yo € Ran(®(Vp)) and go € Y* with ||gol| = [[yoll = go(¥0) = 1
and Define U : X — Y by
U(z) = ®(Az)(yo), for ze X.
Define also W : Y — X** by
W(y)(h) = go(®(Bn)(y)), for he X

Note, [[U]], W] < [[®]] -
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Then, forall z € X, h e X*,

(WU(2))(h) = go(®(Bn)(U(2)) = go(P(Br)P(Az)(¥0))
= 90o(®(BnAz)(Y0)) = 9o(h(2)®(Ax,)(¥0))
= h(z)go(®(Vo) (o)) = h(2),
i.e.,
WU(2) = i(2)

where i : X — X** is the natural injection. =
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Proof of "Another theorem"

Theorem. (JPS)

Let X and Y be Banach spaces and let A be a Banach
Subalgebra of L(X) containing F(X). Let

®: A L(Y)

be injective bounded homomorphism.
Then, there is an isomorphism U : X — Yy C Y such that for all
Ac A

UA = o (A)U.

Moreover, for all x € X,

101~ lx || < [1UxI] < [l x].

Also, if X is complemented in X**, Yy is complemented in Y.
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Proof of "Another theorem"

Proof: Define U and W as in the proof of the Proposition. If
Ce Aand z € X then

UC(2) = ®(Acz)(yo) = (CAz)(¥0)
= ®(C)P(Az)(yo) = ¢(C)U(2).

So,
UC = o(C)U.

We already showed that ||Ux|| < ||®||||x]|. To prove the lower
bound, for all z ¢ X,

I®llljuz|| = [WIl|Uz]| = [[WUz]| = || z]|

Finally, if P is a projection from X** onto X (identified with iX),
then UPW is a projection from Y onto UX. =
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Remarks

e Open: How many closed ideals are there in L(L), p # 2, up
to Banach space isomorphism?

e Automatic continuity: The main theorem and its corollaries
can be strengthen. The continuity of ® and ~ is automatic
and need not be assumed.

Theorem. (JPS)

Let A be a Banach subalgebra of L(X) and B a Banach
Subalgebra of L(Y). Assume that A O F(X) (the finite rank
operators) and that B O F(Y). Assume that

b: A B

is injective and surjective homomorphism.Then, there is an
isomorphism U : X — Y such that for all A € A

®(A) = UAU.
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Proof: Assume first that Ix € A. Then, since ®(/x) commutes
with all finite rank operators, ®(/x) = ly. Assume that there are
An € A, with ||Ap]| =1 and ||®(A,)|| — oo. By
Banach—Steinhaus, there is a yy € Y such that

|®(An)(¥o)|| — oo and an gy € Y* such that

9o(®(An)(¥0)) — o0

Let A € A be such that (A) = go ® yo. Since {AA,} is a
bounded sequence there is a \y > 0 such that, if |A\| < Ao,

Ix — AAA, are all invertible. It follows that Iy — A®(A)®(A,) are
all invertible for || < A\g. But, Ap = (9o(®(An)(J0)))~' — 0 and

(Iy = An®(A)®(An))(Yo) = Yo — AnGo(P(An)(¥0))¥o = 0.

A contradiction. So ¢ is bounded. Similarly, ®~ is bounded.
If Ix ¢ A (and then necessarily Iy ¢ B) extend ¢ naturally to the
algebra generated by Aand Ix. m
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The End
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