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SPECTRAL GAPS, SYMMETRIES AND LOG-CONCAVE
PERTURBATIONS

FRANK BARTHE AND BO’AZ KLARTAG

ABSTRACT. We discuss situations where perturbing a probability measure on R™ does not lead
to the deterioration of its Poincaré constant by much. A particular example is the symmetric
exponential measure in R™, even log-concave perturbations of which have Poincaré constants
that grow at most logarithmically with the dimension. This leads to estimates for the Poincaré
constants of (n/2)-dimensional sections of the unit ball of £; for 1 < p < 2, which are optimal
up to logarithmic factors. We also consider symmetry properties of the eigenspace of the
Laplace-type operator associated with a log-concave measure (see e.g., [2] for background on
these Laplace-type operators). Under symmetry assumptions we show that the dimension of
this space is exactly n, and we exhibit a certain interlacing between the “odd” and “even” parts
of the spectrum.

1. INTRODUCTION

This work was partly motivated by the study of a family of probability measures on R™ which
naturally appear when considering statistical questions pertaining to sparse linear modeling:

"9 (z) = %e—\\xlll—Q(ﬂc) dx,

where @ is a nonnegative quadratic form, ||z||, = (3, |2i|P)/?, and Z = Z,, ¢ is the normalizing
constant so that ™% is a probability measure. The latter is related to the classical functional
0 — ||y — X0||3+ \||0]|1 that one minimizes in order to find the LASSO estimator, see e.g. [I0].
Here y is a fixed vector and X a fixed matrix, while A > 0 is a parameter. The quadratic term
is supposed to ensure a good fit to data gy, while minimizing the L1 norm favors a small support
for the estimator 6.

For a probability measure x4 on R"™, we denote by Cp(u) the Poincaré constant of p, that is
the least constant C such that the following inequality holds for all locally Lipschitz functions
fR"—=R:

1) Var,(f) < [ V1P,
RTL
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Here Var,(f) = [(f — [ fdu)*dp if f € La(p), and +oo otherwise, denotes the variance of f
with respect to p. Such Poincaré inequalities, when they hold, allow to quantify concentration
properties of 1 as well as relaxation properties of associated Langevin dynamics, see e.g. [2].

A natural question, posed to us by S. Gadat, is whether the Poincaré constant of 2™% can be
upper bounded independently of the quadratic form (). This seems plausible, as the addition of
() only makes the measure more log-concave and more localized around the origin. But making
this intuition rigorous is far from obvious. A more demanding question is whether Cp(v™?) is
maximal when Q = 0. Observe that v™Y = 1™ is the n-fold product of the Laplace distribution
on R, dv(t) = exp(—|t|) dt/2. By the tensorization property of Poincaré inequalities, we have
Cp(v™) = Cp(v) = 4 (see Lemma 2.1 in [§] for Cp(v) < 4, the converse inequality is checked with
exponential test functions). A positive answer to the latter question would imply that Cp(v™?)
is upper bounded by 4, independently of the dimension and of the nonnegative quadratic form
Q). We cannot establish this bound, but we provide results in this direction which apply to
more general settings, while putting forward the relevant features of the problem as symmetry,
log-concavity and appropriate comparison with the Gaussian case. A sample result is stated
next:

Theorem 1. Let n > 2, let F' : R®™ — R be an even, convex function and let 1 < p < 2.
Consider the probability measure p on R™ given by

1

where Z 1s a normalizing constant. Then,
2

Cp(n) < Clogn) 7,
where C 1s a universal constant.

We do not know whether the logarithmic factor in Theorem [ is necessary. Up to this
logarithmic factor, this theorem provides a positive answer to the above question, since a non-
negative quadratic function () is an even, convex function. Note that in the case where p = 2,
there is no logarithmic factor in Theorem [, yet in this case the Theorem is well-known and
it holds true without the assumption that F' is an even function (see Corollary B below). The
case where p € [1,2) is harder, and relies on techniques from the study of log-concave measures.
Using a result of Kolesnikov-Milman [23] that allows to compare Poincaré constants of log-
concave functions and their level sets, we obtain the following:

Corollary 2. Letn > 2 andp € [1,2]. Let E C R" be a linear subspace, and set k = dim(E)/n.
Then,

2 6 \>
Cp ()\BgﬁE) < (k) -logr(n)- sup / <x, > d)\Bng($),
0£0ER™ 10|
BrNE

where c(k) depends solely on k € [0, 1], where By = {x € R"; 3, [2;|P < 1}, and where Appnp
is the uniform probability measure on the section By N E.

This provides a partial confirmation, up to a logarithmic term, of a famous conjecture of
Kannan, Lovész and Simonovits [20], which we recall in Section Z72.

In Section B3 we present additional related results, and in particular a slightly more general
version of the above results, see Theorem E3. The proofs in Section B=3 rely on ideas from the
recent Gaussian-mixtures analysis of Eskenazis, Nayar and Tkocz [I3], and on the fact going
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back to [22], that the first non-trivial eigenfunction is an odd function under convexity and
symmetry assumptions. This fact is revisited here, and in particular we prove the following
interlacing result for the spectrum of the Laplace-type operator associated with an even, log-
concave measure. General background on such diffusion operators can be found e.g. in [2].
Recall that a function f : R™ — [0,00) is log-concave if the set where it is positive is convex,
and — log f is a convex function on this set.

Theorem 3. Let u be a finite measure with a log-concave density in R™. Assume that u is even.
Then in the definition (@) it suffices to consider odd functions, i.e., denoting Ap(u) = 1/Cp(p)
we have

_ Jen |V fPdp
Ap(p) = Ap(p, “odd”) = b oid Var(F)
p(p) = Ap(p, “odd”) FRn SR is odd Varu(f)

where the infimum runs over all locally-Lipschitz, odd functions f € L?(u) with f # 0.

Moreover, the even functions do mot lag too far behind in the spectrum. Specifically, for any
(n + 1)-dimensional subspace E C L?(u) of locally-Lipschitz, odd functions we have

. |V f]?d IV fI2d
AP(M’ “even”) = lnf M < sup M7

[:R"—=R is even Varu(f) T 0£fCE Var#(f)
where the infimum runs over all locally-Lipschitz, even functions f € L*(u) with f # Const.

It is well-known that there exist log-concave measures, such as the Laplace distribution
mentioned above, for which the infimum defining the Poincaré constant is not attained. Nev-
ertheless, under mild regularity assumptions on p it is known that an eigenspace E, C L?(u)
corresponding to the eigenvalue A\p(u) does exist, and by elliptic regularity the eigenfunctions
are smooth, see e.g. [I4]. The eigenspace E,, consists of all locally-Lipschitz functions f € L?(p)
with [ fdp = 0 for which

[ Fau=cotw- [ 1957an
Rn Rn

Given a measure p on R™ write O, (u) for the group of all linear isometries R : R™ — R™ such
that the push-forward R,u satisfies R.u = pu. As an example, if p has the symmetries of the
cube [—1,1]", then the group O,(u) has at least 2" - n! elements, and it has no non-trivial
invariant subspaces.

Theorem 4. Let p be a log-concave probability measure on R™ with E, # {0}. Assume that
the group O, (1) has no non-trivial invariant subspace in R™. Moreover we make the regularity
assumption that 1 has a C%-smooth, positive density eV and that the Hessian matriz of 1 is
non-singular at any point of R™. Then

dim E,, = n.
Moreover, for any f € E, \ {0},
E, =span{foR; R On(u)}.

The proofs of the last two results appear in Section B, where an extended discussion and
several other related results may be found.
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2. POINCARE CONSTANTS FOR LOG-CONCAVE MEASURES

2.1. Perturbation principles. We collect here several useful results on the Poincaré con-
stants, dealing with various kinds of perturbations of measures. We start with recalling the
classical bounded perturbation principle.

Proposition 5. Let ju be a probability measure on R™ and let dv(z) = ¢V ®du(z) be another
probability measure. If the function V is bounded, then

2) Cp(v) < Cpln) 0=V,
where Osc(V) =supV — inf V' is called the oscillation of V.

Proof. Applying the representation formula Var,(f) = inf.er [(f — a)?dv for v and also for
p gives Var,(f) < eV . Var,(f). Moreover [|Vf|?dv > ™V [|Vf|?du. Hence (B) follows
from the definition (@) of the Poincaré constant. O

Denote R = [0, 00). The following one-dimensional comparison result appears in [32, Propo-
sition 3|
Proposition 6. Let b € (0,00] and V' be an even continuous function on R such that du(x) =
1 pp) (z)e V@) dz is a probability measure on R. Let p: R — R be an even function which is
non-increasing on RY, such that dv(z) = p(x)du(z) is a probability measure. Then Cp(v) <

Cp(p).

The next statement is known as the Brascamp-Lieb variance inequality. A similar result in
the complex setting appeared earlier in Hormander’s work [Ig].

Theorem 7 (Brascamp-Lieb [8]). Let V : R® — R be a C? function such that for all z € R,
the Hessian matriz D?V (x) is positive definite. If du(z) == e~V ®dx is a probability measure,
then for all locally Lipschitz functions f : R™ — R,

Var,(f) < /((DZV)_1Vf, Vf)dp.

In particular, if D?V(z) > X! for all z € R", where ¥ is a fixed positive-definite matrix,
then for all f,

Var,(f) < /<EVf, Vf)dp.

Observe that D?V(z) > £~! means that  — V(z) — $(X 'z, z) is convex. This leads, by
approximation (or via a different proof, as in [7] where a stronger log-Sobolev inequality is
proved), to the following estimate for log-concave perturbations of Gaussian measures.

Corollary 8. Let X be a symmetric, positive-definite n x n matriz. Let p : R™ — RT be a log-
concave function, such that du(z) := p(z) exp(—3(S7 2, x))dx is a probability measure. Then
for all locally Lipschitz functions f : R™ — R:

Var,(f) < [ (EV£.V1)dn

In the log-concave case, Proposition H may be improved substantially, as shown by E. Milman.
A probability measure on R"” is log-concave if it is supported in an affine subspace, and admits
a log-concave density in this subspace. The total variation distance between two probability
measures 4 and v is

drv(p,v) = sup |u(4) = v(A)]
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where the supremum runs over all measurable sets A.

Theorem 9 (E. Milman, Section 5 in [28]). Let pu; and pe be two log-concave probability
measures on R™ and let ¢ > 0. If dpy (p1, p2) <1 —¢, then

Cp(p2) < cle) - Cp(pm),

where ¢(g) depends only on €.

2.2. Background on the KLS conjecture. In the seminal paper [20], Kannan, Lovész and
Simonovits (KLS for short) formulated a conjecture on the Cheeger isoperimetric inequality
for convex sets, which turned out to be of fundamental importance for the understanding of
volumetric properties of high dimensional convex bodies. We refer to the books [, 9] for an
extensive presentation of the topic, and focus on the material that is needed for the present
work. The KLS conjecture has several equivalent formulations. The one that fits to our purposes
is expressed in spectral terms. For a probability measure 1 on R™ with finite second moments,
let Cp(u, “linear”) denote the least number C' such that for every linear function f : R™ — R
it holds Var,(f) < C [|Vf|*du. Plainly

Crl) = Cplp, “linear”) = [Cov(p) lop-

Here, Cov(u) = (Cij)ij=1,...n is the covariance matrix of i, with entries

Cij = /:L‘i:cjd,u(:c) —/:mdu(:c)/a:jdu(:r),

R R R

and [|Cov(p)||op is norm of Cov(u) considered as on operator on the Euclidean space R, which
is equal to the largest eigenvalue of Cov(u).

The KLS conjecture predicts the existence of a universal constant x such that for every
dimension n and for every compact convex K C R™ with non-empty interior (convex body),

Cp(Ak) < kCp(Ak, “linear”),

where A\x denotes the uniform probability measure on K. The conjecture has been verified
for only a few families of convex bodies as the unit balls of £} [34, P4], simplices [4], bodies of
revolution [19], some Orlicz balls [23]. The second named author proved in [22] that

Cp(Mk) < clog(1+n)*Cp(Ag, “linear”),

with ¢ being a universal constant, holds for all convex bodies K C R"™ which are invariant by all
coordinate changes of signs ((z1,...,z,) € K <= (|z1],...,|xn]) € K). Such bodies are called
unconditional. See [3] for more general symmetries. Corollary 2 above gives another instance
of a weak confirmation of the conjecture up to logarithms.

The KLS conjecture can be formulated in the wider setting of log-concave probability mea-
sures (the folklore is that it is equivalent to the initial formulation on convex bodies). Let &y,
denote the least number such that

Cp(p) < kn Cp(p, “linear”)

holds for all log-concave probability measures on R™. With this notation the KLS conjecture
predicts that sup, £, < +o0o. We will use known estimates on x,. A rather easy bound was
given by Bobkov [G], extending the original result of [20] for convex bodies: for all log-concave
probability measures on R"”,

(3) Cp(u) < cTr(Cov(p)),
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where c¢ is a universal constant. This gives k,, < c¢n. The best bound so far is due to Lee and
Vempala [26] after a breakthrough of Eldan [IZ]: there is a universal constant ¢ such that for
all log-concave probability measures on R"

Cp(p) < ellCov(s)lzs = e(Te(Cov()* Cov(p)))
This implies that k, < cy/n.

1/2

2.3. Log-concave measures with symmetries. In this section we prove Theorem B. For a
Borel measure p on R™ and a function f € Lo(u) we write

(4) N fllg-1() = sup {R/ fudp; w € L?(p) is locally-Lipschitz with /\Vu]Qd,u, <1
n R”

The norm || f||f-1(,) makes sense only when [ fdu = 0, as otherwise | f||g-1(,) = +oo. By
duality, it follows from the definition of the Poincaré constant that for any f € L?(u) with

[ fdu =0,

) 1110 < Crlo) [ P
RTL

The following proposition is an extension of [22, Lemma 1], from uniform measures on C*
smooth convex bodies to finite log-concave measures. A proof is provided for completeness.

Proposition 10. Let u be a finite, log-concave measure on R™. Let f : R™ — R be a locally-
Lipschitz function in L*(u) with 9;f € L*(u) and [ 0;fdp =0 for all i. Then,

(6) Vary(f) < Y 100 f 171
=1

where we recall that Var,(f) = [(f — E)*du and E = [ fdu/u(R").
We require the following lemma, whose proof appears in the Appendix below:

Lemma 11. It suffices to prove Proposition D under the additional assumption that the measure
w has a C*-smooth density in R™ which is everywhere positive.

Proof of Proposition [0. Thanks to Lemma [, we may assume that du(z) = exp(—¢(x))dz,
where 1 : R” — R is smooth and convex. We may also add a constant to f and assume that
[ fdp = 0. Define the associated Laplace operator

Lu = Au— (Vu, V) = Z (0w — Oju - O)

i=1

for a C%-smooth, compactly-supported u : R” — R. A virtue of this operator is the integration
by parts

/ w(Lv)dp = — / (Vu, Vo)dp,

Rn R”l
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valid whenever v : R” — R is C%-smooth and compactly-supported and u is locally-Lipschitz.
The Bochner formula states that for any C%-smooth, compactly-supported function u : R” — R,

n

/(Lu)gdu:Z/]V&iu\zdu—i—/(DQw)Vu-Vudu > f:/waiuy?dﬂ.

R i=lgn R» i=lpn
This Bochner formula is discussed in [1], where it is also proven (see [, Lemma 3]) that there
exists a sequence of compactly-supported, C2-smooth functions u; : R® = R (k= 1,2,...) with
(7) lim Luy = f in L2(p).
k—o00

Now, for any k > 1,

/f(Luk)d,u =— Z;/Blf - Ojugdp < Z/ |V Oiup |2dp - Z; HaifH%_l(#)
R™ =1Rn =

i=1gn
®) < Luellzagn | S 101+
i=1
By letting k tend to infinity we deduce (B) from (@) and (B). O

Let us write Cp(p, “even”) for the smallest number C' > 0 for which

Var, (1) < € [ V4P
Rn

for all even, locally-Lipschitz functions f € L?(u). We write Cp(u, “odd”) for the analogous
quantity where f is assumed an odd function.

When g is an even measure and f € L?(u) is odd, we may restrict attention to odd functions
u in the definition (#) of ||f|/z-1(,). Indeed, replacing u(z) by its odd part [u(z) — u(—z)]/2
cannot possibly increase [ |Vu|?du or affect the integral [ fudp at all. Consequently, in this
case,

(9) 1131 < Crli “odd) - [ Fod
R"

Similarly, when f € L?(u) is even,

(10) 1131 < Cola evern”) - [ P
Rn”

Moreover, when p is an even measure in R" we have
(11) Cp(p) = max{Cp(p, “odd”), Cp(u, “even”)}.

This follows from the fact that any locally-Lipschitz f € L?(x) may be decomposed as f = g+h
with g even and h odd, and [ ghdp = [(Vg-Vh)du = 0. In the case where the even measure p
is additionally assumed log-concave, formula () may be improved. The following corollary is
an extension of [22, Corollary 2(ii)] from smooth convex bodies to finite log-concave measures.
This extension requires a modified argument, as the one in [22] was based on eigenfunctions,
which may not exist in general.
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Corollary 12. Let p be a finite, log-concave measure on R™. Assume that u is even. Then

Cp(p) = Cp(p, “odd”).

Proof. In view of (), we need to prove that Cp(u, “even”) < Cp(u, “odd”). Thus, let f €
L?(p) be an even, locally-Lipschitz function. Then d;f is an odd function for all i. In the case
where 0;f € L?(u) for all i, by Proposition [0 and by (I0),

(12)  Vary(f) < > 105100 < Crlp, “odd”) - / 10: f|2dp = Cp(u, “odd”) - / V.

i=1gn

Note that (I2) trivially holds when 9;f ¢ L?(u1) for some i, as the right-hand side is infinite.
Now (I2) shows that Cp(u, “even”) < Cp(u, “odd”). O

Proof of Theorem B. The first part of the theorem follows from Corollary 2. As for the second
part, let E C L?(u) be an (n + 1)-dimensional subspace of locally-Lipschitz, odd functions.
Consider the linear map 6 : E — R"™ defined via

(13) 0(f):= [ Vfdu.
/

Since E is (n + 1)-dimensional, there exists 0 # f € E with 6(f) = 0. Since f is odd, the
function 9; f is an even function for all 4. In the case where 0;f € L?(u) for all i, by Proposition
M and (9),

Varu(f) <Y 110if -1 < Cp(p, “even”) - 3 / 0if PPy = Cp(p, “even”) - / IV fPdp.
=1 R

i=1gn
This inequality trivially holds if 9;f & L?(u) for some i. We have thus found f € E with

) Jan IV f[2dps
A « 7Y = < =
p(p, “even”) Cp(u, “even”) =  Var,(f) ~

completing the proof of the theorem. O

A measure p in R” is unconditional if it is invariant under coordinate reflections, i.e., for any
test function ¢ and any choice of signs,

[t tdute) = [ etar, .. m)duta),
R?’L R?’L
The following corollary is similar to [22, Corollary 2(i)] but it does not involve any regularity

assumption:

Corollary 13. Let u be a finite, log-concave measure on R™. Assume that i is unconditional.
Then

Cp(p) = Cp(p, “odd in at least one coordinate”),

i.e., in the definition of Cp(u) it suffices to consider functions f(x1,...,xy) for which there is
an index © such that f is odd with respect to x;.
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Proof. For I C Q,, = {1,...,n} we say that f(x1,...,x,) is of type [ if it is even with respect
to x; for i € I and odd with respect to z; for i ¢ I. Any f € L?(1) may be decomposed into a
sum of 2" functions, each of a certain type I C €,. Moreover, even without the log-concavity
assumption we have

(14) Cp(u) = max Cp(u, “functions of type I7).

All we need is to eliminate the case I = 2, from the maximum in (I4). However, if f is of type
2y, then each function 0;f is of type Q, \ {i}. We may thus rerun the argument in (I2) and
complete the proof. O

2.4. The structure of the eigenspace. We move on to discuss properties of eigenfunctions
of log-concave measures with symmetries, following their investigation in [22]. In particular in
this section we prove Theorem B. We will consider a log-concave probability measure du(z) =
e %Y@ dz such that ¢ : R” — R is of class C? and D?3)(x) > 0 for all . The Poincaré inequality
asserts that the non-zero eigenvalues of — L, where

L:A_<vav>>

are at least 1/Cp(p). We assume here that A\, = Ap(p) = 1/Cp(p) is actually an eigenvalue
for L and study the structure of the corresponding eigenspace E,, := {f € L?(p); Lf = -A\uf}
Note that elliptic regularity ensures that eigenfunctions are C?-smooth. First, we put forward
the key ingredient in [22]. We reproduce the proof, for completeness.

Lemma 14. Under the above assumptions, the linear map 6 : E,, — R" defined in (I3) is
injective. As a consequence dim E,, < n.

Proof. Assume Lf = —\,f and [V fdu = 0. Then using integration by parts, the Poincaré
inequality for the zero average functions 0;f and the Bochner formula gives

M [ Pau=— [ sLran= [ 1V5Pdp =3 Var,0i5) < ;ﬂ > [ Vot

=A1H < J@rpau- [wrovs, Vf>du) < ;ﬂ J@spau=s, [ fa.

Hence all the above inequalities are actually equalities. In particular [ (D*V £,V f)du = 0,
from which we conclude that f is constant. Hence 0 = Lf = —\,f, and f = 0. O

Let O, be the group of linear isometries of the Euclidean space R™. We consider the subgroup
of isometries which leave p invariant:

On(n) :={R € On; Rup=p} ={R€Oy; poR=1}.
Lemma 15. If f € E, and R € O, (i) then fo R™' € E,, and
0(f o R™) = RO()).
Proof. The fact that f o R™! is still an eigenfunction is readily checked. Next

0(foR™Y) :/V(foR_l)du:/R(Vf)oR_ldu:R/Vfdu,

where we have used that R~! is also the adjoint of R, and the invariance of . (]
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Remark. This result can be formulated in a more abstract way. The group O, (1) has a natural
representation as operators on R", denoted by p. It has another one as operators on E,,, denoted
by 7 and defined for R € O,(n) and f € E, by m(R)f = f o R™!. The statement of the lemma
means that 6 : £, — R" intertwines 7 and p.

Remark. The arguments of the above two proofs were used in [22] to establish the existence
of antisymmetric eigenfunctions, more specifically of an odd eigenfunction when 1 is even, and
of an eigenfunction which is odd in one coordinate when 1t is unconditional. Note that these
results give Corollary [ and also Corollary [C3 below under strong assumptions on the existence
of eigenfunctions, which we could remove in the present paper. It was proven in [3] that the
existence of antisymmetric eigenfunctions extends as follows: if there exist Ry, ..., R € Op(p)
such that {x € R"; Vi,R;x = x} = {0} then for every f € E, \ {0} there exists ¢ such that
foR;—f € E,\{0}. The proof of this is easy from the lemmas: it is always true that foR;— f €
E,,. Assume by contradiction that for all i, f o R; — f = 0. Then 0(f) = 0(f o R;) = R;*0(f).
So O(f) € R™ is a fixed point of all the R;’s. By hypothesis, 6(f) = 0 hence f = 0.

The above two statements allow to derive some more structural properties of E,, when the
measure has enough symmetries.

Theorem 16. With the above notation, assume that O,(u) has no non-trivial invariant sub-
space. Then the map 6 is bijective. In particular dim E,, = n. Moreover, for any f € E,, \ {0},

E, =span{foR; R€ O,(n)}.

Proof. By the above lemma, the range of 6 is invariant by O, (u). By Lemma [4, the map 6
is injective, so its range cannot be reduced to {0}. Therefore 0(E,) = R", i.e § is surjective,
hence bijective.

Next consider S := span{f oRR € On(,u)} C E,,. Then, thanks to the latter lemma,
0(S) = span{RO(f); R € On(p)} is Op(p) invariant and non-zero. Therefore it is equal to R™.
Hence S = E,,. O

Theorem A above follows from Theorem @@, as it is well-known by spectral theory that a
locally-Lipschitz function f € L?(u) with [ fdu = 0, for which an equality in the Poincaré
inequality is attained, belongs to E,,.

Eventually, let us give an example in a specific case: assume that p has the symmetries of
the cube, or equivalently that ¢ (z) = 1/1(|x0(1)|, ce |xg(n)|) for all permutations o of {1,...,n}
and all x € R™. Then O,(u) has no non-trivial invariant subspace and the above proposition
applies. But one can give a more precise description of the n-dimensional space £, in this case.

Denote by (e;); the canonical basis of R, by S; the orthogonal symmetry with respect to
the hyperplane {z;x; = 0}, and Tj;, ¢ # j the linear operator on R™ the action of which on
the canonical basis is to exchange e; and e;. Note that S; and T;; belong to O, (p) and are
involutive. Since 6 is bijective we define f; := 671(e;), and obtain a basis (f;)?_; of E,. The
relationships between vectors of R™ and isometries in O, (p) can be transferred to eigenfunctions
thanks to 0:

0(f1) = e1 = —Sier = =510(f1) = 0(—f1 0 51)
0(f1) =e1 = Sie1 = Si0(f1) = 0(f105;), ifi#1
0(f1) = e1 = Tijer = Ty;0(f1) = 0(f10 Tij), ifi,j#1

I
)

H
I
)
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imply that fi = —f1 0S5y and for 4,5 # 1, fi = fioS; = f1 oT;;. In other words for any

(z2,...,oy), the map =1 — fi(z1,...,2,) is odd and for any xi, the map (x2,...,2,) —
fi(z1,...,zy,) is invariant by changes of signs and permutations of coordinates. Still for i # 1,
0(fi) = ei = Thier = T10(f1) = 0(f1 0 Thy)
yields f; = f1 o T1;. In particular, f; is an odd function of x; and an unconditional and

permutation invariant function of (z;);;,. Consequently for i # j, [ f;fjdp = 0 (the integral
against dz; is equal to zero since f; is odd in x; while f; and v are even in z;). Summarizing,
(f1, fioTia,..., f1 oTiy,) is an orthogonal basis of E,.

3. PERTURBED PRODUCTS

In this section we investigate Poincaré inequalities for multiplicative perturbations of product
measures.

3.1. Unconditional measures. We now describe a comparison result which may be viewed
as the higher-dimensional analog of Proposition B, in the case of product measures. We write
R = [0, 00)™.

=+ 9

Theorem 17. Fori=1,...,n, let du;(t) = 1(,bi’bi)(t)€_vi(t) dt be an origin symmetric prob-
ability measure on R, with b; € (0,00] and V; continuous on R. Let p : R" — RT be such
that dp™P(x) = p(x) [1;, dui(z;) is a probability measure. Assume that p is unconditional (i.e.
p(x1, ... 2n) = p(|z1],. .., |2n]) for all z € R™) and coordinate-wise non-increasing on R’} . If
in addition p'™* is log-concave, then

Cp(u™”) < Cp(u™") = max Cp ().

This holds in particular when the measures p; are even and log-concave and p s log-concave
and unconditional.

Proof. Since pu™* is log-concave and unconditional, we know by Corollary 3 that it is enough
to prove the Poincaré inequality for functions which are odd with respect to one coordinate. Let
f :R™ = R be locally Lipschitz, and assume that it is odd in the first variable (other variables
are dealt with in the same way). Then by symmetry [ fdu™” = 0, so that

Varoo () = [ s = | / F2@)p()dpn (1) | T] dus ).

1>2

In the sense of o ® -+ ® py, for almost every T := (x2,...,%y,), Zz := fR p(x)duy(z1) < +o0.
Thus way may consider the probability measure p(x1,%)du1(x1)/Zz. It is a perturbation of an
even probability measure on R, by the even unimodal function x; — p(z1,%)/Zz. Hence by
Proposition B, its Poincaré constant is at most Cp(pu1). Since x1 — f(z1,T) is odd, it has a
zero average for the latter measure and we get

/ P@p) P8 < opu) [@ou @)oo 1

z
R
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Canceling Zz and plugging in the former equality, we get

Varyos (7)< [ | o) @ @) pta)din (o) | [T ds(a) < maxCotu) [ 192",
R 1>2
U

Remark. The hypothesis of unconditionality on the perturbation p cannot be dropped, as the
following example shows. Denote by U([a,b]) the uniform probability measure on [a,b]. Clas-
sically, Cp(U([a,b])) = (b — a)?/n?. We choose p; = U([—3,3]). Then the measure p™! is
uniform on the unit cube Cy, := [—%, 1] C R", and Cp(u™') = 772, Let € € (0,1) and consider
an orthogonal parallelotope P- included in the cube C), and of maximal side length (1 —€)y/n
(such parallelotopes are easily constructed. When ¢ tends to zero they collapse to the main
diagonal of the cube, the length of which is y/n). Then define p. = 1p_/Vol(P:). Clearly p™r<
is the uniform measure on P, which is a product measure. So by the tensorization property

Cp(u™re) = L ((1 — €)y/n)?. See also Section B4 below.

Remark. The product hypothesis is also important. Consider the uniform measure U(y/nB%)
on the Euclidean Ball of radius y/n in R™, for n > 2. It is well-known that

sup Cp(U(v/nBj)) < +oc.

For € € (0, 1), define the unconditional parallelotope
Q. = {x ER™ |z <Vn—eandVi > 2, |z;| < ’/nil} C v/nBj.
Since it is a product set, Cp(U(Q:)) = Cp(U([—v/n —¢,v/n—¢])) = 4(n—e¢)/m*. Hence U(Q:)

is an unconditional and log-concave perturbation of U(y/nB%), which is itself log-concave and
unconditional. Nevertheless the former has a much larger Poincaré constant than the latter
when the dimension grows.

3.2. The general case. The above examples show that a dimension dependence is sometimes
needed, of order n for the covariances and Poincaré constants. We show next that this is as bad
as it gets, and that such a control of the covariance can be obtained independently of the even
log-concave perturbation.

Theorem 18. Let p1,..., 1y be even log-concave probability measures on R, and let p : R® —
R* be an even log-concave function such that

dpp(x) = p(x) [ [ dpi(z:), = R,
=1

s a probability measure. Then, covariance matrices can be compared:
Cov(pu™*) < n Cov(u™").
Moreover,
n
Cp(p™?) < cZVar(,ui) < ¢nmax Cp(ui) = enCp(u™h),

=1
where ¢ 1s a universal constant.
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Proof. We start with the covariance inequality. Set o2 = Var(u;). Let g be an even log-concave
function on R. Then since g is non-increasing on R,

/ 2g(t) dyus(t) < / 2dp(t) / o(t) dpi(1)

R R R
Indeed, by symmetry this follows from the basic fact that 2Cov,,,(f, g) = f(R+)2 (f(x)—f(y))(g(x)—

g(y)) dm(z)dm(y) < 0 if m is a probability measure on R, f is non-decreasing and g is non-
increasing. The above inequality, sometimes referred to as Chebyshev’s sum inequality, can be
restated in terms of the peaked ordering as t2du;(t) < me. Such an inequality is preserved
by taking on both side the tensor product with an even log-concave measure (e.g. Kanter [ZI,
Corollary 3.2]). Hence, tensorizing with ®;.;u;

a2dpy (x1) ... dpn (@) < 01 @ - @ pip.

This means that the left-hand side measure has smaller integral against even log-concave func-
tions. Applying this with p gives

(15) [t < o

This is enough to upper bound the covariance matrix. Indeed, for 8 € R™,

Var . ((-,0)) = /(33 0)2dp™* (x Z/m]ee dp™? ()

1 1
< S l0ii0) ([ atanrow)” ([ o)
1,5
n 2
< th’\@i\%‘\@j\ = <Z th‘)
1,7 =1

<n Z 0267 = nVar,,o.au, (- 0)). O
Eventually, since " is log concave, we may apply Inequality (3)
Colu) < Tr(Cov(u™) = ¢ 3 [ aldu (o)
i=1

We conclude thanks to (IH).

3.3. Gaussian mixtures. In this section, we consider n probability measures on R which are

absolutely continuous Gaussian miztures. This means that du;(t) = @;(t)dt for i = 1,...,n
with
t2
e 202
(16) wi(t) = / dm;(o), teR,
oV 2w
RY

where m; is a probability measure and R* = (0,00). In other words if R; is a random variable
with law m; and is independent of a standard Gaussian variable Z, then the product R;Z is
distributed according to u;. These measures were considered by Eskenazis, Nayar and Tkocz
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[13], who showed that several geometric and entropic properties of Gaussian measures extend
to Gaussian mixtures.

3.3.1. Using the covariance. For log-concave probability measures, it is known that the Poincaré
constant is related to the operator norm of the covariance matrix of the measure. In order to
estimate the covariance, we use an extension by Eskenazis, Nayar and Tkocz of the Gaussian
correlation inequality due to Royen [B3]. A function f is quasi-concave if its upper level sets
{z; f(z) >t} are convex for all ¢.

Theorem 19 ([13]). Let p1,. .., n be probability measures on R which all are Gaussian miz-
tures. Let f,g: R™ — RT be even and quasi-concave, then for j = 3 & -+ @ fip,

[ s9au= ([ rau) ( [oin).

Remark. The inequality is actually valid for the more general class of even and unimodal func-
tions (i.e. increasing limits of positive combinations of indicators of origin symmetric convex
sets).

For our purpose we rather need a weaker version of Theorem M. Let ¢ : R®™ — R be an even
convex function, and g be even and log-concave; for € > 0, consider the log-concave function
f = exp(—ec). Then the above theorem gives [e *gdu > ([e *°du) ([ gdp). There is
equality for € = 0, so comparing derivatives at € = 0 yields that an even convex and an even
log-concave function are negatively correlated for u:

Jou (Jow) (f15)

In the case of centered Gaussian measures, this negative correlation property between even
convex and even log-concave functions was established first by Hargé [I].

Proposition 20. Let 1, ..., i, be Gaussian miztures, and let p : R — RT be an even log-
concave function such that the measure dp™*(x) = p(x) 17, dpi(z;) is a probability measure
on R™. Then

Cov(u™*) < Cov(u™")
If in addition p™P is log-concave (which is true if the measures p; and the function p are log-
concave), then

Cp(p™?) < cn? max Var(u;) < cn? max Cp(u;) = C?’L%CP(/,Ln’l)
1 (2

)

where ¢ 1s a universal constant.

Proof. Let 6 € R™. Since = +— (z,0)? is even and convex, the correlation inequality (I2) yields

(18) [tworp@ [ Jduite < | [ w02 T[auten | [ o) [ st
Since the measures are centered, this can be rewritten as
Varne ((-,0)) < Var,ni((-,0)), 6e€R"

Hence the covariance inequality is proved. For the second part of the statement, we apply the
best general result towards the Kannan-Lovasz-Simonovits conjecture, recalled in Section EZ2:
for every log-concave probability measure 7 on R”, Cp(n) < cn!/ 2|Cov(n)]|op- O
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Remark. The KLS conjecture predicts that for some universal constant s and for all log-concave
probability measures 1, Cp(n) < k||Cov(n)|/op. If it were confirmed, then the conclusion of the
above theorem could be improved to Cp(u™*) < k Cp(u™?t).

Remark. The correlation inequality proves that u™? = u™! for the peaked ordering on measures:
p > v means pu(K) > v(K) for all origin-symmetric convex sets, and implies [ fdu > [ fdv for
all (even) unimodal functions. Also, the weaker correlation inequality (IC2) implies that p™ is

dominated by p™! in the Choquet ordering (integrating against convex functions).
3.3.2. Direct approach. Working directly on the Poincaré inequality, we will improve the n!/?

to log(n) in Proposition 0.

Lemma 21. Let piq,. .., jin be Gaussian miztures as in (@), and let p : R™ — RY be an even
log-concave function such that

du™P(x) = p(x) Hdui(a:i), z eR"
i=1
1s a probability measure. Then for every odd and locally Lipschitz function f : R™ — R, it holds
Vaos (7) < [ 3 ain) (@1 (0)2d (a),
i=1

where
2 +oo

1 e 202 1
a;(t) == o) /J W dm;(o) = o) / wpi(u) du, teR.

Ry It

Proof. Since f is odd and p™* has an even density,

WWMﬂZ/FWWZ/f@M@ﬁ | = imifer) | da

- o
=1 R* J
9 *% Zj jé dzx -
= [ | [ £@ete G | L)
(R:)n n J=

For each (0;); we estimate the inner integral from above thanks to the Brascamp-Lieb inequality,
applied to the probability measure

1 32, % dx
dM, = — % —
(z) Z p(z)e e Lo,

Since M, is log-concave with respect to the Gaussian measure x — exp(—3(Diag(c)?z, z)), the
Brascamp-Lieb inequality in the form of Corollary B gives

Varar (f) < / (Diag(0)2Vf,Vf) dMy(2).

Since f is odd and M, is an even measure, we obtain that [ f2dM, < [(3 02(8;f)?) dMy. Ob-
serve that in this formulation, the normalizing constant Z, appears on both sides and therefore

S|
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cancels. This leads to

Varno(f) < / /(Zgg(@f@)y)p(m)e527@% ﬁdmj(aj)

(]Rj_)" n j:l
" L 522 dm;j(o;)
oif / o? e %5 04 p(x) dx
;RZ( (@ )) (B: ) 31;[1 oV 2m (z)
+

n

=3 [@s@)? | [ o = S T i) ple) o

ke \{R+ J#
Z/(E) f(z )) a;(x;) du™ P (z).
i=lpn

It remains to check the validity of the second expression of «;. This is obvious from the definition
of ¢; after interchanging integrals as follows:

—+o00 —+o00 —+o00 ) d ( ) 400 ) 1
_w? m;(o 42
up;(u)du = ue 202 du . = / ole 202 dm;(o).
|/ 2ilu) 0/ I/ oV 2 J oV 2w (0)
t t

O

Lemma 22. Let ¢ : R — R" be an even and log-concave function such that [ ¢ =1. Then for
all t € R,

S = wp(wydu 1

< + :
w(t) 20(0)  4(0)2
There is equality when for some A > 0 and for all u, p(u) = Xexp(—A|u|)/2.

Proof. Tt is enough to deal with all ¢ > 0. For such a fixed ¢, set for all v > 0, ¥(v) := p(t +v).
Then changing variables by u =t 4+ v

ft+oo up(u)du _ 0+Oo(t + v)Y(v)dv _, 0+OO (0 N f0+oo v (v)dv
o(t) $(0) $(0) ¥(0)

Since 9 is log-concave, the Berwald-Borell inequality implies that the function

1
P

p>0— G(p) = m / Y(u)uPdu

is non-increasing (see [29] or e.g. Theorem 2.2.3 in [d]). The inequality G(1) > G(2) allows us

to deduce that
x o0 x 2
S wp(wydu [ +< o w) |

0
A0 e U
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With our notation
—+o0

v(O0) _ e d
= = ——1
0+oow ft+oo(p dt 0g /(10

t
Since ¢ is log-concave, the Prékopa-Leindler inequality ensures that the tail function ¢t —

log ( f;roo go) is concave, and thus has a non-increasing derivative. It follows that, for ¢ > 0,

0+001/}:ft+oo§0< ()+0080: 1
¥(0) pt) — 9(0)  29(0)
This leads to the claimed inequality. The case of equality is checked by direct calculations. [

Remark. Better estimates depending on ¢ are easily established. If the even probability density
is given by ¢ = e~V where V is differentiable, even and convex, then for ¢ > 0,

d te=V(®) L va V7 (t) 1 —V(t 1
() e (e ) 2 (- )

Integrating, we obtain that for ¢ > 0 such that tV'(t) > 2,
+00

(19) / up(u) du < 2

t

t
V(#)

o(t),

since in this case also sV’(s) > 2 for all s > .

Theorem 23. For i = 1,...,n, let du;(t) = ¢i(t)dt be a Gaussian mizture on R which
is log-concave. Let p : R" — R* be an even log-concave function such that du™P(x) =
p(z) [T dpi(z;) is a probability measure on R™. Then

Cp(u™) < (14 Clogn) Cp(p™') = (1+ Clogn) max Cp (),
where C is a universal constant.

Proof. The case n = 1 is a direct application of Proposition B. Next we focus on n > 2. We
follow the truncation strategy from [22]. Let X; be a random variable of law p;. Since the latter
is symmetric and log-concave, classical results due to Borell and Hensley (see [29] or Chapter 2
in [9]) give
c
[ Xillyy < el Xill2 <

B V20i(0)
where the Orlicz norm involves ¢;(t) = el — 1 and ¢ > 0 is explicit and universal. Choose
£ := v/2/c. The latter inequality implies E exp (e¢;(0)|X;]) < 2.

By the correlation inequality (I'7), as in (IR), and then Jensen’s inequality

exp (& [ ma (Jale0) (@) ) < exp (= [ ma (1l (0) 1))
</eXP <€H1?X(|$i|<ﬁi(0))> dp™'(z) < /;exp (elili(0)) du™ ()

:Z/eXp (el@s]pi(0)) dpi(z;) < 2n.

i=1p
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Therefore

(20) [ e (11 (0) di () < clogzn),
Consequently, the set

A= {x e R", maxwgi(o) < clog(2n)} ;

verifies p™P(A) > % thanks to Markov’s inequality. This implies that the probability measure
p prm— u ’ (' m A) pu— 1A . ...
HAT= ey ey @)

obtained by conditioning p"™* to the set A is close to u'” in total variation distance:

1
7p J—
drv(p ,M‘ V) < 5"
. . . . oo D ~ 1 . .
Since A is convex and symmetric, we can write ,ul A = p™P where p = WA(A) p is still log-
concave and even. Since both measures are log-concave, Theorem B ensures that for some
universal constant k

(21) Cp(u™) < k Cp(u™?).

We can apply Lemma I to p™? with the advantage that this measure is supported on A. We
obtain, using also Lemma P2, that for every odd and locally Lipschitz function f,

T

<10 / 2 (! 1280 i) (00 f (@))% ()

<o (s (1 242) ) e

1 1 27, n,p

Since p™” is log-concave and even, Corollary [2 ensures that checking the Poincaré inequality
for odd functions, as we just did, is enough to conclude that

5 1 1
P\ < .
Cp(u"™?) rn?x i(0)2 <4 + clog(2n)>

Combining this estimate with (EI) gives a universal constant C' such that

1
Cp(u™?) < Clog(n) max ———-
P(M ) = g( ) i 901(0)2
Eventually, for the even log-concave probability measures du;(t) = @;(t) dt on the real line it is
known that 1—12%(0)*2 < Cp(pi) < ¢i(0)72, see [A]. O

In this proof we used the fact that u; satisfy a ¢;-estimate, since it is log-concave. Under
the stronger assumption that p; satisfies a 1,-estimate for a > 1, with ¢, (t) = eltl® — 1, the
right-hand side of inequality (20) can be improved to clog(2n)'/®. In this case, the logarithmic



SPECTRAL GAPS, SYMMETRIES AND LOG-CONCAVE PERTURBATIONS 19
factor in Theorem E3 may be improved to (logn)'/®, as the reader may verify. In the next
section we establish a sharper improvement using a more refined analysis.

3.3.3. Ezamples. As explained in [I3], for p € (0, 2] the probability measures on R defined by
dvy(t) = exp(—|t|P) dt/Z,

are Gaussian mixtures. When p € [1,2] they are in addition log-concave, and Theorem 23
ensures that for every even log-concave perturbation p,

(22) Cp(vy?) < (14 Clogn) Cp(vp).

for some universal constant C. We point out that inf,c[; 9 Cp(vp) > 0 and sup,cp o) Cp(vp) <
+o00, which is easily verified e.g. with the Muckenhoupt crlterlon [30]. This completes the proof
of Theorem [ in the case p = 1.

When p = 1, Theorem [ almost answers the motivating question that we mentioned in the
introduction: we unfortunately have a weak dependence in the dimension, but we allow more
general perturbations.

When 1 < p < 2, using the remark after Lemma P2, we obtain from (I9) that for the measure
vp, the coefficients a;(t) of Lemma P11 verify

a;(t) < c(1+t*7?), teR,

where ¢ is a universal constant. This improves on Lemma P2, and can be used in the argument
of the proof of Theorem P3. Since there exists a universal ¢ > 0 such that for all p € (1,2),

[ exp (e 7y (1) < 2

we arrive by the same method at

2-p
Cp(v,*) < (1+C(logn) 7 ) Cp(vp).
As supp,e(1 g Cp(vp) < 400, we have proven the following:

Theorem 24. Let 1 < p < 2. Let p: R® — R be an even log-concave function such that
dvy?(z) = p(x) [T, dvp(z;) is a probability measure on R™. Then

2
(23) Cp(yp?) < (1+ Clogn) 7 ,
where C' 1s a universal constant.

Theorem P4 implies Theorem M. Note that the bound (23) improves on (22), and is inde-
pendent of the dimension for p = 2 (as expected for log-concave perturbations of the standard
Gaussian measure).

All the above results deal with even log-concave perturbations of the measures v, and their
products vy, p € [1,2]. The spectral gap of such perturbed measures is controlled uniformly
in the perturbation (for any given dimension). When p € [1,2) this is not true for arbitrary
log-concave perturbations (i.e. non necessarily even). To see this, it is enough to consider the
probability measures v, on R, and their exponential tilts

1
de,a(t) = 76_‘t|p+atdt,
p’a
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where a in an arbitrary real number if p > 1, and a € (—1,1) when p = 1. Gentil and Roberto
[15] have proved that for p € [1,2),

sup Cp(vp,q) = +00.
a

For p = 2, the Brascamp-Lieb inequality ensures that the Poincaré constant of any log-concave
perturbations of the standard Gaussian measure is dominated by 1.

3.4. Light tails. Since Gaussian mixtures have heavier tails than the Gaussian measure, we
now investigate some measures with lighter tails.

A special and simple case is when the measures du;(t) = e~ Vi) dt have strictly uniformly
convex potentials. More specifically, if there exists € > 0 such that for all ¢ and all t € R,
Vi”(t) > e, then without assuming any symmetry if p is log-concave, the probability measure
p'™P also has a potential which is uniformly strictly convex and therefore by the Brascamp-Lieb
inequality [8],

Cp(u™r) < %

Nevertheless, strict convexity in the large is not sufficient to yield such uniform results. The
behaviour of u; around 0 is important as the next examples show: let p > 2 and for all i,
dui(t) = exp(—|t|P)dt/Z,. For x € R"™, let us denote by T = (>, ;)/n its empirical mean and
Q(z) = Y_,(z; — T)?*/n its empirical variance. As a nonnegative quadratic form, Q is convex.

Also note that
2

)

1
Q) =~
where u, = (1/y/n,...,1/y/n) € R" is a unit vector on the main diagonal line and P, is the

orthogonal projection onto the orthogonal complement of this line
ut = {z e R Z:cz =0}.
i

Let us define p, : R® — R* as the indicator function of the convex origin-symmetric set
{z € R™;Q(x) < 1/k}, properly normalized so that p"™?* is a probability measure (another
possible choice would be p, = exp(—kQ)/Z);). Then when k tends to +oo the measure fiy, p,
tends to the measure obtained by conditioning p11 ®- - - p,, = u™' to the diagonal line Ru,,. With
our choice of du;(t) = exp(—|t|’)dt/Zy, this limiting measure is, after isometric identification of

Ru,, and R,
n
t p\ dt t
o (=] =)z = (-
2\l )z, e

1 1
This measure is the law of n2" »Y where Y is distributed according to p;. Therefore its variance

P .x

Uy

p) dt
Znp

is nl_%Var(Y) and its Poincaré constant is nl_%CP(]P’y). For p > 2 this tends to infinity with
the dimension. This growth of the variance in some directions is related to the counterexample
in Remark after Theorem [, which in a sense corresponds to p = +00. The behaviour is very
different if we start from Gaussian mixtures, as explained in Theorem PI.

Remark. When the functions V; are strictly uniformly convex in the large, one can obtain
Poincaré inequalities for small perturbations thanks to a method developed by Helffer, see e.g.
[I7]. His approach can be thought of as a variant of the Brascamp-Lieb inequalities where strict
convexity is replaced by uniform spectral gap for restrictions to coordinate lines. More precisely,
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if du(z) = e=V@dz, consider for z € R™ and i € {1,...,n}, the one dimensional probability

measure 1

diu|:c+Rei (t) = Z( : exXp ( - V(xlv ces L1, b Ty, - 7xn)) dt,
Lj)j#i

where (e;)?_; is the canonical basis of R”. Then for each € R", define the matrix K(z) by

K(2);; = ) /CPWasze)  wheni=j
o 01'2,3“/(95) when i # j.

If for all x, K(x) is positive definite then for all smooth functions f, it holds Var,(f) <
J(K7'Vf,V [)dp. In particular, if for all z, K(z) > eld then Cp(p) < 1.

In our setting of the measures p™”, the restrictions to coordinate lines are simple (for nota-
tional simplicity we present only what happens for = + Rey):

d(”n7p)|x+R61 (t) = e_V1(t)p(t7 T2y, xn)L
(%7);>2
If Vi = Uy + By, where Uy is strictly uniformly convex (Uy'(t) > 1/c; > 0) and By is bounded,
then (1™*)|;4re, can be viewed as a bounded perturbation (by Bi) of the strictly uniformly
convex measure e Ul p(-, &, ..., x,)/Z (this is where the log-concavity of p is used. Note that no
symmetry assumption is needed). It follows from the Brascamp-Lieb inequality and Proposition

B that for all «,

Cp(fijpire,) < c1e9°BY),

This type of uniform bound allows to get Poincaré inequalities for ;™ provided the non-diagonal
terms of the Hessian of —log p are small enough, thanks to Helffer’s result. This is especially
simple to achieve when p = e~ ® where Q is a small quadratic form. We refer to Theorem 4.1
in [15] for weaker hypotheses on B; allowing similar results.

4. APPLICATION TO CONVEX SETS

Given a non-empty compact convex set K C RY, we denote by Ax the uniform probability
measure on K (which we may consider in the natural dimension of the affine span of K).
Also let BY := {z € RY; [lz[|, < 1} be the unit ball of ). Recall from Section 2.2 that
Cp(p, “linear”) = ||Cov(p)||op denotes the smallest constant so that the Poincaré inequality is
satisfied for all linear functions with respect to the measure pu.

Theorem 25. Letn >d > 2 and p € [1,2]. Let E be any linear subspace of R™ of dimension
d, then
2
n 7_1 : b))
Cp ()\B;LQE) <c (3) P log(n)2/pC’p ()\B;LQE, “linear ),
where ¢ is a universal constant. In particular, if d > n/2 then for some universal constant ¢,
Cp ()\Bng) <d log(d)2Cp()\Bng, “linear”).

This result will be deduced from the ones of the previous sections, thanks to a result of
Kolesnikov and Milman [23], which allows to transfer Poincaré inequalities from log-concave
measures to some of their level sets. The next statement is a combination of Theorem 2.5 and
Proposition 2.3 in [23].

Theorem 26 ([23]). Let du(z) = exp(—V(z))dz be a log-concave probability measure on R?,
with minV = 0. Then there exists t > 0 such that the set K := {x € R% V(x) < t} verifies
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(1) Cp(Ak) < C - Cp(p) -log (e + Cp(u)Vd),
(2) Cp(Ak, “linear”) > ¢ > 0,

where C, ¢ are universal constants.

We shall also need a stability result of the Poincaré constant under convergence of measures.
For ¢ : R" — R write |[¢[lLip = sup,., [o(x) — ¢(y)|/|z — y| for its Lipschitz seminorm.
According to E. Milman [28], for any log-concave probability measure p on R,

Cp(p) < sup / o — Eppldp < Con/Cp(p)

lellLip<t

where c1,Cy > 0 are universal constants and £, , = f wdp.

Proof of Theorem Z4. For i = 1,...,n we set du;(t) = dvy(t) = exp(—|apt|P)dt, where o, =
2I'(141/p) € [\/7,2]. These measures are even and log-concave, and their density at 0 is equal
to 1. By Theorem P4, for any even log-concave (and normalized) perturbation p,

(24) Cp(u™") < Cllogn) 7,

where C' is a universal constant. Indeed, since the scaling coefficient o, has the order of
magnitude of a universal constant, it may be absorbed in the universal constant C. We apply
(24) when p = p. is the normalized indicator of an e-neighborhood of the subspace E. The
family of measures p'¢ tends weakly, as € — 0, to the measure i on the FEuclidean space E
(that we identify to R?) with density exp(—||a,z||p)/ZE, where

(25) Zp = /Hexp(—\ap%!p)dEw
E =1

is the integral over E of the density of (1,)". We claim that

(26) Cp(it) < 2C(logn) 7.

Indeed, otherwise there exists a smooth ¢ : E'— R with Varz(p) > 2C log(n f |V|2dji.
By multiplying ¢ with a slowly-varying cutoff function, we may assume that © is compactly-
supported in E (the argument is standard, see Section B below for details). We set f(z) =
©(Pgz), where Pg is the orthogonal projection onto £ in R™. Then as ¢ — 07,

Varyne:(f) — Varp(p) and /]Vf|2du""’8 —>/|V<p\2d/1,
n E

in contradiction to (24). This completes the proof of (28). In order to apply Theorem P8, we
need to rescale fi. Let Y a random vector on E with law [, then for A > 0 the random vector
AY has a distribution of density on E given by

exp (— H H —log(Zp) dlog(A)) .

—1/d

This suggests to set Ag := Z/". For this choice, the probability measure

du(x) = exp(~|lapz/Ap|}h)d e

on F verifies
— 2 2—p

Cp(u) = M5,Cp(ft) < M5C(logn) 5= CZg(logn) 7 .
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In order to bound the latter quantity from above, we need a lower bound for Zg, as defined in
(23). This can be done by general results on sections of isotropic measures. More precise bounds
were obtained by Meyer and Pajor [27] in their investigation of extremal volumes of sections of
By (they observe that Zg = Voly(B, N E)/ Vold(Bg)). For our purpose, a simple bound based

1_1
on the in-radius of BY is the most effective: since p < 2, for any x € R™, ||z||, < n? 2 ||z||2,
thus

g = /exp (= llapz|B) dPz > /exp (- Hniféapwwg’) dPz.
E E

The later integral takes the same value for all d-dimensional vector spaces E. Therefore

1 1
Zp > / exp (= [In? 2 apal}) da

R4
—+00
1 1
= Vold(Bg) / dr1 exp ( — (n5_5apr)p)dr
0
d
d f0+oo ds?lexp (— sP)ds VT L1+ %)
= VOld(B2) T_1 = T_1 ay
nr 2qy, ne 2o, L(1+3)

For z large, I'(1 + :1:)% ~ z/e, we get that for some numerical constants ¢, ¢,

2
2. 5—1 4 2
_2 asne 5= n\ >-1
ZEdSCpi%SC/<*>p )
T (i); d
pe

This leads to

ny -1 2-p
Cr(p) < C' ()7 (logn) 7"
Applying Theorem P8 to u provides t > 0 so that the set Kg := {z € E;|lapz/ glh < t} =
1
a;l)\EtE (Bg N E) verifies

2
n n

2_1 2 1
Cp(\ky) < CC’ (d) ? (logn)%f1 log (e +C’ <d) " (log n)ilx/g) Cp(Aky, “linear”™)

2
< (%) ? log(n)%C’p()\KE, “linear”).

Since the constants Cp(-) and Cp(-, “linear) are both 2-homogeneous with respect to dilations
of the underlying measure, we get the claim

2

n (Y r ! 2 “s )
C’p()\Bng) <C (E) log(n)PC’p()\Bng, linear”).

Corollary 2 of the introduction clearly follows from Theorem E3.
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5. APPENDIX: APPROXIMATION RESULTS

5.1. Density of test functions. Let p be a log-concave measure on R". We assume that
the support of p is not contained in an affine subspace of lower dimension, as otherwise, we
may just work in the lower dimensional subspace. Hence p is of the form p(x)dz where p is a
log-concave function. Let € be the interior of the support of u. It is convex and non-empty
(assuming that p is not the zero measure). The function p is positive on 2 and vanishes outside
of Q. Write C2°(92) for the space of smooth functions, compactly-supported in €. By definition,
HY(Q,u) = H'(u) is the set of (equivalence classes of) functions f in L?(p), for which there
exist functions g; € L?(u) such that for all 1 <i < n and for all p € C°(€),

[owt@)t@ de =~ [ o)z da.
Q Q

Classically, g; is called a weak partial derivative of f (viewed as a function on ). The weak
gradient (g;); is simply denoted by V f and

(27) 1l = /&wwy/Wﬂww
Rn R

The following basic result will be useful:

Proposition 27. Let p be a log-concave measure on R"™. Then the set C°(R™) is dense in
H' ().

Several textbooks are dedicated to the study of density of smooth functions in weighted
Sobolev spaces (see e.g Kufner [24]), and they consider more difficult situations. Nevertheless,
we found it hard to spot a reasonably self-contained justification of the above proposition. This
is why we include an ad-hoc proof, which relies only on very basic facts about density of smooth
functions in H. (£, dz) (see e.g. [14, Chapter 5]). Local approximation in any compact subset
of Q) is easy, since on such a subset p is upper bounded, and bounded away from 0, hence the
result for the Lebesgue measure applies. To derive approximation up to the boundary, one
usually approximates f by functions which are defined somewhat outside of €2, on which local
approximation applies up to the boundary. To build such functions, when the boundary of €2 is
regular enough, one usually proceeds by local translations of f. In our case, since §2 is convex,
a single global dilation does the job.

Proof of Proposition Z7. Let us set some more notation. Our problem is invariant by trans-
lation. Hence we may assume that the origin 0 € . The latter being open, there exists
r > 0 such that B(0,7) C . Let f be an arbitrary function in H'(x). Our goal is to build
compactly-supported smooth functions which are arbitrarily close to f in the H' () norm.

We first reduce matters to functions f with compact support in R™. Indeed, given a general
f € H'(u), consider a bump function 6 : R — [0, 1] which is infinitely differentiable and such
that 6(z) =1 if z € B(0,1), while (x) =0 if = € B(0,2). For any integer n > 1, define

It is supported in B(0,2n) and belongs to L?(j) since | finl < 1f|. By dominated convergence

1 = SlBago = [ Fa0 = 0la/n)Pdutz)
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tends to 0 when n — +oo. Since 9;f},, = 0(-/n)0; f + Lo.0(:/n)f,

1
10:f = Oifinllc2(wy < I FOOC /) 2200y + 10if = (i )il 22

also tends to 0 when n grows. Indeed, the functions 9;8 are uniformly bounded, and we may
apply the latter convergence of truncated functions to 0;f € L?(u).

Lemma 28. The set C°(S2) is dense in L*(j).

Proof. By the above truncation argument, it is enough to approximate functions with compact
support in R™. Let h € L?(u) be with support in the open ball B(0,R) for some R. By
dominated convergence,

Hm [ (fla_sn — f)’dp = 0.

e—0t+

For ¢ > 0, the set Q := (1 —e)QN B(0, R) is relatively compact in €, hence there exists ¢ > 0
such that ¢ < p(z) < 1 for all z € Q. Hence fla_gqa € L*(p) also belongs to the unweighted

Lebesgue space LQ(Q,dx), in which it is classical that compactly supported smooth functions
are dense. Therefore there is a sequence g, € Cg°(f2) which converges to f1(;_.q for the

LQ(Q dzx)-topology. Since p < E on Q and all functions are supported in Q the convergence
also holds in the topology of L?(u). O

For f € L?(u) and a parameter § € (0, 2) we introduce the dilated function f5 defined by

fole) = F((1 = 8)x), we =050

These functions are defined outside of €2 but provide a fair approximation of f for small §:

Lemma 29. Let f € L?(u), with bounded support. Then for all § € (0,%), fs € L?>(u) and
when & tends to 0, fs converges to f in the topology of L*(p).
If in addition, f € H'(u) then the convergence holds in the topology of H' ().

Proof of Lemma 9. Assume that f is supported in B(0, R). Let us compute the squared L?

norm of fs:
[Ha=00) @iz =1 =57 [ 0rp(L5)dn
Q

(1-8)Q

1-46
The log-concavity of p yields p(y) > p(%) p(0)°. Rearranging gives

5
y ) < py)\ =8
p(l —5) =r) <p(0) :
Since p is upper-bounded on the compact support of f (see e.g., [, Lemma 2.2.1]), there exists a

constant Cg such that for all y, f(@%(%) < Crf(y)?p(y). Thus || fsll2(u) < 2"CrIfllL2(0)-

For any € > 0, Lemma PR provides g € C2°(2) (supported also inside B(0, R) as the proof of
the lemma shows) such that || f — g||z2¢,) < e. Then

1f = folle2gy < If = gl + 19 — gsll 2wy + 1195 — Fsll2w)
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By the above norm estimate ||gs — fsl|z2(.) < 2"CRrllg — fll£2(u)- Moreover since g is uniformly
continuous, and g5 as well as ¢g vanish outside of B(0,2R),

los = ol = [ 1o() —0((1 = 01 ) < p(BO, 2Ry (2R
B(0,2R)

where w, denotes the modulus of continuity of g. Combining the above estimates gives

limsup ||f — ftsHLQ(u) < (14 2"CR)e,
§—0t

for every € > 0. This proves the convergence of f5 to f.
Eventually, if f € H!'(u), observe that

10 f — O0i(fs)ll 2wy = 10if — (1 = 6)(0if)sll L2y < 00 f L2y + (1 = O)Dif — (0if)sll L2
tends to 0 when § does, by the result that we just proved, applied to 9;f € L?(u). O

We are now ready to complete the proof Proposition E4. As already explained, it is enough
to approximate an arbitrary f € H'(u) whose support is contained in B(0, R) for some R. For
§ € (0,1), we consider the dilated function f5 defined on (1 — §)~'Q2. The last ingredient is
regularization by convolution: let  : R® — R™ be a standard mollifier, meaning 7 is of class
C>™, n(x) =01if [z| > 1 and [ n(xz)dz = 1. For € € (0,1), consider n° defined for x € R™ by

x

n(z) = 87"77(*),

3

and the convolution f5 % n®. Observe that f5 € 10C((l —5)7tQ, da:). Indeed for any compact
Kc(1-6)71Q,

/f(; Vdr = (1-6 / f(z)dz < Ok / prSCK/deu<+oo,
(1-0)K
where we have used that p attains a positive minimum on the compact set (1 — §)K C 2. The

same argument applies to the partial derivatives of f. Thus, according to [I4, Theorem 1 of
Section 5.3], fs *n° is well defined and infinitely differentiable on the set

U. = {:E c(1-6)71q; dist (z, ((1 - 5)_1Q)C) > 5}.

Moreover when ¢ tends to 0, f5*n° tends to fs in Hlloc(( —9)71Q, d:c).

The closure of the set 2N B(0,2R + 1) is a compact contained in the open set (1 — §)~1,
and hence we can deduce that when ¢ tends to 0, fs * 7° tends to fs in H' (Q N B(0,2R +
1), dq:). Taking into account the fact that fs and f5*n° vanish outside of B(0,2R+ 1) and that
the log-concave function p is bounded from above in QN B(0,2R + 1), we can conclude that

lime o+ | fs *1° — fsllr,(u) = O
To approximate the original function f up to accuracy a > 0, we simply write

[ fs 0" — fllar ) < s *n° = fsllmry + 11fs — flla
use Lemma P9 to find a 0 for which the last term is at most «/2. Then we let ¢ tend to zero.
Since B(0,7) C £, the set U, contains ((1 —6)~! — £)Q when e < r(1 —6)~!. Consequently,
if ¢ < 62(r(1—9))~! then (1+6)Q2 C Ue. So the above approximations of f are C* on a larger

set than €. Since they also vanish outside of B(0,2R + 1), we may modify them outside of
in order to obtain functions in CZ°(R"™). O
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5.2. Proof of Lemma M. This section is devoted to the proof of Lemma . We may assume
that the support of i is not contained in an affine subspace of lower dimension, as otherwise,
we may just work in the lower dimensional subspace. Proposition [ is proven above under the
additional assumption that p has a smooth density that is positive everywhere in R™. Our goal
here is to prove the inequality

(28) Vary () < 10 31,
=1

in the case of a general, log-concave, finite measure p in R™, and a general function f € L?(p)
whose weak partial derivatives 01 f, ..., 0, f belong to L?(u) and satisfy [ 8;fdu = 0. Recall the
definition (27) of the H(p)-norm, and that H'(y) is the space of f € L*() with || f|| g1,y < o0.
Recall from Proposition 24 that the collection of all smooth, bounded, Lipschitz functions
u:R" — R is dense in H!(p).

Next, we claim that both the left-hand side and the right-hand side of (28) depend continu-
ously on the function f with respect to the H'(u)-topology, as long as we keep the constraint
[0ifdu = 0 for all i. Indeed, the H'(u)-norm is stronger than the L?(u)-norm, and hence
Var,,(f) is continuous in f with respect to the H'(u)-norm. As for the right-hand side of (E8),
by inequality (B) above,

10:f = 0ifll -1y < Co()10if — 0 fll r2(uy < Co(w)ILf = Fll i -
It therefore suffices to prove (28) under the additional assumption that f is a smooth function,

bounded in R™ together with its first partial derivatives, such that [ fdu = 0 and also [ 9; fdp =
Ofori=1,...,n.

Lemma 30. Let u be a finite measure on R™ whose density p is log-concave. Then there exists
a sequence of functions (pr)k>1 with the following properties:
(i) For any k, the function py : R™ — (0,00) is a smooth, everywhere-positive, integrable,
log-concave function on R™ such that p < pi pointwise.
(ii) Write S CR™ for the interior of the support of u, which is an open, convex set of a full
u-measure. Then pr — p locally uniformly in S.
(iii) For any measurable function ¢ : R™ — R that grows at most polynomially at infinity,

k—o0
/‘PPk — /‘PP-
RTL Rn

Lemma B0 will be proven shortly. We apply the lemma to p and denote by uy the measure
whose density is pg. Let 0 € R™ and aj, € R be such that fx(z) = f(z) + (0, ) + a4 satisfies

/fdekZO, and /&-fkduk:O (it=1,...,n).
R™ R™

We deduce from Item (iii) of Lemma B0 that 6 and oy tend to zero as k — oo. It also follows
that

Vary, (f1) gig Var,(f).

All that remains in order to complete the proof of Lemma [ is to prove that for i = 1,...,n
and g = 8Zf7
(29) limsup |lg — Ex(9)lg-1(u) < 19 — B z-1¢)-

k—o0
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where Ei(9) = [gn 9dp/pi(R™) and E(g) = [ gdu/p(R™). We will actually prove (E9) for any
bounded function g : R” — R. Normalizing, we may assume that sup|g| < 1. Let ¢ > 0. It
suffices to prove that

(30) limsup ||g — Ex(9)lg-1(u) < lg = E@z-1¢) + 22 |Cp(p) + Sup Cp(pr)

k—o00

Indeed, supy, Cp(ui) < oo (see [G]). Let 7' C S be a compact, convex set with
p(R\ T) < /4.

Then there exists ko such that pg(R™\ T') < £2/4 for all k > k. Define h = g - 17 where 17
is the characteristic function of T', which equals one in T" and vanishes elsewhere. Then for all
k > ko,

lg — E(g) — h+ E(h)||p2(y < and also g — Ex(g) — b+ Ex(h)| 120 < €.
In view of (8) above, we see that (80) would follow once we prove that
(31) limsup || — Ex(h) || r-1(,) < [l = E ()| pr-1(,0)-
k—o0
However, h is supported in the compact set T C S, where S is an open set in which p is

positive. The convergence of p to the density p is uniform in 7. For k > 1 let ug : R — R be
a locally-Lipschitz function in L? () with [p, |Vuk|2d,uk <1 and [ugdu, =0 and

1h = Ex (M) z-1(,) < % /hukduk-

Since py, > p, necessarily [ |Vug|?du < 1. Therefore,

Ih = EMW)|l -1 > /hukd,u /hukd,uk—i-/ up(p — pr)

R

1 supy|px — p| /
2 > —F _ - —
(32) > |h = Ex(h) |l g1 () k T k| dp.

Note that supy |pr — p| tends to zero with k, while infr py is bounded away from zero for a

sufficiently large k. Moreover, ([}, \uk\duk)z < pk(R™) [gn uidp < supy pu(R™)Cp(pg) < oo.
By letting k tend to infinity, we thus obtain (B1) from (82). This completes the proof of Lemma
.

Proof of Lemma E0. Set ¢(x) = —log p(z) for x € S and (z) = +oo for z ¢ S. The function
1 is convex in R™, and the integrability of e~% implies that there exists A € (0,1) and B > 0
such that

(33) P(z) > Alz| — B for all z € R™.

See, e.g., 4, Lemma 2.2.1] for a quick proof. For k > 1 denote

(34) dr(z) = inf [1(y) + klz — y]] for z € R".
y

The function @k is a Lipschitz function in R", being the infimum of a family of k-Lipschitz
functions. It is also convex, since it is the infimum-convolution of two convex functions (see,



SPECTRAL GAPS, SYMMETRIES AND LOG-CONCAVE PERTURBATIONS 29

e.g., Rockafellar [31, Section 5]). Clearly U < . From (B3) and (B4), for any k& > 1 and
r € R,

(35) Yr(z) > inf[Aly| + k|z — y| — B] > inf[Aly| + A|z — y| — B] > Alz| — B.
yes yeSs

Fix a smooth, even probability density 6 : R — R supported in the unit ball B(0,1). Write
Oc(x) = e "0(x/e) and define

Up = g # 0y 2 — 1/k.

The function v, is still k-Lipschitz and convex, since a convolution preserves this properties.
We claim that

(36) @k —1/k <y < zZ)k < pointwise in R".

Indeed, since zﬁk is convex and 6, ;2 is an even probability density, by Jensen’s inequality,

U+ 1/k = Py % 0y 2 > 1y,

which implies the left-hand side inequality in (88). On the other hand, since 1y, is k-Lipschitz
and 6y ;2 is supported in the ball of radius 1/ k? centered at the origin in R”,

U+ 1)k = Py % 0y 2 < Py + /K2 = by + 1/k,

implying the inequality in the middle in (B8). This completes the proof of (B8), as we have
already seen the right-hand side inequality in (88).

Let us now set pp = exp(—1y). Since ¢y is a smooth, convex, Lipschitz function, the function
Pk is smooth, everywhere-positive and log-concave. It satisfies pr, > p thanks to (BG). The
integrability of py follows from (83) and (BH), completing the proof of (i).

The function v is locally-Lipschitz in S since it is convex. It thus follows from (B4) that U,
tends to ¢ pointwise in S, as k — oo. According to [31, Theorem 10.8], the convergence is
locally-uniform in S. Since 1[% tends to v locally uniformly in S, we learn from (88) that also
Y tends to v locally uniformly in S. Consequently, pp — p locally uniformly in .5, as stated
in (ii). It remains to prove (iii). From (B3), (84) and (B8),

pr(z) < P-4l for all k > 1,2 € R".

Hence the function |p(z)[e®+1=4#l is an integrable majorant for the sequence of functions
(ppr)k>1 in R™. In view of Lebesgue’s dominated convergence theorem, all that remains in
order to prove (iii) is to show that pr — p almost everywhere in R"™. We already know that
pr — pin S. Since S is a convex set, its boundary has a zero Lebesgue measure. Thus, it
suffices to fix a point € R™ which is not in the closure of S, and prove that

(37) pr(z) =5 0.

There exists € > 0 such that the ball B(z,¢) is disjoint from S. It follows from (83) and (B4)
that ¢ (z) > ke — B for all k. From (BB) we thus learn that iy (z) > ke — B — 1/k — o0 as
k — oo. This implies (81), completing the proof of the lemma. O
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