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xivwz

-ne`ib divi`ehpi` lra mc` .micnin ieaixn zeraepy zeixhne`ib zerteza wqer df xeaig
zkaeqn didz ,lecb n xear ,Rn -a dixhne`iby aeygl ieyr (3 e` 2) jenp cnin ly zixh
,zexidna lcb miixyt`d mixhne`ibd mipand xtqn ,dler micnind xtqny lkk ixd .icnl
-wzd mihtyn dae ,zpiiprne zillk dxezy d`xpe ,oeinica elit` elikdl dywe mevr oeebnd
zeawra zwfgzn wx efd dyegzd .zixyt` izla hrnk `id - miicnin axd mitebd lkl mit
zepekzl zeicbp ze`nbec e`vnp ,iteqpi` cninn jpa iagxn ly dxeza .icnin-seqpi`d oeiqipd
miillk miteba dpcd zizernyn zixhne`ib dxez iabl zeitivd znx ,y`xn ,okl .zehrn `l

.icnl dkenp ,deab cnina

xtqn ieaixay iyewd lr dvtny ,zicnin ax dixhne`iba aeyg aihen epyi ,jkl cebipa
fekix zekxrd llk jxca yi zeicnin ax zecinly dcaerd .dcind fekix zrtez - mipzynd
-iteqd micnind lka mixenwd mitebd lkl mitwzy ,miillk mihtyn gikedl zxyt`n ,zewfg
ce`n minecy c log n cninn mikzg yi Rn -a xenw seb lkly orehd iwvxeac htyn ,`nbecl .mi
e`) jzg ly lhid yi xenw seb lkl eitly ,onlin ly agxnd zz zpn htyn e` ,icilwe` xeckl
,miniieqn mixwna ,xnelk .ci`eqtil`l ce`n aexwy ,n -l ipeivxetext cninn (lhid ly jzg

.urexl `weec cner epi`e ,zehyte xcq xvei mixhnxtd ieaix e` micnind ieaix

cnindyk ,miicnin-n mixenw miteba zwqerd dxezd `id zihehtniq` dxenw dixhne`ib
dyw ze`vezdn wlg - dxezd ly dail al `id ''zihehtniq`'' dlind cera .seqpi`l s`ey n

lkd jqa `id ezxhn .zegt igxkd ''xenw'' gpendy ixd - reaw e` ohw cnina gqpl elit`
mitwz mihtynd ,miax mixwna .mipc ep` oda zeixhne`ibd zexevd lr zeixlebx hrn zetkl
geqipa - zetwz ze`vezdn wlg .zexinw-if`eew enk ,zexinwn xzei zeylg zeyixc zgz mb
,`nbecl) cala mixenw miteb iabl `weec e`le ,zecewp ly zeihxwqic zeveaw xear - mi`zn

.(o`k zebveny iwqaewpin zeivfixhniq iabl ze`vezdn wlg

.zeixhne`ib divfixhniq zehiya wqer oey`xd wlgd .miwlg dyelyl zwlegn dfizd
qgia K ly xpiihy ziivfixhniq z` mixicbn H ⊂ Rn xeyin lre ,xenw seb K ⊂ Rn ozpida

:miiwzn H -l jpe`ny l xyi lkly jk SH(K) cigid sebd xeza H -l

.H -a efkxny xebq rhw `ed SH(K) ∩ l .1

.(xenw K ik rhw `ed K∩ l -y al miyp) K∩ l rhwd jxe`l deey SH(K)∩ l rhwd jxe` .2

qgia K ly iwqaewpin ziivfixhniq .Rn -a H -l qgia sewiyd xehxte` z` πH -a onqp
sebd `id H -l

τH(K) =
K + πH(K)

2
=

{
x + y

2
; x ∈ K, y ∈ πH(K)

}
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xyt` ,(xpiihy e` iwqaewpin) zeivfixhniq zxcq mirvane ,edylk xenw sebn miligznyk
icnl zeiyeniy divfixhniq zehiy ,z`f zekfa .icilwe` xeckl zt`eyy miteb zxcq lawl
mipiipern ep` ,o`k .oeviwd dxwn `ed icilwe`d xeckd mday mixhne`ib mipeieeiy i` zgkeda
mipiipern ep` ε > 0 -e n cnin ozpida .icilwe` xeckl zeqpkzdd dze` ly zexidnd idn xxal
M(n, ε) zeniiw K ⊂ Rn xenw seb lkly jk (S(n, ε) e`) M(n, ε) ilnipind xtqnd z` `evnl
sebd lawzn K lr ozlrtd xg`ly ,(xpiihy zeivfixhniq S(n, ε) e`) iwqaewpin zeivfixhniq

miiwny K̃

(1− ε)rD ⊂ K̃ ⊂ (1 + ε)rD

o`k migiken ep` ,x`yd oia .Rn -a icilwe`d dcigid xeck `ed D xy`k ,r > 0 edyfi` xear
:`ad htynd z`

miiwzn 0 < ε < 1
2

lkle n ≥ 2 cnin lkly jk c > 0 ixtqn reaw miiw :htyn

M(n, ε) < cn log
1

ε
, S(n, ε) < cn4 log2 1

ε

.n cnin lkl S(n, c′) < 3n -y jk ,c′ > 0 ixtqn reaw miiw ,sqepa

xeckl aexwy sebl Rn -a illk seb jetdl ick zeyxcp jxra zeivfixhniq n zegtly xexa
xac mda mipeeik mixzep ,zeivfixhniq n -n zegt mirvan m` ixd .ci`eqtil`l e` icilwe`
-niq xear wecd hrnk `ed l"pd il`ieeixhd oezgzd mqgdy d`xn `ad htynd .dpzyd `l

.xpiihy ziivfixh

zektedy ,xpiihy zeivfixhniq b(1+ε)nc zeniiw K ⊂ Rn xenw seb lkle ε > 0 lkl :htyn
miiwzne E ci`eqtil` miiwy jk K̃ sebl K z`

1

c(ε)
E ⊂ K̃ ⊂ c(ε)E

.ε → 0 xy`k c(ε) = O
(

1
ε
log 1

ε

)
-e cala ε ly divwpet `id c(ε) xy`k

-a wqer ipyd wlgd .dfizd ly oey`xd wlga miriten zeivfixhniq iabl mitqep mihtyn
.zihehtniq` dxenw dixhne`iba zeifkxnd zegeztd zeirad zg` `idy ,''xeyin-lrd zxryd''
z` onqp .oey`xd wlga mix`ezny ,zeivfixhniq `yepa zepeirx jezn gnv `yepa weqird
yi ,mixivd ziy`xa ely caekd fkxny K ⊂ Rn xenw seb lkl .Sn−1 = ∂D -a dcigid zxitq

-y jk ,dcigi gtp zlra K̃ zix`pil dpenz

(1)
∫

K̃

〈x, θ〉2dx

dpenz `id K̃ -y e` itexhefi` avna `ed K̃ -y mixne` dfk dxwna .θ ∈ Sn−1 zxigaa ielz epi`
lcebd z` .zilpebezxe` dwzrd ick cr dcigi zitexhefi`d dpenzd .K ly zitexhefi` zix`pil
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cr ,zitexhefi`d dpenzd zecigi zekfa .L2
K -a mipnqn ,θ ∈ Sn−1 -a ielz epi` xen`ky ,(1) -a

.K sebd ly itexhefi`d reawd `xwp `ede LK xcben xenw seb lkl ,zilpebezxe` dwzrd ick
itexhefi`d reawd ,micnind lka ,ewcapy mixwnd lka .miteb hrn `l xear eze` aygl xyt`

1√
2πe

-n lecb cinz `ede (qwltniqd ly itexhefi`d reawd `ed 1
e

,zihehtniq`) 1
e

-n ohw
itexhefi`d reawl oezgzd mqgd cera .(icilwe`d xeckd ly itexhefi`d reawd ,zihehtniq`)
jk C > 0 reaw `evnl `id megza zeifkxnd zegeztd zeirad zg`y ixd ,dgkedl lw `ed
wicvdl ick .xeyin-lrd zxryd idef .LK < C miiwzn K ⊂ Rn xenw seb lkle n cnin lkly
jzg miiw ,dcigi gtpa K ⊂ Rn xenw seb lkl m`d :diirad ly lewy geqip bivp ,dny z`
xzeia daehd dkxrdd ?xg` iaeig ilqxaipe` reawn e` 1

1,000
-n lecb egtipy K ly icnin n−1

zeagxp zegtyn xear .(oiibxea ici lr gked) K ⊂ Rn xear LK < cn1/4 log n `id meid drecid
.dpekp dxrydy reci ,mixenw miteb ly

xenw seb ly itexhefi`d reawd z` meqgl mewna .diirad ly divwecx o`k mibivn ep`
z` mixicbn K ⊂ Rn xear .''meqg gtp qgi'' ilra miteb ly reawd z` meqgl witqn ,illk

xeza gtpd qgi

v.r.(K) = sup
E⊂K

(
V ol(K)

V ol(E)

)1/n

md ziqgi ohw gtp qgi ilra miteb .K -a milkeny mici`eqtil`d lk lr `ed menixteqdyk
miaexw mdly ipeivxetext cninn mikzgd aexy ,lynl ,reci .zenirp zeixhne`ib zepekz ilra

:divfixhniq zehiy zxfra gken `ad htynd .(zix`pil dwzrd ixg` ile`) icilwe` xeckl

:d`ad dpekzd lra v > 1 miiw :htyn
-y mb miiwzn v.r.(K) < v miiwny K ⊂ Rn xenw seb lkle n cnin lkly jk c1 > 0 miiw m`

,LK < c1

.LK < c2 -y miiwzn K ⊂ Rn seb lkle n cnin lkly jk c2 > 0 miiw f`

-ebd sqe`y mi`xn ep` .xeyin-lrd zxryd ly zitxenefi` `qxba mb o`k mipc ep` ,sqepa
.mixenwd mitebd agxna zniieqn dcina ''setv'' `ed meqg itexhefi` reaw ilra mixenwd mit
z` xicbp ,(K = −K, T = −T ,xnelk) ziy`xl qgia miixhniqe mixenw K, T ⊂ Rn ozpida

-k mdipia xefn-jpa wgxn

d(K,T ) = inf

{
ab;

1

b
K ⊂ LT ⊂ aK; a, b > 0, L is a linear operator

}

zegtyn izy zepezp m` .Rn -a xenw seb lkl d(K, D) ≤ √
n eitly John htyn ,lynl ,reci

mixne` ,cnina ielz epi`y C reaw xear d(Kn, Tn) < C miiwzny jk Kn, Tn ⊂ Rn miteb ly
ep` .(cig` ote`a mitxenefi` md mixyn mitebdy jpad iagxn) ''zeitxenefi`'' od zegtyndy
cr ,el itxenefi` seba mipc ea sebd z` silgdl ozip m` ,dtwz xeyin-lrd zxrydy mi`xn

.inzixbel mxeb ick
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jk T ⊂ Rn ixhniqe xenw seb miiw K ⊂ Rn ziy`xl qgia ixhniqe xenw seb lkl :htyn
-y jke d(K, T ) < c1 log n -y

LT < c2

.milqxaipe` miixtqn mireaw md c1, c2 > 0 xy`k

`yep .xzein htyna inzixbeld mxebd ,il`iaixh `l type mr mixenw miteb xear ,sqepa
ly dxidnd divfixhniqd ziirae xeyin-lrd zxryd oia xywd `ed ipyd wlga oecipy sqep
,xpiihy zeivfixhniq b n

10
c wx zeniiw :zpiiprn dpekz yi zicnin n -d diiaewl .mixenw miteb

, 1
10

xtqnd .iheleqa` reaw ici lr meqg icilwe` xeckn ewgxny sebl diiaewd z` zektedy
daxd mirvan xy`ky al miyp .0 < ε < 1 lka etilgdl ozipe ,zcgein zernyn xqg ,oaenk
zeivfixhniqd oky ,iepiy `ll deab cnin ilra milhid mixzep ,xpiihy zeivfixhniq n -n zegt
.jk lk xvw divfixhniq jildzl zetvl oi` ,illk xenw seb xear ,okl .mdilr erityd `l llk

''gezip'' ixg` xvw divfixhniq jildz yi illk xenw sebly `ed ,oekp zeidl ieyry dn
seb-zz miiwy jk K ⊂ Rn mixenwd mitebd zgtyna hiap ,xnelk .sebdn ohw wlg wlqny
ick zewitqn zeivfixhniq n -n zegt daxdy jk V ol(T ) > 9

10
V ol(K) mr T ⊂ K xenw

z` dlikn l''pd mitebd zgtyny o`k mi`xn ep` .ci`eqtil`l aexw `edy sebl T z` jetdl
.dpekp xeyin lrd zxryd m` wxe m` mixenwd mitebd lk

ixhne`ib oeieeiy i` mibivn ep` .mitqep mi`yep ipya mipc ep` dfizd ly iyilyd wlga
mipnqn ,icnin -k seb ,T xear .mixenw miteb ly mii`xw` mikzg ly xhewl rbepa

v.rad.(T ) =

(
V ol(T )

V ol(D)

)1/k

mb onqp .T -l enk gtpd eze` ely icnin k -d xeckd ly qeicxd `ed v.rad.(T ) ,xnelk
.diam(T ) = supx,y∈T |x− y|

zz i`xw`a xgape ,n -l 1 oia mly xtqn k = λn idi .xenw seb 0 ∈ K ⊂ Rn idi :htyn
,1− e−n -n dlecb zexazqda if` .(o`ipnqxbd lr Haar zcinl qgia) E ∈ Gn,k agxn

diam(K ∩ E)1−λv.rad.(K ∩ E)λ < Cv.rad.(K)

.ixtqn reaw `ed C > 0 xy`k

-ew zehpicxe`ewl qgia divxbhpi`a xwira zynzyne ,zixhpnl`e dxvw htynd zgked
yi meqg gtp qgi lra sebly drecid dcaerd `nbecl ,zepiiprn zepwqn dnk htynl .zeiah
x ∈ Rn xear .zereci `l zepwqn dnk mbe ,icilwe` xeckl miaexwy ipeivxetext cninn mikzg
zexazqdd zcin `id σ xy`k M(K) =

∫
Sn−1 ‖x‖dσ(x) xicbpe ‖x‖ = inf{λ > 0; x

λ
∈ K} onqp

cninn i`xw` agxn zz ,ce`n lecb iekiqa if` .miaeaiql zihp`ixeepi`y dxitqd lr dcigid
miiwn λn

diam(K ∩ E) < (cM(K))
λ

1−λ v.rad.(K)
1

1−λ
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z` axrn j` ,Low M∗ estimate -d z` xikfny oeieeiy-i` edf .ixtqn reaw `ed c > 0 xy`k
Low M∗ estimate -d oky ,iyeniyk xxazi lirlc oeieeiyd i`e okzii .M(K) :il`ecd xhnxtd

.zicnin-axd zixhne`ibd dxeza ifkxn oeieeiy i` `ed

ixhniqe xenw seb K ⊂ Rn idi .John ci`eqtil`l xeyw dfiza bveny oexg`d `yepd
.K -a lkend ilniqwnd gtpd lra (cigid) ci`eqtil`d z` E ⊂ K -a onqp .ziy`xl qgia
zecewp zxfra ci`eqtil`d z` oiit`l ozip .Löwner-John ly ci`eqtil`d `xwp df ci`eqtil`
zknzpy ν dcin zniiw m` wxe m` K ly John ci`eqtil` `ed D ⊂ K ,lynl .K mr ly rbnd

.zedfd zvixhn `id dly zepeyd zvixhny jk ∂K ∩ Sn−1 lr

.ix`pild zepkzd ly zeil`ecd htyn zervn`a lirlc oeiti`d ly dheyt dgked mibivn ep`
:d`ad dprhd z` migiken ep` ,sqepa

cigi E ⊂ K ci`eqtil` miiw if` .ziy`xl qgia ixhniqe xenw seb K ⊂ Rn idi :dprh
.zedfd zvixhn `id dly zepeyd zvixhne ∂K ∩ ∂E lr zknzpd ν dcin zniiwy jk

,mvra .K -l xeywy cgein ci`eqtil` milawn ,Rn lr edylk icilwe` dpan ozpida ,xnelk
ef dwzrdy mi`xn ep` .dxyn K sebdy ,mici`eqtil`l mici`eqtil`n dwzrd jk milawn

.dly dcigid zayd zcewp `ed John ci`eqtil`ye ,K sebd z` zpiit`n `idy ,dtivx `id


