. Lecture 5
Network Decompasition Alg'  scrve: avi cone 5/5/2021

Stmng (cd) ND: Given graph G=(V,E), a @,d) ND is a partitioning

into vertex disjoint subgraphs  G,,..., G. ST, diam of every conn.

comp. of @G, /s at most d.
~ Path may go outside of the verties of X

Weok (&,d) ND:  w-diam (X;) = max d@LCu,v)
Cb u,veV()(t.J‘) ~
cluster of G;

ey clo vo have to induce cannected comp.
Each @G; is a union of dusters  X;,,...., X, s.t. w-diam (Xg) <d.
— -

Vertex disjoint
non- nelghbori ng

Note: In LOCAL model weak ND is good enough. In CONGEST we need strong ND.

Thm LAGL'39):  Every n-vertex graph G=(V,E) has (¢,d)-ND with ¢,d=00logh)

[T]ght!]
Goal: V'€V  s.t.
VI
@ \Vl> =

@ V' is made of clusters of weak/strang diam O(logn).

Algorithm for computing one color class
GG, Ve

while G' is non-empty *

% Pick ueG' and grow a ball around u in G'

upto the min. r S.t. ¢
| B¢ (u,rei)] < 2| By (u,0)|
A ) to UV )
Add Be (ur e Note that we add to V' woare vertices than we throw away.

* G+ G \Bg(ur)



Vi
Lemma 1: |V'| =2 lT v

Lemma 2: diam of each comn. comp. in GLV'] is at most OC(lggn).

How can we do this faster?

Thm [1L8'93]: For every n-vertex graph G=(V,E), there is a randomized | OCAL

alg. for computing weok (c,d) ND where ¢,d= O(logn) with O(logn) rounds
w.h.p.

Algerithm for computing one color class
% Every vertex u picks ru~ Geo( p="2)
¥ Send (u,r,) to all nodes in BG(U, ru)

¥ Every v defines C(v) to be:

¢ (v) = argmin {ID(u) Ir, 2 dG(u,\/)}
¥V becomes unclustered it dg (v, C(V)) = regy, .
V'= collection of all clustered vertices.
Note that it is possible for v not to be in its own cluster even if the cluster is not
empty. = weak ND.
Lemma 1: Diam of each duster is O(lagn).

‘o follows from properties of Gea distribution + Union Bound .

. Wi
Lemma 2: |V'| = lT

Pf: We will show: Pr [ v is undustered]= p (="2).
Pr [ v is unclustered J = Z, Pr Lv unclustered I ctw=ul-Pr [C(\/)=u]
ueV-“oro__ '

\'
=0
Define the following events. Dyt vu= dg(u,v)

Eu: vz deu,V)

Fu: vu'<u ) ‘(\u' < dG (ul)v)



Pr l:\/ unclustered | C(v)=u] =

Pr [ v unclustered and c(n=u] — Pr[ 0. and F.J £ PrlDJ) _
p‘( EC(\ATUJ Pr [Eu ond Fu] pr EEM..) p

L]
Deterministic LOCAL ND

Thm [RG 20]: For every G=(V,E), there is a determistic LOCAL algorithm

for computing weak (c,d) ND with c=0Clogn), d=0(og®n) within O(log™)

~ounds.

Jlegn
This result was a brealkthrough | Previcus state of the art was 0%

rounds.

Algerithm for computing one color class
* Assume every nade has b=0(logn) -bit ID.

¥ Node u has L(u).

% cluster : nodes with the sgme lobel.

set of “live" nodes after phase i

€ 9 % S
V'=V, ¢....e\, ¢V, ¢V, =V

Invariant for the beginning of phase i€fo, ..., b-4)

1) Conn. comp. of each GV ] agree an i-length suffix of their label.

2) Diam in G of duster ig at most (-R.

) “O(b-lagn)
3) | Vi, | = - )Vl

=D After b phases , every comn. comp. is a cluster of diam O (log*n) .

Additionally, 1V 2 (4-2)\V1 .



Phase

Ov__
&)
Conn. Comp of GLV,) , A(u)= [ *xxx t\:] /] l
Red vertices [x*x 1Y] Z o—0
Rlue vertices [¥x*x0 Y] ,\\\4\\

Vo get to the next phase suffices to Separate red and blue verts,
Blue verts will remoin dustered | Red will  Cavivert to olue or die.

Step j of Chase i ¢

[

¥ Bvery red node Sends feq. to join one arbitrary neighbaring blue cluster.

Repeal | % Every blue cluster A has two options:
R=Yb-logn ™
Steps 1) # req Z 25 » accept all req. and the red req. nades

become blue and join cluster.
Al

—_

9) #req.< 2o :  Omit all reguests , red req, nodes die
and stop grow.

# Rounds ¢ logn xlagn X |092n X loggn

J
ﬁCO\Or itt‘phqses‘ #steps One Step
classes i phase.

Lemma 42 After Ublagn steps, all blue clusters stop growing.

4+ Hblogn
Pf. (1+3p >N

Lemma 2; Once a blue duster stops, it has no red neighbors.
Lemma &: Diom cluster < (i+4)-R

Lemma 4: |, | = 1-2) [V



