SYMBOLIC DYNAMICS FOR THREE DIMENSIONAL FLOWS
WITH POSITIVE TOPOLOGICAL ENTROPY

YURI LIMA AND OMRI M. SARIG

ABSTRACT. We construct symbolic dynamics on sets of full measure (w.r.t.
an ergodic measure of positive entropy) for C11¢ flows on compact smooth
three-dimensional manifolds. One consequence is that the geodesic flow on
the unit tangent bundle of a compact C* surface has at least const x (e"T /T’)
simple closed orbits of period less than 7', whenever the topological entropy h
is positive — and without further assumptions on the curvature.

1. INTRODUCTION

The aim of this paper is to develop symbolic dynamics for smooth flows with
topological entropy h > 0, on three-dimensional compact Riemannian manifolds.

Earlier works treated geodesic flows on hyperbolic surfaces, geodesic flows on
surfaces with variable negative curvature, and uniformly hyperbolic flows in any
dimension [Ser81, Ser87, KUO07],[Rat69],[Rat73, Bow73]. This work only assumes
that h > 0 and that the flow has positive speed (i.e. the vector field which generates
it has no zeroes).

This generality allows us to cover several cases of interest that could not be
treated before, for example:

(1) Geodesic flows with positive entropy in positive curvature: There are many Rie-
mannian metrics with positive curvature somewhere (even everywhere) whose
geodesic flow has positive topological entropy [Don88, BG89, KW02, CBP02].

(2) Reeb flows with positive entropy: These arise from Hamiltonian flows on sur-
faces of constant energy, see [Hut10]. Examples with positive topological en-
tropy are given in [MS11]. (This application was suggested to us by G. Forni.)

(3) Abstract non-uniformly hyperbolic flows in three dimensions, as in [BP07],[Pes76].

The statement of our main result is somewhat technical, therefore we begin with
a down-to-earth corollary. Suppose ¢ is a flow. A simple closed orbit of length ¢
is a parameterized curve y(t) = ' (p), 0 < t < £ s.t. y(0) = v(¢) and v(0) # ~(¢)
when 0 < ¢ < £. The trace of 7 is the set {y(¢t) : 0 < ¢t < ¢}. Let [y] denote the
equivalence class of the relation v; ~ 75 < 71,72 have equal lengths and traces.
Let w(T) := #{[y] : £(y) < T,~ is simple}.
Theorem 1.1. Suppose ¢ is a C*° flow with positive speed on a C*° compact

three dimensional manifold. If ¢ has positive topological entropy h, then there is a
positive constant C s.t. w(T) > C(e"T /T for all T large enough.
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The theorem strengthens Katok’s bound lim inf7_, o 4 log w(T") > h, see [Kat80,
Kat82]. It extends to flows of lesser regularity, under the additional assumption

that they possess a measure of maximal entropy (Theorem 8.1). The lower bound

C’(%) is sharp in many special cases, but not in the general setup of this paper,

see §8 for a discussion.

We obtain Theorem 1.1 from a “change of coordinates” that transforms ¢ into
a “symbolic flow” whose orbits are easier to understand. We proceed to define the
modeling flow. Let ¢ be a directed graph with countable set of vertices V. We
write v — w if there is an edge from v to w, and assume throughout that for every
v there are u, w s.t. u — v,v — w.

ToPOLOGICAL MARKOV SHIFTS: The topological Markov shift associated to ¢ is
the discrete-time topological dynamical system o : ¥ — 3 where

Y =3(9) .= {paths on 9} = {{v; }icz : v; = vi41 for all i € Z},

equipped with the metric d(v, w) := exp[— min{|n| : v, # w,}], and o : ¥ — X is
the left shift map o : {v;ticz — {vit1}icz-

BIRKHOFF COCYCLE: Suppose r : ¥ — R is a function. The Birkhoff sums of r
are r, ;=7 +roo+---+roo"” 1 (n>1). There is a unique way to extend the
definition to n < 0 in such a way that the cocycle identity rp1p = 1 + T 0 0™
holds for all m,n € Z: 1o := 0 and r,, 1= —r|, oo~ I"l (n <0).

TOPOLOGICAL MARKOV FLOW: Suppose 7 : ¥ — R is Holder continuous and
bounded away from zero and infinity. The topological Markov flow with roof function
r and base map o : ¥ — X is the flow o, : 3, — X, where

Y, = {(Q,t) wed0<t< T(Q)} ) UZ(Qat) = (O—n(y)7t+7_ - rn(y))

for the unique n € Zs.t. 0 <t+7—1r,(v) < r(c™(v)).
Informally, o, increases the t coordinate at unit speed subject to the identifica-
tions (v,7(v)) ~ (o(v),0). The cocycle identity guarantees that o1 T™ = o7t o o72.

REGULAR PART: %% := {v € ¥ : {v;}i<0, {vi}i>0 have constant subsequences} is
called the regular part of ¥. ¥ = {(v,t) € X, : v € ¥#} is called the regular
part of .. By Poincaré’s Recurrence Theorem, ¥# has full measure w.r.t. to any
o,—invariant probability measure, and it contains all the closed orbits of o.

Here is our main result: Let M be a 3—dimensional compact C'*° manifold, and
X be a C'*F (0 < B < 1) vector field on M s.t. X, # 0 for all p. Let ¢ : M — M
be the flow determined by X, and let u be a p—invariant Borel probability measure.

Theorem 1.2. If p is ergodic and the entropy of u is positive, then there is a
topological Markov flow o, : ¥, — X, and a map w, : . — M s.t.:

) 7 is Holder continuous with respect to the Bowen-Walters metric (see §5).

) m.ool =¢tom, forallt €R.

) 7 [S7] has full measure with respect to pu.

) If p = m.(z,t) where x; = v for infinitely many i < 0 and x; = w for infinitely
many i > 0, then #{(y,s) € ¥ : m,.(y,s) = p} < N(v,w) < oo.

(6) 3N = N(p) < 00 s.t. p—a.e. p € M has exactly N pre-images in SF .
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Some of the applications we have in mind require a version of this result for non-
ergodic measures. To state it, we need to recall some facts from smooth ergodic
theory [BP07]. Let T, M be the tangent space at p and let (de'), : TpM — T () M
be the differential of ¢! : M — M at p. Suppose p is a p—invariant Borel probability
measure on M (not necessarily ergodic). By the Oseledets Theorem, for p—a.e.
p € M, for every 0 # ¥ € T,M, the limit x,,(9) := lim_,o +1og||(de")p¥]|pt (p)
exists. The values of x,(-) are called the Lyapunov exponents at p. If dim(M) = 3,
then there are at most three such values. At least one of them, x,(X,), equals zero.

HYPERBOLIC MEASURES: Suppose xo > 0. A xo—hyperbolic measure is an invariant
measure u s.t. p-a.e. p € M has one Lyapunov exponent in (—oo,—Xg), one
Lyapunov exponent in (xo,c0) and one Lyapunov exponent equal to zero.

In dimension 3, every ergodic invariant measure with positive metric entropy is
Xo—hyperbolic, for any 0 < xo < h,(¢) [Rue78]. But some hyperbolic measures,
e.g. those carried by hyperbolic closed orbits, have zero entropy.

Theorem 1.3. Suppose i is a xo—hyperbolic invariant probability measure for some
xo > 0. Then there are a topological Markov flow o, : 3. — X, and a map
2 2 — M satisfying (1)—(5) in Theorem 1.2. If u is ergodic, (6) holds as well.

Results in this spirit were first proved by Ratner and Bowen for Anosov flows
and Axiom A flows in any dimension [Rat69, Rat73, Bow73|, using the technique
of Markov partitions introduced by Adler & Weiss and Sinai for discrete-time dy-
namical systems [AW67, AW70, Sin68a, Sin68b].!

In 1975 Bowen gave a new construction of Markov partitions for Axiom A diffeo-
morphisms, using shadowing techniques [Bow75, Bow78]. One of us extended these
techniques to general C'*# surface diffeomorphisms [Sar13]. Our strategy is to
apply these methods to a suitable Poincaré section for the flow. The main difficulty
is that [Sar13] deals with diffeomorphisms, but Poincaré sections are discontinuous.

In part 1 of the paper, we construct a Poincaré section A with the following
property: If f: A — A is the section map and & C A is the set of discontinuities
of f, then liminf),| %log dista (f™(p),S) = 0 a.e. in A. This places us in the
context of “non-uniformly hyperbolic maps with singularities” studied in [KSLP86].

In part 2 we explain why the methods of [Sarl3] apply to f : A — A despite its
discontinuities. The result is a countable Markov partition for f : A — A, which
leads to a coding of f as a topological Markov shift, and a coding of ¢ : M — M
as a topological Markov flow.

In part 3, we provide two applications: Theorem 1.1 on the growth of the number
of closed orbits; and a result saying that the set of measures of maximal entropy is
finite or countable. The proof of Theorem 1.1 uses a mixing/constant suspension
dichotomy for topological Markov flows, in the spirit of [Pla72].

Standing assumptions. M is a compact 3—dimensional C'*® Riemannian manifold
without boundary, with tangent bundle TM = UpE v IpM, Riemannian metric
(), norm ||+ ||, and exponential map exp,, (this is different from the Exp,, in §3).

Given Y C M, disty (y1,y2) := inf{lengths of rectifiable curves v C Y from y;

to ya}, where inf @ := co. Given two metric spaces (A,da),(B,dp) and a map
.. dg(F(z),F . ..
F: A~ B, Holo(F) := sup,, “2{ L0 and Lip(F) := Holy (F).

IFor geodesic flows on hyperbolic surfaces, alternative geometric and number theoretic methods
are possible. See [Ser81, Ser91, KU07] and references therein.
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X : M — TM is a C™P vector field on M (0 < 8 < 1), and ¢ : M — M is
the flow generated by X. This means that ¢ is a one-parameter family of maps
@'t M — M st. o' = plo® forall t,s € R, and s.t. X,(f) = &|,_, fl¢'(p)]
for all f € C>°(M). In this case (t,p) — ¢'(p) is a C**8 map [~1,1] x M — M
[EM70, page 112]. We assume throughout that X, # 0 for all p.

Part 1. The Poincaré section
2. POINCARE SECTIONS
Basic definitions. Suppose ¢ : M — M is a flow.

POINCARE SECTION: A C M Borel s.t. for every p € M, {t > 0: p'(p) € A} is a
sequence tending to +oo, and {t < 0 : ¢’(p) € A} is a sequence tending to —oco.

ROOF FUNCTION: Rp : A — (0,00), Ra(p) := min{t > 0: ¢!(p) € A}.
POINCARE MAP: fy : A — A, fa(p) := pfa®)(p).

INDUCED MEASURE: Every p—invariant probability measure p on M induces an fj—

invariant measure gy on A s.t. [, gdp = m I ( ORA(p) g[(pt(p)}dt) dpa(p)
for all g € L(p).

UNIFORM POINCARE SECTION: A is called uniform, if its roof function is bounded
away from zero and infinity. If A is uniform, then p, is finite, and can be normalized.
With this normalization, for every Borel subset £ C A and 0 < & < inf Ry,
pn(E) = plUp<iee @ (B))/1lUp<ic 9*(A)]-

All the Poincaré sections in this paper will be uniform, and they will all be finite
disjoint unions of connected embedded smooth submanifolds with boundary. Let
OA denote the union of the boundaries of these submanifolds. 0A will introduce
discontinuities to the Poincaré map of A.

SINGULAR SET: The singular set of a Poincaré section A is

p does not have a relative neighborhood V' C A\ 9A s.t.
S(A):=<pe A: V is diffeomorphic to an open disc, and fp : V — fa(V)
and fi':V — fiH(V) are diffeomorphisms

REGULAR SET: A’ := A\ &(A).
Basic constructions. Let ¢ be a flow satisfying our standing assumptions.
CANONICAL TRANSVERSE DISC: S,.(p) := {exp, (V) : ¥ € T, M, v L X, [|v]l, <7}
CANONICAL FLOW BOX: FB,(p) := {¢'(q) : ¢ € S-(p), |t| <7}

The following lemmas are standard, see the appendix for proofs.

Lemma 2.1. There is a constant ts > 0 which only depends on M and ¢ s.t.
for every p € M and 0 < r < tv5, S := S.(p) is a C™ embedded closed disc,
|4(Xq,TyS)| > L radians for all ¢ € S, and distp(-,-) < distg(-,) < 2distar(-, ).

Lemma 2.2. There are constants ty,d € (0,1) which only depend on M and ¢ s.t.
for every p € M, FB,, (p) contains an open ball with center p and radius 9, and
(q,t) = ¢'(q) is a diffeomorphism from S, (p) % [—ts,ts] onto FBe,(p).
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Lemma 2.3. There are constants 2 .VJ > 1 which only depend on M and ¢ s.t.

t FBrf(p) — [y, t5] and qp ¢ ( ) — S, ( ) defined by z = ¢ P(Z)[qp(z)}
are well-defined maps s.t. Lip(t,), Llp(qp) <g and Itpllcree, [[apllor+e < 9.

t, and q, are called the flow box coordinates.
Set v:= 10"  min{1, vy, v, 0} /(1 + max [| X, |)).

STANDARD POINCARE SECTION: A Poincaré section of the form
N
A - A(plv --+yPN; T) = H’J Sr(pz)

where r < v, sup Ry < t, and S, (p;) are pairwise disjoint. The points p1,...,pn
are called the centers of A, and r is called the radius of A.

We will discuss the existence of standard Poincaré sections in the next subsection.
Let us assume for the moment that they exist, and study some of their properties.
Fix a standard Poincaré section A = A(p1,...,pn;7) and write f = fa, R = R,
S :=6(A),and A" := A\ 6.

Lemma 2.4. FEvery standard Poincaré section is uniform: inf R > 0.

Proof. Let x € S.(p;), f(x) € Sr(p;). If i = j then R(x) > 2ty, because ¢'(x) must
leave F By, (p;) before it can return to it. If i # j, then {¢"(x)}o<i<r(s) is a curve
from S, (p;) to Sy(p;), and R(x) > distar(Sr(pi), Sr(p;))/ max || Xp]|. O

Lemma 2.5. R, f and f~! are differentiable on A’, and 3¢ only depending on
M and ¢ s.t. supycp ||dR:| < € supyep lldfell < € supgen |(dfe) 7! < €,
Iflollcirs < € and ||f = ullcries < € for all open and connected U C A,

Proof. Suppose x € A’, then Ji,j,k st. f~(z) € S;(p;), © € Sr(pj), and f(z) €
Sy(pr)- Since f is continuous at x and the canonical discs which form A are closed
and disjoint,  has an open neighborhood V in S,(p;), s.t. forally € V, f(y) €
Sr(px) and f~'(y) € Sy (ps)-

Since sup R < t < 10719/ max || X, ||, for every y € V,

distas (y, pr) < distar(y, f(y)) + distar (f(y), pr) < max || X,||sup R+t <.

Similarly, distas(y,p;) < 0. Thus V' C Bo(pi) N Ba(pr) C FBe, (ps) N FBe, (pr),
whence R|y = —t,,, flv = dp,, f7'|v = qp,. Now use Lemma 2.3. O

Let u be a flow invariant probability measure, and let puy be the induced mea-
sure on A. If 5 (&) = 0, then pall,cz f"(6)] = 0, and the derivative cocycle
df : TuN — TynipyA is well-defined pip—a.e. By Lemma 2.5, log ||df, |, log [|df; ||
are integrable (even bounded), so the Oseledets Multiplicative Ergodic Theorem
applies, and f has well-defined Lyapunov exponents py—a.e. Fix x > 0.

Lemma 2.6. Suppose upr(6S) = 0. If ¢ has one Lyapunov exponent in (—oo, —x)
and one Lyapunov exponent in (x,00) p—a.e., then f has one Lyapunov exponent
in (—|In€|, —xinf R) and one Lyapunov exponent in (xinf R, |In€|) pp—a.e.

Proof. Let (), denote the set of points where the flow has one zero Lyapunov
exponent, one Lyapunov exponent in (—oo, —x) and one Lyapunov exponent in
(x;00). By assumption p[Q5] = 0. Thus Ay = {z € A\ U, f7"(6) : It >
0 s.t. ¢'(z) € Q,} has full measure with respect to px.
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Let A} == {z € A\ : x(z,7) := Erf Llog ||df ]| exists for all 0 # & € T,A}.

00 n
By Oseledets’ theorem, A} has full uy-measure. By Lemma 2.5, [x(z,?)| < [In€].
The Lyapunov exponents of ¢ are constant along flow lines, therefore for every
x € A}, there are vectors e;, ey € T, M s.t. tlim 1log ||dptes||ptx) < —x and
hde el

(=R =7
lim 1log [|dptel]|pr(x) > x- Let ii(x) = Hﬁill\ Since lim 1 log [|deti(z) ||yt (z) =
O {ex, e, fi(x)} span T, M. The vectors e3, e¥ are not necessarlly in T, A.

Pick two independent vectors Uy, ¥2 € T, A and write U; = el + Biel + ~i7i(x)
(i=1,2). (‘B’i), (g;’) must be linearly independent, otherwise some non-trivial linear
combination of ¥, Ui equals 7(x), which is impossible since span{¥;,¥2} = T, A and
A is tranverse to the flow. It follows that T, A contains two vectors of the form

Uy = €5 +vs1i(x) , Uy = ey + yuhi(x).
These vectors are the projections of e? to T, A along 7i(x). We will estimate
their Lyapunov exponents.

Write A = A(p1,...,pn;7). As in the proof of Lemma 2.5, for every z € A \ GH
if f(x) € Sy(p:), then z has a neighborhood V' in A s.t. V' C FB.,(pi), Rlv = —tp,,

and f|y = qp,. More generally, suppose f"(z) € S;(gy) for ¢, € {p1,...,pn}. If
& & Upez [¥(6), then there are open neighborhoods V;, of z in A s.t.

f*7H (Vo) € FBey(gn), and f"[v, = (dg, © -~ 0 dg,)|v,.- (2.1)

By the definition of the flow box coordinates, for every i, qq,(-) = ¢~ % ()(-). Since
z & Uper [¥(S), tg, is continuous on a neighborhood of fi~!(z), therefore the
smaller V,,, the closer —tg,|fi-1(v,,) is to R(f*"!(z)). If V,, is small enough, and

Ry, == R(z) + R(f(x)) + -+ R(f" " (2)),
then o (y) € FB,(gy) for all y € V,,, and we can decompose

(g © -+ 0 dg) () = (4g, © ) (Y)  (y € Vi) (22)
We emphasize that the power R,, is the same for all y € V,.
We use (2.1), (2.2) to calculate df]'¢5. First note that (dqq,).7i(z) = 0: let

T J,‘

(t) = ¢'(x), then qq, [y(t)] = 44, (2) for all [¢| small, so |, dq, [v(£)] = 0. By
(2.1), df;v; = d(ag, ©- - -0dq, )€; ;- By (2.2), ||df7 ;|| < max; | dag, || lldes € llprn 2.
whence hmsupnﬁoo Llog [|df 205 o (2y < —xlimsup,,_, ., &= < —yinf R.

Applying this argument to the reverse flow ¢* := =% we find that the other
Lyapunov exponent belongs to (xinf R, 00). (I

E77$

Remark. If p is ergodic, then limsup,,_, . % = [Rdus = 1, and we get the
stronger estimate that the Lyapunov exponents of f are a.s. outside (—x, x).

Adapted Poincaré sections. Let A be a standard Poincaré section. Let dist, de-
note the intrinsic Riemannian distance on A (with the convention that the distance
between different connected components of A is infinite). Let p be a p—invariant
probability measure, and let puy be the induced probability measure on A.

Recall that fy : A — A may have singularities. The following definition is
motivated by the treatment of Pesin theory for maps with singularities in [KSLP86].

ADAPTED POINCARE SECTION: A standard Poincaré section A is adapted to pu, if
(1) pa(®) =0, where & = &(A) is the singular set of A,
(2) li_}m Llogdista (f3(p), S) =0 pa—a.e.,

n oo
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(3) le Llogdista(f;"(p), ) = 0 ps-a.e.
Notice that (2) = (1), by Poincaré’s recurrence theorem.

We wish to show that any -invariant Borel probability measure has adapted
Poincaré sections. The idea is to construct a one-parameter family of standard
Poincaré sections A,., and show that A, is adapted to u for a.e. r. The family is
constructed in the next lemma:

Lemma 2.7. For every hg > 0, Ko > 1 there are p1,...,py € M, 0 < pg < ho/Kp
s.t. for every r € [po, Kopo], Ap1,...,pN;7) is a standard Poincaré section with
roof function and radius bounded above by hg.

Proof. By compactness, M can be covered by a finite number of flow boxes F B,.(z;)
with radius r. The union of S,(z) is a Poincaré section, but this section is not
necessarily standard, because S, (z;) are not necessarily pairwise disjoint.

To solve this problem we approximate each S,.(z;) by a finite “net” of points z; >
and shift each z;'-k up or down with the flow to points p§ L= (p‘g;'k(z;k) in such a
way that Sg, (p; ) are pairwise disjoint for some Ry < r which is still large enough
to ensure that (.S Ro(z;'-k) is a Poincaré section. The details are somewhat lengthy
to write down, and they will not be used elsewhere in the paper. The reader who
believes that this can be done, may skip the proof.

We begin with the choice of some constants. Let:

o hg > 0 small, Ky > 1 large (given to us). W.lo.g., 0 < hg < ty.

o Tinj € (0,1) s.t. exp, : {U € TyM : ||7]] < rin} — M is v/2-bi-Lipschitz for all
peM.

o Sy :=1+max|X,| and t,?, £ are as in Lemmas 2.1-2.3. Recall that t,9 € (0,1)

and £ > 1.

o 7o = %tahorinj/(Ko + So) Notice that rg < %t, éb, %ho, %Tinj-

By Lemma 2.2 and the compactness of M, it is possible to cover M by finitely
many flow boxes F'B,,(z1),...,F By, (zn). With this N in mind, let:

po :=1o(10K(SyNL)~20. This is smaller than r.

Ry := Kopo. This is larger than pg, but still much smaller than rg.

8o = po/(8£?%). This is much smaller than rg.

Ko := [102K(£%], a big integer.

For every i, complete 7; := X,./||X,,|| to an orthonormal basis {u;,v;,7;} of
T., M, and let J; : R> — M be the map

Ji(z,y) = exp, (xi; + yv;),

then S,,(z;) = Ji({(m, y) w2 +y? < r%}). Ji is v/2-bi-Lipschitz, because 7o < 7ip;.
Let I :={(j,k) € Z*: (j60)? + (ko)*> < r3}. Given 1 <i < N and (j, k) € I, define

Z;—k = JZ(]éo,kéo)
Then {z},, : (j, k) € I'} is a net of points in Sy, (2;), and for all (j,k) # (¢,m)

O O O O

1 distar (2%, 2%, )
< Jrr Tem <2,
V3 oG DR+ o)

We will construct points p, := Uik (25),) with %, € [—=7r0,70] s.t. Sr,(phy,) are
pairwise disjoint. The following claim will help us prove disjointness.

(2.3)
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CLAIM. Suppose pék = (pe-gk(zjk), po, = <p95m (2i,.), where H;k,%m € [=ro,ro]. If
Sro(P51) NSk (97 (205)) # @ and Sgr,(Dp,) NSk, (97 (205)) # @ for the same 24
and some T1, T2 € [—79, 0], then max{|j — ¢|, |k — m|} < Ko.

In particular, Sg, (p%;,) N Sry (D),,) # @ = max{|j — £, |k — m|} < ko (take Zop =
Zi T =1 =0} ).

Proof. Sro(Pi)s Sko(Pim)s Zags ¢7 (225), ¢ (2,

o S, (P}x) C Ba(zi), because if ¢ € Sg,(p;), then distar(g, z:) < distar(q,ply,) +
distM(p;-k,z;k) + distM(zék,zi) < Ry +19S0 + 1o < 0. Similarly, Sg,(p},,) C
By (zi). .

o 205 € Bol(2): distar(z),2) < distar(2)5, 97 (205)) + distar(07 (20,5), Pix) +
diSt]\/[(p;k, Z;k) + diStj\/[(Z;-k, Zl) < 7rgSo+2Rog + 19S50 + 10 < 0.

o 9™ (2)5) € Bol(zi): distar(¢7 (20 5), 2:) < distar(¢™ (2 ), Ply,) +distar (phy., 255+
distM(z;.k, zi) < 2R + 1950 + 1o < 0. Similarly, ¢™(2,5) € Bo(2:).

5) are all contained in By(2;):

By Lemma 2.2, the flow box coordinates t., (), 4z, (-) of ™ (2)5), ¢™(2)5)s 205
and of every point in Sg, (p;'.k), Sro (Ph,,) are well-defined.

Recall that t,,q., have Lipschitz constants less than £. In the set of circum-
stances we consider distas(py, 9™ (2)5)) < 2Ro and qs, (py) = 2}, S0

diStM(Z;’ka 9z (235)) = diStM(qzi (p;k)v qz; (907—1 (235))) < 2LR,.
Similarly, dist(zf,,,qz; (225)) < 2LRy. Tt follows that distM(zék, zi ) < 4LRy. By
(2.3), max{|j — ¢|, |k — m|} < 4V2&Ry /50 = 4V/2LKopo/(po/8L?) < Ko.

The claim is proved. We proceed to construct by induction 0% € [—rg, o] and
pé-k = lin (z;k) such that {Sg, (p;k) ci=1,...,N;(j, k) € I} are pairwise disjoint.
BASIS OF INDUCTION: 30}, € [—70,70] 5.t. {Sk,(Dji)}(j.k)er are pairwise disjoint.
Construction: Let @ : {0,1,...,k0 — 1} x {0,1,...,60 — 1} — {1,...,K2} be a
bijection, and set o := 8(]’ mod kg, £ mod mo). This has the effect that

0 <max{|j — ¢, |k —m|} < ko = |ojk — Tem| > 1.
We let H;k = 2Rp Lo, and p}k = cpofl‘k (zjlk) It is easy to check that 0 < G}k < 7.

One shows as in the proof of the claim that Sg, (pjlk) C By(z1), therefore t,, is
well-defined on Sg, (pj;). Since Lip(t.,) < £ and t., (p};,) = 0},

t, [Sro(Pjr)] C (0], — £Ro,0}), + £Ry). (2.4)

Now suppose (j,k) # (¢,m). If max{[j — {|,[k — m|} > o, then Sg,(pj;) N
Sro(Pé) = @, because of the claim. If max{[j — €|,|k —m[} < ko, then |0}, —
0;,,| > 2Ry L. By (2.4), t,, [SRO(p}k)} Nt,, [SRO (p}m)] = ¢, and again SRO(pjlk) N
SRy (p%m) =9a.

INDUCTION STEP: If 30%, € [~ro,70] s.t. {Sr,(p}y) : (j,k) € [,i = 1,...,n} are
pairwise disjoint, then Elé’;i,~c € [—7ro,70] s-t. {SRO(pék) (g k)eli=1,...,n+1}
are pairwise disjoint.

Fix (j,k) € I. We divide {p};)m :1<i<mn,(¢m)e I} into two groups:

(1) “Dangerous” (for p?,jl): 36 € [—ro,70] s.t. Sgy(p},,) N SRO(@H(Z?,;"I)) # T,
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(2) “Safe” (for p"“). not dangerous.

No matter how we define (9;7;1, Sk, (p;‘,jl) N Sk, (ph,,) = @ for all safe p},_ . But

the dangerous pém will introduce constraints on the possible values of 9;’; L

By the claim, if pj, . P}, , are dangerous for p”Jrl then [€1 — la|, [m1 —ma| <

ko. It follows that there are at most 4x2N dangerous points for a given p"+1.

Let Wi 1(Phn) = ten iy [Sro(Dhn)]. Since Lip(t., ) < £, Wyy1(p},,) is a closed
interval of length less than wq := 2£Ry.
If pzm is dangerous for p;’,:r 1 then we call Wn+1(p}}m) a “dangerous interval” for
p?,j L Let Wfk"’l denote the union of all dangerous intervals for p?,j' ! and define
rGE = Wi
13" =7l,|k" —k|<ro

This is a union of no more than 1653 N intervals of length less than wq each.

Cut [—7r, o] into four equal “quarters”: Qp := [~ro, —%],..., Q4 := [, 70]. If
we subtract n < L/w intervals of length less than w from an interval of length L,
then the remainder must contain at least one interval of length (L — nw)/(n + 1).
It follows that for every s =1,...,4,

Qs \ T (ko L;OJ Ko A ~]) O an interval of length 32/{37«7;\)74—2 — wp > 10K3wy.
Let 7°"1(j, k) denote the
o center of such an interval in @1, when (Lﬁioj, Lﬁ%j) = (0,0) mod 2,
o center of such an interval in Q2, when (L,{%Jv L,{%J) =(1,0) mod 2,
o center of such an interval in @3, when (L,%OJ’ Ln%j) =(0,1) mod 2,
o center of such an interval in @4, when (Lﬁioj, L%j) = (1,1) mod 2.

Define 9n+1 = pntl (KO\-KDJ HOI—K/OJ) + 3woo k.-

This belongs to [—r, o], because 7" (ko LF%OJ , KO L%J) is the center of an inter-
val in Q; of radius at least 52wy > 3woojk, and Qs C [—ro,ro]. Moreover, since
Lip(t.,,,) < £and wy = 2LRy, we have t., ., (Sg, (p?,jl)) [9"+1 —wo, 9"+1 +w],
which by the definition of 71 (j, k), lies outside T (ko[ ;L |, ko[£ ). So

ten i (Sro (P 1)) C [=r0, 0] \ T (ro L |, ko £ ). (2.5)

We use this to show that Sg, (p?,jl) NSg,(p),,) =@ for ((,m) e I,i<n.Ifp,
is safe for p;!, then there is nothing to prove. If it is dangerous, t., ,, [Sr, (P},,)] C
Wﬁjl crtt (KO L,«%OJ » Ko \_,Tkoj) By (25)7 SRD (pyljl) N SRO (pzm) = a.

Next we show that Sg, (p?,jl) is disjoint from every Sg, (pj:t!) s.t. (¢,m) # (j, k).
There are three cases:

1. max{|j — £|, |k — m|} > Ko: Use the claim.

2. 0 < max{|j — ¢, |k — m|} < ko and (LKOJ L J) = (] L
|0"+1 07| > 3wg. Since i [SRO(p?,jl)] C 07, gt — wo,ey,jl + wp] and
Zn+1 [SRo(ijl_l)] [0n+1_w070n+1+w0} Zn+1 [ ( 7L+1)] mtzn+1 [SRU (p?n—tl)jl =
@. S0 Sry () N Sk, (ppt!) = 2.

(I-£],[2]): In this case
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3. 0 < max{|j — |, |k —m|} < ro and (|2 ], [£]) # (|:£], [ 2]): In this case

Ko Ko
j 4 k m
max{|[Z] - L 5] - L2} =1,
so 7" (kg u—OJ , Ko L%j), 7 (Ko L%J ;o[ 2]) fall in different Q. Necessarily
e [Sro (P )] Nty [Sro (0)k )] = 9, 50 Sy (07 N Sk, (0)") = 2.

This concludes the inductive step, and the construction of 9; k-

COMPLETION OF THE PROOF: For every r € [po, Rol, A, := Lﬂfvzl Wemer Sr(ph1.)
is a standard Poincaré section with roof function bounded above by hy.

We saw that the union is disjoint for r = Ry, therefore it’s disjoint for all » < Ry.
We’ll show that the union is a Poincaré section with roof function bounded by hg
for 7 = pg, and then this statement will follow for all » > py.

Given p € M, we must find 0 < R < hg s.t. ¢f(p) € A,,. Since M C
Ufil FB,,(2i), 3i st. p*(p) € FB,(2). Therefore ¢ (p) = '(2) for some
z € Sy (21), |t] < 70, whence @0~ (p) € S, (2:).

Write o370~ (p) = J;(x, y) for some (z,y) s.t. % +y? < r2, and choose (j, k) € T
s.t. [x—jdol, ly—kdo| < do. Since J; is v/2-bi-Lipschitz, distar (9*70 " (p), 25;,) < 20
It follows that distar(©*~*(p),pl,) < 200 4+ 70So < 0. This places *~(p)
inside F'B, (pék) Let distg denote the intrinsic distance on S, (pék) We have
dists < 2distas (see Lemma 2.1), therefore, since p, = Ay, (258);

dists (dy ("0 (), Pie) = dists (a0, (97" (), 8, (254)) <
= QdiStM(quik(@MOft(P))a qpék(zék)) < 28distar(¢"° 7 (), 2j) < 4£80 < po-

So ofi(p) € Spo (pj-k) CA,, for Ri=4rg—t— tpjk(@‘lm*t(p)).

Now |fp§k(s04m_t(p))|' < 2rg, because [0}, < o and |tp§,€(904m_t(p)) + 0% =
\tpj_k(go”o_t(p)) — by, ()] < Ldistar ('~ (p), 24;) < 2L00 < 7. Also [t] < 7o.
So rg < R < Trg. Sincer0<%h0,0<R<h0. O

Theorem 2.8. Fvery flow invariant probability measure pu has adapted standard
Poincaré sections with arbitrarily small roof functions.

Proof. We use parameter selection, as in [LS82]. Let A, := A(p1,...,pn;7) (a <
r < b) be a one-parameter family of standard Poincaré sections as in Lemma 2.7.
We will show that A, is adapted to u for a.e. r.
Without loss of generality a,b,r,supRa, < hp < t = 1—10 [%OWD}L for all
r € [a,b], where tg, vy, 0 are given by Lemmas 2.1-2.3, and Sy := 1 + max || X, |.
We define the boundary of a canonical transverse disc S,(p) by the formula
98, (p) == {exp, (V) : v € T,M, v L X, [|v]|, =7} Let

&, = J{ap. (05:(p))) : 1 < i, < N, distar(Sr (i), Sr(ps)) < hoSo},

where qp, : F' By, (pi) — S, (p:) is given by Lemma 2.2.

The assumption distas (S, (pi), Sr(pj)) < hoSo ensures that 9S,.(pj) C F' By, (pi),
because for every g € 9S,(p;), distar(g, p;) < diam[S,(p;)]+distar (Sr(p;), Sr(pi))+
diam[S, (p;)] < hoSo + 4r < 5tSy < 0, whence g € By(p;) C F B, (ps)-

CLAIM. &, contains the singular set of A,..
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Proof. Fix r and let R = Ry, , f = fa,. We show that if p € A, \ &,, then f, f~!
are local diffeomorphisms on a neighborhood of p.

Let ¢, j be the unique indices s.t. p € S, (p;) and f(p) € Sy(p;). The speed of the
flow is less than Sy, so distas(p, p;) < distar(p, f(p))+distar(f(p),p;) < hoSo+7r <
0. Thus p € F'By,(p;). Similarly, distas(f(p),pi) <9, so f(p) € F B, (p:).

It follows that R(p) = —t,,(p) = |t,,(p)| and f(p) = qp,(p). Similarly, p =

dp. (f(p)). Since distas (S,(pi), Sr(p;)) < distas (p, ©"®)(p)) < hoSo and p &€ &,
p & 0Sy(pi) and f(p) & 0S,(p;)-

So IV C A, \ OA, relatively open s.t. V 3 p and qp, (V) C A, \ 9A,. The map
dp; : V — qp,; (V) is a diffeomorphism, because q,,, is differentiable and qy, oq,, = Id
on V. We will show that f [y = qp, [w on some open W C A, \ OA, containing p.

R(p) = |tp, (p)|, so the curve {¢(p) : 0 <t < |t,, (p)|} does not intersect A,.. A,
is compact and ¢ and t,, are continuous, so p has a relatively open neighborhood
W C Vst {¢(q) : 0 <t < |t (¢} does not intersect A, for all ¢ € W. So
[ Iw=4ap, lw, and we see that f is a local diffeomorphism at p.

Similarly, f=! is a local diffeomorphism at p, which proves that p & &(A,.).

The claim is proved, and we proceed to the proof of the theorem. We begin with
some reductions. Let f, := fa,. By the claim it is enough to show that

LA, {p e, : liminfi log dista, (f'(p), S,) < O} =0 for a.e. r € (a,b). (2.6)

Indeed, this implies 3r s.t. l‘irlninfﬁlogdistAr(ff(p)76(Ar)) > 0 for pp,—a.e.
n|—oo

p € A, and the limit is non-positive, because dista, (¢, S(A,)) < dista, (¢, 0A) <r
for all ¢ € A. Let

Aq(r) :={p € Ay : 3 infinitely many n € Z s.t. ﬁ log dista, (f3'(p), &) < —a}.

A C Ay, S0 pp, < pa,, disty, > disty,, and f.(z) = :(m) (2) with 1 < n(z) <

= ﬁf. Therefore (2.6) follows from the statement

V o > 0 rational (ua,[Aa(r)] = 0 for a.e. r € [a,b]). (2.7)

Let Io(p) := {a <7 < b:pe Au(r)}, then 14 y(p) = 11, (p)(r), whence by
Fubini’s Theorem f; tp, [Aa(r))dr = fAb Leb[I,(p)]dpa, (p). So (2.7) follows from

Leb[I,(p)] = 0 for all p € Ay. (2.8)
In summary, (2.8) = (2.7) = (2.6) = the theorem.

PROOF OF (2.8): Fix p € Ay. If r € I,(p), then dista, (f7*(p), S,) < e~ for
infinitely many n € Z. Ay is a finite union of canonical transverse discs Sy(p;), and
Sp(pi) N G, is a finite union of projections Sy(p;) N qp, (0S-(p;)), each satisfying
distar (Sr(pi), Sr(pj)) < hoSo. It follows that there are infinitely many n € Z such
that for some fized 1 <4, < N s.t. distar(Sr(ps), Sr(p;)) < hoSo, it holds that

£ (p) € Sp(pi) and dista, (£ (p), 6p, (95: (p;))) < eIl (2.9)

Since distar(Sy(ps), Sr(p;)) < hoSo, distar(ps,pj) < hoSo + 2r < 0. This, and our
assumptions on b and hy guarantee that Sy(p;), fi'(p), and qp, (0S,(p;)) are inside
F By, (pi) N FBy,(p;) = domain of definition of q,, and q,,.
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Suppose n satisfies (2.9). Let ¢ be the point which minimizes dista, (f(p), dp, (7))
over all ¢ € 05, (p;), then

e—alnl > dista, (f5' (), dp. (¢
> distar (£ (p), dp; (¢

)
)

> £ distar (ap, [ (9)], 4p, [dp: (0)]) - Lip(q;) < £
= £~ distar(ap, [f3' (p)] ) "¢ € Si(pj)
> (20) 7 dista, (a, 1 (p)], 0).  dist ) < 2distay

So disty, (qp, [f71(p)], @) < 2€e~2Inl. It follows that
| dista, (pj, dp,; [£' (9)]) — dista, (pj, @)| < 281",

We now use the special geometry of canonical transverse discs: ¢ € 9S,(p;), so
dista, (pj,q) = . Writing Djy(p) := dista, (pj, 4p, [fi' (p)]), We see that for every n
which satisfies (2.9), |Djn(p) — 7| < 2€e~I"l. Thus every r € I,,(p) belongs to

N
U {r € [a,b] : 3 infinitely many n € Z s.t. |r — D;n(p)| < 2geelnhy,
j=1
By the Borel-Cantelli Lemma, this set has zero Lebesgue measure. O

Two standard Poincaré sections with the same set of centers are called concentric.
Since b/a in the last proof can be chosen arbitrarily large, that proof shows

Corollary 2.9. Let p be a flow invariant probability measure. For every hg > 0
there are two concentric standard Poincaré sections A; = A(p1,...,pN;7;) with
height functions bounded above by hg, s.t. Ay is adapted to p and ro > 2ry.

To see this take r; close to a s.t. A,, is adapted, and ry = 0.

3. PESIN CHARTS FOR ADAPTED POINCARE SECTIONS

One of the central tools in Pesin theory is a system of local coordinates which
present a non-uniformly hyperbolic map as a perturbation of a uniformly hyper-
bolic linear map [Pes76, KH95, BP07]. We will construct such coordinates for the
Poincaré map of an adapted Poincaré section. Adaptability is used, as in [KSLP86],
to control the size of the coordinate patches along typical orbits (Lemma 3.3).

Suppose pu is a p—invariant probability measure on M, and assume that p is
xo—hyperbolic for some xo > 0. We do not assume ergodicity.

Fix once and for all a standard Poincaré section A = A(p1,...,pn;7) for ¢,
which is adapted to p. Set f := fa,R := Rp,6 = S(A), and let pup be the
induced measure on A.

_ Without loss of generality, there is a larger concentric standard Poincaré section
A= A(p1,...,pn;7) st 7> 2r. A D A, and distz (A, 0A) > . We'll use A as a
safety margin in the following definition of the exponential map of A:

Exp, :{v' € T A : [|V]. <7} — 7\7 Exp, (v) := v ([|7]|2),

where 7,(-) is the geodesic in A s.t. v(0) = x and 4(0) = #. This makes sense
even near JA, because every A—geodesic can be prolonged r units of distance into A
without falling off the edge. Notice that ngeodesics are usually not M—geodesics,
therefore Exp, is usually different from exp,.
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As in [Spi79, chapter 9], there are paom, pim € (0,7) s.t. for every x € A, Exp,,
is a bi-Lipschitz diffeomorphism from {7 € T, A : [|7]|» < V2pdom} Onto a relative
neighborhood of {y € A : dist;(y,®) < pim}, with bi-Lipschitz constant less than 2.

Non-uniform hyperbolicity. Since A is adapted to p, pua(6) = 0. By Lemma

2.6, for up—a.e. x € A, f has one Lyapunov exponent in (—oo, —xp inf R) and one
Lyapunov exponent in (o inf R, 00). Let x := xq inf R.

NON-UNIFORMLY HYPERBOLIC SET: Let NUH, (f) be theset of x € A\UJ,,c,, f~™(8)
st. TynmyA = E*(f"(x)) ® E°(f"(x)) (n € Z), where E", E® are one-dimensional
linear subspaces, and

(1) Egl Llog ||dfr ]| < —x for all non-zero ¥ € E*(z),
(i) liril Llog ||df;"5|| < —x for all non-zero & € E%(x),
n—IToo

(i) lim_ L log|sin £(B (/" (x)). B*(f*(2))] = 0.

(iv) dfe B°(x) = E°(f(x)) and df, E"(z) = E"(f(x)).
By the Oseledets Theorem and Lemma 2.6, px[NUH, (f)] = 1.
Pesin charts. This is a system of coordinates on NUH, (f) which simplifies the
form of f = fx. The following definition is slightly different than in Pesin’s original
work [Pes76], but the proofs are essentially the same.

Fix a measurable family of unit vectors e*(x) € E"(x),e*(z) € E*(z) on NUH, (f).

Since dim E*/*(z) = 1, ¢“/*(z) are determined up to a sign. To make the choice,
let (el,e2) be a continuous choice of basis for T, A so that (el,e2, X,) has positive

=) =T =T =T’

orientation. Pick e“(z),e®(z) s.t. £L(el,e*(x)) € [0,7), and £L(e*(x),e*(z)) > 0.
PESIN PARAMETERS: Given « € NUH, (f), let
o afz) = L(e*(x),¢"(x)),

o s(z) = v2 (L5 X dfke (@)l3 )
o u(a) = V2 (T X s et (@) 2y )

The infinite series converge, because x € NUH, (f).

Nl

OSELEDETS-PESIN REDUCTION: Define a linear transformation Cy (z) : R? — T, A
by mapping ((1)) — s(z)"te*(x) and (?) — u(z) et ().
This diagonalizes the derivative cocycle dfy : T M — T, M:

Theorem 3.1. 3C,, s.t. Vo € NUH(f), Cy(f(z)) L odfs o Cy(z) = (& 5. ).
where C;l <JAz| <e™X, and eX < |By| < C.

The proof is a routine modification of the proofs in [BP07, theorem 3.5.5] or [KH95,
theorem S.2.10], using the uniform bounds on df [5\e (Lemma 2.5).

Our conventions for e®(z), e*(x) guarantee that C, () is orientation-preserving,
and one can show exactly as in [Sarl3, Lemmas 2.4, 2.5] that

1 /s(x)? 4 u(z)? s(x)? + u(x)?
V2 |sina(z)] | sin o ()]

We see that ||Cy (z) 7| is large exactly when E*(x) ~ E%(x) (small |sina(z)|), or
when it takes a long time to notice the exponential decay of +log ||df2e*(z)]| or of
Llog ||df ;e (z)| (large s(z) or u(x)). Large ||Cy(2)~!|| means bad hyperbolicity.

[Cx(@)]] <1 and < ICx (@) < (3.1)
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PESIN MAPs: The Pesin map at € NUH, (f) (not to be confused with the Pesin
chart defined below) is ¥, : [—pdom, Pdom]> — A, given by

0,0 = Bxp. |40 (1) |

U, is orientation-preserving, and it maps [—pdom, pdom]2 diffeomorphically onto a
neighborhood of z in A\ 9A. Lip(¥,) < 2, because ||Cy (z)|| < 1. But Lip(¥; ') is
not uniformly bounded, because ||Cy (z)™!| can be arbitrarily large.

MAXIMAL SIZE: Fix some parameter 0 < ¢ < 22 (which will be calibrated later).
Although ¥, is well-defined on all of [~ pgom, Pdom)?, it will only be useful for us on
the smaller set [—Q. (), Q-(z)]?, where

2 5\ ~1¥/5
Q.(z) := |7 (W) A (e dista(z,6)) A pdom | - (3.2)

>4
Here & is the singular set of A, a A b := min{a, b}, 3 is the constant in the C'*+7#
assumption on ¢, and |t|. := max{f € I. : § < t} where I. := {e~3% : { € N}.
Q- (z) is called the mazimal size (of the Pesin charts defined below).> Notice
that Q. < &3/8||C 1|~ Uaree power) 5o () is small when z is close to & or when

the hyperbolicity at x is bad. Another important property of Q. is that thanks to
the inequalities |C, || < 1 and Q. < 272 dist, (2, &),

U, ([-Q:(2),Q:(z)]*) C A\ &. (3.3)

This is in contrast to ¥, ([—pdom, pdom]Q), which may intersect & or A \ A
PESIN CHARTS: The mazimal Pesin chart at © € NUH, (f) (with parameter ¢) is
Uyt [-Q:(2), Qe(2)]? = A\ &, Vy(u,v) = Exp,[Cy(z)(¥)]. The Pesin chart of
size ) is W} 1= W, [[_y 2 for 0 <n < Q- ().

The Pesin charts provide a system of local coordinates on a neighborhood of
NUH, (f). The following theorem says that the Poincaré map “in coordinates”

Jo = \I/;(lz) ofol,: [—Qs(ft),QE(CC)P - R?

is close to a uniformly hyperbolic linear map.

In what follows, 0 = (8) and “for all € small enough P holds” means “Jeg > 0
which depends only on M, p, A, 8 and xq s.t. for all ¢ < gg, P holds”.

Theorem 3.2 (Pesin). For all ¢ small enough, for every x € NUH,(f), fo is
well-defined and injective on [—Q.(z),Q:(v)]?, and can be put there in the form
fo(u,v) = (Agu + hl(u,v), Byv + h2(u,v)), where

(1) Cot < |Ay| < e X and eX < |B,| < C,, with C,, as in Theorem 3.1;

(2) Al are C'™% functions s.t. hi(0) =0, (VAL)(0) = 0;

(3) ] g < & on [~Qu(w). Qu(o)P.

A similar statement holds for f' = U1y o f~ho W, : [-Q:(2),Qc()]* — R,
Proof. Let U := ¥, ([-Q.(7),Q-(x)]?). By (3.3), f and f~! are C'*# on U, with

uniform bounds on their C'*# norms (Lemma 2.5). Now continue as in [Sarl3,
Theorem 2.7] or [BP07, Theorem 5.6.1], replacing M by A and exp, by Exp,. O

2We do not claim that Theorem 3.2 below does not hold on larger boxes [—Q’, Q’]2.
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Adaptability and temperedness. The maximal size of Pesin charts may not be
bounded below on NUH, (f). A central idea in Pesin theory is that it is nevertheless
possible to control how fast (). decays along typical orbits.

Define for this purpose the set NUH] (f) of all € NUH, (f) which on top of
the defining properties (i)—(iv) of NUH, (f) also satisfy

(v) lirf Llogdists(f"(z),8) =0,
n— 1T o0
(vi) lin_Llogl|Cy(f" (@)~ =0,
(vii) nglzll;loo Llog |Cy (f™())v]| = 0 for v = (é)7 ((1))7
(viii) Eril Llog|det C\ (f"(z))| = 0.

Lemma 3.3. NUH;(f) is an f—invariant Borel set of full px—measure, and for
every x € NUH] (f), Egl LlogQ.(f™(z)) = 0.

Proof. (v) holds pa—a.e. because A is adapted to pa. (vi)—(viii) hold a.e., because
of the Oseledets Theorem (apply the proof of [Sar13, Lemma 2.6] to the ergodic
components of y4). By (3.1), (v),(vi) imply 1logQ.(f"(z)) — 0. O

Lemma 3.4 (Pesin’s Temperedness Lemma). There exists a positive Borel function
g- : NUHL(f) — (0,1) s.t. for every x € NUHJ(f), 0 < ge(z) < eQc:(x) and
e /3 < g0 f/g. < eflE.

This follows from Lemma 3.3 as in [BP07, Lemma 3.5.7]. By Lemma 3.4,
Q.(f"(x)) > e~ 5" (z) for all n € Z. (3.4)

This control on the decay of Q. on typical orbits will be crucial for us.

Overlapping Pesin charts. Theorem 3.2 says that f, := \I/;(lr) o foW, is close
to a linear hyperbolic map. This property is stable under perturbations, therefore
we expect fry, 1= \1/;1 o foW, to be close to a linear hyperbolic map, whenever ¥,
is “sufficiently close” to ¥(,). We now specify the meaning of “sufficiently close”.

Recall that A is the disjoint union of a finite number of canonical transverse discs

Sy(pi). Let Dy(ps) := Sr(pi) \ 0Sr(pi) = {exp,, (V) : ¥ L X, ||0]| < r}. Choose for

every D = D,(p;) amap O : TD — R? s.t.

(1) © : T,D — R? is a linear isometry for all z € D.

(2) Let 9, : (© |1,p)" ! : R? - T,D, then (x,u) — (Exp, o9,)(u) is smooth
and Lipschitz on A x {u € R? : |lu|| < pdom} with respect to the metric
d((z,u), (¢/,u')) = distp(z,2) + Jlu — /||

(3) & + ;' o Exp, ! is a Lipschitz map from D to C?(D,R?), the space of C?
maps from D to R2.

Recall that the Pesin map is W, (u,v) = Exp,[Cy(z)(¥)], and the Pesin chart of
size 0 <n < Q:(x) is W := Wy [[_ym2-

OVERLAPPING CHARTS: Let 21,72 € NUH,(f). We say that Wt W72 c—overlap,
. e . - .
and write W ~ W2 if x1, x5 lie in the same transversal disc of A, e™® < It < e®,
n2

and disty (71, 22) + [|© 0 Cy(x1) — © o Oy (z2)|| < nin.

Proposition 3.5. The following holds for all € small enough: If Ut ~ V72, then
(1) W2 chart nearly the same patch: W, ([—e=2n;, e~ n;]%) C W, ([—n;,m;]?),
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(2) U,, define nearly the same coordinates: dist ., g (U, oW,,,1d) < enjnj, where

the C1+%5 —distance is calculated on [—€7%Pdom, € Pdom)> -

’

Corollary 3.6. For all € small enough, if x,y € NUH,(f) and \I/?(z) ~ vy, then

fay = \I/;l o foW, :[-Q:(r),Q:(x)]* — R? is well-defined, injective, and can be

put in the form fuy(u,v) = (Azyu+ hk, (u,v), Byyv + h2, (u,v)), where

(1) C,1 < |Agy| < e7X and eX < |Byy| < C,, with Cy, as in Theorem 3.1;

(2) |hey (0)] < en, [V, (0)]] < en/?;

(3) 1heyll avg <e (i=1,2) on [-Qc(x), Q=(x)]*.

-1

Ty )
The proofs are routine modifications of the proofs in [Sar13]: Replace M by one

of the canonical transverse discs in A, and replace exp, by Exp,.

A similar statement holds for assuming \I/;/,l(y) ~ vl

Part 2. Symbolic dynamics

Throughout this part we assume that M, X and ¢ satisfy our standing assump-
tions, and that p is a yo—hyperbolic p—invariant probability measure on M. We
fix a standard Poincaré section A = A(pi,...,pn;r) adapted to p, and a larger
concentric standard section A := Alp1,...,pN;T) st. T > 2r. Let f,R and &
denote the Poincaré map, roof function, and singular set of A, and let x := xoinf R
(a bound for the Lyapunov exponents of f up—a.e., see Lemma 2.6).

Suppose P is a property. “For all e > 0 small enough P holds” means “Jey > 0
which only depends on M, ¢, A, 3, xo s.t. P holds for all 0 < € < g¢.”

In this part of the paper we construct a countable Markov partition for f on a
set of full measure with respect to pa, and we use it to develop symbolic dynamics
for . This was done in [Sarl3] for surface diffeomorphisms, and the proof would
have applied to our setup verbatim had & been empty. We will indicate the changes
needed to treat the case & # @.

Not many changes are needed, because most of the work is done inside Pesin
charts, where f and f~! are smooth with uniformly bounded C'*# norm. One point
is worth mentioning, though: [Sar13] uses a uniform bound on |In Q. (f(x))/Q<(z)],
where Q. () is the maximal size of a Pesin chart. This quantity is no longer bounded
when & # @. When this or other effects of & matter, we will give complete details.
Otherwise, we will just sketch the general idea and refer to [Sarl3] for details.

4. GENERALIZED PSEUDO-ORBITS AND SHADOWING

Generalized pseudo-orbits (gpo). Fix some small € > 0. Recall that a pseudo-
orbit with parameter ¢ is a sequence of points {z; };cz satisfying the nearest neighbor
conditions dist(f(x;),2,11) < € for all i € Z. A gpo is also a sequence of objects
satisfying nearest neighbor conditions, but the objects and the conditions are more
complicated, because of the need to record the hyperbolic features of each point:

e-DOUBLE CHARTS: Ordered pairs W2 P" := (U, l—pupu)2, Yo [[—pspe]2) Where
z € NUH, (f) and 0 < p*,p® < Q.(z) (same Pesin chart, different domains).

¢~ GENERALIZED PSEUDO-ORBITS (GPO): A sequence {U% ' },c; of e-double charts
which satisfies the following nearest neighbor conditions for all ¢ € Z:
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(GPO1) p7(+1f”7+1 £ lini ang \prt f;; a) S~ WP of Prop. 3.5.
(GPO2) piyy = min{epyt, Qe(wig1)} and pj = min{e“p,y, Qc(x:)}.
A positive gpo is a one-sided sequence {\Ilp’ P }i>o with (GPO1), (GPO2). A neg-

ative gpo is a one-sided sequence {\IJ% pl}igo with (GPO1), (GPO2). Gpos were
called “chains” in [Sar13].

SHADOWING: A gpo {\I/pl ’pl}lez shadows the orbit of x, if fi(x) € Wy, ([~n;,m)?)
for all i € Z, where n; := pj* A p;.

This notation is heavy, so we will sometime abbreviate it by writing v; instead
of WhiPi and letting p“(v;) := p, p*(vi) := p$,x(v;) := x;. The nearest neighbor
conditions [(GPO1) + (GPO2)] will be expressed by the notation v; — v; 1.

Lemma 4.1. Suppose 0 < pi,p; < Q; satisfy pi',; = min{e®p}’, Qiy1} and p; =
min{ep, |, Q;} for i =0,1. If n; := pi Apj, then niy1/n; € [e7%, €],
Proof. See [Sar13], Lemma 4.4. O

ADMISSIBLE MANIFOLDS: An s—admissible manifold in a e-double chart v = \Ilgu’ps
is a set of the form W, {(¢, F'(t)) : |t| < p°}, where F : [—p°, p°] — R satisfies:
(Ad1) |F(0)| < 10_3(])“ A Dp®).

(Ad2) [F'(0)] < 5(p" Ap*)?/2.

(Ad3) Fis C’Hs and sup |F'| + Hélg3(F) < 3.
Similarly, a u—admissible manifold in v is a set of the form ¥, {(F(¢),t) : |[t| < p“},
where F : [—p“, p*] — R satisfies (Ad1-3).

F is called the representing function, and the collections of all s/u—admissible
manifolds in v are denoted by .#*(v) and .#"(v).

The representing function satisfies ||F|l < Q:(x), because p“,p* < Q:(x),
|[F(0)] < 1073(p" A p®) and |F'| < 1.3 As a result, s/u-admissible manifolds are
subsets of U, ([~Q:(z), Q:(7)]?), a set where f is smooth, and where if ¢ is small
enough then f is a perturbation of a uniformly hyperbolic linear map in Pesin
coordinates (Theorem 3.2). This implies the following:

GRAPH TRANSFORM LEMMA: For all € small enough, if v; — vi11, then the
forward image of a u- admissible manifold V* € A" (v;) contains a unique u—
admissible manifold 7., [V*"], called the (forward) graph transform of V*.

Sketch of proof (see [Sar13, Prop. 4.12], [KH95, Supplement], or [BP07] for details):
Let friz,0, == Vg, +1 ofoW,, : [-Q:(x;),Q:(z:)]? — R2. By (GPO1) and Corollary

3.6, feiz,,, 18 € close in the C”g norm on [—Q.(;), Q< (;)]? to a linear map which
contracts the z—coordinate by at least e™X and expands the y—coordinate by at least
eX. Direct calculations show that if € is much smaller than y and V¥ € .Z%(v;),
then f(V*) D V... {(G(t),t) : t € [a,b]} where G satisfies (Ad1-3), and [a,b] D

[— eX/2pu ex/2p “]. By (GPO2), if £ < x/2 then [— eX/2pu eX/QpZ] D [, Pials
so f (V“) restricts to a u—admissible manifold in v;41.
There is also a (backward) graph transform F; .+ M°(vit1) — A °(v;), ob-

tained by applying f~! to s—admissible manifolds in v;; 1 and restricting the result
to an s—admissible manifold in v;.

3In fact |F/(t)] < |F'(0)| + %\t|5/3 < ¢ for t € dom(F), since |t| < p*/$ < Qe(x) < &3/P.
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Put a metric on #“(v;) and #*(v;+1) by measuring the sup-norm distance
between the representing functions. Using the form of f,;, , in coordinates, one
can show by direct calculations that ., @ #"(v;) = A" (vit1) and F5, |, ¢
M3 (Vi) — A5 (v;) contract distances by at least e=X/2 [Sar13, Prop. 4.14].

Suppose v~ = {v;}i<o is a negative gpo, and pick arbitrary V¥ € #"(v_,)
(n > 0), then Vo = (FL g0 -0 9;*%“1)7“2 o ﬁ;‘fﬂvinﬂ)(Vl‘n) € M (vy).
Using the uniform contraction of .#,_,_,,_,, it is easy to see that {V{', }n>1 is a
Cauchy sequence, and that its limit is independent of the choice of V* [Sarl3,

Prop. 4.15]. Thus the following definition is proper for all € small enough:
THE UNSTABLE MANIFOLD OF A NEGATIVE GPO v~ :
V'w™] == lim (%, , o---0F) o F (V).

n—soo v_1v0 Vont1V—n+2 VopV_nt1
for some (any) choice of V¥, € 4" (v_p).

Working with positive gpos and backward graph transforms, we can also make
the following definition:

THE STABLE MANIFOLD OF A POSITIVE GPO v™:
Vi) := lim (£S5, o 0 F: o Fy (V7).

v1vg Up—1Un—2 VnUn—1 n
for some (any) choice of V! € .#*(v,).

The following properties hold:
(1) ADMISSIBILITY: V%[v~] € #%“(vy) and V*[vT] € .#*(vy). This is because
MMM (vg), A5 (vg) are closed in the supremum norm.
(2) INVARIANCE: f-1 (VU {{v}icol) € VEl{vi}icoi], SV [{vi}inol) € Vol{vi}inal:
This is immediate from the definition.
(3) HYPERBOLICITY: if x,y € V*[v~], then dista(f~"(z), f~"(y)) — 0, and if

z,y € V5[uT], then dists (f™(x), f"(y)) —— 0. The rates are exponential.
n— oo

To prove part (3) notice first that by the invariance property, f™(V*[v"]) and
ST (V*[v~]) remain inside Pesin charts. Therefore f" [ys,+) and f=" [yu,-) can
be written in Pesin coordinates as compositions of n uniformly hyperbolic maps on
R2. One can then use direct calculations as in the proof of Pesin’s Stable Manifold
Theorem to prove (3). See e.g. [Sarl3, Prop. 6.3].

The Shadowing Lemma.

Theorem 4.2. The following holds for all & small enough: Every gpo with param-
eter ¢ shadows a unique orbit.

Sketch of proof. Let v = {v; }icz be a gpo, v; = \I/fc::’pf. We have to show that there
exists a unique z s.t. fi(x) € Wy, ([—n;,n:]?) for all i € Z, where n; = p% A p5.

V¥ = V"{v;}i<o] and V® := V*[{v;};>0] are admissible manifolds in vg. Be-
cause of properties (Ad1-3), V* and V* intersect at a unique point x, and = belongs
to W, ([~1072n9,107210)?) [Sarl3, Prop. 4.11], see also [KH95, Cor. S.3.8.]. By
the invariance property,

(@) € VU, ([~Qc(wn), Qc(x,)]?) for all n € Z.

We will show that v shadows z, and x is the only such point.
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Any y s.t. f(y) € Uy, ([~ Q=(2n), Qc(x,)]?) for all n € Z equals x. The map
fonzng = V! ofoW, isuniformly hyperbolic on [-Qc (), Q- (zn)]2 IO ()
and W, !(y) have different y—coordinates, then successive application of fy, o, will
expand the difference between the y-coordinates of W ' (f™(x)), ¥ (f™(y)) expo-
nentially as n — oo. If W (x), ¥, !(y) have different 2—coordinates, then succes-
sive application of f;1 . will expand the difference between the z—coordinates
of W H(f™(2)), ¥ (f™(y)) exponentially as n — —oco. But these differences are
bounded by 2Q.(x,) whence by a constant, so ¥ (z) = ¥, !(y), whence z = y.

Let yi, denote the unique intersection point of V*[{v; }i<x] and V*[{v;};>x], then
fy), [ (@) € o ([~ Q: (Tnik), Qe (2nyx)]?) for all n € Z. By the previous
paragraph, yx = f¥(x). Since y, is the intersection of a u—admissible manifold and
an s—admissible manifold in vy, yx € Wu, ([—1k, nk]*) where 1y, := pi Ap;. It follows
that f*(z) € U, ([~nr, x)?) for all k € Z.

Thus v shadows the orbit of x, and x is unique with this property. (|

Which points are shadowed by gpos? To appreciate the difficulty of this ques-
tion, let us try the naive approach: Given x € NUH, (f), set x; := f*(z), and look

for p¥, pi s.t. {\Iﬂ;?”’f}iez is a gpo. (GPO1) is automatic, but without additional

information on Q.(f*(x)), it is not clear that there exist p¥, p{ satisfying (GPO2).

This is where the adaptedness of A is used: For a.e. z, | l‘im % log Q:(f™(x)) =0,
n|—oo

whence by (3.4) there exist g.(z) > 0 s.t. Q.(f"(z)) > e~ 3¢I"lg (z) > e~cIlg.(x)
for all n € Z. So the following suprema range over non-empty sets:

pe = sup{t > 0: Q.(f"""(z)) > e "t for all n > 0},
psi=sup{t > 0: Q(f"(x)) > e "t for all n > 0}.

It is easy to see that p¥, pi satisfy (GPO2). {\II?I‘L(%}ZGZ is a gpo which shadows .
If we want to use the previous construction to shadow a set of full measure of
orbits, then we need uncountably many “letters” W2"?". The following proposition
achieves this with a countable discrete collection. Recall the definition of NUH] (f)
from Lemma 3.3, and let
NUHZ(f) := {x € NUH},(f) : limsup g (f"(2)), limsup g (f"(z)) #0}.  (4.1)

n—oo n——oo
NUH?( f) has full measure by Poincaré’s recurrence theorem. It is f—invariant.

Proposition 4.3. The following holds for all € small enough. There exists a count-
able collection of e—double charts o/ with the following properties:

(1) DISCRETENESS: Let D(z) := dista ({=, f(z), f~* (%)}, &), then for every t >0
the set {¥2"P" € o7 : D(x),p", p° >t} is finite.

(2) SUFFICIENCY: For every x € NUHf(f) there is a gpo v € /% which shadows
x, and which satisfies p*(vy) A p*(vn) > e=5/3q.(f*(x)) for alln € Z.

(3) RELEVANCE: For everyv € @/ thereis a gpov € @/% s.t. vg = v and v shadows
a point in NUH, (f).

Proof. The proof for diffeomorphisms in [Sar13, Prop. 3.5 and 4.5] does not extend
to our case, because it uses a uniform bound F~! < Q.o f/Q. < F which does not
hold in the presence of singularities. We bypass this difficulty as follows.
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Let X := [A\U,;—_1 0.1 f'(6)]? x (0,00)% x GL(2,R), together with the product
topology, and let Y C X denote the subset of (z,Q,C) € X of the form

z = (z, f(x), f*(z)), where x € NUH, (f),
Q= (Qc(2),Qc(f()), Q(f 1 ())),
C = (Cx(z), Ox(f(2)), Cx(f_l(x)))-

Cut Y into the countable disjoint union ¥ = L*.'J(/c,g)eNg Y. » where Ng = NU{0} and

z € NUHL(f), e”* T < Q.(x) <e™*
e~ GFD < distp (fi(),8) <e b (i=0,1,-1)

Yk,l = {(m,Q,C) ey

PRECOMPACTNESS LEMMA. Y, ¢ are precompact in X.
Proof. Suppose (z,Q,C) € Yy By (3.1) and (3.2), [|Cy(z) 7| < eie™ . One

can show as in [Sar13, page 403], that C= < ||C, (y) 7 |/|Cx (f(y)) || < C for all
y € NUH, (f) for some global constant C. It follows that

[Cy (F(2))™ 1||<CE46 = for i = 0,1, 1.

Since C,(-) is a contraction, C € Gy x Gy X Gy, where Gy, is the compact set
B(h+1)

[A€GLER): A < 1,47 < Cete™),
Next we bound @ in a compact set. By (3.1), if (z,Q,C) € Y ¢, then

Q=(f'@) _ (VRACF @) N (distalF @), 8)\ Ly )
Q-() 2( [Cy@ 1] ) A( dist (i, &) )22 ¢ e

whence Q. (f%(x)) > 27505 e~(ti+De=(k+1) | By definition, Q-(fi(7)) < pdom, SO
Q € (Fy)® with Fy, o C R compact.

Finally, z € Ey, x f(Ey,) % f~H(Ey,), with Ey, := {y € A : dista(y, &) > e 11
Ey, is compact because A is compact, and f(Ey,), f~'(Es,) are compact because
f ey, f~! |5, are continuous.

In summary, Yy, C [[i_o 1 _1 [*(Ee) X (Fi0)® x (Gg)?, a compact subset of X.
So Y, ¢ is precompact in X ,7p’roving the lemma.

Since Y} ¢ is precompact in X, Y}, contains a finite set Y} ¢(m) s.t. for every
z,Q,C) € Yy there exists some (y, Q’, C') € Yy, o(m) s.t. for every [i| <1,

(z
(a) dista(£'(2). £/(5)) + [0 0 Oy (1'(2) —~ © 0 Cu(f ()| < =559,
(b) e™/3 < Q(fi(x))/Q:(F1(y)) < /3.

(© is defined at the end of §3.)

DEFINITION OF «: The set of double charts \115”4"* s.t. for some k, ¢y, 01,4_1,m >0
(A1) x is the first coordinate of some (z, @, C) 6 Yk e(m);

(A2) 0<p®p* < Q.(x) and p,p* € I. = {e"3% : £ € N};

(A3) p“ Ap® € e 2, e"mT2.

PROOF THAT ./ 1S DISCRETE: Fix t > 0. Suppose W2 ?" € o and let k, £, m be
as above. If D(x),p",p® > t, then:

o k < |logt| because t < p* < Q.(x) <e™F;

o £; < |logt| because t < D(z) < dists(f*(x), &) < e *;

o m < |logt| + 2 because t < p* Ap* < e ™mF2,
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. [ogtl]  [l1ogel]+2
So #{Jj : PP g ﬂ{,D(l‘),pu,ps > t} < Z Z #Yk7£(m) < o
kLo, l1,6_1=0 m=0

Also, #{(p*,p®) : V"P" ¢ o D(z),p*,p° > t} < (#(I.N[t,1]))* < co. Thus
H#{WP"P" € of - D(z),p", p° >t} < oo, proving that o7 is discrete.

The proof of sufficiency requires some preparation. A sequence {(p%, p$)}nez is
called e—subordinated to a sequence {Qy }nez C I, if 0 < p¥, pi, < Qn; Y, pE € I;
Pr 1 = min{epy, Qni1} and p;_; = min{e®p;,, Qp—1} for all n.

FIRST SUBORDINATION LEMMA. Let {gn}nez, {Qn}nez C I.. If for every n € Z
0 < @gn <Qn and e ® < qy/qnt1 < €°, then there exists {(p¥,ps)}nez which is
e—subordinated to {Qn}nez, and such that p A pl > qp for all n.

SECOND SUBORDINATION LEMMA. Suppose {(p%,p:)}nez is e-subordinated to
{Qn}nez. If limsup(p® A p:) > 0 and imsup(p? A pZ) > 0, then pY (resp. ps) is
n— oo

n——oo

equal to @y, for infinitely many n > 0, and for infinitely many n < 0.
These are Lemmas 4.6 and 4.7 in [Sarl3].

PROOF OF SUFFICIENCY: Fix x € NUHf(f). Recall the definition of ¢.(-) from
Pesin’s Temperedness Lemma (Lemma 3.4), and choose ¢, € I. s.t. ¢,/q:(f"(x)) €
[e=5/3,¢5/3]. Necessarily e™° < q,,/qni1 < €°.

By the first subordination lemma there exists {(q%, q5)}nez st {(¢%, @) Inez
is e-subordinated to {e~*/3Q.(f"(x))}nez, and ¢* A g5 > g for all n € Z. Let
M = qiAg,. By Lemma 4.1, e= <11/, < €. Since n, > g, > e /3¢ (f"(z))
and = € NUHf(f), limsup,, , 4o 7 > 0.

Choose non-negative integers mu,, kn, £,, = (€3, (7, £ 4) s.t. for all n € Z,

o Ny c [efmnflvefanrl],

0 Q:(f"(x)) € (eFe LR,
o dista(f"(x),8) € (e74 L e ] fori =0,1,—1.

Choose an element of Yy, , with first coordinate f" (), and approximate it by
some element of Y, , (my) with first coordinate z,, s.t. for i = 0,1, -1

(an) dista (F(S" (), Fi(n)) + 100 Cy (£ (2)) —~ O 0 Oy (Filmn)] < e=5mnt),
(by) e*/3 < Qe(f'(f™(2)))/Q:(f*(2n)) < /3.

By (by,) with i = 0, Q.(z,) > e~*/3Q.(f"(2)) > nn. By the first subordination
lemma, there exists {(p%, p$)}nez e—subordinated to {Q.(x,)}nez such that p A
pS >, for all n € Z. Necessarily, p* A pS > e=*/3q.(f"(x)). Let

vi= {UE P s
We will show that v € &%, v is a gpo, and v shadows the orbit of z.

Proof that \Il};%’pf* € o/: (Al), (A2) are clear, so we focus on (A3). It is enough
to show that 1 < (p% A p2)/n, < e. The lower bound is by construction. For
the upper bound, recall that limsup,,_, ., 7» > 0, so by the second subordination
lemma ¢ = e~*/3Q.(f"(x)) for infinitely many n < 0. By (b,) with i = 0, ¢% >
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e Q:(xyn) > e “py for infinitely many n < 0. If g > e~ ®pj:, then gji | > e °pp ;-

g1 = minf{e“qy, e P Q(f" (2))}
> min{efe " p%, e 2/%Q.(2n41)}, by (bpy1) with i =0

> e “min{e“py, Qe (Tp41)}
_ &, u

=e "Ppi1-

It follows that g;» > e~ °p¥ for all n € Z. Similarly g; > e~ °p; for all n € Z, whence

n

Nn > e S(p¥ A ps) for all n, giving us (A3).

Proof that {\Iﬂ;i”’i tnez s a gpo. (GPO2) is true by construction, so we just need
to check (GPO1). We write (a,) with ¢ = 1, and (a,41) with ¢ = 0:

o dista (/"1 (2), F(2) + 0 0 O™+ (2)) = © 0 Cy( ()| < =),

o dista (/"0 1) + 00 O (2)) = 0 Cylamya) | < e8(mmert)

So i1, f(xn), fPT1(z) are all in the same canonical transverse disc, and

dista (f(@n), Zn+1) + 0 0 Co(f(wn)) = © 0 Cx(wnpn)|| < 73 Fd) g 7801 td),

(4.2)
The proof of (A3) above shows that &, = p% A pS € [e"™"2 e~™ 2] Also
&n/Ent1 € [e7 ¢, e°], because {(p¥, p%) }nez is e-subordinated (see Lemma 4.1). So
the right hand side of (4.2) is less than e™8(1 4+ €%)&8 | < (p¥yq ApS,)®. Thus

D1 /D € Dy 1/\D;, .. . . .
\I!f’(‘;ri) R U A similar argument with (a,) and ¢ = —1, and with

(an—1) and ¢ = 0 shows that \I/?:L’IZ;\SLA ~ szwz‘l. So (GPO1) holds, and v is
a gpo.

Proof that v shadows x: By (a,) with i = 0, \Illz);:j/\p"sl ~ \I'I;E(Af); for all n € Z. By

Proposition 3.5, f™(z) = Usn(4)(0) € ¥, ([—p A ps,pl Ap3]?). So v shadows .

ARRANGING RELEVANCE: Call an element v € & relevant, if there is a gpo v € @7/%
s.t. vo = v and v shadows a point in NUH, (f). In this case every v; is relevant,
because NUH, (f) is f-invariant. So &/’ := {v € & : v is relevant} is sufficient. It
is discrete, because &' C & and & is discrete. The theorem follows with &/. O

The inverse shadowing problem. The same orbit can be shadowed by many
different gpos. The “inverse shadowing problem” is to control the set of gpos

{\1157 ’pf}iez which shadow the orbit of a given point z. (GPO1) and (GPO2) were
designed to make this possible. We need the following condition.

REGULARITY: Let o/ be as in Proposition 4.3. A gpo v € /% is called regular, if
{vi}i>0, {vi}i<o have constant subsequences.

Proposition 4.4. Almost every x € A is shadowed by a regular gpo in o/%.

Proof. We will show that this is the case for all x € NUHf (f). Since & is sufficient
(Prop. 4.3(2)), for every x € NUHf(f) there is a gpo v = {miﬁ’pi}kez € /% which
shadows x s.t. for all k € Z, nx, == p} Apj > e /3¢ (f*(x)).

Since p*/* < Q.(+) < edista (-, &),

distp (g, &) > e e /3¢ (f*(x)) for all k € Z. (4.3)
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Since vy = Vg1, \P?’E;;) ~ Uit whence f(zy) € \Ilmk+1([—Q(ack+1),Q(xk+1)]2).

Since Lip(Vy,,,) < 2, dista(f(2r), 2ry1) < 2v2Q(zr11) < 3edistp(zpy1,S). By
the triangle inequality, (4.3), and the inequality e=*/3 < q. o f/q. < e°/3,

dista (f(zg), 6) > dista(xg41, ©) — dista (f(xk), r+1) > (1 — 3¢) dista (@g+1, S)
> (1-3e)e e P (S (@) > (1= 3e)e e qe (¥ (2)) > @ (f*(2)),

provided ¢ is small enough. Similarly, dists (f~!(zx), &) > ¢ (f*(2)), and we obtain
that min{D(zy), p}t, p;} > e~/3q.(f*(x)) for all k € Z.

Since = € NUHff(f), ki, l; T oo and ¢ > 0 s.t. q.(f7%(2)) > ¢, ¢ (ff(x)) > c.
Since «f is discrete, there must be some constant subsequences Uk s V- ([l

The following proposition says in a precise way, that if u is a regular gpo which
shadows the orbit of x, then wu; is determined “up to bounded error.” Together
with the discreteness of &7, this implies that for every i there are only finitely many
possibilities for u;.

Theorem 4.5. The following holds for all € small enough. Let u,v be reqular gpos
which shadow the orbit of the same point x. If u; = \Ifﬁf”’f and v; = \Dng’qf, then
(1) dista (@, i) < 107  max{p}' A pj, g A i}

2) dista (f*(x;),®)/dista(f* (1), &) € [e~VE,eVE] for k=0,1,—1;

) Qe(:)/Qc (i) € [6_%76%];

) (U oW,,) = (=1)71d + ¢, + A; on [—e,e]?, where ||¢;|| < 1071 (g}* A ¢f) and
o; € {0,1} are constants, and A; : [—¢,¢]?> — R? is a vector field s.t. A;(0) =0
and ||(dA;)y]| < Ve on [—¢,e)%;

(5) pi/atpi/a; € le” VE,eVE].

Proof. Denote the stable and unstable manifolds of u and v by U*,U?® and V*, V.
By the proof of the shadowing lemma, U* NU®* = V*NV* = {z}.

(
(3
(4

PART (1). U%/* are admissible manifolds. By (Ad1-3), their intersection point
must satisfy z = ¥, (§) where [|{]l < 107%(pf A pf), see [Sarl3, Prop. 4.11].

Since Lip(Wy,) < 2, dista (w0, ) < o5 (p§ Ap§). Similarly, dista (yo, z) < 25 (g5 Agg),
whence dista (%o, y0) < 5= max{p§ A p§, a5 A qi}-

PART (2). In what follows a =b+cmeansb—c<a <b+ec.

dista (29, &) = dista (2, &) 4 dista (2, 2¢) = dista(z, &) £ 507 (py A p§), by part 1
= dista (7, &) £ 5071 Q. (x0), because py, py < Q-(z0)
= dista (z, &) £ 50 te dist (w0, &), by the definition of Q. ().

Therefore % = 1£50"te. Similarly %ﬁ’%}) = 1£50"te. It follows that
diStA(JL’(),G)

if € is small enough then Gt s € [e7%, €],

Applying this argument to suitable shifts of u, v, we obtain

d diStA(:E_l,G)
diStA(y_1,G)

distp (z1,5) c

distA(91,8) [e=, €]

an € le ¢, e

4But the set of all possible full sequences u can be uncountable.
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Since ug = ui, \If’ﬁﬁf’; S WL S0 @y, f(zo) € W, ([-Qe(21), Qe(1)]?).
Since Lip(V,,) < 2, dista (21, f(20)) < 2v2Q<(z1) < 6edista (21, S). Thus
dista (f(zo), ©) = distp (21, 6) £ dista (z1, f(zo)) = dista(z1, S) £ 6edista(x1, S)

= e+ distp (21, ), provided ¢ is small enough.
Similarly, dista(f(yo), &) = eT7¢ dista (y1, ). Since %ﬁg € e, e,
diStA(f(J:O)a 6) c [6—155
dista (f(yo), &)
.. dista (f " (z0),8) —\/e €
Similarly, one shows that m € e Ve, eve).
PART (3). One shows as in [Sarl3, §6 and §7] that for all € small enough,

et ¢ [e_‘/g7 e\/g], provided ¢ is small enough.

Lﬁa(xi) € [e_\/g,e‘/‘g] and s(mz)7 u(@:) € [6_4\/E,€4ﬁ]. (4.4)
sin a(y;) s(yi) uw(yi)
The proof carries over without change, because all the calculations are done on
f™U*), f*(Ve) (n > 0) and f*(U"), f*(V*) (n < 0), and these sets stay inside
Pesin charts, away from &. By (4.4), for all € small enough,

12

( 8(330)24‘”(550)2)_1‘3( I LR

| sin (o) | sin a(yo)|
By part (2) and the definition of Q., gz%zg; € e Ve e Ve

PART (4). This is done exactly as in [Sarl3, §9], except that one needs to add the
constraint € < pgom to be able to use the smoothness of p — Exp, on A.

PART (5). This is done exactly as in the proof of [Sar13, Prop. 8.3], except that
step 1 there should be replaced by part (3) here. (I

Remark. Regularity is needed in parts (3), (4), (5). Parts (3), (4) also use the full
force of (Ad1-3), and Part (5) is based on (GPO2). See [Sarl3].

5. COUNTABLE MARKOV PARTITIONS AND SYMBOLIC DYNAMICS

Sinai and Bowen gave several methods for constructing Markov partitions for
uniformly hyperbolic diffeomorphisms. One of these, due to Bowen, uses pseudo-
orbits and shadowing [Bow75]. The theory of gpos we developed in the previous
section allows us to apply this method to adapted Poincaré sections. The result is a
Markov partition for f: A — A. It is then a standard procedure to code f : A — A
by a topological Markov shift, and ¢ : M — M by a topological Markov flow.

Step 1: A Markov extension. Let & be the countable set of double charts we
constructed in Proposition 4.3, and let ¢4 denote the countable directed graph with
set of vertices &/ and set of edges {(u,v) € & x & :u = v}.

Lemma 5.1. Every vertex of 4 has finite ingoing degree, and finite outgoing degree.

Proof. We fix u € </, and bound the number of v s.t. © = v, using the discreteness
and relevance of & (cf. Prop. 4.3).
By the relevance property, u — v extends to a path u = v = w. Write u =

u s

WP o =Wl w =V " then
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PAr gUAG .
ARG piApT © [e7¢, ef], by Lemma 4.1.

o dista(y, &) > e te = (p“ Ap®), because dista (y, S) > e 1Q:(y), Q= (y) > ¢“ Ag°.
o dista(f(y), &) > e 2(e~! - 3)(p* A p®), because
dista (f(y), &) = dista (2, &) — dista(z, f(y))
>e7'Qo(2) = 2v2Q:(2) v f(y) € Va([-Q:(2), Qc(2)]%) , Lip(¥2) <2
> (et =3)(r  Art) > e (e = 3)(ph A DY),
o dista(f71(y), &) > e 26(eL — 3)(p* A p*), for similar reasons.

So D(y) :=dista({y, f (), 7' ()}, 6) >t :=e7(e™! = 3)(p" Ap°).
By the discreteness of & (and assuming € < 1), #{v € & : u % v} < oo. The
finiteness of the ingoing degree is proved in the same way. (Il

THE MARKOV EXTENSION: Let X(¥) denote the set of two-sided paths on ¢:
YY) :={ved?: v vy forallicZ).
We equip X(¥) with the metric d(u,v) = exp[— min{|n| : u,, # v,}], and with the
action of the left shift map o : X(¥Y) — X(9Y), o : {viticz — {Vit1}icz 2(9) is
exactly the collection of gpos belonging to .27, therefore 7 : (%) — A given by
7(v) := unique point whose f—orbit is shadowed by v

is well-defined. Necessarily fom =7 o0, so 0 : X(¥4) — 2(¥) is an extension of
f: A — A (at least on a subset of full measure, by Prop. 4.4).

It is easy to see, using the finite degree of the vertices of ¢, that (X(¥),d) is
a locally compact, complete and separable metric space. The left shift map is a
bi-Lipschitz homeomorphism. The subset of regular gpos

Y#(4) = {v € 2(Y) : {vi}i<o, {vi}i>0 contain constant subsequences}

has full measure w.r.t. every o—invariant Borel probability measure.

As we saw in the proof of the shadowing theorem (Thm. 4.2), 7[v] is the unique
intersection of V%(v~) and V*(v*) where v* are the half gpos determined by v.
The proof shows that the following holds for all € small enough:

(1) HOLDER CONTINUITY: 7 is Holder continuous (because #*,.%#° are contrac-
tions, see [Sar1l3, Thm 4.16(2)]).

(2) ALMOST SURJECTIVITY: pp(A\ 7[S#(¥4)]) =0 (Prop. 4.4).

(3) INVERSE PROPERTY: for all € A,i € Z, #{v; : v € X#(¥4),7(v) = 2} < <.
(Thm 4.5 and the discreteness of <.)

The inverse property does not imply that 7 is finite-to-one or even countable-to-
one. The following steps will lead us to an a.e. finite-to-one Markov extension.

Step 2: A Markov cover. Given v € &7, let o[v] := {v € 3(¥) : vo = v}. This is
a partition of ¥(¥). The projection to A
% ={Z(w):ve o}, where Z(v) := {n(v) : v € X#(9), vy = v}

is not a partition. It could even be the case that Z(v) = Z(u) for u # v (in this
case, we agree to think of Z(v), Z(u) as different elements of %). Here are some
important properties of 2.

COVERING PROPERTY: Z covers a set of full pp—measure.
Proof. % covers NUHf( f).
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LOCAL FINITENESS: Forall Z € &, #{Z' € & : Z' N Z # &} < oco. Even better:
#Hued  : ZuNZ #@} < oo foral Z e Z.

Proof. Write Z = Z(\pg“vps). If Z(V4)N Z # @, then ¢" A q* > e~ VE(p A p*)

and dista({y, f(v), f*(v)}, &) > e~ Ve dista({z, f(x), f ( )},6) (Theorem 4.5).
Since o7 is discrete, there are only finitely many such \I'q 4" in o .

PRODUCT STRUCTURE: Suppose v € & and Z = Z(v). For every x € Z there are

sets W (x, Z) and W*(x, Z) called the s—fibre and u—fibre of x in Z s.t.

(1) Z= Uer Wz, Z), Z = U:J:EZ We(z, Z).

(2) Any two s—fibres in Z are either equal or disjoint. Any two u—fibres in Z are
either equal or disjoint.

(3) For every x,y € Z, W% (x,Z) N W*(y, Z) intersect at a unique point.

Notation: [z,y]z := unique point in W*(x, Z) N W*(z, Z) (“Smale bracket”).

Proof. Recall the notation for the stable and unstable manifolds of positive and
negative gpos (§4). Fix Z = Z(v) in &, € Z, and let

V(x,Z) = V3[{v; }ixo], for some (any) v € £#(¥) s.t. vo = v and 7(v) = .
V(x, Z) = V"[{v;i}i<o], for some (any) v € ¥#(¥) s.t. vg = v and 7(v) = x.
We(z,Z) =V3(x,Z)N Z.

W (x,Z) :=V(z,Z)N Z.

To see that the definition is proper, suppose u,v are two regular gpos such that
up = vg = v. If V¥(u),V*(v) intersect at some point z for ¢ = s or u, then
Vi(u) = Vi(v), because both are equal to the piece of the local stable/unstable
manifold of z at W, ([—p'(v),p'(v)]?). See [Sarl3, Prop. 6.4] for details. In
particular, w(u) = w(v) = Vtu] = V] (t = u, s).

This argument also shows that any two t—fibres (¢ = s or u) are equal or disjoint.
(1) is because W"(z, Z), W*(x, Z) contain x. For (3), Write W"(z, Z) = V*(w)NZ
and W#(y, Z) = V*(v) N Z where u,v € X#(¥) satisfy up = vo = v. Let w :=

ce U9, U_1,D,V1,Vs,...) with the dot indicating the zeroth coordinate. Clearly
m(w) € W¥(x, Z) " W*(y,Z). Since W¥(x, Z) "N W*(y,Z) C V¥(x,Z) N V*(y, Z)
and a u—admissible manifold intersects an s—admissible at most once [KH95, Cor.
S.3.8], [Sarl3, Prop. 4.11}, W¥(z, Z)NW?(y, Z) = {n(w)}.

SYMBOLIC MARKOV PROPERTY: If x = 7(v) and v € ©#(9), then
FIW* (@, Z(v0))] € W*(f(x), Z(v1)) and f=H[W"(f(2), Z(v1))] € W"(z, Z(v0))-

Proof. Fix y € W*(x, Z(vg)). Choose u € ©#(¥) s.t. ugp = vg and y = m(u). Write
u; = \I/ql % and ni == q* Agi, then f~"(y) € ¥, ([~n—n,n-n]?) for all n > 0.

Write v; = U270 and & = pl A pS. Since y € W (z, Z(v9)) C VE(ut), f2(y) €
frive@h)] c Ve(emut) C Uy, ([—€n, &n)?) for all n > 0.

O O O O

It follows that the gpo w = (...,u_2,u_1,0,v1,09,...) shadows y (the dot
indicates the position of the zeroth coordinate). Necessarily, f(y) = flr(w)] =
rlotw] € VV[{n)i21)1 Z(e0) = W), Z0) Thus S) € WS, 200,

Since y € W*(z, Z(vo)) was arbitrary, f[W*(z, Z(vo))] C W3(f(x), Z(v1)). T

other inequality is symmetric.

OVERLAPPING CHARTS PROPERTY: The following holds for all € is small enough.
Suppose Z,7' € & and ZNZ' + @.

(1) If Z = Z(W70), 7/ = Z(WEHD), then Z C Wy, ([—(at A g), at A a3?)-
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(2) Forallx € Z,ye Z', V¥(x, Z) intersects V*(y,Z') at a unique point.
(3) Foranyxze ZNZ', W¥(x,Z) C V¥(x,Z") and W*(x,Z) C V*(x,Z’).

Proof sketch. If Z N Z' # @, then there are u,v € Y#(¥4) st. ug = \Ifiﬁ’f’g,
vo = W% and 7(u) = 7(v). By Theorem 4.5(4), W, LoW,, is close to +1d. This
is enough to prove (1)—(3), see Lemmas 10.8 and 10.10 in [Sar13] for details.

Step 3 (Bowen, Sinai): A countable Markov partition. We refine 2 into a
partition without destroying the Markov property or the product structure.

The refinement procedure we use below is due to Bowen [Bow75], building on
earlier work of Sinai [Sin68a, Sin68b]. It was designed for finite Markov covers, but
works equally well for locally finite infinite covers. Local finiteness is essential: A
general non-locally finite cover may not have a countable refining partition as can
be seen in the example of the cover {(¢, 8) : o, 8 € Q} of R.

Enumerate & = {Z; : i € N}. For every Z;,Z; € & s.t. Z;NZ; # &, let

T;;-S = {iC € Z;: Wu(it, Zz) N Z]' 7é [ WS(LC, Z,L) n Z]' 7£ @},
Ty ={x e Zi: W', Z)NZ; #+ @, W*(x,Z;) N Z; = @},
T2 ={x e Z - W', Zi)NZj =@ , W(z,Z;) N Z; #+ 2},

Tg@ = {JI € Z;: Wu(.’L’, Zz) N Zj =9, Ws(x, Zz) N Zj = @}
This is a partition of Z;. Let 7 := {Tgﬂ ci,jeNae{u, o}, B € {&@}}. This is
a countable set, and T}° = Z; for all i, J D 2. Necessarily, .7 covers NUHf( 1)

THE MARKOV PARTITION: Z:= the collection of sets which can be put in the form
R(z):=({T'€ 7 :T > x} for some x € U, Zi.

Proposition 5.2. Z is a countable pairwise disjoint cover of NUHf(f). It refines
%, and every element of % contains only finitely many elements of Z.

Proof. See [Bow75] or [Sarl3, Prop. 11.2]. The local finiteness of £ is needed to
show that Z is countable: It implies that #{T' € .7 : T 3 2} < oo for all x. O

The following proposition says that & is a Markov partition in the sense of Sinai
[Sin68b]. First, some definitions. The u—fibre and s—fibre of x € R € Z are

W*(z,R) := ﬂ{W“(x, Z)nN Tgﬁ : Ti‘;’B € 7 contains R}
W (z,R) := ﬂ{WS(Jc, Z) N Tgﬂ : Ti‘;’g € 7 contains R}.

Proposition 5.3. The following properties hold:

(1) PRODUCT STRUCTURE: Suppose R € Z.
(a) If x € R, then the s and u fibres of x contain x, and are contained in R,
therefore R =J,cp W"(z,R) and R = J,c s W*(2, R).
(b) For all z,y € R, either the u—fibres of x,y in R are equal, or they are
disjoint. Similarly for s—fibres.
(¢) For all x,y € R, W¥(x, R) and W*(y, R) intersect at a unique point, de-
noted by [x,y] and called the Smale bracket of z,y.
(2) HYPERBOLICITY: For all z1,22 € W#(x, R), dista(f™(#1), [™(22)) — 0,

and for all z1,2z9 € W¥(x, R), dista(f~"(z1), f " (22)) —— 0. The rates are
n— oo

exponential.
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(3) MARKOV PROPERTY: Let Ry,R1 € #. If x € Ry and f(x) € Ry, then
fIW*(2, Ro)l € W*(f(x), R1) and f~H{W"(f(x), R1)] C W"(z, Ro).

Proof. This follows from the Markov properties of & as in [Bow75]. See [Sarl3,
Prop. 11.5-11.7] for a proof using the notation of this paper. O

Step 4: Symbolic coding for f : A — A [AWG67, Sin68b]. Let & denote the
partition we constructed in the previous section. Suppose R, S € Z. We say that
R connects to S, and write R — S, whenever 3z € R s.t. f(z) € S. Equivalently,
R— Siff RN f~4(9) # 2.

THE DYNAMICAL GRAPH OF %: This the directed graph 4 with set of vertices #

and set of edges {(R,S) € Z x #: R — S}.

FUNDAMENTAL OBSERVATION [AW67, Sin68b]: Suppose m < n are integers, and
R,, = -+ — R, is a finite path on ¢, then

Ry Ry] = f 4R N Y Rpy) N - -0 (R £ 2,

Proof. This can be seen by induction on n — m as follows: If n —m = 0 or 1
there is nothing to prove. Assume by induction that the statement holds for m —n,
then 3z € ¢[Ryn, ..., Ry] and Iy € R, s.t. f(y) € Rut1. Let z := [f"(x),y], then
f7™(2) € ¢[Rm,- .., Rni1] by the Markov property.

The brevity of the proof should not hide the amazing nature of the statement.
Here is a consequence: Given Ry € Z, if there is an x s.t. f'(x) € R; fori =
—n,...,0 and there is a y s.t. fi(y) € R; fori = 0,...,n, then there is a z s.t.
fi(z) € R; fori = —n,...,n. Thus given the “present” Ry, any concatenation of
a possible “past” R_,, — -+ — Ry with a possible “future” Ry — -+ — R, is
realized by some orbit. That such combinatorial independence of the near past from
the near future (given the present)® can be present in a deterministic dynamical
system is truly counterintuitive. It is a tool of immense power.

The sets ¢[Rum, - .., Ry] can be related to cylinders in X% (%) as follows. Define

~

for every path v, = -+ = v, on ¢4 (not ¢)
Zo(my o yvn) = {m(w) s u € S (D) us = v; (i =L,... .0 +n—m)}.

Lemma 5.4. For every infinite path --- Ry — Ry — --- on G there is a gpo
v € X(9) s.t. for everyn, R, C Z(vy) and _pn[R—pn,...,Rp] C Z_n(R_pn,..., Ry).

Proof. See [Sar13, Lemma 12.2]. O

Proposition 5.5. Fvery vertex ofg has finite outgoing and ingoing degrees.

Proof. Fix Ry € #. For every path R_y — Ry — Ry in fé\, find a path v_1 — vy —
vy in ¥ s.t. Z(v;) D R; for |i| < 1. Since & is locally finite, there are finitely many
possibilities for vg. Since every vertex of ¢ has finite degree, there are also only
finitely many possibilities for v_1,v;. Since every element in 2 contains at most
finitely many elements in %, there is a finite number of possibilities for R_1, Ry. O

5Notice the similarity to the Markov property from the theory of stochastic processes.
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Let $(¢4) := {doubly infinite paths on 4} = {R € %~ : Vi, R; — Ris1},
equipped with the metric d(R,S) := exp[—min{|i| : R; # S;}], and the action

of the left shift map o : (%) — %(9), o(R); = Ri1. Let
Z#(g) {R € X9 ) {R;}i<0,{Ri}i>0 contain constant subsequenees}

Since 7 : ¥(¥) — A is Holder continuous, there are constants C > 0,60 € (0, 1)
s.t. for every finite path v_,, — -+ = v, on ¢, diam(Z_,,(v_n, ..., v,)) < CO™. By
Lemma 5.4, diam(_,[R_, ..., R,]) < CO™ for every finite path R_, — --- = R,

on . This allows us to make the following definition:

SYMBOLIC DYNAMICS FOR f: Let 7 : E(Q) — A be defined by

7(R) := The unique point in m —n[Ren, ..., Ry
n=0
Theorem 5.6. The following holds for all £ small enough in the definition of gpos:
(1) Too = - fo .
(2) m:X(¥9 ) — A is Hélder continuous.
(3) %[E#(%)] has full py-measure.
(4) Every x € W[E#(g)] has finitely many pre-images in %7 (4 ) If w is ergodic,
this number is equal a.e. to a constant.
(5) Moreover, there exists N : # x # — N s.t. if © = 7T(R) where R; = R for
infinitely many i < 0 and R; = S for infinitely many ¢ > 0, then #{S €
S#(F) : n(8) =} < N(R, S).

Proof. If R € (%), then #(c(R)) = f(R(R)):

{%(G(E))} = ﬂ —n[R—n-‘rl; ceey Rn-i—l] ) m —(n+2) [R—n—la ceey Rn—i—l]
n>0 n>0

LN FCriBontre s Buit]) 2 () F(CoalBon s Bura])

n>0 n>0

LN oo R | = G

n>0

!
The equalities < are because f is invertible. To justify D, it is enough to show that
f is continuous on an open neighborhood of C':= _,,_1[R_p_1,..., Ryt1]. Fix some
vo = UhOP st. Z(vg) D Ro, then C C Ry C Z(vg) C Wy [(—Qc(20), Qe (0))?] C
A\ &. So f is continuous on C.

(2) is because of the inequality diam(_,[R—p, ..., Ry]) < CH™ mentioned above.

(3) is because for every = € NUH?( f), © = T(R) where R; := unique element

of # which contains f(z). Clearly R € E(ﬁ!ﬁ) To see that R € E#(g), we use
Proposition 4.4 to construct a regular gpo v € £#(¥%) s.t. = m(v). Necessarily,
R; C Z(v;). Every Z(v) contains at most finitely many elements of % (Proposition
5.2). Therefore, the regularity of v implies the regularity of R.

~

(4) follows from (5) and the f-invariance of z +— #{R € ©#(¥) : 7#(R) = z}.
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(5) is proved using Bowen’s method [Bow78, pp. 13-14], see also [PP90, p. 229].
The proof is the same as in [Sarl3], but since the presentation there has an error,
we decided to include the complete details in the appendix. O

~

Step 5: Symbolic dynamics for ¢ : M — M. Let 7 : £(¥) — A denote the
symbolic coding of f: A — A given by Theorem 5.6.

Recall that R : A — (0,00) denotes the roof function of A. By the choice of
A, R is bounded away from zero and infinity, and there is a global constant € s.t.
supgeps |[dR:|| < €, see Lemma 2.5. Let

r:%(9) = (0,00), r:= Ro7.

This function is also bounded away from zero and infinity, and since 7 : 3(¢) — A
is Holder and Pesin charts are connected subsets of A\ &, r is Holder continuous.

Let o, : ir — f]r denote the topological Markov flow with roof function r and
base map o : Z(gﬁ ) — Z(g?\ ) (see page 2 for definition). Recall that the regular part
of 8, is S# = {(x,1) : z € S#(F), 0 < t < r(z)}. This is a flow invariant set,
which contains all the periodic orbits of ¢,.. By Poincaré’s recurrence theorem, if
has full measure with respect to every flow invariant probability measure. Let

TS = M, Tz, t) = o' [R(2)].

The following claims follow directly from Theorem 5.6:

(1) ool =t o, for all t € R.

(2) #,[S#] has full measure with respect to .

(3) Every p € 7, [if] has finitely many pre-images in f]fﬁ . In case pu is ergodic,
p— #(@1(p) N S#) is p-invariant, whence constant almost everywhere.

(4) Moreover, there exists N : Z x #Z — N s.t. if p = 7,.(z,t) where x; = R for
infinitely many ¢ < 0 and z; = S for infinitely many ¢ > 0, then #{(y,s) €
SE Ay, s) =p} < N(R, S).

This proves all parts of Theorem 1.3, except for the Holder continuity of 7.

Step 6: Holder continuity of 7,.. Every topological Markov flow is continuous
with respect to a natural metric, introduced by Bowen and Walters. We will show
that 7, : i,. — M is Holder continuous with respect to this metric.

First we recall the definition of the Bowen-Walters metric. Let o, : X, — X,
denote a general topological Markov flow (cf. page 2).

Suppose first that » = 1 (constant suspension). Let ¢ : ¥; — 37 be the suspen-
sion flow, and make the following definitions [BW72]:

o Horizontal segments: Ordered pairs [z,w], € ¥1 x X1 where z = (z,t) and
w = (y,t) have the same height 0 < ¢ < 1. The length of a horizontal segment
[z, w]p, is defined to be £([z,w]p) := (1 —t)d(z,y) +td(o(z),o(y)), where d is the
metric on X given by d(z,y) := exp[— min{|n| : 2, # yn}].

o Vertical segments: Ordered pairs [z,w], € X1 x ¥ where w = ¢!(z) for some ¢.
The length of a vertical segment [z, w], is £([z,w],) := min{|t| > 0: w = !(2)}.

. to t1 tn—2 tn—1

o Basic paths from z to w: v := (20 =2 = 21 — ++ — Zp_1 — Zp = W)

with t; € {h,v} such that [z;_1, 2;]¢,_, is a horizontal segment when ¢;_1 = h ,

and a vertical segment when ¢;_1 = v. Define £(y) := Z;:Ol ([ziy zig1]t,)-
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o Bowen-Walters Metric on X1 : dy(z,w) := inf{f()} where v ranges over all basic
paths from z to w.
Next we consider the general case r # 1. The idea is to use a canonical bijection
from 3, to X1, and declare that it is an isometry.

BOWEN-WALTERS METRIC ON %, [BW72]: d.(z,w) := dy(9.(2),9.(w)), where
9y 1 Xy — Xy is the map 9, (z, t) := (z,t/r(x)).
Lemma 5.7. Assume r is bounded away from zero and infinity, and Hoélder con-
tinuous. Then d, is a metric, and there are constants C1,C5,C3 > 0, 0 < k < 1
which only depend on r such that for all z = (z,t),w = (y,s) in X,:
(1) d, (z, w) < Child(z, y)" + [t — s]].
(2) Conversely:
(a) If |% ! < 1, then d(z,y) r(z,w) and |s —t| < Cady(z,w)".
(b) Ifﬁ—ﬂy)i 5, thend(o(z),y) r(z,w) and [t—r(z)], s < Cad,(z,w).
(3) For all |7| < 1, d.(07(2), 0% (w)) < Cady(z,w)".

rYr

See the appendix for a proof.
Lemma 5.8. 7, : fl,« — M is Holder with respect to the Bowen-Walters metric.
Proof. Fix (z,t), (y,5) € Sy If |15 — +55] < 1/2, then

distas (7, (z, ), T (y, 5)) = distar (0" (T(2)), * (T (y)))
< distar (9 (T(2)), (T (2))) + distar (9*(F(2)), * (7 (y)))
< mac || X || - [¢ = 5| + Lin(io") HOl(R)d(z, y)°

where X, is the flow vector field of ¢, and ¢ is the Holder exponent of 7 : E(?) — A

The first summand is bounded by constd,(z,w)", by Lemma 5.7(2)(a). The
second summand is bounded by const d,.(z,w)’, because ¢ is a flow of a Lipschitz
(even C'*P) vector field, therefore there are global constants a,b s.t. Lip(¢®) <
be?lsl [AMRSS, Lemma 4.1.8], therefore Lip(¢®) < b5"P % = O(1). Tt follows that
distas (7 (2, 1), 7 (y, )) < const d,((z, 1), (y, s))min{rd},

Now assume that T(m) — > 1. Since ¢"®(7(z)) = (0 (z)), we have

distar (7 (2, 1), Fr(y, 5)) = distar (¢ (7(2)), 9" (7(y)))
< distar (¢ (7 (2)), " @ (7 (2))) + distar (7 (o (2)), 7 (y)) + distar (T(y), ©* (7(y)))
(0(x),y)° < constdy((z,1), (y,9))’,

< max || X, || - (|t = r(2)| + [s]) + Hol(T)d
peEM

g

By part (2)(b) of Lemma 5.7.
In both cases we find that dista (7, (z,t), 7 (y,s)) < constd,((z,1),(y,s))”,
where 7 := min{x, ¢}. O

Part 3. Applications

6. MEASURES OF MAXIMAL ENTROPY

We use the symbolic coding of Theorem 1.3 to show that a geodesic flow on a
compact smooth surface with positive topological entropy can have at most count-
ably many ergodic measures of maximal entropy. This application requires dealing
with non-ergodic measures.
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Lemma 6.1. Let ¢ be a continuous flow on a compact metric space X. If ¢ has
uncountably many ergodic measures of mazximal entropy, then ¢ has at least one
measure of maximal entropy with non-atomic ergodic decomposition.

Proof. Let M,(X) denote the space of ¢-invariant probability measures, together
with the weak star topology. This is a compact metrizable space [Wal82, Thm 6.4].
The following claims are standard, but we could not find them in the literature:

Cram 1. Suppose E C X is Borel measurable, then pv— pu(E) is Borel measurable.

Proof. Let # = {E C X : Eis Borel, and u — p(E) is Borel measurable}.
Let </ denote the collection of Borel sets E for which there are f, € C(X) s.t.
0<fn<1and f,(2) — 1g(z) everywhere.

o &/ is an algebra, because if 0 < f,,,9, < 1and f, = 14,9, — 1p, then f,g, —
Lang, (1 = fn) = 1x\a, and (fn + gn — fagn) A1 — 1aus.

o & generates the Borel o—algebra %(X), because it contains every open ball
B,.(z): take f,(z) := ¢pld(z, x0)] where ¢, € C(R), Lior—17) S on < 1po,p).

oM DO o if A € o, then by the dominated convergence theorem u(A) =
nan;offndp for the f, € C(X) s.t. 0 < f,, <1and f, — 1a. Since p— [ frdp
is continuous, p +— u(A) is Borel measurable.

o . is closed under increasing unions and decreasing intersections.

By the monotone class theorem [Sri98, Prop. 3.1.14], .# contains the o—algebra
generated by &7, whence .# = %(X). The claim follows.

CLamM 2. E (X) :={p € M,(X) : p is ergodic} is a Borel subset of M,(X).
Proof. Fix a countable dense collection {f,}n>1 C C(X), 0 < f, < 1, then p
is ergodic iff limsup,_, . [ |+ fok fno@tdt — [ fpduldp = 0 for every n. This is a
countable collection of Borel conditions.

CLAIM 3. The entropy map pu+— h,(p) is Borel measurable.

Proof. Let T := ¢! (the time-one map of the flow ¢), then h,(¢) = h,(T). Thus
hu(p) = h,(T) = li_>m hu(T, o) for any sequence of finite Borel partitions o, s.t.
n o

max{diam(A) : A € a,} —— 0 [Wal82, Thm 8.3]. The claim follows, since it
n—oo
easily follows from claim 1 that g — h, (T, ) is Borel measurable.

Let Epmax(X) denote the set of ergodic measures with maximal entropy. By
claims 2 and 3, this is a Borel subset of M, (X). By the assumptions of the lemma,
Epax(X) is uncountable. Every uncountable Borel subset of a compact metric
space carries a non-atomic Borel probability measure, because it contains a subset
homeomorphic to the Cantor set [Sri98, Thm 3.2.7]. Let v be a non-atomic Borel
probability measure s.t. v[Em.x(X)] = 1, and let m := fme(X) pdy(p). This is
a p—invariant measure with non-atomic ergodic decomposition. Since the entropy
map is affine [Wal82, Thm 8.4], m has maximal entropy. O

Theorem 6.2. Suppose ¢ is a C'T# flow with positive speed and positive topological
entropy on a C'*° compact three dimensional manifold, then ¢ has at most countably
many ergodic measures of mazimal entropy.

Proof. Let h := topological entropy of ¢, and assume by way of contradiction that
© has uncountably many ergodic measures of maximal entropy. By Lemma 6.1, ¢
has a measure of maximal entropy p with a non-atomic ergodic decomposition.
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By the variational principle [Wal82, Thm 8.3], h,(¢) = h. By the affinity of
the entropy map [Wal82, Thm 8.4], almost every ergodic component p, of y has
entropy h. Fix some 0 < xo < h. By Ruelle’s entropy inequality [Rue78], a.e.
ergodic component pu,, is xo—hyperbolic. Consequently, 1 is xo—hyperbolic.

This places us in the setup considered in part 2, and allows us to apply Theorem
1.3 to u. We obtain a coding 7, : &, — M s.t. u[n(S#)] =1 and 7, : ©#F — M is
finite-to-one (though not necessarily bounded-to-one).

LIFTING PROCEDURE: Define a measure [i on X, by setting for E C X, Borel

S 1 i
ite) = [ . (ml e RS t))dmp), (6.1)

~(z,t)=p
then [i is a o, —invariant measure, o, ' = u, and hz(o,) = h,(p).

Proof. We start by clearing away all the measurability concerns. Let X := 3, and
Y := M WX (disjoint union). Define f : ¥, — Y by f lg#=m and f FET\E#: id,
then f : X — Y is a countable-to-one Borel map between polish spaces. Such maps
send Borel sets to Borel sets [Sri98, Thm 4.12.4], so 7.(3#) = f(X7) is Borel.

Next we show that the integrand in (6.1) is Borel. Let B := {(z, f(z)) : f(x) €
M?}. This is a Borel subset of X x Y, because the graph of a Borel function is Borel
[Sri98, Thm 4.5.2]. For every y € Y, B, := {z € X : (x,y) € B} is countable,
because either y € M and B, := 7, '(y) N SF, or y ¢ M and then B, = @. By
Lusin’s theorem [Sri98, Thm 5.8.11], there are countably many partially defined
Borel functions ¢, : M,, = X st. B = Ur—{(¢n(y),y) : y € M,}. Write B =
Wos i {(en(v),y) sy € M}, M} = {y € My, : k < n,y € My = on(y) # ¢r(y)}
Then for every y € M,

(W) ={en(y) :n =1,y e My}, and m # n = o (y) # on(y)-

Thus, the integrand in (6.1) equals >~ | 1ar2 (p)1E(n(p))/ Yoney 1ar (p), a Borel
measurable function.

Now that we know that (6.1) makes sense it is a trivial matter to see that it
defines a measure . This measure is o,.—invariant because of the flow invariance
of p and the commutation relation m,. o 0, = ¢ o m,.. It has the same entropy as p,
because finite-to-one factor maps preserve entropy [AR62].

PROJECTION PROCEDURE: Every o.—invariant probability measure m on 3, projects
to a p—invariant probability measure m := m o w1 on M with the same entropy.

Proof. By Poincaré’s recurrence theorem every o,—invariant probability measure is
carried by X#, therefore 7, : (X,,m) — (M, m) is a finite-to-one factor map. Such
maps preserve entropy.

Combining the lifting procedure and the projection procedure we see that the
supremum of the entropies of p—invariant measures on M equals the supremum of
the entropies of o,—invariant measures on ¥, and therefore i given by (6.1) is a
measure of maximal entropy for o,..

CLAIM. 0, has at most countably many ergodic measures of mazximal entropy.

Proof. We recall the well-known relation between measures of maximal entropy for
o, and equilibrium measures for the shift map o : ¥ — ¥ [BR75]: S := 3 x {0} is
a Poincaré section for o, : 3, — X, therefore every measure of maximal entropy

fi for o, can be put in the form g = [y OT@) S(o,tdt diis(z)/ [, rdfis where [is
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is a shift-invariant measure on Y. The denominator is well-defined, because r is
bounded away from zero and infinity. If 71 is ergodic, fix is ergodic.

By Abramov’s formula, h;(0,) = hp, (0)/ [5, rdfis. Similar formulas hold for all
other o,—invariant probability measures m and the measures my they induce on
3. Since /i is a measure of maximal entropy, huy, (0)/ [ rdms = hy,(0,) < h (the
maximal possible entropy) for all c—invariant measures my. This is equivalent to
saying that hpy (o) + [y(—hr)dms <0, with equality iff A, (0,.) = h.

Thus, if g is a measure of maximal entropy for o, then fix is an equilibrium
measure for —hr, where h is the value of the maximal entropy. Also P(—hr) :=
sup{h, (o) — h [, rdv} = 0, where the supremum ranges over all o-invariant prob-
ability measures v on X.

Recall that r : ¥ — R is Holder continuous. By [BS03], a Holder continuous
potential on a topologically transitive countable Markov shift has at most one
equilibrium measure. If the condition of topological transitivity is dropped, then
there are at most countably many such measures (see the proof of Thm 5.3 in
[Sar13]). It follows that there are at most countably many possibilities for fix;, and
therefore at most countably many possibilities for f.

We can now obtain the contradiction which proves the theorem. Consider the
ergodic decomposition of i given by (6.1). Almost every ergodic component is
a measure of maximal entropy (because the entropy function is affine). By the
claim there are at most countably many different such measures. Therefore the
ergodic decomposition of [ is atomic: 1 = > p;1; with f1; ergodic and p; € (0,1)
s.t. Y. p; = 1. Projecting to M, and noting that factors of ergodic measures are
ergodic, we find that u = Y p;u; where p; := fi; o m- ! are ergodic. This is an
atomic ergodic decomposition for u. But the ergodic decomposition is unique, and
we assumed that p has a non-atomic ergodic decomposition. (I

7. MIXING FOR EQUILIBRIUM MEASURES ON TOPOLOGICAL MARKOV FLOWS

Let o, : 3, — X, be a topological Markov flow, together with the Bowen-Walters
metric (see Lemma 5.7). Let @ : ¥, — R be bounded and continuous.

THE TOPOLOGICAL PRESSURE OF ®: P(®) := sup{h,(o,) + [ ®du}, where the
supremum ranges over all o,—invariant probability measures p on .

AN EQUILIBRIUM MEASURE FOR ®: A g,—invariant probability measure p on X,
s.t. hy(oy) + [ @dp = P(®).

Theorem 7.1. Suppose u is an equilibrium measure of a bounded Holder contin-

wous potential for a topological Markov flow o, : ¥, — X,.. If o, is topologically

transitive, then the following are equivalent:

(1) if e" = h/hoo for some Hélder continuous h : ¥ — S' and @ € R, then 6§ =0
and h = const,

(2) o, is weak mizing,

(3) o, is mizing.

(3) = (2) = (1) are because if €!" = h/h o o, then F(z,t) = e~®*h(z) is an
eigenfunction of the flow. (1) = (2) = (3) are known in the special case when ¥
is a subshift of finite type: Parry and Pollicott proved (1)=-(2) [PP90], and Ratner
proved (2)=-(3)=Bernoulli [Rat74],[Rat78]. Dolgopyat showed us a different proof
of (2)=-(3) (private communication).
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These proofs can be pushed through to the countable alphabet case with some
effort, using the thermodynamic formalism for countable Markov shifts [BS03]. The
details can be found in [LLS14].

The following theorem is a symbolic analogue of Plante’s necessary and sufficient
condition for a transitive Anosov flow to be a constant suspension of an Anosov
diffeomorphism [Pla72], see also [Bow73]:

Theorem 7.2. Let o, : ¥, — X, be a topologically transitive topological Markov
flow. FEither every equilibrium measure of a bounded Hdélder continuous potential
is mixing, or there is X! C X, of full measure s.t. o, : X! — X! is topologically
conjugate to a topological Markov flow with constant roof function.

Proof. If 3 is a finite set, then X, equals a single closed orbit, and the claim is
trivial. From now on assume that ¥ is infinite.

Assume o, is not mixing, then exp[ifir] = h/h oo with h : ¥ — S Holder
continuous and 6 # 0. Write § = 27/c and put h in the form h = exp[ifU], where
U : ¥ — R is Holder continuous. Necessarily » +U oo — U € cZ.

We are free to change U on every partition set by a constant in ¢Z to make sure
U is bounded and positive. Fix N > 2||U|| oo/ inf (7).

CONSTRUCTION: There is a cylinder A =_, [Y—m,- -, Yn] such that
(i) m,n >0 and Yy_pm = Yn,

(ii) na(-) > N on A, where na(z) :=inf{n >1:0"(z) € A},

(iii) z,2' € A= |U(z) —U(z')] < Ninf(r).

To find A, take y € ¥ with dense orbit. Since ¥ is infinite, o*(y) are distinct.
Therefore, y has a cylindrical neighborhood C s.t. o*(C)NC =@ fork=1,..., N.
Choose m,n > 0 so large that _,,[y_m, ..., y.] C C, and |U(z) — U(z')| < N inf(r)
for all z,2’ € C. Since y has a dense orbit, every symbol appears in y infinitely
often in the past and in the future, therefore we can choose m, n so that y_,, = yn.
The cylinder A = _,,[y—m, ..., Y] satisfies (i), (ii) and (iii), because A C C.

Since p is ergodic and globally supported, the following set has full y—measure:
¥ :={z €3, :0l(z) € Ax {0} infinitely often in the past and in the future}.
STEP 1: o, : X, — X! is topologically conjugate to a topological Markov flow
O Xye — 2%, whose roof function r* takes values in cZ.

Proof. A x {0} is a Poincaré section for o, : ¥ — X!. The roof function is
ra=r+rooc+---+roo"~l By (ii), inf(ra) > Ninf(r), so 0 < U < inf(r4).

Let S := {J,{](g) (z,0) : (z,0) € X/.}. This is a Poincaré section for o, : ¥/ — X/

and its roof function is 7% = rg + U o 0™4 — U (this is always positive because
U < inf(ra)). All the values of r% belong to cZ, as can be seen from the identity
= Zial(r—l—Uoo—U)oak.

We claim that the section map of S is topologically conjugate to a topological
Markov shift. Let V' denote the collection of sets of the form

(B) := {0V @ (2,0): z € _,,[A, B, A]},

where A = (Yy_m,-..,Yn) is the word defining A, and B is any other word s.t.
_m|A, B, A] # @ for which the only appearances of A in (A4, B, A) are at the
beginning and the end.
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It is easy to see that JU(£)( 0) e Siffz = (...,A,B', A, B* A,...) with
(B") € V, and that any sequence {(7i>}iez € V% appears this way. Let 7 : S — V%
be the map 7(z) = {(B")};ez. Since A appears in (A4, B', A) only at the beginning
and the end, 7o a:j‘ = o o7, with ¢ = the left shift on VZ. So the section map of
S is topologically conjugate to the shift on VZ. Let ¥* := VZ.

The roof function w.r.t. this new coding is r* := r% o7~ !. Routine calculations
show that the Holder continuity of r implies the Hélder continuity of r*. So o« :
Y5 — ¥k is a TMF, and o, : ¥/ — X is topologically conjugate to o;«.

STEP 2: o= : X5 — Xk is topologically conjugate to a topological Markov flow
. S — S5 where T takes values in ¢Z, and 7(z) = (o).

Proof. Since r* is Holder continuous and takes values in ¢Z, there must be some
ng > 0 s.t. 7* is constant on every cylinder of the form _, [a_ng, -, @n,]-

Take 7(z,t) := ({z'}icz,t), where 2% := (x_po4iy--,Tng+i). The reader can
check that the collection of {z'};cz thus obtained is a topological Markov shift f],
and that 7({z'};cz) only depends on the first symbol z°.

STEP 3: o7 : i; — i; is topologically conjugate to a topological Markov flow
07 1 U5 — X7 where T is constant equal to c.

Proof. The set {(z,ke) : z € £,k € Z, 0 < ke < value of 7 on g[zo]} is a Poincaré
section for the suspension flow with constant roof function (equal to ¢). The section
map is conjugate to a topological Markov shift & which we now descrlbe

Let 4 = ¢(V, E) denote the graph of ¥. Then & = Z(%), where & has set of

vertices V := ={(}) :ve V,0 < ke < value of 7 on o[v]} and edges (1) — (k+1)
kil) €V, and () = (3) when (kil) ¢ V and u — v is in E. The
conjugacy 7 : Ny — Sp is w(z,t) = (clt/<l(y),t — |t/c]c), where y is given by
(ot (), () o) () ()ee s (raoa)ic-) with () at the seroth
coordinate. 0

when (

8. COUNTING SIMPLE CLOSED ORBITS

Let w(T) := #{[v] : £|y] < T, simple closed geodesic}. In this section we prove
the following generalization of Theorem 1.1:

Theorem 8.1. Suppose ¢ is a C*8 flow with positive speed and positive topological
entropy h on a C* compact three dimensional manifold M. If ¢ has a measure of
mazimal entropy, then w(T) > C(e"T /T for all T large enough and C > 0.

This implies Theorem 1.1, because every C* flow admits a measure of maximal
entropy. Indeed, by a theorem of Newhouse [New89], ! : M — M admits a

measure of maximal entropy m, and p := fol m o p'dt has maximal entropy for ¢.

Discussion. The theorem strengthens Katok’s bound lim inf7_, o % logm(T) > h,
see [Kat80, Kat82] for general flows, and it improves Macarini and Schlenk’s bound
liminfr_, o % log7(T) > 0 for the class of Reeb flows in [MS11].

If one assumes more on the flow, then much better bounds for 7(T") are known:

(1) Geodesic flows on closed hyperbolic surfaces: m(T) ~ €'/t [Hub59].
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(2) Topologically weak mizing Anosov flows (e.g. geodesic flows on compact sur-
faces with negative curvature): 7(T) ~ Ce"T /T [Mar69]. C = 1/h (C. Toll,
unpublished). See [PS98] for estimates of the error term. The earliest estimates
for m(T) in variable curvature are due to Sinai [Sin66].

(3) Topologically weak miring Aziom A flows: 7(T) ~ "™ /hT [PP83]. See [PS01]
for an estimate of the error term.

(4) Geodesic flows on compact rank one manifolds: Cy(e"T )T) < mo(T) < Co(e"T/T)
for some C7,Cy > 0, where m(T) counts the homotopy classes of simple closed
geodesics with length less than 7' [Kni97, Kni02].

(5) Geodesic flows for certain non-round spheres: For certain metrics constructed
by [Don88, BG89], 7n(T) ~ " /hT [Wea).

We cannot give upper bounds for 7(7") as in (1)—(5), because in the general
setup we consider there can be compact invariant sets with lots of closed geodesics
but zero topological entropy (e.g. embedded flat cylinders). Such sets have zero
measure for any ergodic measure with positive entropy, and they lie outside the
“sets of full measure” that we can control using the methods of this paper. Adding
to our pessimism is the existence of C" (1 < r < o0) surface diffeomorphisms
with super-exponential growth of periodic points [Kal00]. The suspension of these
examples gives C" flows with super-exponential growth of closed orbits. To the
best of our knowledge, the problem of doing this in C*° is still open.

Preparations for the proof of Theorem 8.1. Fix an ergodic measure of max-
imal entropy for ¢, and apply Theorem 1.2 with this measure. The result is a
topological Markov flow o, : ¥, — 3, together with a Holder continuous map
7 B — M, satisfying (1)—(6) in Theorem 1.2.

We saw in the proof of Theorem 6.2 (see page 33) that if ¢ has a measure
of maximal entropy, then o, has a measure of maximal entropy. By the ergodic
decomposition, o, has an ergodic measure of maximal entropy. Fix such a measure
p, and write p = [ fr(z) S(up) dtdv(z)/ [y rdv. The induced measure v is an
ergodic shift invariant measure on . When we proved Theorem 6.2, we saw that
v is an equilibrium measure of ¢ = —hr.

Like all ergodic shift invariant measures, v is supported on a topologically tran-
sitive topological Markov shift 3’ C ¥ [ADU93]. There is no loss of generality in
assuming that o : ¥ — X is topologically transitive (otherwise work with X').

Proof of Theorem 8.1 when p is mixing. Fix 0 < e < 10~ inf(r). Since r is
Hélder, there are H >0 and 0 < a < 1s.t. [r(z) —r(y)| < Hd(z,y)*. Recall that

d(z,y) = exp[—min{|n| : x, # yn}]. For every £ > 1, if x"OM = y’_”;:ge then
£—1 (motimo+0—i} 2He—ano
—amin{n 1, 3
Ire(z) — rely |<ZHd ()" <HZ i) < S
Choose ng s.t. sup{|r¢(z) —re(y)| : x fonté = y"‘;;(t[, ¢>1} < e. Fix some cylinder

A= _placng, .- an,) st v(A) #0, and let Y(T) :=,~, T(T,n), where
Y(T,n):={(y,n):y € A,0"(y) =y, |rn(y) = T| < 2¢}

Given (y,n) € T(T,n), let vy : [0,70(y)] = M, vyn(t) = 7r[07(y,0)]. This is
a closed orbit with length £(v,n) = 7n(y) € [T — 2¢,T + 2¢]. But 7y, (t) is not
necessarily simple, because 7 is not injective.
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Let ’7;,n = Yy f[o,e(yy,n)/zv], N = N(Qv n) = #{0 <t < E(Vg,n) : VQ,n(t) =
Yyn(0)}. This is a simple closed orbit. N = 1 iff ,,, is simple, and N <
¢(Yy.n)/ inf(r), because an orbit with length less than inf(r) cannot be closed.

We obtain a map © : Y(T') — {[7]: 7 is a simple closed s.t. £(y) < T + 2¢}

O s (y.n) > [
O is not one-to-one, but we there is a uniform bound on its non-injectivity:

#07 ([v.n])
1< 22 ey

n
Here is the proof. Suppose (y,n),(z,m) € Y(T) and [v, ,,] = [72,,]), then:

o N(y,n) = N(z,m): [A:,F(js), ]31(225)] and [J\P;F(;ii), AP;F(“;%Z)] both contain £ = £(7; ,,)

=L(v,,)- But N(y,n), N(z,m) < ﬁﬁj, and [%, %] are pairwise disjoint
T+2¢

for j =1,.... [{75], because & < 5 inf(r).

[’ng} = [75,7”]7 because [Vi,n] = hé,m] and N(ﬂ? TL) = N(§7 m)

o n =m, because n, m are the number of times v, 5, 7z,m enter Ay := 7,.(2 x {0}),
and equivalent closed orbits enter Ay the same number of times.

m(2,0) = (0" (y),0) for some k =0,...,n — 1, because m,(2,0) € v,., N Ag.

< Co. (81)

O

[¢]

°© Y,z € »#, and y; = ap for infinitely many i < 0 and infinitely many i > 0.

By Theorem 1.2(5) there is a constant c¢g := N(ag, ag) s.t. if z; = ag for infinitely
many i > 0 and infinitely many i < 0, then #{z € ¥# : 7(2) = 7(2)} < ¢o. So
#07([5.0)) < #ZF N U 7 Hm (0 (1), 0] < con. Also #0771 ([35,]) > n,
because [’yf,k(y)"n] = [f@n] for k=0,...,n — 1. This proves (8.1).

By (8.1) and the fact shown above that [y; ] = [1Z,,] = m =n,
#{[7] : v simple closed orbit s.t. {(y) < T + 2} >

> #H{[pnl s (yn) € YD) =Y #{y.] ¢ (y,n) € T(T,n)}

(oo}

= Z w , where A4,, < B,, means 3C, Ny s.t. ¥Yn > Ny, C~* < % <’
n=1 n
= (1
= g Z 1A(y)1[725 2¢] (rn (y) - T)
n=1 g"(g):g
ehT 2
= T lA(y)l[—Qe 2¢] (Tn(y) - T)eihrn(g)
n=lom(y)=y
ehT = —hry(y)
= TS(T)7 where S(T) := Z Z LA [—2c 2 (rn(y) = T)e "™,

n=1 on (g) :g

To prove the theorem, it is enough to show that liminf S(T") > 0.

Recall that v is an equilibrium measure of ¢ = —hr and P(—hr) = 0 (see the
claim on page 33). The structure of such measures was found in [BS03]. We will
not repeat the characterization here, but we will simply note that it implies the
following uniform estimate [BS03, page 1387]: There exists G(a) > 1 s.t. for every
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cylinder of the form o[b] = ¢[&o,-..,&] with &, = a, C(a)™t < % <

C(a) for all y € o[b]. It follows that there is a constant G = G(A) s.

Gl < exp[—hr(y)] <G
V(—no[a—noa s @—13Y05 - - - 5 Yn—15 00, - - - 7ano])
for every y € _nola—ngy---,0-1390, .-, Yn—1; 0G0, . . ., Gn,]. Let
Ur:= U 7n0[a7nov~'~aa71§y07'"7yn*1;a’07""a”0]7
(y,m)EYX(T)
then S(T) < v[Ur] = (7! [rdv)u(Ur x [0,¢]).
We claim that
Ur x [0,e] D (Ax [0,e])na T (Ax[0,¢]). (8.2)

Once this shown, we can use the mixing of p to get liminf pu(Ur x [0, €]) > 0, whence
liminf S(T") > 0.

Suppose (z,t),0L (z,t) € A x [0,¢], and write ol (z,t) = (6™ (x),t + T — r,(z)).
Since z € AN o~"(A), there exists y € A s.t. 0™(y) = y and y "0 = 2" " By

the choice of ng, |r,(z) —rn(y)| <e. Since t,t +T —r,(z) € [0,¢], |rn(z) = T| <,
whence |r,(y) — T| < 2. So (z,t) € Ur x [0,e]. This proves (8.2).

Proof of Theorem 8.1 when p is not mixing. In this case, Theorem 7.1 gives
us a set of full measure ¥/ C %, s.t. o, : ¥, — X! is topologically conjugate
to a constant suspension over a topologically transitive topological Markov shift
0t B X [0,¢) = ¥ x [0,¢). Let ¥ : ¥ x [0,¢) — X! denote the topological conjugacy,
and let p: 2 x [0,¢) = M be the map p := m o ¥.

The map p has the same finiteness-to-one properties of 7., because looking care-
fully at the proof of Theorem 7.1, we can see that if x € 3 contains some symbol
v infinitely many times in its future (resp. past), then ¥(z,t) = (y,s) where y
contains some symbol a = a(v) infinitely many times in its future (resp. past). a

Since o, : £, — ¥/ has a measure of maximal entropy, o, : % X [0 c) = £ x[0,¢)
has a measure of maximal entropy. By Abramov’s formula, o : % — ¥ has a
measure of maximal entropy, and the value of this entropy is hc.

Gurevich characterized the countable state topological Markov shifts which pos-
sess measures of maximal entropy [Gur69, Gur70]. His work shows that there are
peN, C >0, and a vertex v s.t. #{z € ¥ : xg = v, 0™ (z) = z} =< e"Phe,

Such z determines a simple closed orbit 73 .., : [0, N&’jﬁp)] — M, wherev; ,,,(t) =
B34z, 0)], Nz, np) := #{0 < t < npe : Fl3(z,0)] = pl(z, 0)]}. We get a map

O :{(z,n) w0 =v,0"(z) =z} — {[7] : v simple, £(y) < npc}, O(z,n) = [z p)-

. 0~ ([vs
O is not one-to-one, but one can show as before that 1 < w < C’( ) where

C0) = N(afw),a(v). Thus #{1 ) 1 € Srvo = 0,0™() = g} = ©22. Since
0(v3 np) < mpe, #{[7] : €(y) < T, is simple} > const(e"™ /T,,) for Tn =npe. Tt
follows that #{[v] : £(v) < T,~ is simple} > const(e"? /T for large T. O
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APPENDIX A: STANDARD PROOFS
Proof of Lemma 2.1. M is compact and smooth, so there is a constant ri,; > 0
s.t. for every p € M, exp,, : {# € T,M : ||¥]|, < rinj} — M is v/2-bi-Lipschitz onto

its image (see e.g. [Spi79], chapter 9). Fix 0 < 7 < 7iyj, and complete 7, := ”f(pu
P

to an orthonormal basis {7, i, Uy} of T,M. Then

Jp(z,y) = exp, (2, + yv,)
is a C°° diffeomorphism from U, := {(z,y) € R? : 2% + 32 < r} onto S,(p) for all
0 < 7 < 7inj, proving that S = S,.(p) is a C*° embedded disc.

We claim that distar(-,-) < distg(-,+) < 2distp(-,-). The first inequality is
obvious. For the second, suppose z1, 22 € S. There are ¢7,72 L X, s.t. ||Ti]l, <7
and z; = exp,,(7;). Let v(t) := exp,[tvo+(1—1t)v1], t € [0,1]. Clearly, v C S, whence
dists (21, 22) < length(y). Since exp,, has bi-Lipschitz constant V2, distg(z1, 22) <
V2t = ol < (V2)? distas (21, 22).

We bound «£(X,,T,S) for g € S. If @, ¥, € R3\ {0}, then |£ (&, span{¥,w})| >
| sin £(@, span{@, @})| > ]m

parallelepiped with sides @, ¥, @. So for every ¢ € S,.(p),
<XJP(£)7 (djp)£%7 (de)£%>

1X 7@ 1y (@) - 1@ )z a1, @) - 1(dTp)z ] ) |

, where (4,7, ) is the signed volume of the

Jp(z)

|K(Xq=TqS)| > Ap, ) :=

where z = z(g) is characterized by ¢ = J,(z). By definition A(p,0) = 1, so there

is an open neighborhood V,, of p and a positive number 4, s.t. A(g,z) > % on

W, :=V, x Bs,(0).

Working in M xR3, we cover K := M x {0} by a finite collection {W,,,,..., Wy},
and let 7, be a Lebesgue number. Then A(p,z) > % for every p € M and
2] < 7iep. The lemma follows with v, := 2 min{1, inj, T1ep }- O

Uniform Inverse Function Theorem. Let F': U — V be a differentiable map
between two open subsets of R s.t. det(dFy) # 0 for all z € U. Suppose there
are K,H,$ s.t. ||dFy|, |(dFy) ™| < K and ||dF,, — dFy,|| < Hl|lz, — ,||° for all
2,2, €U. Ifz €U, Be(z) CU, and 0 < e < 2= B+V/B(KH)=/8 then

(1) F~! is a well-defined differentiable open map on W := Bs(F(z)), § := ¢/(2K),
(2) [(dF~1)y, — (dF~Y), || < H*|ly, - Y|P forally .y, € W, with H* := K*H.

Proof. Track the constants in the fixed point theorem proof of the inverse function
theorem (see e.g. [SmaT74]). O

Proof of Lemma 2.2. Let B := {z € R?: ||z|| < 1}. Let ¥ be a finite open cover
of M such that for every V € ¥,

(1) V = Cy(B) where Cy : B — V is a C? diffeomorphism,

(2) Cy extends to a bi-Lipschitz C? map from a neighborhood of B onto V/,

(3) (dCv)z 2, (dOV)za%v X¢y (z) are linearly independent for z € B.

Since M is compact and X has no zeroes, || X,| is bounded from below. This,

together with the C1*# regularity of X, implies that 7, := X, /|| X, is Lipschitz
on M. Apply the Gram-Schmidt procedure to 7ic, (a), MOV)&@%? (dCV)Q% for

z € B. The result is a Lipschitz orthonormal frame 7,, ii,, @, for T,M, p € V.
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Define for every p € V the function Fy,(x,y,t) := ¢'[exp,, (xi, + y,)]. (dF},)o is
non-singular for every p € V. Since p — det(dF})g is continuous and V' is compact,
det(dF},)o is bounded away from zero for p € V. Since (p,x,y,t) — det(dFy) (z,y,0)
is uniformly continuous on V' x B, 36(V) > 0 s.t. det(dFy)(s .+ is bounded away
from zero on {(p,z,y,t) :p € V,22 +y2 < 5(V)% |t| <6(V)}.

Fix 0 < d <min{d(V) : V € ¥} s.t. § < rien/2S0 where Sy := 1 +maxpens || Xp||
and 7o}, is a Lebesgue number for ¥. For every p € M, Fp({(x,y,t) ca? +y? <
62,1t <6}) C By, (p), so IV € ¥ sit. Fy({(z,y,t) 122 +y> < 6%, |t <6}) CV =
dom(Cy'). For this V,

G=Gpy:=CploF, : {(z,y,t) : 2* +y* <52 |t| <5} - R3

is a well-defined map, with Jacobian uniformly bounded away from zero. A direct
calculation shows that [|dG , .4, [(dG(sy.+) || and the S-Holder norm of dG
are uniformly bounded by constants that do not depend on p, V.

By the uniform inverse function theorem, for every 0 < ¢’ < §, the image
G({(z,y,t) : 2® + y* < (8)%,]t] < 6'}) contains a ball B* of some fixed radius
0/(6") centered at Cy,'(p), and G can be inverted on B*. So F; 1 is well-defined
and smooth on Cy (B*). Since Cy is bi-Lipschitz, there is a constant d(V, ') s.t.
Cv(B*) D By(v,s)(p), so F, ! is well-defined and smooth on By(v,s/)(p). The C*+F
norm of the Fp‘1 there is uniformly bounded by a constant which only depends
on V. It follows that (¢,t) — ¢*(q) can be inverted with bounded C'*# norm on
Ba(V,cs’)(p)-

Let K (V') denote a bound on the Lipschitz constant of the inverse function, and
let p(V) := 6/2K(V), then (q,t) — ¢'(q) is a diffeomorphism from S,)(p) x
[—p(V), p(V)] onto FB,n(p). Let t; := min{p(V) : V € ¥}, then (¢,t) — ¢'(q)
is a diffeomorphism from S, (q) x [~ty,ts] onto F'B.,(p). The lemma follows with
this vy, and with 9 := min{o(V, 3ty) : V € ¥} O

Proof of Lemma 2.3. We use the notation of the previous proof. Invert the
function Fy(x,y,t) := o[exp, (i, + yv,)] on By(p):

Fyl(2) = (2p(2), 5p(2), tp(2)) (2 € Ba(p)).

By the uniform inverse function theorem, the C**# norm of G=! is bounded by some
constant independent of p,V. Since F;' = G ' o Cy', Cy is bi-Lipschitz, and ¥
is finite, 2, (-), yp(+), tp(-) have uniformly bounded Lipschitz constants (independent
of p), and the differentials of x,, y,, t, are f—Holder with uniformly bounded Holder
constants (independent of p).

Clearly t,(z) := t,(2) and q,(2) := exp,[7,(2)id), + yp(2)V)] are the unique so-
lutions for z = ¢%(*)[q,(2)]. Thus t,,q, are Lipschitz functions with Lipschitz
constant bounded by some £ independent of p, and C'*# norm bounded by some
£ independent of p. O

Proof of Theorem 5.6(5). The proof is motivated by [Bow78].
Say that R, R’ € % are affiliated, if there are Z, 7' €¢ & st. RC Z, R’ C Z',
and ZNZ' # @. Let N(R,S) := N(R)N(S), where

N(R) :=#{(R',v'") € Z x o : R is affiliated to R and Z(v') D R'}.

This is finite, because of the local finiteness of 2.
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Let 2 = w(R) where R; = R for infinitely many i« < 0 and R; = S for infinitely
many ¢ > 0. Let N := N(R,S), and suppose by way of contradiction that x
has N + 1 different pre-images E(O),...,E(N) € Y#(¥), with RO = R. Write

RY) = {Rg)}k z. By Lemma 5.4 there are v\) € %(¥) s.t. for every n,
ARV Rz, (09 09)) and RY) ¢ Z(v)).

—n

For every j, v\9) € ©#(%), because R W) ¢ E#(%A) and Z is locally finite. It follows

that w(v)) € Z,n(v(i)l, . j)) for all n.%

Since x = %(E(j)) € _,L[R_n, Ry C Z_n(v(_j}l, .. .,vr(lj)). Since the diame-
ter of Z,n(v(f%, e ,Uﬁlj)) tends to zero as n — oo by the Holder continuity of m,
() = .

It follows that Z( O, .. Z( M)y all intersect (they contain fi(z) = m(cv@)).
Since R(j) C Z( ) and Z( )) . Z(UZ(N)) intersect, RZ(O), e ,RZ(»N) are affiliated
for all 4.

In particular, if k, ¢ > 0 satisfy R(_O; = Rand RS)) = S (there are infinitely many
such k, ¢), then there are at most N = N(R)N(S) possibilities for the quadruple
(R(_jzc, Z( (_,)C) R?),Z( (])))7 j =0,...,N. By the pigeonhole principle, there are
0 <j1,j2 <N s.t. ji1 # j2 and

(RUY,09)) = (R %)) and (R, 0fY) = (R, vf™).
We can also guarantee that

(RYY,...,RPY # (R, ..., RY?).

To do this fix in advance some m s.t. (R(j,)n,..., ,(f@)) (j =0,...,N) are all
different, and work with k,¢ > m.
Novv let A:= RV B:=RU2 ¢ :=901) p:=y02) Write A_, = B_j, =: B,

Ay = Aak—b k—bandag—bg—aChoose
TA € —k[A—k, . ,A[] and zp € —k[B—k7 . ,Bg].
Define two points z4, zp by the equations
M) = [ @), £ )] € W (), B) AW (™ (wa), B)
fi(zB) = [f"(xn), f(@a)] € WH(f (xp), A) "W (f'(xa), A).
This makes sense, because f~*(x4), f~(xp) € B and f*(x4), f'(xp) € A.

One checks using the Markov property of # that z4 € _g[A_g,..., Ay, and
zp € _g[B_k,...,Bg]. Since (A_g, ..., As) # (B_g, ..., Be) and the elements of #Z
are pairwise disjoint, z4 # zp. We will obtain the contradiction we are after by
showing that z4 = zp.

Since f(z4) € Ay = A C Z(a) and f~%(25) € B_, = B C Z(b), there are
a,B € S#(9) st. za =n(a),zp = n(B), ar = a, B_r = b. Let ¢ = {c;}icz where
c¢; = B for i < —k, ¢; = a; for —k < i < ¢, and ¢; = «; for ¢ > £. This belongs to
Y#(%), because a, B e Y#(%) and B, =b=a_j and ay = a = oy. We will show
that z4 = 7(c) = zp. Write ¢; —\I/p”pl (1 €Z).

6At this point the proof given in [Sarl3] has a mistake. There it is claimed that ﬂ(y(j)) €
Z_n(v(_]r)l7 R 07(1])) without making the assumption that R() ¢ E#(g).



SYMBOLIC DYNAMICS FOR FLOWS 43

By the definition of z4,zp and the Markov property, f=%(z4), f~*(zp) both
belong to W*(f~*(zp), B). It follows that

W*(f*(za),B) = W*(f"(zp),B) = W"(x(c™"B), B) C V"[(ci)i<—&]-

It follows that f%(za), f(zB) € Va,([—Qc(xi), Q- (z;)]?) for all i < —k.
Similarly, f*(z4), f*(zg) both belong to W*(f*(z4), A), whence

We(f(za), A) = W*(f*(2p), 4) = W*(n(0'), A) C V*[(ci)izd].

)
It follows that f*(z4), f'(zB) € Yy, ([—Qc(:), Qc(x,)]?) for all i > L.
For —k <i < /{, fi(za), fi(zg) € A; UB; C Z(a;) U Z(b;). The sets Z(a;), Z(b;)
intersect, because as we saw above
ox=m(a) € Z_(a_g,...,ap), whence fi(z) € Z(a;),
ox=m(b) € Z (b_g,...,b), whence fi(z) € Z(b;).

By the overlapping charts property of 2 (see §5) and since a; = ¢; for —k < i < ¢,
Z(a;) U Z(b;) C Wy, ([~Qc(2:), Qe(z)]?) (i=—k+1,...,4—1).

)
In summary, fi(z4), fi(25) € V., ([~ Qc(4), Qc(x;)]?) for all i € Z. As shown in
the proof of the shadowing theorem (Thm. 4.2), ¢ must shadow z4 and zp, whence
ZA = ZRB. O

Remark. We take this opportunity to correct a mistake in [Sar13]. Theorem 12.8
n [Sarl3] (the analogue of the statement we just proved) is stated wrongly as a
bound for the number of all pre-images of x € %[Z#(g)] But what is actually
proved there (and all that is needed for the remainder of the paper) is just a bound
on the number of pre-images which belong to $# (%) (denoted there by x#).
Thus the statements of Theorems 1.3 and 1.4 in [Sar13] should be read as bounds
on the number of pre-images in Ef (denoted here by ¥# (g? )), and not as bounds

on the number of pre-images in 3, (denoted here by Z(g?)) The other results or
proofs in [Sar13] are not affected by these changes, since X, \ Zf does not contain
any periodic orbits, and because X, \ Zf has zero measure for every shift invariant
probability measure (Poincaré’s recurrence theorem).

Proof of Lemma 5.7. Let ¢ : ¥; — X, denote the constant suspension flow, then

o For every horizontal segment [z, w];, |7| < 1 = M 1| < 2€?|7|.

[Z wn)
This uses the trivial bound d(z,y)/d(c*(z), 0" (y)) € [e7, €] for |k| < 1 and the
metric d(z,y) := exp[—min{|n| : z, # yn}].
o For every vertical segment [z, w],, £([¢7(2), %" (w)]y) = £([z, w],) for all 7.
o Thus for all z,w € Xy, |7| < 1 = (1+2e2|7])7t < M < (1+42€%|7]).

di(z,w)

CLAIM: d,. is a metric on X,..

Proof. 1t is enough to show that d; is a metric. Symmetry and the triangle in-
equality are obvious; we show that d;i(z,w) =0= 2z = w.

Let z = (z,t), w = (y,s), 7 := 3 —t. If d1(2,w) = 0, then d; (¥7(2), ¥ (w)) =0
Let v = (20, 21, - - -, 2n) be a basic path from ¥7(2) to ¥™ (w) with length less than
e, with € < § fixed but arbitrarily small. Write z; = (z;,t;), then ¥ (z) = (2o, t0)
and U7 (1) = (2, ).
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Since the lengths of the vertical segments of ¥ add up to less than € and ty = %,
7 does not leave X x [1 —¢, 2 +¢]. It follows that |t, —to| < . Since € was arbitrary,
t, = to, and ¥7(z), Y7 (w) have the same second coordinate.

Since ¥ does not leave ¥ X [§ — €, 3 + €], it does not cross ¥ x {0}. Writing
a list of the horizontal segments [(z;, ,ti,), (Z;, 11,ti,+1)]n, We find that z; , =
z;, ., By the triangle inequality ¢ > di(¢" (2, 1), 9" (y,t)) > e 13 d(z T Tip,) 2
e td(zy,z,). Since ¢ is arbitrary, z, = z,,, and ¥7(z), ¥"(w) have the same first

coordinate. Thus ¥7(z) = 9" (w), whence z = w.

PART (1): d,((2,1), (y,s)) < constld(z,y)* + |t — s|], where a denotes the Holder
exponent of r.
Proof. d,((z,t),(y,s)) = di((z ,T(I)) (v, T(‘Z))). The basic path (z, Té ), (z, @),
(y, (y) ) shows that d; ((z, T(x)) (ya T(y))) < ‘T(tw) - @' +€d(£,y) < infl(r) Ut_ Sl +
Holo (r)d(z, y)*] + ed(z, y) < const[d(z, y)* + |t — s]].
PART (2): Let a denote the Holder exponent of r. There is a constant Co which
Only depends on 1 s.t. for all z = (z,t), w = (y,s) in X,

) If |L - %| < 1, then d(z,y) < Cody(2z,w) and |s —t| < Cad, (2, w)™.
( ) ) y) > 1, then d(o(z),y) < Cady(z,w) and |t — r(z)|,s < Cody(z,w).
Proof. These estimates are trivial when d,.(z,w) is bounded away from zero, so it
is enough to prove part (2) for z,w s.t. d.(z,w) < &g, with gy a positive constant

that will be chosen later.
Suppose ‘r(tT) - Tgy)| <ilandletr:=1- T(tz) (a number in (—3, 1]), then

dr(z,w) = di(9,(2), 9, (w)) > (1 + 2e2|7)) Ly (YT [9,(2)], &7 [0, (
> (1+2¢*) " da((z, 5) (y, 3 +9)), where §:= 25 — .

£

Notice that (y, 2 + §) € £1, because [§] < 1.

Suppose eo(1 +2€2) < 1, then di((z, 3), (y, 3 +6)) < ;. The basic paths whose
lengths approximate di ((z, 1), (y, 3 + 0)) are not long enough to leave ¥ x [1, 3],
and they cannot cross ¥ x {0}. For such paths the lengths of the vertical segments
add up to at least §, and the lengths of the horizontal segments add up to at least

e_ld(g,y). Since d; ((z, %), (v, % +0)) < (1 +2e2)d,(z,w),
d(z,y) < e(1+2e*)d,(z,w) and || < (1 + 2¢*)d, (2, w).

In particular, d(z, y) < constd,(z,w), and |s—t| = |r(y) =25 o) r(z)%| < sup(r)|d|+

Ir(y) — r(z)] < (1+ 2€?)sup(r)d,(z, w) + Hola (r)d(z, y)* < const d,(z,w)®™, where
the last inequality uses our estimate for d(z,y) and the finite diameter of d,.

_t__ _s_
r(z)  r(y)

previous argument with 7 := 0.49 — Tt;p)

> 1 andlet 7 := Tg(gt + 1. Now ¢7[0,(z)] =

This proves part (a) when

1 t s —
< s If O , repeat the

For part (b), suppose

¢
r(@ (Y
(o(z), %) and ¥ [V, (w)] = (y, 3 + &), where &' := 1 — (@ y)) As before

d(o(z),y) < e(l +2e*)d,(z,w) and [§'| < (1 + 2¢*)d, (2, w).
Using s < r(y)d', |r(z)—t| < r(z)d’, wesee that s, [t—r(z)| < (1+2€2) sup(r)d,(z, w).
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PART (3). There are constants C3 > 0,0 < k < 1 which only depend on r s.t. for
all zyw € &y and |7] < 1, dr (0] (2), 07 (w)) < Csd,(z,w)".

Y T

Proof. We will only discuss the case 7 > 0. The case 7 < 0 can be handled
similarly, or deduced from the following symmetry: Let S = {Z : z € X} where
Zi := x_;, and let 7(z) := r(6Z) (a function on ). Then O(z,t) = (52, r(x) —t) is
a bi-Lipschitz map from X, to f],c, and © o 0,7 = 0% 0 ©. This symmetry reflects
the representation of the flow o, with respect to the Poincaré section ¥ x {0}.

We will construct a constant C% s.t. for all z,w € &, if 0 <7 < %inf(r), then
@@ﬂ@JA »<cg(%ww.Rm(@ﬁmmsmmnxzwﬁcgz(@ﬁ%,

= [1/min{1, £ inf(r)}].

We will also limit ourselves to the case when Cad,(z,w) < % inf(r); part (3) is
trivial when d,.(z,w) is bounded away from zero.

Let z := (z,t),w := (y, $). Since 7 > 0, o7 (2) = (¢ (x),er(c™(z)) and o] (w) =
(e™(y),nr(a"(y)) where 0 < £, < 1 and m,n > 0. Notice that m,n € {0,1},
(because 0 < 7 < % inf(r), so ol(2), ol (w) cannot cross £ x {0} twice).

Case 1: ’% —

dr(07(2), 07 (w))

< % and m = n. In this case,

di((0™(2),€), (0™ (y),n))

< di((0™(z),€), (0™ (y), ) + di((0™(y), €), (™ (y),m))
< ed(0™(z), 0™ (y)) + le =l
< e*d(z,y) + |e — n| < €*Cad, (2, w) + e — n|, by part (2)(a).

_trr—rm(@) SHT—7m (y) 1 .
= 5@ ~ T | S wrpth + 12+ Il where:

o It = |tr(0a™(y)) — sr(a™(@))| < tr(e™ (@) — r(a™ ()] + |t = slr(c™(z)) <
sup(r)[e*Cg Holy (1) + Cald,(z, w)™ by part (2)(a).

o Iy =r7lr(c™(z)) —r(c™(y))| < e*Cs inf(r) Hols(r)d,(z, w)* (because m < 1).

o Iy = [rm(a)r(c™(y)) — rm(y)r(c™ (@) < |rm(z) = rm(y)lr(e™(Y)) + rm(y) -
|r(a™(z)) — r(c™(y))| < const Hol,(r)d, (2, w)* (because m < 1).

Thus |e — n| < constd,(z, w)*, where the constant only depends on r. It follows
that d,(07(2), 07 (w)) < const d,(z,w)® where the constant only depends on 7.

Since m=mn, [e —n

Case 2:

d, (07 (2), 07 (w)) = di((0™ (2), €), (6™ (), m))

di((0™(2),€), (™ (y),€)) + da((0™ (1), €), (™ (), )
ed(o™(z),0™(y)) +1—c+n
< e2Cyd, (2, w) +1 — e +n, by part (2)(a).

and m # n. We can assume that n = m + 1, thus

In our scenario, t 47 — 7y, 41(2) is negative, and s 47 —7,,41(y) is non-negative.
The distance between these two numbers is bounded by |t —s|+|rp41(2) =rm11(y)],
whence by const d,.(z,w)®. So [t +7 —rpq1(z)], [s+T—Tmi1(y)| < constd,(z,w)*.

Ty (2)] _ stT=Tmt1(y)
€= ey , N = Tty and the denominators are at least

inf(r), there is a constant which only depends on r s.t. 1 —&,7 < const d,.(z, w)“.
It follows that d, (o7 (z), 07 (w)) < const d,(z,w)*.

) T

Since 1 —
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Case 3:

)>2andm—n ‘We have

di((0™(2),€), (0™ (y),n))

di((0™(2),€), (™ (2),m) + di (™ (z),m), (™ (), 7))
1-

(z

Mo " T
dr(07(2), 07 (w))

INIA I

£ +n+e?Cad,.(z,w), by part (2)(b), and since m < 1.

Because t +7 — rypq1(z) <0 < s+ 7 —rp(y), it follows by part (2)(b) that

[t+7 = rmir(@)]s s+ 7 = rm(Y)] <t =5 = rmga(z) — rm(y)l
<t=r@)| + s+ |rm(o(@) — rm(y)| < 2C2d, (2, w) + const d,.(z, w)".
As in case 2, this means that d, (o7 (2), 07 (w)) < const d,(z, w)®.

s

Case 4: r(z) — 2> 1 and m # n. Recall that Cad,(2,w), 7 < % inf(r). By part
(2)(b), s < 3 inf(r
d; (07 (2), 07 (w)) = di (0" (), €), (0" (), m))

< di((0""(z),e), (0" (z), m) + di (0" (2). m), (0" (y),m))
<le—nl+ed(o(z),y) (. n=0)
< le = n| + eCad,(z,w), by part (2)(b).

(g)
), whence s + 7 < inf(r). Necessarily, n =0, m =1, m=n+ 1.
)

We have |e — | = |% iz‘;f) < mf(lr) [I1 + I2], where by part (2)(b)

o Iy :=|[t —r(z)]r(y) — sr(oz)| < 2sup(r)Cad,(z,w),
o I :=7|r(oz) — r(y)| < & inf(r) Hol(r)C$'d, (2, w)®.
It follows that d,. (o7 (2), 07 (w)) < const d,(z, w)* where the constant only depends
on r. This completes the proof of part (3). O
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