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Abstract. We consider suspension semiflows over abelian extensions of one-sided
mixing subshifts of finite type. Although these are not uniquely ergodic, we identify
(in the “ergodic” case) all tail-invariant, locally finite measures which are quasi-
invariant for the semiflow.

1. Introduction.

1.1. The Tail Relations. We start with some background on equivalence rela-
tions, (see [F-M] for more detail). Let (X,B) be a standard Borel space, and let
R C X x X be an equivalence relation. Assume that R € B ® B, and that each
equivalence class R(z) := {y : (z,y) € R} is countable. Then for any A € B, the
saturation R(A) = U{R(z) : = € A)} is again a Borel set. A o-finite measure
puon X is called non-singular for R if u(R(A)) = 0 whenever u(A4) = 0, and is,
in addition, called ergodic if any saturated set A = R(A) has either zero or full
measure.

A Borel isomorphism ¢ defined on some A € B with image B € B is a holonomy
if (z,¢(z)) € R for any = € A. A measure u is invarient for R, if it is invariant
under all the holonomies of R.

Let S be a finite set, and let ¥ be a subshift of finite type over S:

LSi={ze SV :VEk> 1,40 00, =1}
where A = (t;j)sxs with t;; € {0,1}. We endow ¥ with the topology generated by

cylinders [ai,... ,a,] ;= {z € ¥ : 2} = a}}, where z] := (z;,... ,2;). Note that

the collection of cylinders of length n is exactly af * where a := {[a] : a € S}.
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Define the left shift T': ¥ — ¥ by (T'z); = x;+1. Let P(X) denote the collection of
Borel probability measures on X.

Henceforth we assume that (X,7) is topologically mixing. It is well-known that
this is equivalent to the existence of Ny such that all the entries of AN are positive
(see [Bo]).

Let h: X — Ry, f: X — Z?be Hélder continuous. Set

Yh={(z,5):x € %,0<s < h(z)},
and define the semiflows g; : ¥ — $* and G; : " x 2¢ — ©h x 7% by

gi(z,s) (T"a:, s+t— hn(m))
Gi(w,s,v) = (T"z,s+t—hp(z),v+ fn

(@) } where s+t € [hn(x), hpt1 (2)).

Define the tail equivalence relations T(g) on £ and T(G) on X" x Z? as follows:

g = {((=9),(@,s))|glx,s)=ge(a',s") for some t > 0}
(@) = {((z,sv), (@, s, V))|Gi(z,s,v) = Gi(a',s', V') for some ¢t > 0}.

It is not difficult to verify that

T (z) =T™(z")

((:E,S), (ml’sl)) € %(g) & In,m > 0 s.t. { s — hp(z) = 8" — hp(2')

and that

T (z) = T™(z")
((z,s,v),(2',s',v)) € T(G) & In,m > 0 s.t. s —hp(x) = 8" — hy(2')
v+ fo(z) =V + f(2')

As shown in[B-M], the relation ¥(g) is a symbolic model for the strong stable
foliation of a topologically mixing basic set 2 of an Axiom A flow, in the sense
that, given such a flow, there exists ¥, h as above, and a one-to one correspondence
between invariant measures for the strong stable foliation of 2 and locally-finite
invariant measures for T(g). The reader is referred to [B-M] for the definition of
the these geometric objects.

In the same sense, T(G) is a symbolic model for the strong stable foliation of a
Z%extension of an Axiom A flow, see [B-L],[Po], [C].

1.2. The Babillot—Ledrappier Measures. The relation T(g) is uniquely ergodic
[B-M], but (@) is not: [B-L] provides a d-parameter family of pairwise disjoint
% (G)-invariant measures, called here Babillot-Ledrappier (B-L) measures. These
are given as follows. Fix a € R?. By [Bo|, [Ru] there exists a unique 7, € R and
a unique Borel probability measure ji, on ¥ which is (e~ 7" T)-conformal in
the sense that p, o T ~ e and

d:ua oT _ e—TQh+<Dé,f>
dita

The B-L measure indexed by o € R? is the measure on X = X" x Z? given by
Ma(A X B x {v}) = e~ @) g (4) / " dr.
B

These are ¥(G)-invariant measures. They are infinite, but locally finite: compact
subsets of £* x Z¢ have finite measure.
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1.3. Main Results. It is known that ([C] and [Po])

Proposition 1.1. m, is T(G)-ergodic iff T(_pp) : Ex Rx Z - S x Rx Z* given
by T(_n,p)(z,s,v) = (Tw,s — h(z),v+ f(x)) is ergodic with respect to piq X Mg 74,
where mp w74 denotes Haar measure.

The purpose of this note is

1. To characterize this situation of ergodicity in terms of a cocycle condition for
(=h, f) : £ = R x Z? by showing that if one of the B-L measures is ergodic,
then (—h, f) : ¥ — R x Z? is non-arithmetic (as defined below) and that this
implies that all the B-L measures are ergodic (see [C], and theorem 2.1 and
corollary 2.4 below, which imply proposition 1.1).

2. To identify the locally finite ¥(G)-invariant measures by showing that in
the case when the B-L measures are ergodic, that every locally finite, T(G)-
invariant, ergodic measure which is G-quasi-invariant must be proportional
to a B-L measure (Theorem 3.1 below). Theorem 2.2 in [A-N-S-S] can be
viewed as a (more complete) discrete time version of this result.

As shown in [B-L], horocycle foliations of Z%covers of compact manifolds of con-
stant negative curvature are ergodic with respect to the B-L measures. This is
implied (via theorem 2.1 below) by ergodicity with respect to Lebesgue measure
which was established earlier in [L-S] (see also [K] and [Po]).

It follows from our results that a locally finite measure which is ergodic and
invariant for the strong stable foliation of a basic set Q2 of an Axiom A flow, and
which is quasi-invariant under the flow must be proportional to a B-L measure. (In
the case of a surface of constant negative curvature this can also be shown via a
geometric argument, [Ba].)

2. Ergodicity and non-arithmeticity of G-extensions. Let G be a locally

compact, second countable, Abelian topological group; let (X, B, m,T) be a prob-

ability preserving transformation and let ¢ : X — G be measurable. Consider the

skew product T, : X xG — X x G defined by Ty (z,y) := (T'z,y+ ¢(x)) with respect

to the (invariant) product measure m x mg where mg denotes Haar measure.
Following [G], we say that ¢ is non-arithmetic if

Y(p)=g-goT

has no nontrivial solution in v € G and g : X = S! measurable; and that ¢ is
aperiodic if

V(@) =2g-goT
has no nontrivial solution in vy € @, z € Stand g : X — S! measurable. It is not
hard to show that if T} is ergodic, and 7" is weakly mixing, then ¢ is non-arithmetic,
and in this case Ty is weakly mixing iff ¢ is aperiodic (see e.g. [K-N]).

Since G is a locally compact Abelian polish group topological group, there are
norms || - || generating the topology of G which are Lipschitz in the sense that each
character v : G — S'is ||-||-Lipschitz. Indeed, if Y is a metric space, and f : Y — G
is such that yo f : Y — S is Lipschitz V characters v, then 3 a Lipschitz norm || - ||
such that f:Y — G is || - ||-Lipschitz.

Livsic’s theorem (see [L]) states that if (X, B,m,T) is a mixing subshift of finite
type equipped with a Gibbs measure, ¢ : X — G is Holder continuous (w.r.t some
Lipschitz norm), and v € G and ¢ : X — S! measurable with v(¢) =g-go T a.e.,
then g : X — S!is also Hélder continuous (w.r.t the same Lipschitz norm). Thus
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if a Holder continuous ¢ : X — G is non-arithmetic with respect to some Gibbs
measure, then it is non-arithmetic with respect to all Gibbs measures.

Recall that a non-singular subshift of finite type (X, B, m,T) has the Rényi prop-
erty if there is a constant C' > 0 such that for every cylinder of positive measure
a= [ah"' )an]

<

a(7)
A

<C formxmae. (z,y) €aXa,

<

where v, = (T"|a)_1 and v, = 2m%% The following is a generalization of a
theorem in [C].

Theorem 2.1. Suppose that (X,8,m,T) is a mizing subshift of finite type with
the Rényi property and that ¢ is Hélder continuous and non-arithmetic; then Ty is
ergodic.

Lemma 2.2. Assumeu : X — S' is Holder continuous. At least one of the follow-
ing statements is true:

1. u=g-goT for some Holder continuous g : ¥ — S'.
2. Let € € (0,1) and N € N be arbitrary constants. There exists n > N such
that for every z € ¥ there are x € ¥ and k < n such that

e = 2N Tre = T2 and |un(2) — up(z)] > €.

Proof. Let u be the Parry measure (i.e. measure of maximal entropy on ¥), then
dp = ydv where v € P(X) is (1, T)-conformal and ¢ > 0 is Holder continuous. Let
P: L'(v) — L'(v) be the transfer operator, then

Pf(l‘) — Z e*htop(T)f(y)

Ty=x

and P"f — 4 [ fdv uniformly V f € C(X). Define P, : C(X) — C(X) by

P,(f) := P(uf), then P'f = P"(unf) where u,, := H:.l;()l uwo T By [G-H] either

3 : ¥ — St Hélder continuous such that P,(¢) = ¢ (which implies (1) with g :=

/1), or |1 nl P{ij S0V fe (). If (2) fails, then I e € (0,1), N > 1
o0

such that V n > N, 3 z = 2(" satisfying

E<n, € T7HT"2}, 2) =2 = |up(z) —un(2)| <e

There are only finitely many possibilities for the N-prefix of z(™. We may
therefore assume without loss of generality that Ja = [a1, ... ,an] such that (") € a
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for all n.

1 n—1 .
- N Pk,

>

— _§ :e—khtop(T) ZyeT—k{Tnz(n)}uk(y)la(y)

k=0

]_ n—1 *khtop(T) ZyET*k{Tnz(n)} 1a(y) <Un (Z(n))7 [Un (Z(n))uk(y)]>
= |— e
n

k=0

n—1

1 Z e_khtop(T) X er—kirn(n)y La(y) (1—\un(z("))—uk(y)|)

Y%

n
k=0

v

-1
1 e— _
(1-e)= } :e khiop(T) 22, cp—k rn o (n)y La(¥)
n
k=0

(1—¢) Z PF1,(Tm2M™).

Now 1 S™%70 P*1, — v(a) uniformly, whence
1 n—1
- k1 (Tmy(m)y > i
llrlrggfnkZOP ) > v(a)inf ¢ > 0.
Let W,, denote the collection of admissible words of length n in ¥, that is W,, :=
{(e1,-..,en) €S": A ;0 =1V 1< j<n—1}. We denote the concatenation
of a € W, and b € W,,, with 4,5, =1, by a-b, and the concatenation of a € W,

and x € ¥ with A, ., =1 by (a,2).

Lemma 2.3. Suppose that ¢ is Hélder continuous, v € G is non-constant, € €
(0,1) and N € N. If ¢ is non-arithmetic, then there exists £ > 1 arbitrarily large
and infinitely many n > N with the following property:

ac W, dk € [N,n] b =alV
ceW, = and s.t. b, = a,
a-c€ Wpip b e Wy, Vo € ¢, |y o dp(a,z) —yo dp(b,z)| > €

Proof. Fix v € G non-constant, € € (0,1), and N > 1. Choose 0 < § < 1;6 and
¢ > 1 such that

ne = sup{|y o n(x) —yodu(y)l:n>1, 2,y €3, i =yt } <4
By lemma 2.2, 3n > N such that V2 € &, 3k < n, x € T *{T"z}, 2] = 2N
such that

|70 ¢n(2) =70 dr(z)| > €+ 20

Now fix a € W,,, ¢ € W, with a-¢ € W44, choose some u € X such that Acpuy =1,
and set z = (a,c,u). Let k < n, x(z) € T~H{T"2}, 2(2)Y¥ = 2N be such that
|y 0 ¢n(2) —vo ¢r(z(2))| > e+ 6 and let b = z(2)¥. Since T*z(2) = T"z, z(z) =
(b,c,u). For any v € ¥ with A, ,, =1 we have that

|’Y ° ¢n(aacﬂ U’) —7o° ¢n(a7 ¢, U)| < 6’ |’Y ° ¢k(baca U) —7o° ¢k(b7 ¢, U)| <4
whence |y o ¢ (a,c,v) — v o ¢ (b,c,v)| > €. Since this is true for all v € ¥ with
A¢, v, =1, the lemma is proved. O
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Proof of theorem 2.1 (c.f. §2 “Proof of theorem 1” in [AD]) For a nonsingular
transformation (Y,C, u, @), define the Grand Tail Relation of Q:

BQ):={(z,y) €Y xY: In,k >0, Q"z = Q"y}.

This is an equivalence relation, and if (Y, C, ) is standard, then &(Q) € C®C. If Q
is locally invertible, then &(Q) has countable equivalence classes and is nonsingular.
It is easy to check that every Q-invariant subset of Y is &(Q)-saturated. It follows
that if &(Q) is ergodic, then @ is ergodic.

It is therefore enough to prove that &(Ty) is ergodic. Define

- &S(T)\ {(z,y) € X x X : z and y are pre-periodic } - G

by ¢(z,y) = bn(x) — ¢1(y) whenever Tz = T*y. This is independent of the choice
of n, k whenever x,y are not pre-periodic.
The grand tail relation of Ty is given by

&(Ty) = {((m,s), (y,t)) € (X x G)* : I n, k> 0 such that T"z = T"y,

and s —t = ¢p(y) — ¢k($)}

- {(@:,s),(y,t)) € (X xG): (0,y) € B(T), §(e,y) = s —t}

We prove that &(Ty) is ergodic by the method of Schmidt (explained in [S]), by
considering the group of essential values which we now proceed to define. Set
By :={B € B:m(B) > 0}. For every B € B, let Hol(B) = Hol(B, &(T)) be the
collection of non-singular &(T")-holonomies with domain B:
Hol(B) := {r: B — X : 7 is a non-singular Borel isomorphism B — 7(B)
such that Vz € B, (z,7(z)) € 6(T)}.
Now define

E(&(Ty)) := {t € G : YU open neighborhood of t and VA € B,

3B € B, and 31 € Hol(B) such that B,7(B) C A
and m(BN7T'BN{zr € X: oz, 7(z)) € U}) > 0}.

It is shown in [S] that E(®(T})) is a closed subgroup of G. To prove ergodicity, we
show that E(&(T)) = G (see [9]).
Suppose that E(&(Ty)) = H C G, then 3 v € G, v # 0 with v|g = 1. Fix a
precompact neighborhood of the identity V' C G, and let N € N be so large that
i>1,n>N, 27" =it = pi(x) — ¢ (y) € V.
Fix e € (0,1) and let £ > 1 and n > N be as in lemma 2.3 with ¢ so large that
. - - €
¢ := sup {I7° $i(@) —vo i) :j>1, my €S, 2™ = y{H} <z
It follows that Va € W,,Ve € Wy s.t. a-¢c € Wyyy, 3k < n, b € W;, with
b =af’, by, = a, such that V j > 1,Vu € Wj s.t. Ay, 0, =1,

4
|’yo Gjtn(u,a,c,x) —yo djyr(u,b, c,:n)| > Ee Ve Te.
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Let
K = {¢j+n(u,a,c,m) — Gjyr(u,byc,x) s j>1LueW;, aeW,, Ay =1,
N _ N _
ceWpa-c€Wpye, k<n, be Wy, by =ay, b = ay,
4e
z € Teq, |y0dptj(u,a,c,x) —vodjyr(u,b,c x) > 5[

By the choice of N and v, K C V' \ E(6(T})) and K is compact. The methods of
[S] show that 3 A € B, such that

(AxA)N&T)N[pe K] =o.
By the Rényi property, 3 M > 1 such that
M m(u)m(v) < munT *v) < Mm(u)m(v) Yu € ab™, v e al™, [v1] C Tlug)-
Given j > 1, u = [ug,...,u;] C ¥ and a € W,,, b € Wy, ¢ € W, as above, define
T:[u-a-¢] = [u-b-c by

7(u,a,¢,y) = (u,b,c,y).

It follows that 7 : [u,a,c] — [u, b, c] is invertible, nonsingular and % = Mi4ﬂb)).

m(a
Let § > 0 be so small that for all k < n,a € W,,b € Wi,c € Wy, k <n,

n)_(ned) )
M4*m(a) M

dj>1and u = [ug,...,u;] C ¥ such that m(u\ 4) < ém(u). Let a € W,
be such that [u,a] # @ and let &k < n, b € Wy, ¢ € W, be as above. Consider
the corresponding 7 : [u,a,c] = [u,b,c]. Evidently T7+* o 7 = T9+7 5o (z,7(x)) €
&(T)V z € [u,a,c], and ¢ty o 7(x) — Pjyn(z) € KV x € [u,a,c].

To complete the proof we claim that 3 B € By B C AN [u,a,c] such that
7B C A. To see this we show that m(r([u,a,c] N A)) > m(u \ A), because this
implies m (A N 7([u,a,¢] N A)) > 0 since 7([u,a,c] N A) C u. Now

d <

m(r([u,a,c]NA)) >

)
(
)

> T (sl — (' 4))
)
(

> it (i 9)

> dm(u) > m(u\ A).

and this shows that (4 x A) N &(T,) N [¢ € K] # @ which is a contradiction.
The following amplifies proposition 1:

Corollary 2.4. Let mg be a B-L measure on ©" xZe. The following are equivalent:
1. (2P x 7% my, T(Q)) is ergodic;
2. the cocycle (—h, f): ¥ = R x Z% is non-arithmetic;
3. T(_n,s) is ergodic on ¥ X R x 7% with respect to o X Mpyze where mpyza
denotes Haar measure and iy 5 as in §1.2.

Proof. Set X = %" x Z4. As shown in [Po],
S(T(—pn,p) N(X x X) =F(G) (2.1)
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(1) = (2). Suppose (1) and that s € R, v € R? and g : & — S satisfy e #/+in/) =
9 and define F : X — C by F(z,y,2) := g(x)e Y472} then

goT?
FoT(—h,f)(x)yvz) = F(Ta:,y—h(x),z—f-f(x))
— g(Tm)efisyﬂ'sh(r)+i<%z')+i(%f(r)>

_ 9;(7;;)efish(m)+i<%f($)>F(m’y,z) = F(z,y,2).

It follows that F' is constant, since F'o T(_j sy = F and so every set of the form
[F < t] is &(T(_p,y))-saturated whence also T(G)-saturated.

Now consider Fp : X — C the restriction of F' to X. It follows that for (z,y,2) €
X, t >0 (choosing n > 0 such that hp(z) <t < hypy1(2)):

FyoGi(z,y,2) = Fo(T"z,y+1t—hu(z),z+ fu(z)) = Fo T, s (z,y +1,2)
and Fy is T(G)-invariant, whence constant. It follows that s =0, vy =0and g =1,

so (—=h, f) : ¥ = R x Z? is non-arithmetic. (2) = (3) by theorem 2.1. (3) = (1)
follows from (2.1). O

Thus:

Corollary 2.5. If ¥(G) is ergodic with respect to some B-L measure, then the
cocycle (—h, f) : & — R x Z? is non-arithmetic and T(G) is ergodic with respect to
all B-L measures.

3. Identification of ergodic, locally finite T(G)-invariant measures.

Theorem 3.1. Let X := X" x Z? and let G; (t > 0) be the suspension semi-
flow. Assume that (—h, f) : & — R x Z% is non-arithmetic and Hélder continuous.
Suppose that m is a locally finite, T(G)-invariant, ergodic measure on X and that
moGyt ~m VY t>0, then m is proportional to a B-L measure.

Proof. By assumption, f : ¥ — Z<is Holder continuous, and every such function is
of the form f(z) = f(x1,... ,,,) for some m. Recoding ¥ if necessary, we assume
without loss of generality that f(z) = f(x1,z2).

For t > 0, define the measure moGy by moG(4) := ) ., m(G¢(ANa)) where
is a countable partition of X such that G|, is 1-1 V a € a. Evidently m o Gy ~ m.
Let 9(X x Z?) denote the collection of all (possibly infinite) Borel measures on
¥ x Z4.

Claim 1: 3 7 € R such that % =e™, and 3 p € M(X x Z?) locally finite, such

dpoT,
that %ﬂf =e™" and

m(AxB):u(A)/Be”dr (AeB(Sx 2%, BeB(®), AxBCX). (32

Moreover (¥ x Z4, B(X x Z%), Ty, ) is ergodic.

Proof. Fixty > 0. We prove first that % is T(G)-invariant and hence constant.
Suppose that A C X is Borel, and that K : A — K A is a ¥(G)-holonomy. Without
loss of generality, G, |a, G, |Ka are 1-1. It follows that

K, = Gto oKo G;Ol : GtoA — GtOKA
is a well-defined T(G)-holonomy. By the T(G)-invariance of m,
m(GtOKA) = m(KthoA) = m(GtoA)
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This shows that % is indeed ¥(G)-invariant and hence constant. Disintegrat-
ing the measure m over ¥ x Z%, we see that 3 X € M(X x Z?) locally finite, and
mg € M(Ry) such that x — m, is measurable, and such that

m(A x B) = /Amx(B)d)\(:n).

It follows that m,(J +t) = e™'my, for open J C (0, h(z)) and t € R small, whence
dmy(y) = c(x)e™dy and (3.2) follows with du(z) := c¢(x)dA(z). The equation

% = e now follows from #22Gt = ¢t and the ergodicity of (X,T},p) is
standard. O

Claim 2: 3 a homomorphism « : Z¢ — R and ¢ > 0 such that u(A x {n}) =
ce=*My(A) where v € P(X) is (e*°/*+7" T)-conformal.

Proof. We first claim it suffices to show that H := {n € Z?: poQ, ~ u} = 74
where Q,(x, k) := (z,k + n). To see this, note that

dpoQnoTy duoTy
dpo Qn dp

The ergodicity of (X, Ty, ) ensures that Vn € Z%, either po@,, L por poQ, = cpu
for some ¢, > 0. The condition H = Z% ensures that po Q, = e *("™u where
« : Z* - R is a homomorphism. Thus, u(A x {n}) = ce=*™y(A) where ¢ > 0
and v € P(X). The (e*/*7h T)-conformality of v follows from the (e™",T})-
conformality of . .

We now prove that H = Z? Suppose otherwise that H # Z¢ then 3 v € Zd
non-constant, such that y|g = 1. Using non-arithmeticity and lemma 2.3, we fix
n > 1sothat Va € W,and c € Sst. a-¢c € Wypy1, 3k = k(a) < n and
b = b(a,c) € Wy, such that a; = by, a, = by and v o fn(a,c) # v o fr(b,c).! By
choice of v, this means that f,(a,c) — fr(b,c) ¢ H.

Set J := {fn(a,c)— fr(bla,c),c) : a € Wy,c€ S,a-c € Wyi1}, then J C Z4\ H
and J is finite. Set 7 := ZjeJ,u 0@ , then @ L ppand 3 K C ¥ compact and
g € Z% such that u(K x {g}) >0, m(K x {g}) =0.

Set I := sup{|h;(z) = h(y)| : j > 1, @] = y{}, L := 2maxj<, sup || and
M := [Wyy1|e""+1), Approximating K by larger open sets, we see that 3 U C X
open , such that K C U and (U x {g}) < “(Kx{g}) It follows that 3 a cylinder
set d = [dy,...,dn] such that u(d x {g}) >0 and u(d x {g}) < & dx{g}).

Since d x {g} = Usew, cesldsa,cl x {g}, Fa € Wo, c€ S Wlth a-c€ Wpp

such that p([d,a,c] x {g}) > “‘gvx{g]"). Next, 3 b = (by,...,br) € Wy such that
a1 = b, a, = by, and f,(a,c) — fx(b,c) € J. Define & : [d,a,c] x {g} — d x Z? by

k((d,a,z),9) = ((d,b,2),9 + fe(b,c) — fa(a,c)). Since d“d T _ = e we have that

0Q,=¢e"" VYnezl

duok
dp

(CE,U) — e‘r(hNJrk(d,b,z)—hN+n(d,a,x)) e [e—T(I+L)’eT(I+L)],

'We are using here the assumption f(z) = f(xo0,21) to note that lemma 2.3 can be used with
£ =1 and that f, (resp. fi) is constant on (a,c) € Wyy1 (resp. (b,c) € Wi41) so that the
notation fr(a,c), fi(b,c) makes sense.
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where the last estimate follows from

|hN+k(d,b,$) - hN+n(d,a,fL')| < |hN(d,b,$) - hN(d,G/,fE)|

Thus

+ |hg (b, z)| + |hn(a,z)| < T+ L.

/ dp o nd,u
[da,c]x{g} OH

(por)(ld a,cl x{g})

> e—T(I+L)'u([d,a,c] X {g})
> ef‘r(IJrL)M
- |Wn+1|
_ uldx ()
M

On the other hand, x([d,a,c] X {g})) C Q £, (b,0)— f (a,c) (d X {g}) whence

n(d x {g})
M) < (4, 0.6) % 10)) < 0@t -ratme (@ x 101) <
_ n(d x {g})
Ald x{g}) < =7
and 1 < % This contradiction establishes claim 2. O

Since the (e*°f*7" T)-conformal probability is unique, it follows from claim 2 that

m is proportional to the corresponding B-L measure. O
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