
 

Lecture 4 Lyapunov Exponents

Last time we elicient condition

for the ability of a prob preservingmap f to produce a

purely random Bernoulli time series Positive entropy

Today we ask What dynamical mechanisms produce
positive entropy

The Answer volume preserving case Exponential sensitivity
to initial conditions

exponentially small perturbations in some directions
grow to order one after limbo of iterations
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The precise statement is infinitesimal so we begin

with a review of some definitions from calculus on manifolds
Review of Differential Calculus on Manifolds

Setup M is a compact smooth Riemannian manifold of
dimension d and embedded in IRN f M M differentiable
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Corollary Suppose f M M is smooth then
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Def 2 coordinate free formula Every Ie Tpm
is the velocity vector Jylol of some curve Jeff
on M sit Jg fol p
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Diff 3 formula in coordinates Fix peM and

two loordinate charts on neighborhoods of p ffp
x xᵈ near p P do

y yd near ftp.t flpl y

We have the following natural bases for TPM TfpM
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Represent f p in coordinates
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Then Dtp αié piet where

I mn 1

Chain Rule Df
p Dffmp Dffp Dfp

C Diffeomorphism An invertible map f M M

S.t f and f are continuously differentiable twice

in coordinates



Lyapunov Exponents

Oseledets Thm part 17 Suppose f M M is a diffeomorphis

on a compact manifold M of dim d and µ is an invariant

prob measure Then for µ a e.pe M

1 The following limit exists for all non zero w̅eTpM

Xp E fine log IDF all

2 There are finitely many possible values
for each p X p YepCp Sit

EeTpMi it Xp E e Cp spp
3 Invariance X f pi X p

s ftp.t sCp
If µ is ergodic then kept Slp t are a e const

Terminology Xp E is called the Lyapunovexponent
at p in direction w̅
Observe If Xp 8 so then we have exponential

sensitivity to initial condition at p
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Remark If Xp E so for some TEIM
then Xp 5130 for most I c TpM

Indeed A IeTpM Xp a o 048 i a

linear vector space exercise of dimension dimTM
because its T M
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Remark 2 In the volume preserving case if
there is a w̅ with positive Lyap exponent then there

must also be a w̅ with a negative Lyap emp

Otherwise f expands the volume exponentially
which is impossible since M is compact

infinitesimal infinitesimal
ball ellipsoid



Multiplicities of Lyapunov Exponents
Suppose the Lyapunov exponents at p

are

In general Std so we feel that some Xi must appear
with a multiplicity How to define it

Attempt 1 fails m dim JETPM Xp 5 7348
Ffailbecause w̅ X Col Xi is not a
vector space Choose sit Xp un Xp g
Let U V Ir

Xp u first log IDF g Drill Xp re
Ex Ex

Xp u a I Xp 20 Xp rn

So U n e 5 Xp 5 Xi but 4 a 5 X fi

xlAttempt2suiceeds Define

Vx ñeTpM X E v35

These are linear spaces check I and

40 EV Vx E I Vx TPM

Def is called the Lyapunov filtration
The multiplicity of X is defined to be

mi dim Vx dim Vx



Lyapunov Exponents and Entropy

Thm Ruelle's Inequality Suppose f M M is

a ditteomorphism on a compact manifold which preserves
a finite invariant measure µ Let X sepip

be the Lyapunov exponent and let m Cp Msrp
be their multiplicities Then
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Corollary If p is ergodic and h Cfr so then

f has exponential sensitivity to initial condition µ are

Thm Pesin Entropy Formula Under the above condition

if µ is smooth i.e µ density volume measure then

half 44,4 p icp dy
M

Corollary In the volume preserving case the entropy
is positive if and only if there is exponential sensitivity
to initial condition on a set with positive volume



The Oseledeh Decomposition

Oseleden Thm Part 27 Let f be a diffeomorphism on

a compact smooth manifold M and suppose p is an invariant

prob measure Let p I Yep Cpt denote the
Lyapunov exponents and let malpl Mspip be their

multiplicities For µ a e pen we can decompose

TPM Hx p HxGp sit

1 Hx p are linear vector spaces of dim mispl

a Xp El Xilpl on Hx p 5

31 Invariance Dfp HxIp Hx fly

141 Life log Hx Ffp Hyflph 0 City

Application 1 For each TieHyph Xpt.ir Xi

I Df I exit all

Thus theOseledets Decoupe 5 5 Tx
Splits w̅ into components with different exp rates ofgrowth



Application 2 Diagonalization of Dfp
For simplicity suppose dimm 2 and assume µ is

ergodic with positive entropy

By Ruelle's inequality some Lyap exp is positive

Also some Lyap exp is negative

hit't half so so by Ruelle's inequality
check

for µ a e p ÑETpM sit

OC Xft E L by 11 Df ill

n
by 1108 811 xp t r
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Thus we must have two different Lyapann
eaponents one positive and one negative

Necessarily in the Oseledets decoupe

TPM Hx p Hx p

H p and Has Ipl are one dimensional



Choose unit vectors cpl It p Efpl Half
THE 56
direction direction

By the invariance property Dfp tty.pl Hyfflpi

Dfp Span etyl Span é ftp.il lt ui

Therefore

Dfp Ecp 11Dfp e cpill.eu fly

Dfp Ecp lldfpetcpll.es fly

Define Cp IR TPM by

Cp apésip Cp 9 ppl e p
21.7 β1.7 to be determined later Then
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We obtained

Cif Pf 4 I Dfp e'spill

Similarly

Cif Pf 4 I Dfp e'spill 9

In summary
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In higher dim the Oseledets Pesic Reduction

says that for some family of Cp

Pt Cp
0

0 BY

where B are mixm blocks Mi malt of
Sit

IIB ill eh 11 5 1 on 112mi

Summary The Oseledet Them allows to choose

bases 41o C for TPM in such a way
that Canj Df oCp have diagonal bloil form

In the two dimensional positiveentropy case the

resulting form is a hyperbolic diagonal matri
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