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Abstract:

For certain group extensions of uniquely ergodic transformations, we identify
all locally finite, ergodic, invariant measures. These are Maharam-type measures.
We also establish the asymptotic behaviour for these group extensions proving
logarithmic ergodic theorems, and bounded rational ergodicity. ©1999

§0 INTRODUCTION AND GENERAL FRAMEWORK

Let (X, B) be a standard measurable space, and let 7: X — X be an invertible
measurable map. Let G be a locally compact, Abelian, Polish (LCAP) topological
group and let ¢ : X — G be measurable.

The skew product transformation 75 : X X G = X x G is defined by

T6(2,y) = (T2, y + ¢(z)).

A measure m : B B(G) — [0, oo] is called locally finite if m(X x K) < oo VK C
G compact.

Our program is to identify all 7¢-invariant locally finite measures and study their
asymptotic behaviour.

It is known ([Fu], [Pa]) that if 7 is a uniquely ergodic homeomorphism of a
compact metric space (with invariant probability p), G is compact (with Haar
probability measure mg) and ¢ : X — G is continuous, then ergodicity of 7, with
respect to the product p x mg is equivalent to the unique ergodicity of 7.

For non-compact G, it is well known that if 7 is uniquely ergodic (with invariant
probability p), and 74 is ergodic with respect to pXxmg , then there is no 7¢-invariant
probability on X x G (see e.g. [Al] chapter 8, or [Sc2]).

It is natural to ask (as in [Ve]) for 7¢-invariant locally finite measures. There is a
natural class of 74-invariant locally finite measures: the Maharam measures which
we proceed to describe.

Let (X,B) and 7 be as above and let A : X — R, be measurable. We call a
probability u € P(X, B) (h, 7)-conformal if po7 ~ p and dg% = h p-a.e..

Now let ¢ : X — G be measurable, and let @ : G — R be a continuous homo-
morphism. Let u = pq be a (e%°%, 7)-conformal probability on (X, B).

The associated Maharam measure is mo : B® B(G) — [0, 0o] defined by
dmg(z,y) := e~ %W dyu(z)dy (where dy denotes Haar measure on G). The reason
for this terminology is that Maharam measures were first considered for G = R in

[Mah].
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A Maharam measure is easily seen to be 7g-invariant, the dilation from the first
coordinate being cancelled by the translation in the second.

The transformations 74 considered here have the following properties:
UNIQUE CONFORMAL PROBABILITIES:

For each continuous homomorphism & : G — R, there is a unique (e*°¢,7)-
conformal probability g = ps on (X, B);
MAHARAM MEASURES ARE ERGODIC:

For each continuous homomorphism o : G — R, the Maharam measure m,, is
ergodic (for 74);
ERGODIC MEASURES ARE MAHARAM:

The only ergodic 7y-invariant locally finite measures are Maharam measures.

Remarks

1) For G compact, the only continuous homomorphism & : G — R is & = 0, the
only Maharam measures are of form m x mg, and the above properties for 74 are
equivalent to its unique ergodicity.

2) As shown in [Sc2], there are abundances of (e*°?, 7)-conformal infinite mea-
sures, and of non-locally finite, 74-invariant, o-finite measures.

We attempt our program in two cases. In §1, we treat the so called cylinder flow
Ray: T xR — T x R defined by Ray(2,y) := (2 + o,y + x(2)) where o € T\ Q
and where x(z) = (6+1) - 1[07%) — B (some 8 > 0), the rest of the paper being
devoted to certain group extensions of adic transformations by symmetric cocycles
(see below).

Let S be a finite, ordered set, let A : S xS — {0, 1} be an irreducible, aperiodic
matrix and let ¥ = X4 C SN be the corresponding (topologically mixing) subshift
of finite type (SFT).

Let V be the adding machine on SN. The adic transformationon ¥ is the induced
transformation of V on X defined (in §2) for all except countably many points z € X
b'y T(:L‘.) — Vmin{nZl: V"(z)EE}(m)‘

For f : ¥ — G, we consider the symmetric cocycle ¢; : ¥ — G defined by
¢5(z) = S0 (f(T'z) — f(T*(rz))) where T : & — ¥ is the shift, the sum termi-
nating as T%(z) = T%(rz) V large i > 1.

In §2 we show that the class of 74,-invariant, locally finite measures for f ape-
riodic having finite memory is collection of mixtures of the canonical Maharam
measures (theorems 2.1 and 2.2).

In §3 and §4, we consider the asymptotic properties of 74, with respect to Ma-
haram measures, where f: X — R?is an aperiodic Hélder continuous function.

For a € R4, consider the Maharam measure m,, : B(E x R%) — [0, co] defined by
dmg(z,y) = e"*¥dv(z)dy where v = v is the (/) 7)- conformal measure. In
§4, we show that 74, is boundedly rationally ergodic with return sequence a(n) =

( n 7 (see [A2], and/or §4) with respect to mg. Bounded rational ergodicity is a
logn)?2
strong form of rational ergodicity, and so this entails a kind of absolutely normalized

ergodic theorem:

) [ o
i /de o ¥ f € L'(mo)

where fp ~ f if V. my T oo 3 ng = my, 1 oo such that V p; = ng, T oo, we have
%Zjvzl fp; = fae as N — oo (see [Al]).
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For o # 0, 74, is squashable with respect to m, (see [Al]) and there is no such
kind of ergodic theorem. Nevertheless, we show in §3 that the logarithmic ergodic
theorem holds:

log Y0 Forf, R (T)
—
logn hiop(T)

where pq is the equilibrium measure of a - f (see [Bo]).

There is some relation between the results of §2 and results in [P-S] remarked
at the end of §2. The program in §3 and §4 has been previously carried out in full
in [A-W] for £ = {0, 1}, f(z) = z1. Bounded rational ergodicity of certain of the
cylinder flows was established in [A-K].

Horocycle flows on Abelian covers of compact, hyperbolic surfaces can be con-
sidered as “smooth analogues” of the skew products considered here. Ergodic, Ma-
haram measures for these horocycle flows were introduced, and their asymptotics
considered in [B-L].

me-a.e. asn — oo VF € Ll(ma)+

We conclude this introduction with a Basic Lemma, to be used in §1 and §2.
For a € G, define Q. : G — G by Qu(z,y) := (2,y+ a), then 750 Qs = Q4 0 Ty.
If m is an ergodic 7y-invariant locally finite measure, then sois mo Qs (a € G)
whence, as is well known, either mo @, L m or mo @, = cm for some ¢ € R .
For m an ergodic 74-invariant locally finite measure, set

H=H, ={acG: moQq~m}.

0.1 Basic Lemma
(i) H is closed;
(i) If H = G, then m is a Maharam measure.

Proof
(¢) By unicity of absolutely continuous invariant measures, 3 a multiplicative
homomorphism A : H — R such that

/ foQadm:A(a)/ fdmV ac H, fc L*'(m).
XxG

XxG
For f : X xG — R continuous with compact support, we have that foQ,, — foQ.
uniformly as @, — a in G. Suppose that a, € H, a, — a ¢ H. This forces
A(an) = 0 since Ve >0, 3 f:X xG — Ry continuous with compact support

such that
/ fdm:l,/ foQadm < e
XxG@ XxG@

€> / foQudm foQq,dm = Alay).
XxG XxG

On the other hand 3 f : X X G — R continuous and everywhere positive, whence
fo@Qs > 0and fXxG foQgdm > 0 contradicting A(a,) — 0 and showing that
ac H.

(ét) There is a measurable (hence continuous) homomorphism a : G — R such
that moQ, = e~*(®)m. Define the measure 7 : B(X x G) — [0, 0o] by dm(z, y) :=
e*Wdm(z,y). It follows that m o Q, = m. For A € B(X), B € B(G) and a € G,

we have

whence

(A x (B +a)) = Mo Qa(A x B) = (A x B),
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whence by unicity of Haar measure on G, V A € B(X), 3 u(A) € R, such that
m(A x B) = u(A)mg(B) (B € B(G)).
It follows that p is a finite measure on X, and and that
dm(z,y) = e_“(y)d,u,(m)dy.

The 74-invariance of m now implies that p o7 ~ p with dg% = ¢*°% (it being
necessary to cancel the dilation due to translation of the second coordinate by

dilation of the first). O

§1 CYLINDER FLOWS

Let T:=R/Z = [0,1) denote the additive circle (the multiplicative circle being
St:=e* T C C) and let Ra(z) := 2+ mod 1. The natural distance function on
T is given by the norm ||z|| := min,ez |z + n|.

For 8 > 0, let Gg C R be the closed subgroup generated by 1 and 5. Note
that Gg = BZ if B € Q and Gg = Rif 8 ¢ Q. Consider for § > 0, the function
x : T — Gg defined by

— 4B .—1 _ - _
x =x"¥ = Bl =(B+1)1 6]
o) | ) 0. 557)
and the skew products (or cylinder flows) R, () : T x Gg — T x Gg defined by

Ry yer(2,y) = (2 + o,y + x)(z)) for a ¢ Q, B > 0.

The goal here is to identify all the locally finite, o-finite, R, ,(s)-invariant mea-
sures. Write X,(f) = ZZ;S x\8) o RE.
We recall some information about the continued fraction expansion
a=1/a1+1/as+ 1/az+ ...
of @ € [0,1)\ Q. This can be found in [Kh].

The positive integers a, are called the partial quotients of a.
Define pn, gn € Z4, ged (pnaQn) =1by

Pn . _ 1/a1+1/as+ 1/az+ -+ 1/an,
n
then
90 =1, g1 = a1, gnt1 = @n419n + gn-1;
Po =0, p1 =1, Put1 = Gnt1Pn + Pn-1;
Pan <a< Pan+1
q2n g2n+1
and

Pn Png1 _ (Z1)*H

qn qn+1 QnQn+1 '

The rationals 2=

are called the convergents of a, and the numbers ¢, are called
(principal) denominators of c.
Recall the Denjoy-Koksma inequality, that ||Fy, || < \/; F for any function

F : T — R of bounded variation (\/ F < oo) such that [ F(¢)dt = 0. In particular,
x| < 2(8+1).
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1.1 Proposition

Vag¢gQ, 8>0andn >0, 3 aunique (nx(ﬁ) , Ro)-conformal probability measure
b= pa,pn € P(T).
Proposition 1.1 follows from a more general “folklore theorem” (pointed out to the
authors by J-P. Conze and K. Schmidt):

Theorem Let @ ¢ Q and suppose that h : T — R has bounded variation and
Jp h(z)dz = 0, then there is a unique (e®, Ry)-conformal u € P(T).
Moreover u is nonatomic.

Proof

We first prove existence.

Let T be the (countable) set of discontinuities of h and let T'o := |
shown in [Ke]:

3 X a compact metric space, T : X — X a homeomorphism, 7: X — [0,1), H :
X — R continuous such that
(i) moT =Rgom, () Vz &, 77z} =1, H(r 1z) = h(z).

It follows from the Denjoy-Koksma inequality that
(iii) |Hg, (z)| < Vp RV z € X \ 77T and hence (by continuity) V z € X.

By theorem 4.1 in [Sc2], 3 p € P(X) and ¢ € R such that poT ~ pu and

dpoT __ eH-I-c
dp

s R2T. As

. Since

1=u(T"X) = / eHantetn gy, < g%n
X
as n — oo, we must have ¢ = 0.
We claim that u is nonatomic. Otherwise 3 z € X with p({z}) > 0 whence

Jv eP(X), v < pwithv = Znezan&pnm where a, > 0. By d’;ZT =efl, a, =

ce®(2) for some ¢ > 0 entailing v(X) > cznezqun(ﬁ) = oo and contradicting
v € P(X).

Now define v € P(T) by v = pwo 7w~ 1. It follows that v is nonatomic, whence
V(I'w) =0 and v o Ry ~ v and % —et v-ae..

Existence and nonatomicity are now established and we turn to the proof of

unicity.

We prove that if v o Ry ~ v and % =e" v-a.e., then R, is v-ergodic. This
suffices since nonunicity implies existence of p with po Ry ~ p and % =et p-

a.e., and R, not p-ergodic.

As above, v is non-atomic, and by minimality of Ry, v(J) > 0V intervals J. Thus
ifr:]0,1) = [0, 1) is defined by 7(z) := v((0, z)) then = is an orientation preserving
homeomorphism of T, and v o 7~! = Lebesgue. It follows that § = 7o Rg o w1
is absolutely continuous with S’ = e"°™ and by theorem 2b in [dM-vS] S is ergodic
(Lebesgue). It follows that R, is ergodic (v). O
Remark The (nx(ﬁ) , Ra)-conformal = pa gy € P(T) can also be obtained using
the methods of [Her] (as in [N1] and [N2]):

Define the continuous f = f; g : R =+ R by

; (m):{ ne w0, a(np)
e nf(e —a(n,8)) +a(n,B) ¢ la(n,B),1)
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where a(n,8) := ngi—f_ll (this value of a is forced by the slopes, and continuity of

fn,ﬂ)-

By the theory of rotation numbers, 3 0 < b < 1, and an orientation preserving
homeomorphism £ : T — T with £(0) = 0, £(1) = 1 such that {10 fa0& = R,
where fo 1= fpp + 0.

It can be shown that if p := m o £, then % = nX.

INVARIANT MEASURES FOR THE CYLINDER FLOW R(x,x(l)

Recall that ¢ € N is called a Legendre denominator for o if 3 p € N such that
|o — fl—’| < #. This is because of Legendre’s theorem that a Legendre denominator
for a is a principal denominator for a.

It is well known that there are infinitely many odd Legendre denominators for
any a ¢ Q.

1.2 Sublemma
Suppose that q is an odd Legendre denominator for o, then |X<(11)| =1.

Proof in case |a—f1—’|<#.

Firstly{kq—” modl: 0<k<g—1}={0=a1 <az <--- < ag <1} with
ai::k;”;and{’;—”—l—% modl: 0<k<g—-1}={0=0b1 <by <--- < by <1}
satisfyal<b1<a2<b2<---<aq<bq§1withbi—ai:ai+1—bi:%.

Now let k;,4; (0 <4< g—1) be such that ai:k;” mod 1 and bi:lflp mod 1.
Set @; := k;a modlani:lgizlia _Inod 1. _

We claim that @; < by <@ < by < --- <@y < by < 1. The reason for this is
that |ka—kq—”|<% (0 <k <g—1) whence incasea>f1—’,

ai<Ei<ai—|—%:bi<Ei<bi—|—%:ai+1<...,
and in case a < fl—’,
Qi1 >Ei_|_1>ai+1—%:bi>gi>bi—%:ai>....

Now X‘(11) is a step function with points of discontinuity 1—a; > 1—b; > 1—ay >
1—by>-->1—-8;>1—b,>0,and jumpsof +2at 1 —a@; (1 <i<gq)and
—2at1l-—a (1 <i<gq). The values of X‘(11) are of form {v,v + 2} for some
v € Z. The only v € Z permitted by the condition fj; Xgl)(t)dt = 0isv = —1. Thus
X = 1. m

This subsection is based on the following lemma which is obtained from sublem-
mas 1.1 and 1.2:

1.3 Lemma
3 ng — oo such that |X<(1}L),,| =1VEk>1.

Remark
Sublemma 1.2 can be strengthened: |X¢(1
denominator for . This is shown in [N1].

1)| =

1 whenever ¢ is an odd principal

Forn > 0, a € T\ Q define the R, ,m-invariant, Maharam measure mg,, on
B(T x Z) by
Ma,(A x {n}) := 17" pa,1,n(4).-
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1.4 Theorem

)V agQandn >0, (T xZ,B(TxZ), Mauy, Ry ) 15 a conservative, ergodic
measure preserving transformation.

2) If m is a locally finite measure on T x Z such that (T x Z, B(T x Z), m, R, )
is ergodic and measure preserving, then 3 n,¢ > 0 such that m = cmq,y.

Proof

The ergodicity of (T x Z,B(T x Z), Ma,y, Ry x)) Was established in [N1] (see
[C-K] and also [A-K] for the Lebesgue case n = 1) and is standard using [Scl] and
lemma 1.3:
3 ng — oo (odd Legendre convergents) such that |X1(11k)| =1 and

po1,n(RE*AAA) — 0 Y A € B(T).

We prove (2). Let m be a R, ,)-ergodic locally finite measure on T x Z. We
claim that m = emq 5 for some ¢, > 0. By the Basic Lemma and proposition 1.1,
it suffices to prove that H:={n€Z: mo @, ~ m} =Z.

Indeed, write my(A4) := m(A x {k}) and suppose that H # 7Z, then m :=
m_1 +mq L mg. 3U C T open, such that mo(U) = 1 and m(U) < %, whence
31 C T, an open interval such that m(I) < mDT(I)

Given 0 < p < 1 and an open interval L = (a — r,a + r), denote by L, the
subinterval (a — pr, a + pr). Note that if 2 € L, and |y| < % then z +y € L.

30 < p < 1 such that mo(l,) > mDT(I) By lemma 1.3, 3 & > 1 such that
lgn, ]| < “}ﬂ and |X<(1}L),,| =1.

It follows that

R™ (I, x {0}) C I x {-1,1}

o x(t)
whence
7t < mo(Iy) = m(Iy x {03)
— (B2 ) (I x {01) < m(I x {~1,1})
=m(I) < ™o,
The contradiction shows the impossibility of H # R, and thus proves 2). O

INVARIANT MEASURES FOR THE CYLINDER FLOW R(x,x(f’)
For 7,8 > 0, o € T\ Q define the locally finite measure mq g, on B(T x R) by

dma,p,n(2,Y) == 0" dpta,p,n(2)dy.
Evidently ma,g,n © R y8) = Ma,p,9-
Fix a € T\ Q. For ¢ € R, consider the set
L(t) = La(t) :={e €[0,1]: I np — 00, gn,t mod 1 — a}
(where {gn : n > 1} are the denominators of «).

It is shown in [Ku-Ni] that L(¢) = [0, 1] for Lebesgue-a.e. t € R, and it is shown
in [Kr-Li] that for @ ¢ Q with bounded partial quotients and ¢t € R, L(¢) is finite
iff t € Q + Q.

1.5 Lemma

Ifac L(;%) and anﬁ% mod 1 —a, thenV z €T,

XP) (@) = (B+ 1){N —a: N=-1,0,1,2}.
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Proof
Let € > 0, N € Z and suppose that |qnﬁ% — N —a| < ¢, then ¢,8 = (B+1)(N +
a =+ ¢€), whence

X =B+, s Jen—af=@+1(L-axe)
[07,3+1)
where L:=(1 g )g. —N€Z.
0.357)
Recalling that |X<(1€)| < 2(B+1) we see that —24+a—¢ < L < 2+a+e. It follows
that for @ > 0 and sufficiently smalle > 0: L =-1,0,1,2. O

1.6 Theorem

Suppose that o ¢ Q, B> 0 are such that L(%) 18 infinite, then

1) For each n > 0, (T x R, B(T x R),mq g9, Raxe)) @5 a conservative, ergodic
measure preserving transformation.

2) If m is a locally finite measure on T xR such that (T xR, B(TxR), m, R, ,s))

is ergodic and measure preserving, then 3 n,¢ > 0 such that m = cmq g,5.

Proof

The ergodicity of (T x R, B(T x R), mq,g,n, Ro,ye)) Was established in [N2] and
in [St] for n = 1 (Lebesgue measure).

We prove (2). Let m be a R, ,e)-ergodic locally finite measure on T x R. We
claim that m = emq g,y for some ¢, > 0. By the Basic Lemma and proposition
1.1, it suffices to prove that H:={a € R: mo @, ~ m} = R.

Suppose otherwise, then H # R and 3 ¢ > 0 such that H = ¢Z. Since H is
discrete, it follows that 3 a € L(%) with (B+1)(N—-a)¢ HY N =-1,0,1,2.

Fix such an @ and set E:= {(B+ 1)(N —a): N =-1,0,1,2} then E C R\ H
and F is finite. Set m := ZjeEmo Qj, thenm 1. mand 3 K C T x R compact
such that m(K) > 0, m(K) = 0. 3U C S x Y open and precompact, such that
K C U and m(U) < méf where 1 is the Besicovitch covering constant for R?2
(n < 186, see [W-Z]).

For each z = (z,y) € K 3 an open rectangle R(z) with diameter less than
%min{|j—j’| : 5,7 €E, j#77}such that z € R(2) CU. 3 afiniteset I' C K
such that K C V :=J,r R(2) and ), 1r(z) < n. Evidently m(V) < m(K)

5
We claim that (at least) one of the rectangles R = R(z) (z € T') has the p;operty

that m(R) < msR), else

m(V)> 1Y m(R(z)) > & Y m(R(=)) >
zel zeD

It follows from the restriction on the diameter of R that {Q;R: j € E} isa
disjoint collection, whence, if S := UjeE Q; R, then

m(S) = m(R) < ™E),

Write R = I x J where I C (0,1) and J C R are open intervals. Given 0 < p < 1
and an open interval L = (a—7, a+7r), denote by L, the subinterval (a — pr, a+ pr).
Note that if z € L, and |y| < gl;g)ﬂ then z + y € L.

30 < p < 1 such that m(I, x Jp) > mzR). By lemma 1.5, 3k > 1land AC I,
such that

|~

m(K).

ot

n

lgnaall < C=2UL m(4 x ) > ™E)

3
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and a-p)lJ|
. . 1-p)|J
;Iéléﬂxgﬁl(m) —jl< Ve A
It follows that
R™ (AxJ,)C 8§

whence
™R < m(A x Jp) = m(% Ry e (A X Jp)) > m(S) < ™LE),
The contradiction shows the impossibility of H # IR. O

§2 LOCALLY FINITE INVARIANT MEASURES FOR TAIL RELATIONS OF SKEW PROD-
UCTS

Let S be a finite set of s > 2 elements and let & = X4 C SV be a mixing
topological Markov shift and let T : ¥ — 3 be the shift. A cylinder set in ¥ is a
set of form

[@1,...,an] ={2€X: 2z =ar V1<k<n}

where a1, ...,an, € S. An admissible word (of length n) is an element (e1,...,e,) €
S™ (or word) satisfying A, c,,, =1V 1 < j < n—1. Note that a cylinder [ay, ..., an]
is nonempty iff its corresponding word (a1,...,an) is admissible. We denote the

collection of admissible words of length n, or paths of length n — 1 (the number of
steps) by Wh,.

Consider s tail relation
T=%T) :={(z,9) €2%: In>0, T"z = T"y}.
Consider the reverse lexicographic order on ¥(T')-equivalence classes:
z<yiff zn, <Yn,, Zn=1yn for any n > ne.

It is easy to see that for any fixed z < y there are finitely many 2z such that
£ < z < ¥, so the type of ordering in each equivalence class is either Z, or ZT,
or Z.~. Let Yo, , X _o be the set of maximal and minimal elements, respectively.
Introduce functions Ppax, Pmin: S — S

Prax(a) = max{i such that 4;,=1,}
Pprin(a) = min{i such that A4; , = 1.}

Note that

2 € XYoo = &n_1 = Pmax(zn) forall n.
It follows that there are at most s maximal points, (similarly, at most s minimal
points) and all of them are periodic.

The adic transformation 7 : ¥\ Too — X\ X_ o assigns to each z the smallest
y strictly greater than . Specifically, given ¢ € £\ X, 3 £ > 1 such that
£ = Prax(2j11) V1< j<{f—1and 2y < Prax(®s41),

7(z) = (y1,Y2,...) where the yi’s are defined reverse-inductively:

Tk kZZ—I—].,
Yr = min{i € §: i > xy, Aig,, =1} k=4,
Pmin(yk+1) 1 S k S £—1.
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It is convenient to restrict 7 to Lo := 2\ U]->07'j2_oo \U]-<0Tono

Remarks

1) It is possible to visualize X as the space of infinite paths in the directed graph
I’ with vertex set S x N and edges connecting (b,n) to (¢,n+ 1) iff 4. = 1.

2) If @ = SV is the full shift, and V is the adding machine, then T is the
induced transformation Vx, in the sense that 7(z) = VF(E)(I:) (z € 3g) where
F(z):=min{n >1: V*(z) € Zo}.

3) Adic transformations were introduced in [V1] (see also [V2] and [V3]) in the
more general setting of non-stationary Markov chains.

Let G be a locally compact, Abelian, Polish topological group. For f : ¥ —
G, consider the skew product transformation T¢ : ¥ x G — ¥ x G defined by

Ty(a,) := (Ta,y + (2)).
Now T}’s tail relation is
(Ty) = {((z,9), (z",9")) € (ExG)?: In>0, T7 (z,y) = T}l(m',y')}
={((=z,v), (ml’y,)) €(Ex G)z : (=, ml) € 1), Yy —y= 17 (2, ml)}
where the symmetric (or tail) cocycle 17 : T — G is defined by

(oo}

Yi(z,2') = Y _(f(T"2) — f(T2')).

n=0
Consider 74, : o x G — Xo x G defined by
7o (2,y) = (73, + ¢()),
where ¢;(z) = Ys(z,72) = o (f(T?z) — f(T*(rz))). It is easy to see that the
orbits of 74, are exactly the equivalence classes of T(Tf) N (Xo x o).

In this section we identify the 74, -invariant locally finite measures for certain
f: %X — G which we now proceed to describe.

There is a norm || - || = || - ||g generating the topology of G which is Lipschitz in
the sense that V y € G, 3 M such that [y(z)—1| < M||z||V z € G. It is not hard to
show that V continuous homomorphisma: G = R, 3 M |a(z)| < M||z||V z € G.

For f: ¥ —> Gand k> 1, let

ve(f) == sup{[[f(z) — fW)ll 2,y €2, zj =y; V1< 5 <k}
The collection of Hélder continuous functions on X is
He:={f:Z—->G: 30<0<1, v(f) =0(0") as n = o0}
and the collection of functions on ¥ with summable variations is denoted
Fo:=4{f:2->G: ka(f)<oo}
and a function f : ¥ — G is said to have finite memory if 3 N > 1 such that

f(z) = f(z1,...,zn) (equivalently vy (f) = 0). If & : G — R is a continuous
homomorphism, then a o Hg C Hr and a o Fg C Frk.
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A measurable function f : ¥ — G is called periodic if 3 vy € G , 2z €S and
g : ¥ — S! measurable, not constant, such that yo f = zgg o T. In case f € Hg,
necessarily g € Hs:. The function f is called aperiodic if it is not periodic.

2.1 Theorem

Suppose that X 4 is topologically mizing, and that f € Hg is aperiodic. For every
continuous homomorphism o : G — R:
1) there is a unique (e=*(#1), 7)-conformal probability us € P(Zo);
2) o is non-atomic;
3) 14, is ergodic with respect to the Maharam measure on Xo x G defined by
dmg(z,y) = e *Yduy(z)dy.

Theorem 2.1 is essentially known (although we indicate the proof). Our main result
in this section is

2.2 Theorem

Suppose that f: X — G s aperiodic and has finite memory.

If m is an ergodic, T4, -invariant locally finite measure on X X G, then m = mq
for some continuous homomorphism o : G — R.

Remark

The collection of all locally finite, T4-invariant measures on ¥ x G is identified
by theorems 2.1 and 2.2 as the collection of mixtures of Maharam measures. This is
because by the ergodic decomposition (see e.g. [Al]), any locally finite, 74-invariant
measure 1s a mixture of ergodic ones.

Conditions for aperiodicity based on [Kow] were given in §3 of [A-D1]. We’ll say
that the mixing ¥ almost onto if Va,b€ S, In>1, a = so,a1,...,5, = b€ S
such that T[sg] NT[sg+1] 0 (0 <k <n—1).

2.3 Proposition

Suppose that ¥ is mizing and almost onto, and that ¢ : & — G satisfies ¢(z) =
#(xzo), then either ¢ is aperiodic, or 3 v € é, A € S such that yo ¢ = A In
particular, if Group(¢p(X) — ¢(2)) = G, then ¢ is aperiodic.

Some of the proofs use the theory of non-singular equivalence relations and we
provide some background.

Let (X, B) be the standard Borel space. An equivalence relation R C X x X is
called standard, if R is a Borel subset of X x X, that is R is in the product o-field
B x B. For any ¢ € X R(z):={y: (z,y) € R} is the equivalence class of z, and
for a subset A C X, R(A) = U{R(z): z € A)} is called the saturation of X. The
standard equivalence relation R is called countable if R(z) is countable for any z.

For a countable, standard relation R, A € B — R(A) € B. If G is a countable
group of automorphisms of X then Rg = {(z,9(z)) : z € X, g € G} is a countable,
standard equivalence relation, and conversely, any countable standard relation R
is generated in this way by a countable group of automorphisms (see theorem
1 in [F-M]). A o-finite measure p is called non-singular for R if u(R(A)) = 0
whenever u(A) = 0; it is called ergodic if, in addition, either pu(R(A4)) =0 or
#(X \ R(A)) =0 for every A € B.

By a holonomy we mean a Borel automorphism ¢ : A — ¢(A) (some A € B)
graph I'(¢) := {(z, ¢(z)) : = € A} C R. A o- finite, absolutely continuous measure
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w is invariant for R if p(A) = u(¢A) for any holonomy ¢. By corollary 1 in [FM],
u is invariant under R iff p is invariant for the action of any G with Rg¢ = R.
The following proposition appears in [P-S].

2.4 Proposition

Suppose that T 4 is topologically mizing, and f € Fr. There is a unique (e~ %7, T)-
conformal probability py € P(Xo).

There exists M > 1 such that

(o) w([z1, ..., 2a]) = MELe Pt £(Th2) y g ¢ ¥, n>1

where P = max{hy(T) + [ fdp: pe P(X), po T~ =p}.

The property (¢) is known as the Gibbs property. A T-invariant probability with
the Gibbs property is known as a Gibbs measure.

As is shown in [Bo] and [R1]:

e I a unique probability uy € P(X) such that dpsoT

Fryade e~ for some A > 0;

e T is exact (whence 7 is ergodic) with respect to y;

e I a T-invariant probability p; ~ s such that ||log Z,%Hoo < 00;
and

e 1 M > 1 such that
pr([e1, .. znl]), pr((2e, .. 20]) = MELe=PmAEi5 1(T52) y g ¢ ¥, n>1

where P is the topological pressure of f given by the variational principle
P := max{h,(T) +/ fdp: peP(T), poT ' =p} = hy,(T) +/ fdp;.
b b

The probability p; is known as the equilibrium measure of f (being the unique
maximizing T-invariant probability) and is a Gibbs measure.

Proof of proposition 2.4

Ezistence
We claim that uy is (e_¢f,7')—conformal. To establish this, we show that if
a=[ai,...,an], b=1[b1,...,bs] are both nonempty with a, = b,, and k: @ — b is

defined by «(a, z) := (b, z) then

dgzn (a,2) = e~V ((az), (b))

Recalling that v, : T[an] — a is defined by v4(z) := (a, z) we have that v;1 = T™:
a — T[a,] whence

d a 1 .
:u’dj;) (513) = (d;;;jT (a,, :1:)) _ ezkzo foTk(a,a:),

and, since k = vy o v; !,

duok (a,, :L‘.) __ dpovy (Tn(a,, :L‘.)) dpoT™ (a,, :L‘.)

dp — dp dp
d dpoT™
= ’;L:”(b, z) ’f;u (a,z)

— e_"/)f((a7$)7(b7m))‘
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Uniqueness

Suppose that v € P(Z¢) is (e~ #7, 7)-conformal. It follows that ifa = [a1, . . ., ax],
b = [b1,...,bn] are both nonempty with a, = b,, and k : @ — b is defined by
k(a,z) := (b,z) then

d;ﬁ(a” m) — e_"/)f((a7$)7(b7m)),

whence 3 M > 1, Kn(s) >0 (n>1, s €S) such that

v([z1,...,2q]) = MilKn(mn)eE:;; HT*2) v >1, z € 3.
But

eXiso H(T*) = E1ePrp (2. .., zp))
and so
v([z1,...,2q]) = Mian(mn)eP"pf([ml, oy Zn))
It follows that
V(T ™"[s]) = M**Ka(s)e"" ps([s])

whence ), s Kn(s) < e P v([z1, ..y zn)) < M'ps([21, .., 20)), and v < py.

Writing F' := d‘i—”f, we see from % = dg;(;r that For = F mod uy, whence
by ergodicity F =1 and v = py. O

Proof of theorem 2.1

Let @ : G — R be a continuous homomorphism. By proposition 2.4, there is a
unique (e_“(¢f), 7)-conformal probability pa € P(Xo) equivalent to the equilibrium
Mmeasure Pu(g,)-

It is shown in [G] (see also [A-D2]) that if f € g is aperiodic then T} is
exact with respect to m = p X mg where p is some equilibrium measure on X. In
particular, Ty is exact with respect to mqa ~ pa(¢,) X mg, whence 74, is ergodic
with respect to my. O

Now let f : ¥ — G be measurable. If 3 a globally supported, o-finite T%-
nonsingular measure m on X X G such that
(2 x G,B(X x G), m,Ty) is exact, then f is aperiodic.

To see this, suppose otherwise, that 3 v € G , 2€ Stand g : & — S! Holder
continuous, not constant , such that yo f = 2gg o T. Consider G € L* (X x G)
defined by G(z, y) := g(2)v(y), then G is not m-a.e. constant and GoT; = zG. Thus
Ty is not weakly mixing and hence not exact (in particular, G is Tf_"B—measurable

YV n>0).

2.5 Proposition

Let f € Fg. Any 7y,-invariant, ergodic locally finite measure m on ¥ x G
with Hy, = G s a Maharam measure, and the existence of such implies that f s
aperiodic.

Proof

Let m be a 74,-invariant, ergodic locally finite measure on ¥ x G with H,, = G.
By the Basic Lemma, m has the form dm(z,y) = e*®)du(z)dy where o : G — R
is a continuous homomorphism and u is (e*°#7, 7)-conformal. By proposition 2.4,
1 1s equivalent to a Gibbs measure. Such a measure is globally supported on %,
whence m is globally supported and so as shown above, f is aperiodic. O
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By possibly changing the state space, we may assume that f(z) = g(z1, z2) in
the assumptions of theorem 2.2. The proof of theorem 2.2 uses lemma 2.6 below.
Foru:¥ — S'and £ > 1, set wy(z) := H;;é u(Tiz).
2.6 Lemma
Assume u: & — St is Holder continuous, then either:
(1) 3z€SY g:% — S! Holder continuous, such that u = zgg o T;
or
(2) Fe>0, £o>1 suchthatV £ >4y, z € X, 3y € X satisfying

L1 = Y1, le = Tlm'
and
lue(y) — we(z)| > e

Proof

Let u be the measure of maximal entropy on ¥ and let P : L*(u) — L'(u) be
the transfer operator, then Pf(z) = >, s 17q(2)e ™7T) f(a,z) and P1 = 1. Define
P, :C(Z) = C(2) by Pyu(h) := P(uh), then Ph = P™(unh) and (see [G-H]) either
3z €S g:% — S! Holder continuous such that P,(g) = zg (which implies (1)),
or [|[Prhllec = 0V h e C(X).

If (2) fails, then V e > 0 3 2(*) € B, £, > 1 (k > 1) satisfying £ 1 co and such
that if

yen, k>1, m(lk) =y and Theg(®) — Tty
then
|u’lk(m’(k)) - u’lk(y)| <€

By possibly passing to a subsequence, we can ensure that m(lk) =sVEk>1 1t
follows that

||quk1[s]||oo > |P,lfk1[s](Tl";1;(k))|
— =BT Z ug,, (9) 11 (%)

YyEXR, Tey=T'kg(k)

> e~ 4MT) > (1 = Jug, (9) = ue, (2®) )11 (v)
y€eR, Ttey=T e g(k)

> (1—€)P™1yy
= (L —e)p([s])
=

Ifu: Wa(E) = S, u(z) = w(z1,22) and @ € Wy is a path a = (a1, ..., an41)
of length n, then u, is constant on a. We denote un(a) := tnls = H?:l w(as, aiy1)-
In lemma 2.6, when u(z) = u(z1, 2), (2) has the combinatorial form:
(2’) 3 4o such that V £ > o, paths @ = (a1,...,ae41) € Wy, 3 a path
b=(b1,...,be41) € Wy such that a; = by, agy1 = bey1 and ug(a) 7 ue(b).
Proof of theorem 2.2
By the Basic Lemma and proposition 2.4, it suffices to show that H, = G.
Suppose otherwise that H # G, then 3 v € @, v # 1 such that y|g = 1.

Since m is 7y,-invariant, it is also %(Ty)-invariant and if x : A — k(4) (A4 €
B(2 x G) is a T(T})-holonomy, then m(k(A)) = m(4).
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Using aperiodicity and lemma 2.6, we fix £ > 1 so large that V paths a =
(a1,...,0441) € Py, Japathb =b, = (b1,...,bs41) € Pysuch that a; = by, ag11 =
ber1 and v o fi(a) # v o fi(b), equivalently fe(a) — fe(b) ¢ H.

Set J := {fr(a) — fe(ba) : @ € P}, then J C G\ H and J is finite. Set
m = Zjejmo Qj, thenm 1L mand 3 K C ¥ x G compact such that m(K) >
0, m(K)=0.

Set M = |W,|. Approximating K by larger precompact open sets, we see that
JU C Z x G open , U compact such that K C U and m(U) < %

For each z = (z,y) € K 3 a set W(z) = C(z) x V(2) of form cylinder x open
such that z € W(z) C U. By compactness of K 3 21,...,2zn such that K C V :=
Uszl W (z). We claim that V is a disjoint union of sets of form cylinder x open.
To see this, let L be the maximum length of the cylinders C(z1),...,C(zx), then
V= Uszl W(z) = Uszl UceWL, cCC(zn) € X V(zx) — a disjoint union. Thus K C V

and m(V) < %

It follows that 3 a set C x W of form cylinder x open such that m(C x W) > 0

and m(C x W) < %, otherwise V would not have these properties.

Since CxW = {J,ew,(C,a) x W, 3 a € W, such that m((C,a) x W) > ﬂ(’;{(—wl

Next, 3 b = (b1,...,be41) € Wy such that a3 = b1, agp1 = byy1 and fi(a) —
fe(b) € J.

Define 7: (C,a) x W — C x G by 7((C,a,2),y) := ((C, b,2),y+ fe(b) — fe(a)).
Evidently 7 is a %(7%)-holonomy and so by assumption, m(7((C,a) x W)) =
m((C,a) x W) > ™),

On the other hand, 7((C,a) x W)) C Qy,(3)-#,(a)C x W whence

W) < m(1(C,a) x W) < m(Qp,(0)-1(a)C x W) < T(C x W) < REXT)

and % > 1. This contradiction establishes theorem 2.2. O

Remark

The proof of theorem 2.2 establishes the (stronger) statement:

Suppose that f : ¥ — G is aperiodic and has finite memory.

Ifm is an ergodic, T(T})-invariant locally finite measure on X x G, then m = mq
for some continuous homomorphisma : G — R.

We conclude this section with an application of theorem 2.2 to the “Markov-
Pascal-adic” transformations considered in [P-S].
Let ¥ = ¥4 be a mixing subshift of finite type and let f : ¥ — G. Recall from
[P-S], the equivalence relations:
ST C X4 x T4 defined by
SX:{(may)EEAXEA: In>1, z2° =y,

(y1,-..,Yn) @ permutation of (z1,...,zn)};
and Sf; C ¥4 X X4 defined by
Shi={(2,9) €SaxBa: In> 1 22 =42, fule) = fu(¥)}-

Evidently S} = .S'f;# where F# : ¥ — Z5 is defined by F#(zy,22,...); :=
e (i€ 5.
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Suppose that G is discrete. Evidently if f: % — G then
(:L‘., y) € Sf; — ((:L‘., O)a (ya 0)) € z(Tf)
whence
(z,y) €S, NE} < 3IneZ, (y,0) =15 (z,0)
and Sf; N X2 is generated by the induced transformation (To;)Box {0} -

We claim (as in [P-S]) that if f has finite memory and e : G — R is a homomor-
phism, then pq is .S'f;—invariant, ergodic.

To see this, recall from theorem 2.1, that mg is 74,-invariant, ergodic; whence
Ma|5ox {0} 18 (Tg; )z, x {0}-invariant, ergodic; whence our claim (since mq(AXx{0}) =
pa(A))-

2.7 Corollary
Suppose that f: £ — Z2% (d > 1) is aperiodic and has finite memory.

IfveP(X) is .S'f;-inva,ria,nt and ergodic, then v = uy for some homomorphism
a:7Z% = R.

Proof
We’ll deduce this from theorem 2.2. To do this, we show first that v(X\ X¢) = 0.
We claim that all .S'f;—equivalence classes are infinite (this implies that v is
nonatomic, whence v(X \ Xo) = 0 as this set is countable).
To see this we’ll need the symmetrization F of f defined on the mixing SFT
L x E by F(z,y) = f(z)— f(y) (F:ZxXE — Z%. Evidently F has finite memory.
We claim that F is aperiodic. If not, then

e2ia(f(e)-1(y)) — ,9(Tz.Ty) g’-”(z;—l”)y (z,y € )

forsomeq € Z, q#0, z€S!, g: % x X — S! and then
e2mia(fn(z)-fn(y)) — ,Ng(T 2.T7y) T;?;")Ny VN>1, z,ycX.

Choosing N > 1 and periodic points y = TNy, y' = TV+1y/, we have for all z € =,

e27riqu(Tz) — e2‘lr'iqu(y)zN g!TN'Hz,y!
9(Tz,y)
e2riafnyi(e)  _ g2migfnia(y) ,N+19(T"a,y')
g(z,y')

whence (!) e2migf(z) — ZGGSE‘T)) contradicting the aperiodicity of f.

Let p be the measure of maximal entropy on ¥ and let
P: L (ux p) — L' (u x u) be the transfer operator. By the local limit theorem of

[G-H], 3 ¢ > 0 such that V cylinders a, b C I,
n%P"(l(axb)n[Fnzo])(m,y) — cp(a)p(b) uniformly on ¥ x X as n — oo.
Now fix z € 3 and N > 1, then 3 ny such that
n3 P™(1((aup)rrn=0)) (T2, T"2) > Su([a)u([6]) V a, b€ Wy, n> ny
whence
WeX: (@my) eS|z fyeX: Toy=T"a, Fy\(a,y) =0}
> |Wn| — o0

as N — oo and establishing our claim.
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As mentioned above, v(X \ o) = 0 and the probability ¥ on Xq x {0} defined
by 7(A x {0}) = v(A) is (g, )ux{o}-invariant and ergodic. Define the measure m
on ¥ x Z% by

p—1
m(A) := Z 140 Tq’;f dv.
Zo k=0

The measure m is evidently locally finite. By Kac’s formula, it is 74,-invariant, and
by Kakutani’s tower theorem it is 74,-ergodic (see e.g. [Al]). Thus, by theorem
2.2, m = my, for some homomorphism a : Z% — R. It follows that v = pq. O

2.8 Corollary

Suppose 3 s a mizing, almost onto SFT.

IfveP(X) is Sj; -invariant and ergodic, then v = p, for some homomorphism
a:7Z% = R.

Proof

As mentioned above, S} = .S'f;# where F# : & — 7% is defined by F#(z); :=
iz, (i €5). Since evidently Group(F#(X) — F#(X)) = Z°, F# is aperiodic by
proposition 2.3. The result follows from corollary 2.7. O

Remark
Theorems 2.9 and 2.11 in [P-S] both follow from corollary 2.8. In both cases,
S ={0,1}, d =1 and ¥ is almost onto.

§3 A LOGARITHMIC ERGODIC THEOREM

Asin §2, let S = {0,1,...,s — 1} where s € N and let A: § xS — {0,1}
be an irreducible and aperiodic matrix and let £4 C SN be the corresponding
(topologically mixing) subshift of finite type and let T : ¥ — X be the left shift.

In this section, we consider the asymptotic properties of 74,, where f: ¥ — R4
an aperiodic Holder continuous function, with respect to Maharam measures. It will
be convenient to use the supremum norm on R%, ||(z1,...,z4)|| := maxi<k<d |Tk|-

Fix some o € R? and consider the Maharam measure m, : B(X x R%) — [0, oo]
defined by dmg(z,y) = e"*¥dv(z)dy where v = v, is the (e“(f),T)— conformal
measure.

As mentioned above, the aperiodicity of f implies that T} is exact with respect
to my. It follows that 74, is ergodic with respect to m, (generating the the tail
relation for T%) and also conservative (being invertible, ergodic and preserving a
non-atomic measure).

We prove the

Logarithmic ergodic theorem

log>iZo Forg, hu(T)
_) _ 7
logn hiop(T)

(1)

Mmu-6G.€. aS T — OO

VF € L'(mqa)+ where pqo is the equilibrium measure of o - f.
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It will sometimes be convenient to denote
n—1
Sn(F) = S,(:‘#f)(F) = Z FOTJ;f.
k=0

The proof the logarithmic ergodic theorem is based on the following two reduc-
tlons:
Firstly, it is sufficient to establish (}) for a single Fy € L!(mq)+ since then, by

the ratio ergodic theorem, 5"((;;)) — f;‘;;‘g; a.e., whence log S, (F) ~ log Sy, (Fo)

a.e..
Secondly, in order to establish (}) for Fo € L'(mq)+, it is sufficient to find:

e (random) subsequences My, N 1 oo such that log My ~ log M1, log N ~

log Ni11 as k — oo;

e sets A, B € B(Z x R%) with ma(A), ma(B) > 0 and

e subsequences My : A — N, N; : B — N such that My, Ni 1 oo, log My ~

log My y1, log Ny ~ log Ni41 as k — oo;

satisfying
B 1 F h, (T
6) tim sup 2E5Me(F0) o Pua(T) o,
k—s00 log Mj, - htop(T)
and
.. ologSn, (Fo) _ h,, (T)
+ 1 f k > P B.
® Ba T logNe 7 huo(T)

To see this, note that V n large 3 k = k,, > 1 such that My <n < Mg41, whence
log Sn(Fo) _ 1085m, 4, (Fo)
logn = log M

log Sn(Fo) — 72
W = lim SUPg 00

log Sn(Fo) _ 1:
logn = lim infg _, o0

log Sn(Fa)
logn

and it follows from log My ~ log Mj41 that

. log S, (Fo)
hm supn_)oo W.
log Sn,, (Fo)

log N3

and liminf,

Similarly lim inf,, o .
log S»(Fo)

. are T-invariant,
ogn

The functions limsup,,_, .
whence so are the sets

log 5o (Fo) - huo(T e e o log Sa(Fo) ~ huu (T
glOg’E’L ) S htapET;], B := [ILII;I)IOI.}f glOg’E’L ) Z hw},ET;]‘

A := [limsup
n— 00
By ergodicity, both sets (containing sets of positive measure by (}) and (})) are of
full measure and (1) is established for Fj. -

In the Main Lemma (below), we’ll establish (}) and (1) for Fo = sy By, (0) and
A= B =% x By(0) (for some M, M' > 0 where By (0) := {y € R%: ||y|| < M})
using the local limit theorem of [G-H] and large deviation techniques.

The subsequences M}, Ni are related to counting functions.

We define the counting functions A, : ¥4 — N by
An(z) :=min{N >1: {(v*2)F: 0<k< N -1} =W,}

where W,, denotes the collection of admissible words of length n (as in §2). The
reader may easily verify that in case X is a full shift, A, = s = |W,| and con-
sequently k ~ (7%z)? defines a bijection {0,1,...,s" — 1} & W, Vz € . In
other words, 7 generates %-equivalence classes efficiently. For a mixing topolog-
ical Markov shift, as shown by the counting proposition below, the situation is
analogous.
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3.1 Counting Proposition Suppose that ¥4 is a mizing topological Markov shift,
and that L > 1 is such that AL > 0, then for ¢ € Zo:

[Wr| < An(z) < 3|Whyil

Proof. The left hand inequality follows directly from the definition of A,(z). To
see the right side, assume by way of contradiction that A,(z) > 3|Wy,1L|, then
there is a word @ € Wyy 1 and 0 < ky < k2 < k3 < An(z) — 1 such that 7%z € [a]
for k = 1,2,3. Set 7%z = (a,2\9)), then 2(1) < 2(2) < 2B). For every ¢ € W,
choose some point of the form z(g) = (5 wi=1, 2(2)) where wf~! is some word
which makes z(g) admissible. Clearly, %1z < z(g) < 7**z. Thus W, is spanned
by 77z for 0 < j < k3 in contradiction to the minimality of A, (z). The right hand

O

inequality is thus proved.

Set A := exp hyop(X) and assume without loss of generality that L > 2. For every
z € Yo and n large enough set
Un(z) :=min{u>n+L:2y_ 1< Pmax(za)} , u, =u,—1L
bo(z) =max{f<n+L:zi1 < Pmax(ze)} , &, =4n—
where Ppax is as in §2. By possibly adding a constant to f, we may assume that

J fdpo = 0 (note that neither ¢; nor ps change when a constant is added to f).
Set

pni=(n+L)—4Ly, 0n:=u,—(n+L).

3.2 Lemma 3 My € R, such that

On

limsup , limsup < My a.e. .

n— 00 1 n— o0 log

Proof We prove this only for o,, the proof for p, being essentially the same. Set
P := Piop (- f) = 0. Recall that ¥, consists of at most s points, all of which are
periodic. Set Yoo = {m(l), AC ,m(r)} and let p be the least common multiple
of the periods of z(*), then r < s and for every z € ¥, TPz = z. By the definition
of oy, if op(z) > b then

Ttz e [Pmax(m’ﬂ-l-b-l-l/) © PmaX($n+b+L)a $n+b+L]
For b > s the word (P:_ (znibiL),--- ,P&;}“((mn+b+L)) is made of a repeating

period, hence is the prefix of a maxunal point. Applying this argument to b, :=
| Mo log n], using the invariance of p, and the structure of X, we have

Un>b <Zy’ |:$0,”‘, (‘L)__;i|
Since pig is a Gibbs measure and since for every 7 TPz(*) = z(%)
Lot :I:(()), - mg)_s} -0 (ea.fz,n(z(i))_bnp) -0 (e%a-fp(m(i))—bnp)

whence

§ atp(a(?))
(1) Ha [Un > My logn] =0 (Z nMu(%—P)) )

=1
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-tz
It follows from the unicity of the equilibrium measure that % < P. Thus,
the exponents in (1) are all negative and for My large enough,
Z'U’“ [on > Mologn] < oco.
n=1
The result follows. O

The next lemma is the main lemma, being the version of (}) and (1)) that we
prove. Let

B :=2L||fll + ) _ve(e- f)
k=1
3.3 Main Lemma If 3M > 2B, then

. 1
(2) hmsup—logSAu;_l(lgng(o)) <hu (T) mq - a.e. on T x Byya(0)

n—oo N

|
(3) hmlnf;log SAL;_l(lgng(o)) > hy, (T) mg - a.e. on X x By/,(0)

n—r 00

The rest of this section is devoted to the proof of the main lemma. Set

Un (2, M) :={e€Wn:Vyele |fv(y) - fn (a)]| < M}

= U B

e€Un(z,M)

3.4 Lemma

For each M > 2B, IM;, My > 0 such that for all (z,t) € Zo X Bp/2(0) and n
large enough,

Ay -1
V(2 M) < Y Tmaetoy (7, (2:1)
j:O
and
Ay —1
Z 12><B1v1(0) (Téf (m,t)) < |U“ (m’Ml)|
j:O
Proof

Fix some z € Zo and t € R% We estimate Ay := Zj‘go‘l L5 % B2 (0) (Tif (m,t))
for N = u!,£!,. By the counting proposition Vj = 0,...,Ay — 1, TN+L (Tgm) =
TN+L (). Thus Ei;é o5 (téz) = fuyn (2) — gL (Tgl‘.), whence

AN = ﬂ{o <j<Ay-—1: HfN+L (Tgm) — fNtL (m)—tH < M}

Since for j < An (Tg:l:)%?_l_L =z, , the map j (Tgm)év+l’_1 is 1-1, so Ay =
|Bx| where

By = {(ng):JrL_l : HfN+L (Tgm) — vt () —tH <M ;5 0<j5< AN}'
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We now prove the required inequalities. Setting N = u,, in the above inequality
we have V(z,t) € X x Bpy2(0)

A, = H(da)em":

fun (R2) = fun (@) 1] <M 0< 5 < Au}
e € Wa - VW € ] fun(y) ~ fun(@)ll < 5M + BY]

and the upper inequality follows with M; := B + 3M/2.
Using the same argument for N = £;, one shows that for all (z,t) € o x Bys/2(0)
and n large enough so that £, is well defined,

IN

Ay, >

a1 .
{ (o) e (o] Iu) - e @) < % - B 0 <5< )|
C o\ -1
Since{(rém)o :OSjSAL;—l}:WL;,

; M
ANZ‘{QEWL;:H]Q; (Tém)—fl;(:ﬂ)H<7—B}‘
and this is the lower inequality for M3 := % — B. O

The following lemma provides, together with lemma 3.4, the upper estimation
(2) in the Main Lemma.

3.5 Lemma VM >0 lim llog|U.(z, M)| < hyu, (T) ma a.e.
n—r 00

Proof Since pg is the Gibbs measure for « - f, there exists some constant K such
that for all y € [eg™ 1],

K lexf2@)nPld) < o [0 < Ketfn@)-nP(ef),

By the definition of Uy, for every ep ™! € Uy (z,t) and y € [53_1]

h [E271] x g2 ()P ]) o garfa(@)nPle)

whence

pro (Un (2,1))
e fn(z)—nP(of)
Thus, |Un(z, M)| = O (e"P(“'f)_“'f"(m)). Recall that according to our assumptions,
Ja- fdua =0,s0 P (- f) = hy, (T). The lemma follows since by the ergodicity
of pq, for almost all z € g, a- fn (z) = o(n). O

|Un (z,t)| <

We now turn to the lower estimation (3) in the Main Lemma.
For every N € N and ¢ > 0 set

Ex(8) := {y € o pa [¥0 7] > e_N(h“a(T)_‘s)}
By the definition of Uy (z, M), VM > 0,z € Xg and N > 0,
(4) Un (2, M)| > eV PualT)=) [u, (Viy (2, M) — pa (Ewv (5))]



22 J. AARONSON, H. NAKADA, O. SARIG, R. SOLOMYAK

We prove that

li_)_m Llogu(EBn (8)) <0 p-a.e.
lim Xlogu(Va(z,M))=0 U -a.e.
n—r 00

Since for almost all z € o, £, (z) ~ n, (3) will follow from this, (4) and lemma 3.4
3.6 Lemma lim 2logua (Ex(8)) <0 pa-a.c.
n— 00

Proof pu, is a Gibbs measure, so 3K such that VnV y
po Y271 < Kexfaly)—nP(af)
whence
En (5) C {y €5 KexIn@)-nPlaf) 5 ena—nhua(T)} -
Since po (- f) =0, P(a- f) = hy,, (T) so for n large enough,
En(6) C{yeX:a- fa(y) > nd/2}.
We will prove that

— 1
lim —logpa{y €T :a- fn(y) >nd/2} <0.

n—oo 1

using large deviations theory (see [El]) for the p,-distributions of & - f,.
Using the Holder continuity of f and the Gibbs property of pq, it is not difficult
to prove that the following limit exists for p € R (see [Bo]):

lim LlogR,, () = P(a- [ +pa-f)~ Pa-f)=: e(p)

where P(-) denotes topological pressure and E, denotes expectation with respect

to ug.
By standard large deviations theory (see e.g. theorem II.6.1 of [El]):

1
limsup—logpa{y €X:a- fn(y) >nd/2} < — inf I(p)
n—oo 1 - - p>6/2

where I(-) is the Legendre-Fenchel transform defined by I (p) := sup, {pqg — c(g)}
We outline the (standard) proof that infp>§ I(p) > 0.
22

By theorem 5.26 in [R1], ¢ (p) is C? in R (see also [G-H]). By aperiodicity, « - f
is not cohomologous to a constant and therefore (see [G-H])

¢ ()= pp(a-f) and ¢ (p)>0

where i, is the equilibrium measure of (1 4 p) f . It follows that I (p) = gop—c(g0)
where go is the maximum point for g — gp — ¢(gq) satisfying

0 =[pgo — c(q+0)) =p— ¢ (g0) = P~ g (" f)
whence
I(p) = qoptgo (- f) = P[(1+ go)a- fl+ P(a- f)
By the variational principle,
P(1+go)a-fl=hyu, (T)+ pg (@ f+qoa-f).
Thus,
I(p) = P(a f) = (hug, (T) + igo (- f)) > 0
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for p # 0, because then pg, # pa (g, (f) = ¢'(g0) = p # 0 = pa(f)). Since I'is

finite and convex (being the the Legendre-Fenchel transform of the convex function
c), it is continuous, whence infy>s/2 I (p) > 0. O

3.7 Lemma There exists M3z > 0 such that Y6 > 0, for pg-a.e. © € 3g, I N; € N
such that Yn > N1 3 n' < dn, ¢ € Wy satisfying

|far () — fa (2)|] < M3 Vy € [g].

Proof Fix some ¢’ > 0 (to be determined later). By the Ergodic Theorem, for
po-almost all z € T ||fn (2)|] = o(n) so there exists Ny = N (z,d’) such that
Vn > Ny ||fa (2)]] < §'n. Since f is aperiodic and pq (f) = 0, the p,-distributions
of {f o Tk}zozl satisfy a local limit theorem (see [G-H]). Thus, Jko € N and ¢ > 0
such that V (wi,...,wq) € {+1, -1}, k> ko

po [Vi 3B < wifi)i <4B] > 5=

where (fx); denotes the i-th coordinate of that vector. In particular, for every
w=(wy,...,wq) € {+1,—1}%, there exists u(w) € Wk, such that

(5) Vz € [u(w)] Vi 2B < wify, (2); < 5B
It follows that for every ¢ € Wy, such that u(w)ec € W and Vz € [u(w)c] and Vi
B < w;fr,+1 (2); < 6B

We use u{w) to construct £. Fix some n > N; and 1 < ¢ < d. We begin by
constructing words &' € Wy, such that |¢'| < d'n and such that for N = |¢'| and

all z € [¢']

(6) |fv(2);] < 7B for j+#i
(7) |fn(2); — ful(z)i| <7B for j=1i
We construct by induction sign vectors w* = (w¥,... ,ws) and words ¢* € Wy, such
that for all k v* := (u(w?l), !, w(w?),..., ¥ 1, u(w*)) is admissible and such that

(6) holds for all z € [v*] with N = Ny, := |v*|. Choose w! arbitrarily. Assume v* has
been chosen and choose some z € [u¥]. Define w* as follows: if |f, (2)i — fu(z)i] <
7B stop and set €' := v*; else set for j =i w;-“'l'l = sgn(fn(z); — fn.(2);), and for
J#1, w;-“‘l'l := —sgnfn(z);. Now set v¥F1 := (v*, ¥+, w(wk*1)) where c+1 e Wy,
is some word which makes v**! admissible. Since at each step we get nearer to
fn(2); in steps bounded from below by B, this procedure will stop after less than
|| fn(2z)||/B < 8'n/B steps. It can be easily verified that &' satisfies (6) and (7) for

N = |&*|. Now consider

g:= (et 2, ..., e

where ¢/ € W;, make the above word admissible. The length of ¢ is at most
Ld + 6'dn/B so by choosing §’ small enough and n large enough (i.e. Nj large
enough) we can make this length smaller than én as required. Also, it follows from
the construction of & that for all z € [¢],

|| fie)(2) — fal)]| < 8Bd
The lemma is thus proved for M3 := 8Bd. .
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3.8 Lemma d ¢ > 0, Ny € N such that Vn > N,

pe{y €D :V2 € [157'] Ilfa(2) < 2B} > .

Proof The probability in question is bounded from below by uq [||fz|| < B], and
this in turn is bounded below by by the local limit theorem. O

3.9 Lemma There exists My > 2B such that for almost all z € g

1
lim —log e (Vo (2, M4)) =0 pg-a.e.

n—oo 1

Proof Fix some arbitrary § > 0. Fix n > max{Ny, (N2 + L) /(1 — §)} where Ny
and N are given by lemma 3.7 and lemma 3.8, then IM7, M, such that for almost
all z € g and all t € R 3¢ = £ (2) € W, such that n' < dn and

Vzele] |fw(2)—fa(z)ll < Ms
Mo ({y :Vz € [yg_(L+”')—1] ||fn—(L+n') (2)|| < 23}) > e—&(n_(L+n'))

—(L+n')—1

Set W := {y :Vz € [y:)1 I fa-z+any (2) || < Mz}. Consider the set

vy =/ {[g; Gy ™ yeW and ce WL}

One checks that V,) C V,, (z, M) where My = M3 + 3B. We estimate the measure
of V.. Since u, is a Gibbs measure, there exist a constant K; > 1 such that
[a],[b],]ab] #0 = pale,b] > K 'pala po[b] and a constant K, such that

Va € Wy pala] > K; V. Set W' := {[yg_("’-i'l’)_l} 1y € W}, then
_1 —(n'+L) _1 —(n'+L)
pa (Vn) > K"K, Z pala] > K1 K,
[a]ewW’

Mo (W)

Thus, pe (Va) > Kl_le_LKz_‘s"e_‘s". Since the above is true for all n such that
n > Nl,(Nz —|—L)/(1 —5),

1
lim —logV, (2, Ms) > -6 (1 +log K>).

n—oo T

Since é > 0 is arbitrary, the lemma is proved. O

As mentioned above, lemma 3.6, lemma 3.9 imply via (4) that 3M > 2B such
that

N
lhn_l)g.}fg log |Un(z, M)| > h, (T) a.e.

whence (using lemma 3.4) we have (3). This proves the Main Lemma, and the
logarithmic ergodic theorem. O
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§4 BOUNDED RATIONAL ERGODICITY
Recall from [A2] that a conservative, ergodic, measure preserving transformation

(X,B,m,T) is called boundedly rationally ergodic if there is a set 4 € B, 0 <
m(A) < oo such that IM > 0 such that for all n > 1,

n—1 n—1
> 1ao0T* gM/ (ZleT’“)dm.
k=0 A \g=o0

The rate of growth of the sequence a, = ﬁ fA Z;é 140T*dm does not depend

(%)

Leo(4)

on the set A € B, 0 < m{4) < oo satisfying (x). This sequence is known as the
return sequence of T and denoted a,(7T) (see [Al]). In this section we prove the
following theorem:

Theorem 4.1
Let ¥ be a topologically mizing subshift of finite type, let p be the measure of
mazimal entropy for ¥ and let f € Hya be aperiodic, then 74, is boundedly rationally
ergodic with respect to u X mga and
(o) =
On(79,) X ——.
77 (logn)?
To prove theorem 4.1, we show that for A = ¥ x Bps(0), M large, 30 < c <
C < oo such that
cn

Cn
< [ Sala)dme, [1Sn(La)lima) € o
(logn)= A (logn)=
As before, these estimations are first carried out along counting function sequences
using the local limit theorem. We begin with the upper estimation.

Since ¢ is invariant under addition of constants to f, we can and do assume

that E,(f) = 0.

Lemma 4.2

VM >0, 3 A(M) > 0 such that
ulllfa() =Bl < M] < A(M)n=%? Vb eR? neN.

Proof Set F :=[||y|| < M] C R? and fix some a = a(M) > 0 such that

d ;. 2
sin ay; )
]-F(yla"' ayd) S 2H ( ayi ) :’Y(y)
i=1 *
where 4 is the Fourier transform of v(t) := 2(;7)‘1/21[”];”52(1]@) H:-lzl(l -
then,

i fn = bl < M]

2l)

E,(1r(fn — b))
E

< Eu(9(fa — b))

_ 1 ibet —itefn d

T (2m)i2 /[||t||§2a]e Eu(e )y(2)dt
1 —itfn dt =: A

< G /[| o BT 20 = a0

Note that the last term, A, (M), is independent of the choice of b.
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As shown in [G-H], there exists ¢ > 0 and A : [|| - || < €] — C such that
A(t) =1 —ct? 4+ o(||t]|?) as t — 0; and that for some 0 < § < 1 and K > 0,

Eu(e‘“'fn):{ A" +0(E™) 1t <e,

o) It € [e, 2a].

Making e smaller if necessary, we assume that for all ||¢]| < ¢,
IA(#)] <1-— %ctz <e
Using the above to estimate A, (M), we have
Ap (M) « / |Eu(e_“'f“)| y(t)dt
(¢l <2a]

= 2 / INE)["y(t)dt + 2K 6™
[l <e]

/\(ﬁ)

_ 2/
42 Jir||<eym)

2 / 2 T
< —= e " y(—=)dr + 2K6"
n2 Sl <eval Vn
2 2
vd(O) / =g
n /2 Ré
The lemma follows from this. O

Set B := L[ flloc + D 50 Vk(f) where L, as usual is some number such that all
the entries of A¥ are positive. Fix some M > 4B, set

A =T x [||¢]} < M]
and ¢(z,t) := 14.
Lemma 4.3 There is some C1 > 0 such that for almost all (z,1),

n

A
Saate)(La)(e,0)] < Cr 575

Proof Let s be the number of states of ¥ and set

Un(z) = inf{u>n+(L+s+2):24-1 < Pmax(z4)}
bo(z) = sup{f<n+L:zy_1< Pmax(zs)}

For p almost all z € 3 these are finite. For such # we have the following represen-
tation:

T = (m(l)n_la P:l;;ln_l(mun_l)’ ceey PmaX(mun—l)a Lu,—1, :I:;i)
Define kn(z) € N by the equation
Tkn(m)(m) = (Pglg;l(mun_l)’ ceey PmaX(mun—l)a Lu,—1s :I:;i)

Let b > z,,_1 be the minimal state such that ¢p,, = 1, then

TR @+ () = (P2271(b), ... , Pmin(b), b, 23°)

min
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We estimate Sp, 14 by breaking it into three members
Sn@)(14)(@8) = Ska(@)(14)(@,8) + Sao(e)—ka(e) (La) 757 " (2,1))

< Sta(@)(La)(@:1) + S rintersia) (La) (D (2,4)) 4 1
=I+IT+1.
The inequality follows from the minimality of A,(z) as {(79z)p~ ' : 0 < j <
kn(2) + 14+ Ap(7E~()+12)1 = W,

To estimate I, we begin by noting that the map ] — (T]:L'.)é “Tisl-lfor0<j <
kn, —1. To see this note that for such j, z < 77z < 7%~z in the reverse lexicographic
order whence

:L'.?: = (Tknm’)l (P:l;;l _1(1"un—1)a R Pmax(mun—l)a Loy, —1, :l:;i)
Thus the difference between the 77z’s must be reflected in the first £, coordinates.
Since £, <n + L,
Sea(la)(@:t) = HO<j<ka—1: [+ (d9)i(e)ll < MY
= {0<j <hn—1: | fas(F2) — fars(e) — t] < M}
< He€Wars VY € €] [fass(y) — fass(e) — ]l < M + BY|
Since p, being the measure of maximal entropy, is the Gibbs measure for the zero

potential, there is some constant K such that for every @ € Wy, K~ 12" < u[a] <
KX™. In particular, cylinders of the same length are of comparable sizes whence

|Skn(e)(La)(2, t)] < KX FEp]l|fa() = falz) — t] < M + 2B]

Lemma 4.2 now implies that I = O(A®n~%2) uniformly on A.
We now estimate I7. Set (z',t') := Tq’;;”(m)-l_l(m,t).
We have to estimate Sy, (z)(14)(2','). We do this by showing that

(8) An(2") < kn(2')

thus reducing the problem to that which was discussed in the previous step.
There exists n + L 4+ 1 < u,, < un(2') such that Ppin(zur) < Pmax(2u: ) since

otherwise, there would be an admissible word [a1,...,a,] for some r» < s 4+ 1 with

a1 = @, and Prax(a;) = Pmin(a;) (1 < j < r). This contradicts the aperiodicity

of A.

Now consider

A

g’ = (P:ﬁbn(m;’ ) IR mm(m )a (ml)ur_la un)
y = (P:lgx(m;;), oo vy Pmax(zi, ) (m')u?_l, zg)
e = (Pan(@u,), - Pmax(@u, ), 250

Since ul, > n+ L + 1, for every £ € W, there is some wg ™! such that z(g) :=
(e, wé’_l,yf_l_L) is admissible and since u), < un, 2’ < z(e) < 7 kn(2')+15!  This
shows that W, is spanned by (77 (2'))a~" for j = 1,..., kn(2') — 1, whence (8). O

This completes the upper estimation, and we now address the lower estimation.

Lemma 4.4 There exists ng such that for all z, 30 < i1 < iz < Apyn,(2) — 1 such
that for every iy < j < ip, (T72)%, 1, is the same, and {(#F2)p iy <j<ip}=
Wh.
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Proof Let L be large enough such that AX > 0 and set no := L + n; where
|Wh,| > 3. Choose three different a; € Wy,. There are 0 < k1, k2, k3 < Apin, — 1
such that 20) := T*+E(7hig) € [a,]. In particular, 2U) are different. Without loss
of generality, z(1) < 2(2) < 2(3). For every ¢ € W, construct an admissible word
of the form z(g) = (g, wé’_l,z(z)). Let 2~ and #1 be the minimal and maximal
points among the z(g). Clearly, 71z < 2= < 2zt < %2z whence 30 < i; < iy <
Apino(z) — 1 such that 2= = 71z and 2+ = 7'2z. It follows that W, is spanned
by 7z for j = i1,...,43. Since (7)) = (m+)7‘;°+L = 2(?), (ij)ZO+L is constant
forj:il,...,iz. O
Lemma 4.5 There exists Cy > 0 such that for n large enough,

)\TL
/A.S'An(z)(lA)(m,t)dm(m,t) > sz

Proof It is enough to prove that for some C3 and all ||¢]| < B,

n

A
/ Sau(z)(p)(z: t)du(z) > Cs—7
z n

(the lemma will then follow by integration dt over [||t|| < B]).

By lemma 4.4 for some ng, for every z € ¥ and n € N there are 0 < ¢; <
12 < Apyn,(z) — 1 such that (ij)ZO+L is constant for j = 41,...,%2 and such that
Wi ={(72)" ' j=41,...,i2}. It follows that
Shmpny (2)(1a)(2,1) > Z(l“‘ o7l )(@,1)

J=u
= i <j <2t [|fare(re) = farr(z) -t < M}
= [{(P2)gt7" 1 j € [ia, ia), || fasn(T2) — farr(e) — t]| < M}
> H{e € Wh: Fy € [€], [|fnly) — fa(z)l| < M — 4B}
> KA || Fa(s, )| < M — 4B]

where F : & x & — R? is the symmetrization of f (as in the proof of corollary 2.7)
given by F(z,y) = f(z) — f(y), and Fp(z,y) := E?:_Ol F(T'z,T'z). Integrating
with respect to du(z) we have for all ||t|| < B,

/2 Samnn o)1) (@) > KX x )| Full < M — 4B].

As in the proof of corollary 2.7, (X x X,T x T) is a subshift of finite type, F :

¥ x ¥ — R?is Hélder continuous, and F is aperiodic. Thus, by the local limit
theorem of [G-H] F,, satisfy a local limit theorem:

(b p)lll| Full < M — 4B} o 75

O

Proof of theorem 4.1 We prove that for M > 4B, A := 3 x {¢ : ||t|| < M}
satisfies that

1Sn1allec = O(EmSn(14)) (N — o0)
By the counting proposition, uniformly in z, A,(z) < [Wy| < A™. Therefore, there
exists ¢ € N such that for all z € £ and n, A"t < A, (z) < AnFe. Fix N > Alte
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and choose the n such that A" < N < A**!. The last estimations imply that for
every ¢ € X,

Ano() < N < Ante()
whence, by the preceding lemmas, for almost all every (z,t) € A and N large
enough,

Cl>\n+c
Sn(la)(z,t) < 2

n(la)(z,t) < (n+ )32

C'z)\n_c
Sn(la)d > =

/A n(la)dm > (n—c)d/2

The theorem follows from this. O
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