The cosmic microwave radiation background (CMB)
Doron Kushnir

I'm following Steven Weinberg’s Cosmology.

1. Introduction

Since the Universe expands, in the past it was hotter and denser, so atoms were ionized and
free electrons would keep radiation in TE through collisions. The number density of photons is
(u=0,g=2, p=hr/cand BE distribution):

8mv2dy 1

dv = .
n(v)dv T

As the Universe expands, the radiation began free expansion. Let’s assume that free expansion
happened suddenly at a time ¢7, (L for last scattering). A photon with v at some time ¢ > ¢;, had
at tr: v(ty) = v(t)R(t)/R(tL), so

= n(v,t)dv = [];(ff))rn:f’(m) [;%](%tfﬂ d [ZV%IZ(B] ’

where the first factor on the rhs is due to the cosmic expansion dilution, so we get

8mv2d 1
n(v,t)dv = 7”;3 v - = npq)(v)dv,
exp (m) -1
where T'(t) = T(t,)R(t1,)/R(t). The photons keep the blackbody form even after ¢;, but with a
redshifted temperature (we proved this earlier in general).

As long as collision are elastic (with v = const.), the transition from opacity to transparency
can be over a finite time interval. We’ll show that T'(¢1) ~ 3000 K with Av/v ~ T/mec? ~ 3 x 1077
for elastic collisions. We’ll show that because of the large photon entropy, even this shift and the
inelastic collisions with H atoms had almost no effect of the spectrum.

The CMB was predicted by Gamow (40’). Alper and Herman (50’) estimated Toymp ~ 5K,
based on BBN. Peebles (65’) estimated Tcyp ~ 10K. The CMB was discovered by Penzias and
Wilson (66’) — Tomp = 3.5 £ 1.0K at A = 7.5cm. Roll and Wilkinson (66’) measured Toyvp =
3.0£0.5K at A = 3.2cm. All measurements were for A > 0.1 cm, which is the wavelength in which
the blackbody distribution is maximal Apax ~ he/5T =~ 0.1(T/3K)!em (so this is the RJ tail,
where n(v)hv =~ 82T /c3). As a results, the measurements do not prove a blackbody radiation,
so measurements at smaller wavelength were required. The problem that for that small wavelength
the detector must be above the atmosphere, but ballon-borne and rocket-borne were not accurate
enough. This was solved with a space mission — FIRAS on COBE (launched on 89’). COBE
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measured an exact blackbody over 0.05cm < A < 0.5cm with Toyp = 2.725 4+ 0.002 K. Further
measurements at 3cm < A < 75cm and at A = 0.03 cm are all consistent with blackbody.
For TCMB = 2.725K we get
p%002 = ELBTéMB = py0 ~ 4.64 X 10_34gcm_3
= Q,~247x107°h 2

We’ll show later that there is a contribution to the radiation field from relic neutrinos and anti-

7 4 4/3
1+3 (8) (11> p~,0 ~ 7.80 X 107* gem ™3

= Qr~4.16 x 1075472

neutrinos, such that

PRO =

This justifies our neglection of {2 in calculating dy. The number density of photons is high:
30 _ 3 -3
Nyo = ﬁC(B)aBTCMB ~ 410 photons cm™°,

which is much larger than nyo:

30, H2

A~ 1.123 x 107°Qh? ~ 2.50 x 10~ 7 baryons cm ™ >.
8rGmy,

Npo =

Since both n, o« R~ and Ny X R73, the ratio n/np has been the same at least while both were
travelling freely. We define 1 = ny/n, = 2.74 x 1078Q,h% ~ 6.09 x 1071,

2. The equilibrium era

We know that in free expansion T o R™' and Tj « R72, so in TE who wins? Photons,
because n, > np. To see this, we define o = s/ny, the entropy per baryon, which is conserved,
since both entropy and baryon number are separately conserved. From energy conservation:

1 1
do = = [d <e> + Pd ()} .
T np, np,
We now consider photons and NR particles with a fixed number N of NR particles per baryon:

3
e = agT*+ §nbNT + nmeCQ,

1
P = gdBT4+nbNT,
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where C' is a constant of integration. ¢ remains constant in TE, and we know that the first term
on the rhs in > 10% at present. Let’s assume that it was large in TE as well. So T3/n, was
very close to a constant at TE unless 73/ /np changed by a huge amount. For example, if the
first term on the rhs would change by 0.01%, so to keep o constant T3/ /mnp should change by
NIn(T3/?/ny) = 107* x 108 = T%/2/ny = exp(10*/N), therefore T°/ny, is essentially constant. If
we define C' to be equal to T3/2 /mp at some typical time in the TE era, we get

4C_LBT3 4n70 74 Ny,0 ] oy —1 9
= = - ~ 3.60—— ~ 1.31 x 10° (Q2ph ~ 5.91 x 10°.
77 TBn, T 3 30((3) o (%h%)
Since ny o« R73, we find T o< R™!. Note that if the first term on the rhs was < 107% (and not
> 10%), then the second term on rhs would dominate and T' o ng/ ® x B2 as expected for NR.

Photons stop exchanging energy with matter when I'y, < H, where I'y is the rate at which a
photon interchange T' energy through scattering on electrons. But I'., the rate at which electrons
gain/lose T energy through scattering on photons, is larger from I', by n./n, > 108, so when
I'y < H we still have I' > H. This means that the kinetic energy of electrons remains in TE
with photons and do not decrease as R~2. Since T, R~ in TE and for t > tr, the electrons’
temperature goes as R~ and the last few exchanges of energy that photons have with electrons do
not affect the photons energy distribution.

3. Matter-radiation equilibrium

We have
1
PR L o PR _ T pro T Qr
M R pv TovB pmo  Toums Qv
T Q
= Tpg=—B2M _ 0h?6.56 x 10°K ~ 9,347 K.

Qr
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4. Freeze-out time

At high T collisions can change the energy of an individual photon (without changing the distri-
bution of photons). Let’s work out when photons stopped exchanging energies of 7" with electrons.
The rate at which photons are scattered on electrons is A, = orn.c, where o ~ 0.66525 x 102*cm
is the Thompson cross-section. We’ll show later that the mass fractions of Hydrogen and Helium
at this era are Xy ~ 0.76 and Y, = Xy, ~ 0.24, respectively. For 7' 2 20,000 K the plasma is fully
ionized: ne/ny =~ 0.76 + 0.5 x 0.24 = 0.88, so n ~ 0.88n; = 0.88nb70(T/TCMB)3. We find:

3 T 3
) ore~ 1.97 x 107, h? <> s7L
Tems

A 0.88 < r
~ U. n
K YO\ Tems

The rate for energy transfer is

T T \*
I'n~|——|A,=0. 107290, 12 -1
K <m602> 7 90> 10 ’ TovB ®

For H we’ll assume radiation dominated:

T \* T \?
H = Hy/Q ~21x10"% () st
° R<TCMB> ToumB

2.1 x 10—20 ~1/2 ~1/2
= Theoge & ’/W (Qph?) 2 Toup ~ 4.16 x 10* (Qh?) ? %28 % 10°K,

so the assumption that the Universe is radiation dominated is justified. For 7" < 10° K, photons
still have a lot of scattering, since I', > H. For example, at T" = 10* K, we have

Ay L7107 (T
H = 21x10°20 Tems /)

so for T' <« 10* K, when the Universe is matter dominated, we can calculate the temperature of last
scattering:

T 3 T 3/2
H = H, QM( ) z3.2><10_18\/QMh2< ) 571

TevB TevB

2/3
3.2 % 10718 /2| (Quh2)"?
= Trw _ Tomp ~ 17.5~——L_
1.97 x 10719 Qh? Q,h2)%/3

K~ 116 K.

This is not what actually happens because of recombination, leading to a sharp drop in A, at
~ 3000 K. The different timescales are plotted in Figure 1.

5. Recombination and last scattering

We begin the calculation at early enough times, where p, e, H and He are in TE with 7. We
consider the Hydrogen atoms in any bound state: 1s, 2s, 2p, etc. Although ~ 24% of the mass is
in the form of Helium, for 7" < 4,400 K Helium is neutral so does not play a role here. We have
9p = ge = 2 and since for 1s there are 2 hyperfine states with S = 0,1 we have g1, =1+ 3 = 4.
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Fig. 1.— 1/H (blue), T' (red), X4 (solid black), X (dashed black), eps/er (green), 1/A, (brown)
and 1/T, (orange) as a function of the redshift for Qp/h? = 0.1427, Qph? = 0.0222 and Y, = 0.24.
The freeze-out time (I'y = H), the equilibrium time (eys = er) and the time of last scattering
without recombination (A, = H) are indicated.
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5.1. Saha’s equation

At first p+e < 1s happens rapidly through cascades of radiative transfers from excited states,

SO fp + fte = 1. Using
-3/2
n; 27TmiT 2
; ( 2 > + m;c”,

w; =T ln

we get,
np <2TrmpT>_3/2 exp (mp62> Ne (27rmeT>_3/2 exp <m662> _nis <27rmHT>_3/2 exp (
2 h? T )2 h? T ) 4 h?
N Nis 2mmeT —3/2 B,
= exp | —
NpNe h?2 P )

where we took m, ~ mpy outside the exponent and By = (mp +m. — mp)c? =~ 13.6eV. Because of

charge neutrality n, = n.. The number density of excited states is less from n;s by exp(—AE/T),
where AFE is the excitation energy (AE > B(1—1/4) ~10.2eV). For T' < 4,200 K this exponent
is < 6 x 10713 so we can neglect the excited states as long as there is TE (note that excited states
have the same pu, since the atom can go between states by emitting or absorbing photons). Since
we have ny, + nis ~ 0.76n, and X = n,/(n, + ni,) satisfies

n
X [1 + X (ny + nls)} =1,
np

we get X (14 XS) =1, where

Nis 2mmeT —3/2
S = n—% (np + n1s) = 0.76my, 2 exp (B1/T)

The pre-factor of the exponent is a small number:

3 —3/2
0.76%167&(3) (T> (W> exp (B1/T)
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8.0x 1078 <

MeC

Recombination happens where S is of order unity, which requires T' < Bj to compensate for the
small pre-factor (we get the transition at 7'~ 0.3 — 0.35eV, see Figure 2).
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Fig. 2.— The solution of the Saha’s equation (X4, black), the more accurate values of the ion-

ization fraction (X, red), the redshift (blue) and the time to drop from 10°K as a function of the
temperature for Qp/h? = 0.1427, Qph? = 0.0222 and Y, = 0.24.
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5.2. A more accurate calculation

The result from the previous section is not correct in detail, because equilibrium was not
maintained for low ionization levels. For example, a photon emitted after electron capture to the
ground level can easily ionize another Hydrogen atom (recall that at this era photons almost do not
lose energy during scatterings), such that there is no net change in ionization. Similarly, a photon
from n > 3 decay to the ground level can excite another atom from n = 1 to n = 2 so no net change
in atoms at the ground level. However, a photon from 2p — 1s transition (Lyman a photon) can
excite another atom only until it is redshifted away from the absorption resonance. Nevertheless,
this is so inefficient that we must consider the transition 2s — 1s + 2y as well (here the energy of
each photon is low, so they cannot excite from 1s).

We make the following assumptions:

1. Collisions between Hydrogen atoms and radiative transitions between Hydrogen levels are
rapid, do they are in TE with T, except the 1s level, which is reached only by slow or
inefficient processes. The other levels satisfy n,; = (20 + 1)ngsexp[(B2 — By)/T], where
B, = By /n? is the binding energy of the nth level (this is true for n not too large, where the
radii of the atoms become large).

2. The net rate of change of ny, is given by radiative decays from 2s and 2p minus the inverse
rates. All other processes are assumed to be cancelled by reionization or reexcitation of other
atoms by the emitted photons. Recombination decreases the number n.R? in a comoving
volume R? at a rate a(T)nyn.R?, where a(T) do not include recombination directly to 1s -
“Case B recombination coefficient”). Ionization from excited states increase n.R> by a sum
of terms proportional to n,;R> (n > 1). Since n,; x ngs, the ionization increases neR? by a
rate B(T)nqs R3:

d
7 (neR?’) = —ong?’ + ﬁn28R3.
Dividing by the constant nR?, where n = Np+ng =mnp+ > . Ny = 0.76n, we get
d /Ne ng nas
2 o ke . 2
dt ( n ) @ n +5 n 2)

A relation between the forward and backward rates can always be obtained by considering
equilibrium (where the time derivative in the lhs is zero). So in equilibrium of e + p <> 2s we

naos 27TmeT —3/2 B2
n2 h? P\

e

have

(same derivation as Equation (1)), and we get

I} nz 2mmeT 3/2 o Bs
- = = xp | ——= | .
o n2s /) o h? P T
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A fit to numerical calculations of a(T') is given by

1.4377 x 10710 (T [K]) %616 o

a(T) = cm
@) 1+5.085 x 103 (T [K])**3%

3. The total number of excited Hydrogen atoms in a comoving volume, 1/n, changes slower than
individual radiative processes, such that the net increase in this number by recombination
and ionization is balanced by the net decrease by transition to and from 1s:

an? — fngs = (Tas + 3PTy,) nos — enis
anz +entg
Ios + 3Py, + 3

where T9s ~ 8.22458s~! and Iy, ~ 4.699 x 108s~! are the rates for the radiative decay
processes 2s — 1s + 2y and 2p — 1s + v, respectively (2p — 1s + 2 can be neglected),

3)

= MNog =

the factor 3 is because ng, = 3ngs, P is the probability that a Lyman « photon will escape
without exciting 1s to 2p, and ¢ is the rate at which 1s — 2s or 1s — 2p, not including
1s +~v — 2p with a Lyman a photon from 2p — 1s + -y, which is included in P. We consider
T < (By—B3) =~ 2.2x 10* K, so all n,; with n > 2 are < ngs such that ny ~ N1s+Nos+nop =
n1s + 4ngs. Using this in Equation (3) we get

omg +enyg
Tos + 3PTo, + 8+ 4e’

(4)

nas =

At equilibrium the rhs of the first line in Equation (3) is zero:

€ nos By — B2>
_— = X I — = g 5
To + 3PTy, <n15>eq P < T (5)

Using Equations (4) and (5) in Equation (2) with the definitions I' = I'yg + 3PT'y,, ¢ =
Fexp[—(B1 — B2)/T] =TE we get:

d (ne\ n2 B (an?+eny
dt( ) = T <r+ﬁ+4g)
- _ &b
N < '+ B+ 4e 1>+n(f‘+ﬁ+4s)
B nz I' +4e ebny
N nT+p+4e n(F+B+45)
_ 1 2
= ST 51T [—ane(F+4F5)+FSBnH]
. r By
N r(1+45)+ﬁ[ (+45)

Since 1 + 4&€ ~ 1 for the temperature range that we consider and

() ().
an 25 ) oq M Nis ) oq M S’
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we get

dX Ty, + 3PT, , 1-X
e ) G 6
dt Ta +3PTo, + 8 [ T | (6)

where, as a reminder, X = n./n =ny/n =1—ny/n. Note that for a constant temperature, any
solution of the Saha’s equation, X4, will satisfy Equation (6). In fact, it turns out that always
X > Xq, so we always get dX/dt < 0. The first term on the rhs of Equation (6) is the suppression
of the recombination rates, since the transitions 2s,2p — 1s are slower than the ionization.

We still need to calculate P:

o= " arrsa]- st ()]

where P(w)dw is the probability that a photon from the 2p — 1s transition has an energy between
hw and A(w + dw), normalized such that [P(w)dw = 1:

r 1
Plw) = 2%: 2 I3,7
(W —wa)” + =22
wWo = Ckyy ko = (B1 — B2)/he, o(w) is the cross-section for the transition 1s — 2p by a photon with
an energy hw:
3 27T2F2p
o) = 5 TP ()

(Breit-Wigner formula) and R(t)/R(t’) is to take care of the redshift. If a photon did not manage
to escape, then the capture must be at a time much less than the expansion time, so ni4(t') ~
n1s(t) and we can also approximate R(t)/R(t') ~ 1 — H(t)(t' —t). Now we change variables to
W =[1—H(t)(t —t)|w = du' = —H(t)wdt' to get

o 37T2F2 niy (t)c v
P(t) = d P / duw’ 1.
(t) /_OO wP(w) exp { SH D2 . wP(Ww)
P(w) is negligible expect near w,, so we can change w — w, in the 1/w pre-factor to get

pPt) = /OO dwP(w) exp [—A/: dw'P(w’)]

— 00

_ 1 0 d @ / /

= 3 7oodwdw {exp[ A/Oodwp(w )]}

. l “ / / > . 1- eXp(_A)
— Aexp[ A/_Oodwp(w)H =1

o0

where A = 312Tgpnis(t)e/[waH (t)k2]. This can be written as

w2 Topnis(t)e —exp(—x
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It turns out that the argument of F' is large, so that

WaH(t)kg B 87TH(t)

P =
37T2F2pn13 (t)C 3>\§F2pn1s (t) ’

where \, &~ 1215.682 x 10~ cm is the Lyman o wavelength. Using 3PTy, = 87H /(A3 n1s) we get
from Equation (6)

dX as + /\8555 9 1—-—X
aw s 50" TN T T
FQS + Ag’ms + /8

It also turns out that njs/ngs > 1 (although not as large as would be in equilibrium), so nis ~
ng = (1 — X)n and we use dt/dT = —1/(HT) (note that T o R~* = T/T = —R/R = —H) to
finally get

dX an

dr —  HT

3 1- X

-1
L5 + ,\,3)2(17)() S

For H it is justified to take H = HO\/QM (T/Tems)? + Qr (T/Tevs)!. Equation (7) can be
integrated from high enough temperature, such that X, is a good approximation to X (since
Xeq < X < 1 and for high enough temperatures X., ~ 1) but low enough such that all Helium
is neutral (all Helium is doubly ionized until 7' ~ 20,000 K and there is still some single ionized
Helium for 4,400 K). A good choice is T'= 4,260 K (z = 1550). The result is plotted in Figure 2.
Large deviations from X, begin as soon as X, is dropping significantly below 1. In particular,
X has as asymptotic value (X = 2.40 x 10™* at z = 10), which plays an important role in the
formation of the first stars. The treatment here is quite accurate, expect for T' > 4, 300 K, where
contribution of electrons from Helium cannot be ignored.

6. Opacity

The probability that a photon present at a time ¢(7") will undergo at least one more scattering

to
- / copne(t)dt| .
¢{(T)

This rises from 0 at low 7" to near 1 at high 7. We can use dt/dT" = —1/(HT) to write

before the present is given by

O(T)=1—exp

o) R ex e
T:I—exp[—ca / neT]
! Toms T/H(T,)

When analysing CMB anisotropies, we’re interested in when photons observed today were last
scattered. The probability that the last scattering of a photon was before the temperature dropped
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to T is 1 — O(T) and the probability that the last scattering was after the temperature dropped
further to T — dT is O(T — dT), so the probability that the last scattering was in [T,7 — dT]
is1—[1-0(T)—O(T —-dT) = O'(T)dT. Since O(T) increases monotonically from O = 0 at
T =Tcup to O =1 at T = oo, then O'(T) is a positive normalized probability distribution with a
unit integral. If we write O(T) = 1 — exp(—7) then O'(T) = 7" exp(—7). The distribution O'(T) is
peaked around 717, =~ 2,945 K with o ~ 250 K.



