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a b s t r a c t 

Observations of the flow on Jupiter exists essentially only for the cloud-level, which is dominated by 

strong east-west jet-streams. These have been suggested to result from dynamics in a superficial thin 

weather-layer, or alternatively be a manifestation of deep interior cylindrical flows. However, it is possi- 

ble that the observed wind is indeed superficial, yet there exists a completely decoupled deep flow. To 

date, all models linking the wind, via the induced density anomalies, to the gravity field, to be measured 

by Juno, consider only flow that is a projection of the observed cloud-level wind. Here we explore the 

possibility of complex wind dynamics that include both the shallow weather-layer wind, and a deep flow 

that is decoupled from the flow above it. The upper flow is based on the observed cloud-level flow and 

is set to decay with depth. The deep flow is constructed to produce cylindrical structures with variable 

width and magnitude, thus allowing for a wide range of possible scenarios for the unknown deep flow. 

The combined flow is then related to the density anomalies and gravitational moments via a dynamical 

model. An adjoint inverse model is used for optimizing the parameters controlling the setup of the deep 

and surface-bound flows, so that these flows can be reconstructed given a gravity field. We show that 

the model can be used for examination of various scenarios, including cases in which the deep flow is 

dominating over the surface wind, and discuss the uncertainties associated with the model solution. The 

flexibility of the adjoint method allows for a wide range of dynamical setups, so that when new obser- 

vations and physical understanding will arise, these constraints could be easily implemented and used to 

better decipher Jupiter flow dynamics. 

© 2017 Elsevier Inc. All rights reserved. 
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1. Introduction 

The nature of the flow on Jupiter below the observed cloud-

level is still mostly unknown. Analysis of the cloud-level flow,

based on tracking of cloud observations (e.g., Porco et al., 2003 ),

shows strong east-west flow of up to 140 m s −1 , with some lo-

cal non-zonal flows such as around the Great Red Spot. Below the

cloud-level, the Galileo probe ( Atkinson et al., 1996 ) showed wind

of 160 m s −1 going down to a depth of at least 24 bars at a specific

location (6 °N), but it is questionable of whether this represents

the general flow ( Orton et al., 1998; Showman and Dowling, 20 0 0 ).

Some studies suggested, based on indirect observations, that non-

zero wind should exist below the cloud-level ( Conrath et al., 1981;

Gierasch et al., 1986; Dowling and Ingersoll, 1988, 1989 ), but their

conclusions were limited to a depth of less than 1% of the planet’s
radius. 
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Theoretical understanding and numerical modeling during the

ast decades can be divided into two general mechanistic ap-

roaches. The first assumes the flow is confined to a shallow re-

ion, close to the cloud-level, similar to atmospheres of terrestrial

lanets, and becomes organized into zonal jets due to atmospheric

urbulence ( Rhines, 1975; 1979 ). The energy source for the flow

an then either come from internal heating or solar radiation. The

echanism governing such shallow zonal flows was suggested to

e either turbulence forced from the deeper layers (e.g., Williams,

978, 2003; Showman, 2007; Kaspi and Flierl, 2007 ), or shallow

ecaying turbulence (e.g., Cho and Polvani, 1996; Scott and Polvani,

007 ). Other studies, using idealized general circulation models

olving for the full primitive equations, were even able to simulate

loud-level flow structures that are consistent with those observed

n all Solar System giant planets ( Lian and Showman, 2010; Liu and

chneider, 2010 ). The second approach assumes that the observed

loud-level flow is a surface manifestation of convective columns

riginating from the hot interiors of the planet ( Busse, 1976, 1994 ).

ngular momentum conservation in a rapidly rotating planet like

upiter leads the flow to be aligned with the direction of the spin

http://dx.doi.org/10.1016/j.icarus.2017.01.004
http://www.ScienceDirect.com
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xis, and it has been shown in many studies that strong inter-

al convection can lead to zonally symmetric flows aligned par-

llel to the axis of rotation (e.g., Aurnou and Olson, 2001; Chris-

ensen, 2002; Wicht et al., 2002; Heimpel et al., 2005; Kaspi et al.,

0 09; Jones and Kuzanyan, 20 09; Gastine and Wicht, 2012; Gastine

t al., 2013; Chan and Mayr, 2013 ). In all these studies, however,

he width of the equatorial east to west super-rotation is much

reater than that observed on Jupiter. Restricting the width of the

quatorial jet to the observed one could be achieved by assuming

 transition to a dynamo-controlled region at 0.95 of the planet

adius ( Gastine et al., 2014 ). These two approaches have been in

ebate for the last 40 years with no observed data that could re-

olve the controversy. 

A third option, not considered in previous studies, is that both

ype of flows exist alongside: an internal flow of an unknown

haracter likely forced by convection, and shallow flow related

o the observed cloud-level wind. Such a scenario would require

dditional dynamics existing beneath the cloud-level so that the

eather-layer wind would decay with depth (e.g., due to latent

eat release, or enhanced stratification at the radiative-convective

oundary), while the deep flows will occupy the deep convective

egion which is unaffected by the solar radiation. 

The expected gravity measurements of Jupiter by Juno might

ive additional information about the character of the flow. Start-

ng in the fall of 2016, the Juno spacecraft will perform high ac-

uracy gravity measurements, with sensitivity expected to allow

easurements at least up to gravity harmonic J 10 ( Bolton, 2005;

inocchiaro and Iess, 2010 ). Several studies have shown that these

ravity measurements could be used to decipher the flow on the

lanet below its cloud-level ( Hubbard, 1999; Kaspi et al., 2010 ).

he assumption is that in the dynamical regime expected to gov-

rn the flow on the planet, the flow is accompanied by changes in

he density field, so that, given the gravity measurements, a static

ensity stratification together with a flow field could be found to

est explain the measurements. 

To date, most models linking the wind (via the induced density

nomalies) to the gravity field to be measured by Juno, consider

nly flow that is a projection of the observed cloud-level wind

e.g., Hubbard, 1999; Kaspi et al., 2010; Kaspi, 2013; Zhang et al.,

015; Kaspi et al., 2016 ). Some assume full cylindrical flow while

thers allow for the wind to decay with depth. However, none of

he models included the possibility of an internal flow that is de-

oupled from the surface-bound wind. In addition, these models

ere able to calculate the gravitational moments from a given flow

eld, but did not offer any methodology for the inverse problem.

n another study ( Galanti and Kaspi, 2016 ), an adjoint based in-

erse method was developed to relate the expected gravity mea-

urements to the flow underneath the cloud-level. It was shown

hat given an measured gravity field the penetration depth of the

bserved cloud-level wind could be recovered, even in cases where

his depth varies with latitude. The method also allows for mea-

urement uncertainties to be incorporated, and uncertainties in the

olution to be calculated. 

In this study, we explore the possibility of complex wind dy-

amics that include both the surface-bound wind, and a deep flow

hat is completely detached from the flow above it. The method-

logy developed in this study is a continuation of that presented

n Galanti and Kaspi (2016) . There, the adjoint method was intro-

uced and simple wind structures were simulated and then shown

o be invertible by the adjoint model given the gravity moments.

ere, we consider more complex flow cases, and rigorously quan-

ify the uncertainty in the adjoint solution and the inevitability

imits. The manuscript is organized as follows: in Section 2 we de-

cribe the model and methods used to calculate the complex flow

tructures, in Section 3 we discuss the various experiments per-

ormed, and conclusions are given in Section 4 . 
. Methods 

.1. The thermal wind model 

The dynamical model relating the flow on Jupiter to the den-

ity and gravitational moments, is similar to the one used in

alanti and Kaspi (2016) . The model relates the flow field to the

ensity field via the thermal wind equation ( Kaspi et al., 2010 ). It

ssumes the dynamics to be in the regime of small Rossby num-

ers, where the flow to leading order is in geostrophic balance,

herefore thermal wind balance holds 

( 2� · ∇ ) [ ̃  ρu ] = ∇ρ ′ × g 0 , (1) 

here � is the planetary rotation rate, ˜ ρ(r) is the background

ensity field, u ( r ) is the 3D velocity, g 0 ( r ) is the mean gravity vec-

or and ρ′ ( r, θ ) is the dynamical density anomaly ( Pedlosky, 1987;

aspi et al., 2009 ). The calculation takes advantage of a known

ean static density ˜ ρ(r) and gravity g 0 ( r ), calculated using the

ethod of Hubbard (1999) . In this study we assume the flow is in

he zonal direction only and does not vary with longitude, so that

 = u (r, θ ) ̂ e φ , where r, θ , φ are the radial, latitudinal and longi-

udinal directions, respectively. The model also assumes spheric-

ty and excludes the effect of gravity anomalies induced by the

ensity anomalies. In a recent study ( Galanti et al., 2017 ), these

pecific assumptions were shown to be a very good approxima-

ion of the full treatment of the equations that includes additional

ffects such as the self gravitation terms ( Zhang et al., 2015 ) and

blateness effects ( Cao and Stevenson, 2015 ). Moreover, the ther-

al wind model was also shown to be in good agreement with a

ore complete potential theory model, which takes into account

he full planetary oblateness ( Kaspi et al., 2016 ). 

The dynamically induced zonal gravitational moments �J n are

alculated using the density solution ρ ’ from the thermal wind

odel, by integrating 

J n = − 2 π

Ma n 

∫ a 

0 

r ′ n +2 d r ′ 
∫ 1 

−1 

P n 
(
μ′ )ρ ′ (r ′ , μ′ )d μ′ , (2)

here M is the mass of Jupiter, a is the planet radius, P n are

he Legendre polynomials, and μ = cos θ . In the experiments pre-

ented here we use the same model to generate both the ‘observa-

ions’, denoted �J o n , and the model solutions, denoted �J m 

n . In this

tudy we do not consider tesseral harmonics representing zonal

symmetries in the flow ( Parisi et al., 2016 ). 

.2. Construction of the surface-bound flow and the deep flow 

For the upper surface-bound flow (a flow that is manifested

n the cloud-level wind), we follow here the methodology of

alanti and Kaspi (2016) , in which the observed cloud-level wind

re projected along cylinders parallel to the axis of rotation, and

et to decay toward the high pressure interior. The zonal wind field

as the general form 

 surf ( r, θ ) = u 0 exp 

(
r − a 

H(θ ) 

)
, (3) 

here u 0 ( r, θ ) are the observed cloud-level zonal wind extended

onstantly along the direction of the axis of rotation, a is the planet

adius, and H ( θ ) is the latitudinal dependent e-folding decay depth

f the cloud-level wind. The latitude dependent H is defined as a

ummation over Legendre polynomials 

 ( θ ) = 

N H ∑ 

i =1 

h i P i −1 (θ ) , (4)

here P i ( θ ) are the Legendre polynomials, h i are the coefficients

y which the shape of H ( θ ) is determined, and N H is the number

f functions to be used. Such formulation allows for a solution to
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Fig. 1. The simulated flow and resulting gravitational moments for case A (upper panels) and case B (lower panels). (a,d) surface-bound flow, (b,e) deep flow, and (c,f) the 

gravitational moments resulting from surface flow only (green dots), and combined surface and deep flow (black dots). (For interpretation of the references to color in 

legends of all figures, the reader is referred to the web version of this article.) 
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be found separately for different spatial scales of the wind and its

resulting gravity signals. 

In the model used here, a modification was applied to the

version used in Galanti and Kaspi (2016) . In a recent study,

Kong et al. (2016) showed that when asymmetry between the

northern and southern hemisphere wind exists, a more accurate

solution is achieved when solving separately for the two hemi-

spheres. Following their conclusion, the numerical derivative in lat-

itude ( lhs of Eq. (1) ) is computed separately for the two hemi-

spheres. 

Next, we set a possible deep flow. The physical assumption is

that the flow pattern follows cylinders parallel to the planet’s axis

of rotation and have no asymmetry between the southern and

northern hemispheres. This flow structure, caused because to lead-

ing order angular momentum constrains the flow to be along an-

gular momentum contours ( Kaspi et al., 2009; Schneider and Liu,

2009; O’Neill and Kaspi, 2016 ), emerges in many studies in which

a general circulation model was forced by an internal heat source

(e.g., Aurnou and Olson, 20 01; Christensen, 20 02; Kaspi et al.,

2009; Heimpel and Gómez Pérez, 2011 ). Note that for simplicity

this setup restricts the flow to be zonally symmetric so that vor-

tices are not accounted for (e.g., Heimpel et al., 2016 ). Flow varia-

tions with longitude can be incorporated in the model, but would

make the optimization problem much more complex ( Parisi et al.,

2016 ). 

We also demand that no deep flow exists inside the cylinder

whose radius equals the static core region assumed in the ther-

mal wind model, i.e., when l < l I , where l = r cos (θ ) is the dis-

tance from the axis of rotation, and l I = 14 , 500 km is the ther-

mal wind model inner radius (see Fig. 1 b). Similarly, we demand

that no deep flow exists outside of l O = 60 , 0 0 0 km (equivalent to

a tangent cylinder cutoff at latitude 30 °), the distance from the

axis of rotation outside which the observed cloud-level wind is

dominating the interior and no decoupling exists. The choice of

this latitude is based on suggestions that beyond a depth of 0.9 a

Ohmic dissipation will significantly reduce the intensity of the flow
 Liu et al., 2008 ). This ensures that the deep flow is not superim-

osed on the strong surface jets in the equatorial region in cases

here they extend deep. The deep flow therefore is set as 

 cyl (r, θ ) = 

⎧ ⎨ 

⎩ 

l < l I 0 

l I < l < l O 
∑ N U 

n =1 
u n sin 

(
nπ(l−l I ) 

l O −l I 

)
l > l O 0 

, (5)

here u 1 , . . . , u N U are the magnitudes assigned to the sine func-

ions, and N U is the number of functions used. This gives a flow

tructure that is function of l only, and whose value is zero at l = l I 
nd l = l O . 

Next, we demand that the deep flow decays toward the interior

ith the function 

 (r, θ ) = 

1 

2 

tanh 

r − r D 
δa D 

+ 1 , 

here r D is the decay depth, and δa D = 20 0 0 km is the decay

cale. This enables the inclusion of a physical constraint that the

eep flow decays below a certain depth. 

Finally, we demand that the deep flow is completely decoupled

rom the surface-bound flow. For simplicity, we choose the decay

unction to complement the decay function of the surface wind

 Eq. (3) ), so that the deep flow decays to zero at the planet sur-

ace. The total deep flow is set as 

 deep ( r, θ ) = D ·
[

1 − exp 

(
r − a 

H ( θ ) 

)]
· U cyl ( r, θ ) . (6)

sing Eqs. (3) and (6) we set the total simulated wind field 

 ( r, θ ) = U surf ( r, θ ) + U deep ( r, θ ) . (7)

.3. Simulated wind field and gravitational moments 

Prior to the Juno gravity measurements we can use the thermal

ind model to simulate the observed field given a surface-bound
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ind and a deep flow. The free parameters adjustable when setting

he total flow field are the depth of the surface wind H ( θ ) based

n the coefficients h i , the structure of the deep flow based on the

oefficients u i , and the depth of the deep flow r D . Using these pa-

ameters, we define two distinctly different scenarios, denoted as

ase A and case B . These cases are chosen to illustrate potential ob-

ervations made by Juno. 

In case A , we set the surface wind depth coefficients to h 1 =
0 0 0 , h 3 = −20 0 0 km (with all others set to zero). The deep flow

oefficients are set to u 1 = 1 , u 4 = 5 , u 5 = −3 , u 8 = 2 ms −1 (with

ll others set to zero). The resulting internal flow is an order of

agnitude weaker compared to the surface-bound flow, represent-

ng the possible effect of both the compressibility of the flow

 Kaspi et al., 2009 ), and the magnetic field ( Liu et al., 2008; Cao

nd Stevenson, 2017 ), both suggesting the high pressure inner re-

ion to have weaker flows. The depth of the deep flow is limited

o be outside of a D = 30 , 0 0 0 km from the center of the planet.

he resulting flow structure and the gravitational moments calcu-

ated using the thermal wind model are shown in Fig. 1 a,b,c. The

urface-bound wind ( Fig. 1 a) is pronounced mostly in the equato-

ial region where it penetrates all the way to the equatorial plane.

ts effect on the gravity moments ( Fig. 1 c, green dots) is substan-

ial. The deep flow ( Fig. 1 b) has a structure of positive zonal veloc-

ty in the low latitudes, a wide negative flow in the mid-latitudes,

hen again a strong positive flow in higher latitudes, and finally a

eak negative jet in the high latitudes. Note that the strength of

he deep flow is set to be an order of magnitude smaller than the

urface wind. The effect of the deep flow on the gravitational mo-

ents is clear ( Fig. 1 c, black dots) where some of even moment

alues are increased (for example, J 4 ), while others are decreased

for example, J 2 ), and in some cases even the sign is changed

for example, J 8 ). Note that the odd moments ( J 3, 5, .. ) are not be-

ng modified by the deep flow, since it is symmetric between the

orthern and southern hemispheres. 

In case B , we set the surface wind depth coefficients to be 10

imes smaller than in case A . The result ( Fig. 1 d) is that the surface

ind is strongly limited to the surface, and its affect on the gravi-

ational moments is very small ( Fig. 1 f, green dots). The deep flow

oefficients are set as in case A , but the depth of the deep flow is

ow limited to a D = 0 . 9 a � 63 , 0 0 0 km ( Fig. 1 e), thus confined to

 much narrower region. The gravitational moments resulting from

he deep flow ( Fig. 1 f, black dots) are smaller than in case A , but

elative to the surface wind, the deep flow is now dominating the

ravity field. We will use the total gravitational moments (black

ots in Fig. 1 c for case A , and those in Fig. 1 f for case B ) to simu-

ate the observed field to be measured by Juno, and denote them

 

o 
n . 

.4. Control variables and cost function 

The control variables we aim to optimize are the parameters

efining the depth of the surface wind h 1 , . . . , h N H , the parameters

efining the structure of the deep flow u 1 , . . . , u N U , and the depth

f the deep flow a D . Since each variable has different units, the

roblem is best conditioned when the total control vector is com-

osed from the different parameters normalized by their typical

alues. We define the control vector as 
→ 

 C = { [ h 1 , . . . , h N H ] /h nor , [ u 1 , . . . , u N U ] /U nor , a D /a nor } , 
here h nor = 10 7 m, u nor = 10 ms −2 , and a nor = 10 8 m. In the opti-

ization procedure, the values of the normalized control variables

re limited to the range of −1 to 1, aside from the value for a D / a nor 

hat is limited between 0 and 1. Note that the choice of the nor-

alization parameters together with the limits chosen define the

ange of the allowed solutions. On one hand it should include all

ossible physical solutions, and on the other, it should not extend
oo far beyond the expected solutions. We find that for both cases

xamined in this study (deep and shallow flows) the above choice

f parameters are adequate. 

The cost function is defined similarly to Galanti and

aspi (2016) , as the weighted squared difference between the

odel calculated moments and those measured. Note that the cost

unction can be equivalently defined with the actual gravity field

nomalies (as function of latitude) at the surface of the planet

 Galanti and Kaspi, 2016 ), but since the Juno measurements will be

iven in gravity moments we set up the cost function accordingly.

ogether with an additional penalty term to ensure that the initial

uess does not affect the solution, the cost function is 

 = 

(
�J m − �J 

o 
)T 

W 

(
�J m − �J 

o 
)

+ εX 

T 
C X C , (8) 

here �J m is the N size calculated model solution , �J o is the ob-

erved one, and W is a diagonal matrix of size N × N with weights

iven to each moment W ii = 4 × 10 16 , representing simulated un-

ertainties of 5 × 10 −9 . This value represents a typical uncertainty,

t least for the lower harmonics (see Finocchiaro and Iess, 2010 for

ore details), and should be replaced by the actual full error co-

ariance matrix calculated in the Juno gravity analysis. The second

erm in Eq. (8) acts as a penalty term (also called ‘regularization’)

hose purpose in our case is to ensure that the optimized solu-

ion is not affected by the initial guess, or any part of the control

ector that does not affect the difference between the calculated

nd observed gravity moments. An extensive discussion of this is-

ue (also known as the null space of the solution) can be found in

alanti et al. (2017) . The value of the parameter ε is set according

o the initial value of the cost function, so it affects the solution

nly when the cost function is reduced considerably. The form of

he penalty term is set to penalize any non-zero value of the con-

rol variable X C since we have no prior knowledge of either the

epth of the surface-bound wind or the structure of the deep flow.

ote that additional information regarding the nature of the flow,

uch as minimization of diffusion or limitation on the kinetic en-

rgy, might be used in future studies to redefine the penalty term.

.5. Analysis of uncertainties in model solution 

When solving for the control parameters that produces a grav-

ty field solution that best matches the simulated (eventually, the

bserved) one, it is important to estimate the uncertainties asso-

iated with the solution. These uncertainties arise since the obser-

ations have uncertainties associated with them. In the case of the

uno gravity measurements, the gravity harmonics are in fact part

f an analysis of the spacecraft trajectory and not direct measure-

ents ( Finocchiaro and Iess, 2010 ). In addition to the estimation

f the gravity moments, the analysis provides an estimate of the

ncertainty associated with each of them. These uncertainties af-

ect the cost function via the matrix W ( Eq. (8) ). Using the adjoint

odel we can calculate the cost function dependency on the con-

rol variables. The combined range of the observation uncertainties

ill lead to uncertainties in the optimized variables. In practice,

he control variable uncertainties are derived from the Hessian ma-

rix G (second derivative of the cost function L with respect to the

ontrol vector X C , see Galanti and Kaspi, 2016 ). Inverting the Hes-

ian matrix G , we get the error covariance matrix C C . This matrix

ncludes the error covariance associated with combination of each

wo control variables (off diagonal terms), and the variance of each

ne (diagonal terms). Physically, the covariance matrix indicates to

he formal uncertainties in the control variables given the uncer-

ainties of the observations (weights W in the cost function). The

arger the uncertainties in the observations are, the smaller are the

eights in the cost function, and the larger the uncertainties in the

ontrol variables. 
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This information, however, does not give a direct estimate of

the physical parameters we are interested in. For example, the er-

ror covariance matrix C does not indicate to errors in the depth

of the surface wind, but rather to the coefficients of the Legen-

dre polynomials from which the depth is composed. Since our

interest is in the uncertainties associated with the depth of the

surface wind as function of latitude, the information from the error

covariance matrix needs to be converted into information about

the depth of the wind. Consider a case where no correlation ex-

ists between the uncertainty of one control parameter to another,

so that the covariance matrix C has non-zero values only on the

diagonal, representing the variance of each control variable uncer-

tainty. In such a case, one can generate many realizations of the er-

rors, based on a normal distribution with standard deviation taken

from the diagonal terms of C . Using Eq. (4) these realizations can

be converted to the depth of the wind at each latitude, so that for

each latitude a distribution of errors is obtained. From that dis-

tribution an estimate of the uncertainty could be calculated, for

example based on the 1 st standard deviation. However, in all ex-

periments discussed in this study the off diagonal terms in C are

substantial and cannot be neglected. Therefore, a method should

be derived for how to generate realizations of the control variables

errors, so that their covariance will satisfy C . 

By definition, the generated errors have the form 

XX 

T 

N 

≡ C , (9)

where X = 

{ −→ 

X 1 , . . . , 
−→ 

X N 

} 

is the matrix whose rows contain N re-

alizations of the control variables errors. Eigen-decomposing of C

gives 

C = S�S T , (10)

where S is the matrix composed from the eigenvectors, and � is

a matrix with the eigenvalues on its diagonal. Note that S −1 = S T 

since C is positive definite. Using Eq. (9) we get 

S T XX 

T S = �N. (11)

Defining a new set of error realizations Y = 

{ −→ 

Y 1 , . . . , 
−→ 

Y N 

} 

, such

that Y = S T X , we get 

YY 

T = �N, (12)

so that the new control variable errors are uncorrelated. 

We can now generate N realizations, where each error is based

on a normal distribution with a standard deviation taken from �.

Each realization 

−→ 

Y i is then converted back to 
−→ 

X i using 
−→ 

X i = S 
−→ 

Y i .

The number of realizations N can be determined from the require-

ment that the realizations X satisfy Eq. (9) to a certain degree. Re-

quiring that the difference between the first singular value of C

and the first singular value of XX 

T / N is less than one percent, we

find that N should be at least 500. Note that an equivalent to this

method would be to use a Monte-Carlo simulation to generate X

directly based on C , but that would be computationally less effi-

cient. 

These realizations X , satisfying the full error covariance matrix

C , are converted to the actual physical variables using Eq. (4) for

the depth of the surface wind 

H 

err 
i ( θ ) = 

N H ∑ 

j=1 

h nor X i ( j) P j−1 (θ ) , (13)
nd Eqs. (5) and (6) for the deep flow structure 

 

err 
i (r, θ ) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

l < l I 0 

l I < l < l O D ·
[
1 − exp 

(
r−a 

H(θ ) 

)]
·∑ N U 

n =1 
u nor X i (n + N H ) 

sin 

(
nπ(l−l I ) 

l O −l I 

)
l > l O 0 

. (14)

inally, the standard deviation (uncertainties) are calculated for the

hysical variables H 

err 
i ( θ ) and U 

err 
i 

(r, θ ) from their N realizations.

ote that the uncertainties of H ( θ ) are a function of latitude, and

hose of U ( r, θ ) are a function of both latitude and depth. 

. Results 

We examine here the two simulated flow structures, case A and

ase B , under two distinctly different physical assumptions. First,

e use the same model for generating the simulated moments and

or finding the flow structure ( Section 3.1 ). We analyze the model

bility to reach a solution and the uncertainties associated with it,

or several combinations of control parameters. Second, we look for

 solution with a modified model in which the physical constraints

n the deep flow are completely relaxed ( Section 3.2 ). This exper-

ment serves as an end point to our ability to invert the gravity

oments into a flow field. 

.1. Optimization under the same physical assumptions 

.1.1. Case A - extended deep flow and deep surface wind 

We start by optimizing the model solution, compared to the

ne simulated in case A , using N H = 10 functions for the depth of

he surface wind, N U = 10 functions for the structure of the deep

ind, and set the depth of the deep flows a D to be fixed. The to-

al number of control variables is therefore 20. As an initial guess,

e set h 1 = 100 km and all other control variables to zero, so that

he initial guess of the gravity field, resulting from the very shal-

ow surface wind and no deep flow, is extremely small compared

o the simulated one. The results of the optimization are shown

n Fig. 2 . The reduction in the cost function value ( Fig. 2 a) shows

he different stages of the optimization. In the first stage (itera-

ions 1–40), the reduction is mostly due to the adjustment of the

ower coefficients of the deep flow and the depth of the surface

ind. Then, the optimization lead to larger values of the higher

oefficients are getting but with little affect on the cost function

iterations 40–90), and the higher modes are adjusted close to the

imulated values. The depth of the surface wind, shown in Fig. 2 b,

s optimized from the initial guess (black line) to the model solu-

ion (blue line), which is very close to the simulated depth (red

ine). The deep flow structure ( Fig. 2 c) is almost identical to the

imulated flow ( Fig. 1 b). The small differences between the model

olution and the simulation are due to the setup of the termina-

ion conditions in the optimization procedure, and points to the

atness of the cost function in the vicinity of the global minimum.

ote that the optimization is not sensitive to the choice of the con-

rol variables initial guess (not shown). 

Next, we examine the solution for the control variables and

he uncertainty associated with them. Similar to the solution pre-

ented in Fig. 2 , the solution for the surface wind depth coefficients

 Fig. 3 a, black dots) and deep flow coefficients ( Fig. 3 b, black dots)

re very close to the those used in the simulation (red dots). Us-

ng the error covariance matrix C ( Fig. 3 c) we can calculate the

tandard deviation for each variable, taking the square root of the

iagonal terms and renormalizing each variable. These uncertain-

ies are shown as error bars in Fig. 3 a,b. It is apparent that the
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Fig. 2. Model optimization for case A . (a) The reduction of the cost function (solid) 

and its contribution from the penalty term in Eq. (8) (dash-dotted), (b) Simulated, 

initial guess and solution for the depth of the surface wind (red, black, and blue, 

respectively), and (c) the solution for the deep flow (dashed line shows the section 

analyzed in Figs. 4 b,d and 5 b,d). 
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Fig. 3. Solution for case A. Model solution (black dots) and error standard deviation 

(error bars) for (a) The coefficients of the surface wind depth, and (b) the coeffi- 

cients of the deep flow structure. Red dots are the simulation. (c) The error covari- 

ance matrix C where entries 1–10 are for the coefficients defining the depth of the 

surface wind, and entries 11–20 are for the coefficients defining the structure of 

the deep flow. (d) The normalized error covariance matrix showing the correlation 

between the variables. 
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Fig. 4. Solution for case A. (a) Model solution for the depth of the surface wind 

(blue), together with its uncertainties (gray shading) and the simulated wind depth 

(red). (b) Same as (a), but for the deep flow structure along the radial distance of 

0.93 a (dashed line in Fig. 2 c). Panels (c) and (d) are as (a) and (b), but for the case 

where the model is optimized with N H = 5 and N U = 5 . 
ncertainties depend strongly on the variables, with some coeffi-

ients having small values and other much larger values. For ex-

mple, the standard deviation of the errors associated with h 1 is

280 km while that associated with h 5 is ∼20 0 0 km. The stan-

ard deviation of the errors associated with A 1 is ∼0.15 ms 
−1 

while

hat associated with A 10 is ∼2 ms 
−1 

. Furthermore, there are strong

orrelations between the different variables (off diagonal terms in

ig. 3 c), which need to be taken into account when estimating the

ctual uncertainty of the model solution. To illustrate this the nor-

alized error covariance matrix 

˜ 
 i, j = 

C i, j √ 

C i,i C j, j 

, 

s shown in Fig. 3 d. This matrix shows the correlation between

he variables, so that the diagonal terms (self correlations) have

 value of one, and off diagonal terms are the correlation between

ach two variables. It is clear that many strong positive and neg-

tive correlations exists, mainly between the coefficients defining

he depth of the surface wind (indices 1–10), but also between

hese coefficients and those defining the structure of the deep flow

indices 11–20). 

Given that complexity, interpreting the error covariance matrix

n terms of the actual physical variables, the depth of the surface

ind H ( θ ) and the deep flow U deep , requires that all information

ncluded in the covariance matrix is used. Following the method-

logy presented in Section 2.5 , we calculate the uncertainties as-

ociated with H ( θ ) and U deep . In Fig. 4 a the standard deviation for

he errors in the depth of the surface wind is shown as shading

n top of the simulation. In the equatorial region, the model un-

ertainty is confined to a few hundred kilometers but at high lat-
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Fig. 5. Results for case B. (a) Model solution for the depth of the surface wind 

(blue), together with its uncertainties (gray shading) and the simulated wind depth 

(red). (b) Same as (a), but for the deep flow structure along the radial distance of 

0.93 a (dashed line in Fig. 2 c). Panels (c) and (d) are as (a) and (b), but for the case 

where the model is optimized with N H = 5 and N U = 5 . 
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itudes the uncertainty rises to thousands of kilometers, implying

that deviations in the observed gravitational moments on the or-

der of 5 × 10 −9 (as expected to be the case for the lower moments

that dominate the cost function, see Finocchiaro and Iess, 2010 )

would results in the model inability to predict the depth of the

surface wind over the high latitudes. The model solution for the

deep flow structure along the radial distance of 0.93 a ∼65, 0 0 0 km

(dashed line in Fig. 2 c) shows ( Fig. 4 b) that while the deep flow is

well constrained in the outer part of the planet (latitude < 30 o ), in

the regions closer to the axis of rotation the uncertainty increases,

yet its value is well below the magnitude of the solution there.

Note that when studying the flow structure with the actual Juno

observations, the gravity uncertainties are expected to vary be-

tween the gravity moments ( Finocchiaro and Iess, 2010 ). 

These results depend strongly on the number of optimized pa-

rameters; the more parameters are used, the larger the uncertainty

is (e.g., Finocchiaro and Iess, 2010 ). To demonstrate this, consider

a case where the model used for optimizing the solution is based

on a simpler structure of surface wind depths, with N H = 5 , and

a simpler deep flow structure, with N U = 5 ( Fig. 4 c,d). While the

uncertainty in the solution is now much smaller (shaded area), the

solution itself (blue lines) is less exact, especially in the equatorial

region. This illustrates the tradeoff between increasing the number

of control variables (a more exact solution), and the associated in-

creased uncertainty. In the specific case presented here, it is clear

that for the deep flow structure N U = 5 does not provide enough

spatial variability since A 8 has a considerable contribution in the

simulation (see Fig. 3 b). The model solution ( Fig. 4 d, blue line) is

missing a sizable part of the simulated flow structure (red line).

The depth of the surface wind, on the other hand, has only lit-

tle contribution from h 7 , therefore the model solution with N H = 5

( Fig. 4 d, blue line) is quite similar to the simulated one (red line). 

Finally, we discuss briefly a couple of modified experiments.

First, a variant of the above experiment is to set the depth of the

surface-bound wind to be 10 times smaller, thus making it more

superficial. Results show that it is more difficult to reconstruct the

simulated depth of the surface wind, but overall the results are

similar, especially for the deep flow. Uncertainties also are qualita-

tively similar. In another variation, in addition to the surface depth

and the structure of the deep flow we also set as a control vari-

able the depth of the deep flow. The ability to reach the global

minimum is this case is degraded considerably and the solution

depends on the initial guess. In some cases a global minimum is

reached, but in others the solution is far from the simulation, not

only in the depth of the deep flow, but also in all other parame-

ters. As discussed below, this is less of a problem in case B where

the depth of the deep flow is restricted to relatively shallow levels.

3.1.2. Case B - restricted deep flow and shallow surface wind 

Next, we examine the characteristics of the optimization when

the simulated gravitational moments are based on case B, where

the depth of the deep flow is much more limited, and where the

surface wind is shallow ( Section 2.3 , Fig. 1 d–f). 

As in case A, the control variables include the 10 surface wind

depth coefficients and the 10 deep flow coefficients. Later on, we

also consider the depth of the deep flow a D as a control variable.

Starting with an initial guess similar to those used in Section 3.1.1 ,

the optimization is able to reach a solution that is in general

as good as the one achieved for the experiment presented in

Section 3.1.1 . The solution reproduces well the depth of the sur-

face wind aside from the polar regions ( Fig. 5 a) and the deep flow

( Fig. 5 b). Restricting the number of surface wind depth coefficients

and deep flow structure coefficients to 5 ( Fig. 5 c,d), reduces the

uncertainties but causes the solution to agree less with the simu-

lation. 
Several important differences from case A arise. First, compar-

ng Figs. 4 and 5 , while the uncertainties for the deep flow are

imilar in both cases, the uncertainties for the depth of the surface

ind are larger in case B . This is true for both large or small num-

er of coefficients used (panels a and c). More importantly, since

he depth of the surface wind is now 10 times shallower, the even

arger magnitude of the uncertainties implies that aside from the

quatorial region, it would be impossible to place a lower limit on

he depth (the gray zone reaches a depth of zero), and the upper

imit is now more than 10 0 0 km in most latitudes ( Fig. 5 a). Even

ith the reduction of the number of coefficients ( Fig. 5 c), the un-

ertainty is still much larger than the simulated depth. 

On the other hand, including the optimization of the deep flow

epth a D is now feasible in some cases. While in the equivalent ex-

eriments discussed in Section 3.1.1 , inclusion of a D resulted in a

olution dependency on the initial guess of the control variables, in

ase B a global solution very similar to the one shown in Fig. 5 can

e reached when the initial guess is a D � 50,0 0 0 km (not shown).

et, setting the initial guess to lower values results in the opti-

ization reaching a local minimum that is far from the simulated

ne. 

.2. Optimization with unconstrained deep flow 

An extreme test for the model ability to reach a solution is to

elax the structure of the deep flow, from cylinders to a general

ow that has absolutely no restrictions in both latitude and depth.

hysically such a solution is likely unjustifiable, but this serves as

 good test for the model’s ability to reach a solution without any

onstraints. The implication to the adjoint model and optimiza-

ion process is profound. Now, in addition to the 10 control vari-

bles of the depth of the surface wind, there are N θ × N r con-

rol variables of U deep (compared to the 10 control variables used

efore to set the deep flow structure). While in the above experi-

ents we set N θ = 361 and N r = 174 (0.5 deg resolution in latitude

nd 10 vertical levels per scale height), here a reduced resolution

as to be employed, N θ = 91 and N r = 87 , so that the total length

f the control variable is 91 × 87 + 10 = 7927 . Even with such a

educed resolution, the numerical calculation of the optimization
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Fig. 6. Looking for an optimized solution with the unconstrained deep flow, in both 

case A (left panels), and case B (right panels). Shown are the solution for the deep 

flows (a,b), the uncertainties associated with this solution (c,d), and the solution for 

the depth of the surface wind (e,f) with its uncertainties. 
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finding the search direction and step length at each iteration, see

alanti and Kaspi, 2016 for details) requires considerable compu-

ational resources. Note that since we are producing the ‘observa-

ions’ and looking for the solution with the same model resolution,

educing the resolution is self-consistent and does not affect the

esults. However, when analyzing the Juno observations, numerical

apability to solve the high resolution version would be necessary.

We consider here our ability to reach the solution in both sim-

lations, case A and case B ( Fig. 6 ). A striking characteristic of the

olution in both cases ( Fig. 6 a,b) is that the structure of the deep

ow is aligned mostly in the radial direction. Now that the deep

ow is no longer constrained to flow parallel to the axis of rota-

ion, it is the thermal wind balance and the radial independence of

he gravitational moments that set the optimal flow. That said, it

s encouraging that the overall structure is similar to the simulated

ne ( Fig. 1 b,d). Going from the poles to the equator, the pattern of

egative, positive, negative, and then positive flow, is apparent in

oth cases. The solution in both cases also identifies the lack of

eep flow close to the equator. 

The major limitation however comes from the uncertainties

 Fig. 6 b,d), which extend over the entire region and have unphys-

cal values of more than 1 , 500 ms −1 in case A , and more than

00 ms -1 −1 in case B . This is also the case for the uncertainties

n the solution for the depth of the surface wind ( Fig. 6 e,f), which

s of the order of several thousands of kilometers. 
. Conclusion 

We develop a methodology to examine the upcoming high ac-

uracy gravity measurements by the Juno spacecraft. We allow the

ow structure to include in addition to the cloud-level bound wind

with a variable penetration depth), a deep flow which is com-

letely decoupled from a surface-bound observed flow. The model

s composed from a forward dynamical model that relates the 3D

ow to the density and gravity fields, and an inverse model that,

iven the observed gravity field, can trace back the complex flow. 

We examine the inverse model ability to reach a solution for

ifferent scenarios. Starting from an initial guess of no interior

ow, and close to zero depth of the surface-bound flow, we search

or a solution that minimizes the differences between the calcu-

ated and the simulated gravity moments. In addition to this dif-

erence, the cost function also includes a penalty term that is set

o minimize the effect of the initial guess on the final solution by

enalizing any deviation from zero. In future studies, additional in-

ormation regarding the nature of the flow, such as limitation on

iffusion or the kinetic energy, might be used to redefine or aug-

ent the penalty term. 

In order to simulate possible observations of the gravity field,

e constructed two observational scenarios. In the first, the inte-

ior flow is deep, and the cloud-level flow penetrates to a depth

f 30 0 0 km. The deep flow in this case have a comparable effect

n the gravitational moments as the surface-bound flow. In the

econd scenario, the interior flow is confined to a relatively nar-

ow region, and the surface-bound flow is shallow, penetrating to

 depth of only 300 km. The gravitational moments in this case

re dominated by the deep flow, while the surface-bound flow has

 negligible effect. These two cases were selected as representa-

ive cases to allow examination of substantially different scenarios.

ote that in both cases, the deep flow has a symmetry between

he southern and northern hemispheres so that it affects only the

ven gravity moments. This might come as a limitation when an-

lyzing the Juno measurements since the even moments, at least

n the moments up to J 8 are dominated by the solid body contri-

ution. This implies that either the analysis presented here needs

o be done with higher even moments, or that we will have good

nowledge regarding the gravity moments expected from the solid

ody rotation (e.g., Helled et al., 2011; Hubbard and Militzer, 2016;

iguel et al., 2016 ). Another outcome of the setup of the hemi-

pherically symmetric deep flow is that the odd gravity moments

o be measured by Juno will give information about the depth of

he surface-bound wind but will give no indication about the deep

ow. 

In both simulations, case A and case B , the optimized solution

eproduces well the depth of the surface wind (aside from the po-

ar regions) and the deep flow structure and amplitude. We also

xamined the solution in a case where the number of optimized

arameters is smaller than the number of parameters affecting the

imulated observations. This scenario might well happen with the

uno observations since we don’t know the number of parame-

ers needed to define the real flow field. Results show that in both

ases, optimizing when the number of surface wind depth coeffi-

ients and deep flow structure coefficients is restricted to 5, causes

he uncertainties in the solution to be reduced, but the solution

greed less with the simulation. Nonetheless, several differences

etween the cases exist. The uncertainties for the depth of the sur-

ace wind are larger in case B . This is true for both large or small

umber of coefficients used. More importantly, since the depth of

he surface wind in case B is 10 times shallower than in case A ,

ven larger uncertainties imply that aside from the equatorial re-

ion, it would be impossible to place a lower limit on the depth.

verall, in a case where the surface-bound flow is on the order of

100 km, and there exist a decoupled flow in the interior, it will
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be very difficult to estimate the depth of surface flow. Even with

the reduction of the number of coefficients, the uncertainty is still

much larger than the simulated depth. 

Finally, we examined an extreme case where the flow field is al-

lowed to have any possible form, so it is not restricted to cylindri-

cal shapes and can have a general flow that has absolutely no re-

strictions in both latitude and depth. Physically, it is hard to justify

such a solution, but this serves as a good test for the model’s abil-

ity to reach a solution without any constraints. In both simulations,

case A and case B , the structure of the solution was aligned mostly

in the radial direction and not parallel to the axis of rotation as the

simulated flow. Nevertheless, the overall structure of the solutions

was similar to the simulated one. The depth of the deep flow did

not match well the simulated one, and had different characteristics

in the two cases. A major limitation comes from the uncertain-

ties that extend over the entire region and have nonphysical val-

ues. This illustrates the need for physical constraints on the deep

flow to be served as priors in the optimization problem. Such con-

straints could be some assumptions on the structure of the flow,

similarly to those imposed in the experiments of Sections 3.1.1 and

3.1.2 , or more general constraints such as requiring that the diffu-

sion or the kinetic energy is minimized. Note that while the con-

straints on the flow structure could be hard-coded into the dynam-

ical model, the later constraints should be also applied in the cost

function penalty term. 

The novelty of the adjoint based inverse method presented here

is in the ability to identify complex flow dynamics given the ex-

pected Juno measurements of gravity moments. Unlike any previ-

ous studies, this model allows also for the existence of deep cylin-

drical flows that have no manifestation in the observed cloud-level

wind. Furthermore, the flexibility of the adjoint method allows for

a wide range of dynamical setups, so that when new observations

and physical understanding will arise, these constraints could be

easily implemented and used to better decipher Jupiter flow dy-

namics. 
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