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a b s t r a c t 

The upcoming Juno and Cassini gravity measurements of Jupiter and Saturn, respectively, will allow prob- 

ing the internal dynamics of these planets through accurate analysis of their gravity spectra. To date, two 

general approaches have been suggested for relating the flow velocities and gravity fields. In the first, 

barotropic potential surface models, which naturally take into account the oblateness of the planet, are 

used to calculate the gravity field. However, barotropicity restricts the flows to be constant along cylin- 

ders parallel to the rotation axis. The second approach, calculated in the reference frame of the rotating 

planet, assumes that due to the large scale and rapid rotation of these planets, the winds are to lead- 

ing order in geostrophic balance. Therefore, thermal wind balance relates the wind shear to the density 

gradients. While this approach can take into account any internal flow structure, it is limited to only 

calculating the dynamical gravity contributions, and has traditionally assumed spherical symmetry. This 

study comes to relate the two approaches both from a theoretical perspective, showing that they are 

analytically identical in the barotropic limit, and numerically, through systematically comparing the dif- 

ferent model solutions for the gravity harmonics. For the barotropic potential surface models we employ 

two independent solution methods – the potential-theory and Maclaurin spheroid methods. We find that 

despite the sphericity assumption, in the barotropic limit the thermal wind solutions match well the 

barotropic oblate potential-surface solutions. 

© 2016 Elsevier Inc. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

 

 

i  

l  

t  

c  

b  

t  

a  

s  

g

1

 

z  

j  
1. Introduction 

In July 2016, the Juno spacecraft will arrive at Jupiter, on course

for a highly eccentric polar orbit of the planet. One of the pri-

mary goals of the mission is to perform high sensitivity gravity

measurements, with expected sensitivity being at least up to grav-

ity harmonic J 10 ( Bolton, 2005; Finocchiaro and Iess, 2010 ). These

gravity measurements can be used for constraining the planet’s in-

ternal structure, as well as its atmospheric and interior dynamics

( Hubbard, 1999; Kaspi et al., 2010 ). In particular, these measure-

ments may be able to address one of the longest-standing ques-

tions in planetary atmospheric dynamics: to what depth do the

observed strong east-west jet-streams on Jupiter penetrate? Soon

after the arrival of Juno at Jupiter, the Cassini spacecraft will be-

gin its final proximal orbits prior to its decent into Saturn, mim-
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cking a Juno-like eccentric orbit with close flybys of the cloud-

evel winds ( Spilker et al., 2014 ). These proximal orbits will facili-

ate the same type of gravity analysis for Saturn. Thus, in the next

ouple of years the gravity spectra of both Jupiter and Saturn will

e improved by several orders of magnitude, which can be used

o potentially advance our understanding of the internal structure,

tmospheric dynamics and origin of these planets. The goal of this

tudy is to establish a unified framework in which to analyze these

ravity measurements. 

.1. The zonal flow on Jupiter and Saturn 

Both Jupiter and Saturn are characterized by strong east-west

onal flows at their observed cloud-level. Jupiter has at least six

ets in each hemisphere with maximum wind velocities reaching

40 m s −1 at latitude 20 °N relative to the System III spin rate

 Porco et al., 2003 ). The equatorial region is flowing eastward with

ind speeds exceeding 100 m s −1 ( Fig. 1 ). Saturn has a broader

ind structure around the equator with the eastward superrotating

http://dx.doi.org/10.1016/j.icarus.2016.04.001
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Fig. 1. Zonal mean wind profile (m s −1 ) as function of latitude for Jupiter ( Porco 

et al., 2003 ) (left) and Saturn ( Sánchez-Lavega et al., 20 0 0 ) (right). Shown are the 

observations (red), and the profiles used in the calculations (black) where gaps were 

filled, and some smoothing applied. (For interpretation of the references to color in 

this figure legend, the reader is referred to the web version of this article.) 
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Fig. 2. The mass distribution of Jupiter in terms of the percentage of total mass as 

function of the percentage of total radius measured from the outside. Based on the 

internal model of Guillot and Morel (1995) . 
inds reaching nearly latitude 30 ° in both hemispheres, and wind

elocities of over 400 m s −1 ( Sánchez-Lavega et al., 20 0 0, 20 03 ).

or both planets these observations are obtained by cloud tracking

f features within the cloud-level, and therefore the measurements

re limited to the level of the cloud-motion, roughly between 0.1

nd 1 bars ( Vasavada and Showman, 2005 ). 

The only direct observation of sub-cloud level winds comes

rom the Galileo probe that descended into the planet in 1995, and

howed, at that location (6 °N), an increase in zonal velocity from

0 m s −1 at the 1 bar level to 160 m s −1 at the 4 bar level, and

hen a constant wind speed down to the 24 bar level where the

robe was lost ( Atkinson et al., 1996 ). However the probe entered

 “hot spot” which may not be a good representation of the gen-

ral flow ( Orton et al., 1998; Showman and Dowling, 20 0 0 ). Indi-

ect observations of the sub-cloud level winds using cloud tracked

ind velocities have been inferred by Dowling and Ingersoll (1988,

989) , who suggest based on arguments of conservation of poten-

ial vorticity ( Pedlosky, 1987 ) that there must be nonzero zonal

inds underlying the Great Red Spot. Conrath et al. (1981) and

ierasch et al. (1986) use thermal-wind arguments to show that

eep winds are expected beneath the cloud level. However these

eductions are limited to less than the outer 1% of the radius of

he planet, and therefore do not infer much about the deep winds.

odeling studies have been wide-spread regarding whether the

ow is sheared beneath the cloud level. Suggested mechanisms for

 radial shear with depth include compressible effects ( Kaspi et al.,

009 ) and magnetic ohmic dissipation ( Liu et al., 2008 ). 

There have been two general mechanistic approaches for ex-

laining the observed strong winds on Jupiter and Saturn. The

rst assumes the dynamics are shallow, such as on a terres-

rial planet, and therefore the strong east-west flows can result

rom 2D geostrophic turbulence ( Rhines, 1975, 1979 ). Several stud-

es have suggested mechanisms for the formation of jets in such

ystems from either shallow decaying turbulence (e.g., Cho and

olvani, 1996; Scott and Polvani, 2007 ) or forced turbulence in

oth barotropic (e.g., Williams, 1978; Showman et al., 2006; Show-

an, 2007 ) and baroclinic (e.g., Williams, 1979, 2003 ; Kaspi and

lierl, 2007 ) systems. In recent years, a number of terrestrial-type

eneral circulation model (GCM) studies have produced multiple

ets that are consistent with the observed flows on all four gi-
nt planets ( Lian and Showman, 2010; Liu and Schneider, 2010 ).

he alternative approach suggests that the observed jets are the

urface manifestation of convective columns originating from the

ot interiors of the giant planets ( Busse, 1976, 1994 ). It has been

emonstrated in 3D numerical rotating convection models that the

nteraction of such internal convection can lead to equatorial su-

errotation and multiple jets caused by convective columns (e.g.,

urnou and Olson, 2001; Christensen, 2002; Wicht et al., 2002;

eimpel et al., 2005; Kaspi et al., 2009; Jones and Kuzanyan, 2009;

astine et al., 2013; Chan and Mayr, 2013 ). These two approaches

ave been in debate for the last 40 years. Hopefully, the upcoming

ravity measurements will able to provide insight into the interior

ynamics and help resolve this debate. 

Therefore, despite advances over the past 40 years in model-

ng and theory, and detailed spacecraft and telescopic observations,

uch of the understanding of the dynamics of the giant planets’

tmospheres and interiors is limited to the observed outer cloud

evel. The upcoming gravity measurements by Juno and Cassini

rovide a new opportunity to probe the dynamics beneath this

loud level and hopefully shed light on the mysteries of the in-

eriors of the giant planets. 

.2. Inferring the depth of the zonal flows from gravity measurements

Earth’s atmosphere is less than one millionth of the mass of

he solid planet, and therefore any density perturbation associ-

ted with the atmospheric dynamics has a very small affect on

he planet’s gravity field. For example, even the largest air den-

ity variations across strong weather fronts on Earth, of order ∼
.1 kg m 

−3 , will cause gravity variation above them that are at

east four orders of magnitude smaller than the effect of Earth’s

blateness, which itself has only a 0.3% effect on the mean surface

ravity (varying from 9.82 m s −2 at the pole to 9.79 m s −2 near

he equator). However, since the giant gas planets are composed

ainly of light elements, and have no solid surface, the relative ef-

ect of density perturbations due to internal and atmospheric dy-

amics can be more significant. Particularly, if the strong winds

xtend deep enough into the planet’s interior, their relative ef-

ect on gravity becomes large. This is suggested by Fig. (2 ), which

hows the percentage of the mass involved in the outer layers of

he planet as function of the radial distance. For example, if as hy-

othesized by Liu et al. (2008) , only the outer 4% of the radius

ave significant flows in them, that will already involve 1% of the

ass of the planet. 

Hubbard (1982) pointed out that if the observed flows on

upiter correspond to permanent cylindrical structures, then they
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might give measurable corrections to the gravity field of a rigidly

rotating hydrostatic planet. Following this, Hubbard (1999) showed

using a potential theory model that such perturbations can be

measurable by an orbiting spacecraft, and particularly are likely to

give a signal stronger than the solid-body gravity field beyond the

10th gravity moment. This theoretical result was one of the key

drivers for the Juno mission. This approach was recently further

developed using a more accurate concentric Maclaurin spheroid

(CMS) model of the planet’s interior ( Hubbard, 2012, 2013; Hub-

bard et al., 2014; Wisdom and Hubbard, 2016 ). 

These studies have allowed accurate estimation of the gravity

field, but are limited to cylindrically symmetric, fully barotropic

flows (see discussion below). A second approach proposed was us-

ing thermal wind balance models ( Kaspi, 2013; Kaspi et al., 2010,

2013; Liu et al., 2013, 2014; Zhang et al., 2015 ), which can calculate

the gravity field resulting from any given flow field. However these

models have traditionally assumed a spherically symmetric refer-

ence state. They are thus unable to calculate the static (solid-body)

gravity spectrum, and neglect the effect of the planet’s oblateness

on the dynamic gravity moments. 

A third approach involves using full 3D numerical simulations,

and calculating the resulting gravity perturbations by analyzing the

density perturbations arising from dynamics ( Kaspi et al., 2010;

Glatzmaier, 2014 ). While this approach allows one to consider

much more complex flow fields resulting from the dynamics of the

GCMs, it only gives specific realizations of the flow, and does not

allow for systematic exploration of how the gravity field depends

on the dynamics. 

In addition, all studies to date have been only in the direction

of forward modeling, whereby, given a hypothetical or simulated

wind structure, the gravity moments are calculated via the effect

of these winds on the density structure (e.g., Hubbard, 1999; Kaspi

et al., 2010; Kong et al., 2012; Liu et al., 2013 ). However, in order to

analyze the gravity field that will be detected by Juno and Cassini,

an inverse problem needs to be solved, calculating the zonal wind

profile given the gravity field ( Galanti and Kaspi, 2016 ). This poses

a challenge, since a gravity field is not necessarily invertible and

a given gravity field might not have a unique corresponding wind

structure. Nonetheless, progress has been made inverting the ther-

mal wind equation ( Galanti and Kaspi, 2016 ). 

Given the major differences between these methods, the goal

of this study is to develop a unified theoretical framework for

the analysis of the gravity data. We discuss the several proposed

approaches for relating the dynamics to the density field, focus-

ing on ways to compare the different methods. This is impor-

tant both for the validation of the models, and for their calibra-

tion at the limits where they can be meaningfully compared. A

specific difficulty arrises from separating the static and dynami-

cal contributions to gravity, since models that account for the full

oblateness of the planet (and thus include the full static contri-

butions), cannot account for complex wind fields. Therefore one

of the prime objectives of this study is to investigate the effect

of the spherical assumption on the thermal wind model through

a systematic comparison to the potential theory and CMS meth-

ods in the deep barotropic flow limit where these methods can be

compared. The paper is organized as follows: Section 2 discusses

the theoretical background for relating the flow field to gravity,

specifically in the potential theory, CMS, and thermal wind frame-

works. Section 3 shows the analytic equivalence of the potential-

theory and thermal-wind methods in the barotropic limit, and dis-

cusses different representations of the thermal-wind equation in

this barotropic limit. Section 4 discusses how the three models

are implemented numerically, and compares results for the dy-

namically induced gravity harmonics that these methods predict.

In Section 5 we discuss the numerical results, and present an-

other comparison between the models when the flow is barotropic,
et limited to the outer regions of the planet. We conclude in

ection 6 . 

. Theory 

For both the Juno and Cassini measurements we are interested

n the relation between the gravity field and the large scale flow.

o leading order, we can assume that the deviations from the time

nd zonal mean are small relative to the large scale time-zonal

ean flow ( Fig. 1 ). Therefore in the following analysis we do not

onsider any temporal or zonal variations to the flow. The dynam-

cal induced variations to the gravity field are by definition a small

erturbation to the gravity field. Roughly, given the properties of

he planet and the amount of angular momentum involved in dif-

erential rotation (even for the most extreme cases of full differ-

ntial rotation penetrating through the planet), the dynamical sig-

al expected, compared to the surface gravity of ∼ 25 m s −2 , is of

he order of several mgal, meaning that it is O (10 −6 ) weaker than

he surface gravity. Yet, due to the accuracy of the measurements

uch a signal should be detectable, and similar analysis has been

emonstrated in the past in other planetary applications (e.g., Iess

t al., 2014 ). 

Relating the gravity and velocity fields can be divided into

 two step problem: first calculating the dynamically balanced

ensity field given a wind field, and then integrating this wind-

nduced density field to calculate the wind-induced gravity anoma-

ies. We begin with discussing the latter, which is straightforward,

nd in Sections 2.1 –2.3 we discuss the methods to do the former,

hich is non-trivial. 

The gravity field is the gradient of the gravitational potential,

V ( r ). The external gravitational potential at radial coordinate r

nd colatitude θ can be expanded as 

 ( r, θ ) = 

GM 

r 

(
1 −

∞ ∑ 

n 

J n 

(
a 

r 

)n 

P n ( cos θ ) 

)
, (1)

here G is the gravitational constant, M is the planetary mass, a

s the mean planetary radius and P n is the n th Legendre polyno-

ial ( Hubbard, 1984 ). Here we have used the standard expansion

nto zonal gravitational harmonics J n , and assumed the tesseral

eld resulting from longitudinal flow variations is identically zero.

or both Jupiter and Saturn, to leading order the flow is zonally

ymmetric (e.g., Choi and Showman, 2011 ), and therefore this as-

umption is valid. Nonetheless, depending on the depth of the jets

nd vortices, it is possible that the tesseral field will be measur-

ble, and if features such as the Great Red Spot are deep enough

hey may be resolved in the gravity measurements ( Parisi et al.,

016 ). For the purpose of this study, we neglect these longitudinal

ariations and assume only axisymmetric gravity harmonics. These

ravity harmonics are given by 

 n = − 2 π

Ma n 

∫ 1 

−1 

d μ

∫ R ( μ) 

0 

r n +2 P n ( μ) ρ( r, μ) d r, (2)

here μ = cos θ and R ( μ) is the radial coordinate of the surface of

he planet, and we have trivially integrated over longitudes. Thus,

o calculate the gravity harmonics, we must first solve for the den-

ity field ρ and also derive the shape of the planet, R ( μ). Note that

f the planet’s static gravity field is perfectly north-south hemi-

pherically symmetric, the odd static gravity harmonics would be

dentically zero. However, since the wind structure and therefore

he resulting density perturbations are not hemispherically sym-

etric, we expect non-zero dynamical contributions to the odd

ravity harmonics ( Kaspi, 2013 ). 

In this paper we compare three methods for solving for the

ind-induced density field: the potential theory method (PT) of

ubbard (1999) , the concentric Maclaurin spheroid method (CMS)

f Hubbard (2013) , and the thermal wind balance method (TW)
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Fig. 3. Perturbation to Jupiter’s rotational potential ( Eq. 8 ), where �Q is defined in 

Eq. (11) . The black curve is derived from the observed northern hemisphere wind 

profile ( Fig. 1 ), while the red line shows a polynomial expansion of �Q in powers 

of l / l 0 truncated at 24th order ( Eq. 39 ), where l 0 is the equatorial radius. The trun- 

cation is necessary for meaningful high order harmonics (see Section 4 ). The green 

line is the solution limited to the outer radius discussed in Section 5.1 . (For inter- 

pretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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f Kaspi et al. (2010) . Both the PT and CMS methods work in an

nertial frame, and introduce dynamics by means of a rotational

otential. These two methods model Jupiter as an n = 1 poly-

rope ( Hubbard, 1975, 1982; Hubbard et al., 1975 ), a good approx-

mation to Jupiter’s interior. Invoking the Taylor–Proudman the-

rem (e.g., Pedlosky, 1987 ), such a barotropic equation of state

onstrains the flow to be constant along cylinders. Wisdom has

eveloped a further method of solution (1996, unpublished) for

he density field of such a differentially rotating n = 1 polytrope,

hich has been found to produce solutions in good agreement

ith the CMS method ( Wisdom and Hubbard, 2016 ). Our third

ethod, thermal wind balance, differs in several important ways

rom these barotropic methods, and to date has been discussed

ndependently in the literature. Firstly, TW does not assume any

articular equation of state, and can therefore model more realis-

ic wind structures (indeed any wind structure) which are baro-

linic. Secondly, TW works in a frame rotating with the planet, as-

uming the Rossby number is small such that geostrophic balance

olds. Finally, the thermal wind method has traditionally assumed

he dynamics are a perturbation to a spherically symmetric lead-

ng order reference state, and so naively neglects the effects of the

blate shape of the planet. However, this is not a necessary feature

f thermal wind methods; indeed, a forthcoming paper will derive

nd investigate a fully oblate generalization of the thermal wind

quation ( Galanti et al., 2016 ). In this paper we compare the fully

arotropic models (PT and CMS) with the spherical thermal wind

quation, and thereby assess the validity of its sphericity assump-

ion. 

.1. Potential theory method 

Following Hubbard (1999) , the n = 1 polytropic equation of

tate enables us to derive a differential equation for the density

eld which we then solve numerically. We begin with the famil-

ar Euler equation, assuming steady-state and negligible viscosity.

n the inertial frame this takes the form, 

( v · ∇ ) v + 

1 

ρ
∇p + ∇V = 0 , (3) 

here v is the velocity field in the inertial frame, p is pressure, ρ
s density, and V is the gravitational potential such that the gravi-

ational force per unit volume is −ρ∇V . The polytrope relation is

p = Kρ2 , where K is a constant adjusted to fit the radial bound-

ry conditions, and thus 1 
ρ ( ∇p ) = 2 K∇ρ . We take the divergence

f Eq. (3) , giving 

 · [ ( v · ∇ ) v ] + 2 K∇ 

2 ρ + 4 πGρ = 0 , (4) 

here Poisson’s equation for the gravitational potential has been

sed. Defining the wavenumber k in terms of other constants k 2 =
 πG/K gives 

 · [ ( v · ∇ ) v ] + 2 K∇ 

2 ρ + 2 Kk 2 ρ = 0 . (5) 

The barotropic relation requires angular velocity be a function

nly of distance from the rotation axis, so that v = l �( l ) ̂ e φ, in

ylindrical coordinates ( l , φ, z ). We find that the advective term

valuates to ( v · ∇ ) v = − l�2 ˆ e l (which is the centripetal accelera-

ion, consistent with Eq. (3) being the equation of motion), and

herefore the divergence of the advective term is then 

 · [ ( v · ∇ ) v ] = −2�2 − 2 l�
∂�

∂ l 
. (6) 

ence, taking the divergence of Eq. (3) yields an inhomogeneous

elmholtz equation 

 

2 ρ + k 2 ρ = 

1 

2 K 

(
2�2 + 2 l�

∂�

∂ l 

)
. (7) 
i  
We can express the forcing term on the right hand side in terms

f the rotational potential due to zonal flow Q defined by 

(l) = 

∫ l 

0 

dl ′ l ′ �2 (l ′ ) . (8) 

gain working in cylindrical polar coordinates, the gradient of Q

with respect to l ) is given by ∇Q = l �2 (l ) ̂ e l . Note that −∇Q gives

he centripetal acceleration, which is why Q is termed the rota-

ional potential. The Laplacian of Q is ∇ 

2 Q = 2�2 + 2 l�∂�
∂ l 

, and

hus Eq. (7) can be written in terms of the rotational potential Q 

 

2 ρ + k 2 ρ = 

1 

2 K 

∇ 

2 Q, (9) 

s in Hubbard (1999) . The full differential rotation wind structure

s contained in the rotational potential term, which is the source of

nhomogeneity in this differential equation for ρ . We write �( l ) =
0 + δ�( l ) , expanding about a solid body reference state, with δ�
�0 . Hence 

 ( l ) = Q 0 ( l ) + �Q ( l ) , (10)

here Q 0 ( l ) = 

1 
2 �

2 
0 
l 2 and 

Q ( l ) = 

∫ l 

0 

dl ′ l ′ 2�0 δ�
(
l ′ 
)

(11) 

s the dynamically-induced perturbation. Fig. 3 shows the differen-

ial potential corresponding to an extension of Jupiter’s Northern

emisphere surface winds along cylinders (black). The “truncated”

ind structure that is used in Section 4 is also shown (red). We

eglect the term second order in δ�( l ). 

Following Hubbard (1999) , Eq. (9) must be solved with the

oundary condition that ρ vanishes on the planet’s surface, R ( μ),

hich is an equipotential. For giant gas planets the definition of

his outer surface is somewhat arbitrary since the atmosphere

hins continuously out from the center of the planet. For conve-

ience, we define the surface to be the 1 bar isobar. The general

olution to Eq. (9) is the sum of a complementary function ρC and

 particular integral ρP . The complementary function ρC , which it-

elf solves the homogeneous Helmholtz equation ∇ 

2 ρC + k 2 ρC = 0 ,

s obtained by separation of variables in spherical coordinates and
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1 To avoid confusion we denote differently the wind vector in the inertial frame 

( v ) in Section 2.1 and in the rotating frame ( u ) in Section 2.3 . 
2 Note that for consistency with the definition of the sign of gravity in Hubbard, 

1999 ( Section 2.1 here), there is a sign difference in Eq. (20) when compared with 

Kaspi et al., 2009 . 
involves an expansion in Bessel functions, 

ρC = 

∞ ∑ 

n =0 , 2 ,... 

A n j n ( kr ) P n ( cos θ ) , (12)

where j n is the n th spherical Bessel function of the first kind, P n 
is the n 

th degree Legendre polynomial, and A n are coefficients. The

particular integral can be written in the form 

ρp ( l ) = 

(
�2 

0 / 2 πG 

)
( 1 + f ( l ) ) , (13)

and found by numerically integrating Eq. (9) . The complete density

field is given by ρ = ρp + ρC . The A n , together with the wavenum-

ber k , must be determined using the boundary condition. 

2.2. Concentric Maclaurin spheroid (CMS) method 

The CMS method involves discretizing the continuous density

field of the first method, and is both simpler and more numeri-

cally stable than the PT method. We provide only a schematic in-

troduction to the method, which is mathematically intricate, here.

Hubbard (2012) lays the foundation for the CMS method, present-

ing a numerical method which solves for the equilibrium shape of

a rotating constant density planet, for which an analytic solution

exists in the form of the Maclaurin spheroid. This is achieved by

requiring that the sum of the gravitational potential (which we ex-

pand in gravity moments as in Eq. (1) ) and the rotational potential

(10) be constant on the surface of the planet, R ( μ). Because cal-

culating the gravity harmonics itself requires knowledge of R ( μ),

this problem is solved by iterating to a self-consistent solution.

This method was extended from the constant density Maclaurin

spheroid to non-constant density barotropes in Hubbard (2013) .

The trick is to represent a continuously varying density structure

by a discrete set of N layers, in each of which the density is con-

stant. This onion-like structure may be decomposed into a set of N

concentric Maclaurin spheroids (hence the name of this method).

The exterior gravitational potential is simply the sum of the par-

tial potentials due to each spheroid, by the principle of superposi-

tion. We must then self-consistently find the gravity moments such

that: 

1. The surfaces of each of these CMSs are equipotentials, where

the potential at each surface receives contributions from both

the CMSs interior and exterior to it. Schematically, the total po-

tential is 

U ≡ V int + V ext + Q, (14)

and this must be constant on each level surface. The rotational

potential Q is given exactly as in Eq. (10) . 

2. The densities of each of these CMSs are fitted to the desired

barotrope, in our case the n = 1 polytrope p = Kρ2 . To see how

this can be done, observe that the hydrostatic equation in our

non-rotating frame is ∇ p = ρ∇ U . This is integrated within each

constant-density layer to get the pressure at the bottom of the

j th layer: 

P j = P j−1 + ρ j−1 

(
U j − U j−1 

)
. (15)

Note that the CMS method can model any desired barotropic

relation, whereas the PT method of solution using spherical Bessel

functions only works for the n = 1 polytropic equation of state,

from which follows the Helmholtz Eq. (9) . The analytic develop-

ment of the CMS method is lengthy, for which we refer the reader

to Hubbard (2013) . 

2.3. Thermal wind (TW) method 

To derive the thermal wind method ( Kaspi et al., 2009, 2010 ),

our starting point is the Euler equation in a reference frame rotat-

ing with the planet (System III rotation vector ( May et al., 1979;
iddle and Warwick, 1976 ) with �0 = 1 . 75 × 10 −4 corresponding

o a period of 9.92 hours). Consequently, there are two additional

erms to Eq. 3 corresponding to the Coriolis and the centrifugal

orces 1 : 

( u · ∇ ) u + 2�0 × u + �0 × ( �0 × r ) = − 1 

ρ
∇ p − ∇ V. (16)

s the giant planets are rapid rotators and characterized by large

cale flow, the Rossby number, which is the ratio of the inertial ac-

elerations to the Coriolis accelerations, is small. We thus work in

he limit of small Rossby number, which is similar (but not identi-

al) to the assumption that δ� � � in the potential theory model

 Section 4.1 ). In this approximation, the fluid is in geostrophic bal-

nce ( Pedlosky, 1987 ), that is, the advective term in Eq. (16) is an

rder Rossby number smaller than the Coriolis term so that we can

eglect the advective term: 

�0 × u = − 1 

ρ
∇p + g 

∗, (17)

here g ∗ is the effective gravitational field, g ∗ = −∇V + l�2 
0 ̂

 e l ,

here the second term is the centrifugal acceleration. Multiplying

q. (17) by the density ρ , and taking the curl gives 

 ∇ × ( �0 × ρu ) = ∇ × ( ρg 

∗) , (18)

here g ∗ is the effective gravitational field, g ∗ = −∇φ, which in-

ludes the effects of the centrifugal acceleration. Expanding both

ides of this equation gives: 

 { ρu ( ∇ · �0 ) − �0 ( ∇·ρu ) + ( �0 · ∇ ) ρu − ( ρu ·∇ ) �0 } 
= −ρ∇ × g 

∗ − ∇ρ × g 

∗. (19)

oting that �0 is a constant vector, that the steady state continu-

ty equation ∇ · ( ρu ) = 0 holds and that ∇ × g ∗ = ∇ × ∇ φ = 0 , we

educe the equation: 

�0 · ∇ ( ρu ) = −∇ρ × g 

∗. (20)

his thermal wind relation ( Kaspi et al., 2009 ) is different to the

tandard thermal-wind used in atmospheric science for a shallow

tmosphere, in that the derivatives on the left hand side are in the

irection of the spin axis and not in the radial direction (an ap-

roximation which holds when the planetary aspect ratio is small),

nd the right hand side involves the full density and effective grav-

ty. Thus, this is a general expression applicable for a rotating at-

osphere at any depth as long as the Rossby number is small 2 . 

A simplification to this equation that was taken for example in

aspi et al. (2010) , and will be further evaluated in this paper, is to

ssume spherical geometry. The advantage of this approach, as will

e shown below, is that the dynamically induced gravity harmon-

cs can be easily and uniquely determined. We define a spherically

ymmetric reference state, characterized by pressure ˜ p ( r ) and den-

ity ˜ ρ( r ) , that is in hydrostatic balance: 

 ̃

 p ( r ) = 

˜ ρ( r ) g ( r ) , (21)

here the mean gravity g ( r ) is that due to the hydrostatic refer-

nce density ˜ ρ( r ) . Primes ( ρ′ , p ′ ) are used to denote spatial fluctu-

tions from this basic state due to dynamics, such that the density

nd pressure are given by 

= 

˜ ρ( r ) + ρ ′ ( r, θ ) , (22)

p = ̃

 p ( r ) + p ′ ( r, θ ) , (23)
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l  

t  
here the fluctuations are assumed to be small perturbations to

he basic state ( ̃  ρ 	 ρ′ , ˜ p 	 p ′ ). Under the assumption of az-

muthal symmetry, and since we are interested only in the long-

erm time averaged fluctuations, temporal and longitudinal fluctu-

tions have been neglected in the primed parameters. To simplify

ur analysis, we assume that the gravitational acceleration appear-

ng in Eq. (20) is simply that due to the hydrostatic reference den-

ity g ( r ); we neglect both the centrifugal acceleration (hence en-

orcing sphericity) and the perturbation g ′ ( r , θ ) that arises due to

he density anomaly ρ′ , which includes a non-radial component.

hang et al. (2015) include this perturbation g ′ ( r , θ ) to derive the

hermal gravitational wind equation (TGWE), which is much more

ifficult to solve. They show that the results for the gravity har-

onics can deviate by up to a factor of 2 (for the most extreme

ases) from the thermal wind model described here if such a non-

adial component of g is retained. In a forthcoming paper, we will

how that this additional term is but one of several more terms

ll of sub-leading magnitude to the spherically symmetric term

hich we here retain – all (or none of) these subleading terms

ust be included for a consistent application of perturbation the-

ry ( Galanti et al., 2016 ). 

We proceed with our simpler incarnation of the thermal wind

odel. Since ˜ ρ is a function of the radial coordinate only, and g ( r )

s purely radial, we have ∇ ̃

 ρ × g = 0 . Given also that ˜ ρ 	 ρ′ , Eq.

20) becomes 

�0 · ∇ ( ̃  ρu ) = −∇ρ ′ ×g , (24) 

hich allows one to determine the density anomaly ρ ′ , given both

 suitable model for the dynamics u, and an internal hydrostatic

ensity profile ˜ ρ ( Kaspi et al., 2010 ). This density anomaly then

erturbs Jupiter’s gravity field, producing contributions to the grav-

ty harmonics associated with the dynamics only: 

J n = − 2 π

Ma n 

∫ 1 

−1 

d μ

∫ R ( μ) 

0 

r n +2 P n ( μ) ρ ′ ( r, μ) d r. (25)

ntegrating Eq. (24) to find ρ′ (for use in (25) ) is discussed in

ection 4.3 , but from the form of (24) it is obvious that ρ′ can only

e determined up to an unknown function of radius r assuming

pherical symmetry. However such a function will not project onto

he gravity harmonics when multiplied by the P n in (25) , since the

 n have zero mean. Therefore in spherical geometry the dynamical

ravity anomalies can be uniquely determined, despite the density

nomaly being determined only up to an unknown constant of in-

egration. This is further discussed in Section 4.3 . 

. Model equivalence in the barotropic limit 

In this section, we demonstrate the equivalence of the thermal-

ind relation to the Helmholtz Eq. (7) , in the limiting barotropic

ase of full differential rotation. We also demonstrate the equiva-

ence of different forms of thermal-wind balance that often appear

n the literature. Readers interested in the numerical comparison

etween the methods presented in Section 2 can skip to Section 4 .

.1. The equivalence of the potential-theory and thermal-wind models

n the barotropic limit 

The thermal wind and Helmholtz equations can of course only

e equivalent if describing the same physics, and this encompasses

oth the wind structure and also the shape of the planet. There-

ore we must model full differential rotation, and consider the

hermal-wind equation prior to making the sphericity assumption,

hat is, in the form (20) . While in this study we have then en-

orced sphericity, this is not essential for implementing the ther-

al wind method. Hence demonstrating the equivalence of this

eneralized thermal wind equation to the Helmholtz equation of
otential theory is an important step in bringing together these

wo frameworks of analysis. 

Eq. (16) , together with the single assumption of small Rossby

umber, fully implies the general thermal wind relation (20) . Thus,

emonstrating the equivalence of Eq. (16) to the Helmholtz rela-

ion (7) is sufficient to demonstrate the analytic equivalence of

hese two methods. These equations are related simply by a change

f reference frames, which we now show explicitly. We begin with

he momentum Eq. (16) , and input our differential rotation wind

tructure, u = l ( �( l ) − �0 ) ̂ e φ (noting that u is the velocity with re-

pect to the rotating frame). Eq. (16) is then 

l ( � − �0 ) 
2 ˆ e l − 2 l�0 ( � − �0 ) ̂ e l − l�2 

0 ̂  e l = − 1 

ρ
∇p − ∇V. (26)

e now take its divergence. As in the inertial frame case above,

he divergence of the pressure gradient and gravitational terms is

 ·
(

1 
ρ ∇ P + ∇ V 

)
= 2 K(∇ 

2 ρ + k 2 ρ) , when using a polytropic rela-

ion of index unity. Taking the divergence of the terms on the left

and side 
(

1 
l 

∂ 
∂ l 

)
then yields 

 K(∇ 

2 ρ + k 2 ρ) = 2 ( � − �0 ) 
2 + 2 l(� − �0 ) 

∂�

∂ l 

+ 2�0 

(
2 ( � − �0 ) + l 

∂�

∂ l 

)
+ 2�2 

0 . (27) 

hat gives 

 

2 ρ + k 2 ρ = 

1 

2 K 

(
2�2 + 2 l�

∂�

∂ l 

)
, (28)

hich is identical to Eq. (7) , derived in the inertial reference frame.

he question then is, how far does the sphericity assumption drive

s away from this equivalence? In Section 4.3 we evaluate quan-

itatively the errors introduced by this sphericity assumption by

omparing the results of the PT and CMS methods to the TW

ethod. 

.2. Thermal wind balance in the barotropic limit 

The previous section showed the equivalence of the PT and TW

ethods in the barotropic limit. It is important to note that the

arotropic limit is not when the right hand side of Eq. (24) van-

shes (there has been confusion about this in the literature), in

hich case Eq. (24) would imply that ˜ ρu is constant along the di-

ection of the spin axis. Rather, the barotropic limit (by definition

 p ‖∇ ρ), or equivalently the Taylor–Proudman theorem ( Taylor,

923 ), implies that the velocity itself (not multiplied by ˜ ρ) is con-

tant along the direction of the spin axis. This can be easily seen

y taking the curl of Eq. (16) , which in the limit of small Rossby

umber gives ( Pedlosky, 1987 ), 

( 2� · ∇ ) u − 2�∇ · u = −∇ ρ × ∇ p 

ρ2 
. (29) 

n the barotropic limit, where by definition ∇ ρ × ∇ p = 0 , the az-

muthal component of this equation implies 

2�ˆ z 
)∂u 

∂z 
= 0 , (30) 

eaning that the zonal flow does not change along the direction

f the spin axis ( ̂ z ), where u is the azimuthal wind component. If

n addition, the fluid is Boussinesq ( ∇ · u = 0 ) also the full veloc-

ty vector is constant along the direction of the spin axis. This is

hat is behind the assumption that the flow velocity along cylin-

ers will remain constant in the limit of a purely barotropic fluid

e.g., Busse, 1976; Hubbard, 1999 ). 

The purpose of this section is to clarify that in the barotropic

imit the thermal wind equation written as in Eq. (24) reduces to

he Taylor-Proudman theorem. The reason the right hand side of
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Eq. (24) does not vanish in the barotropic limit is that the term

∇ρ′ × g is not a purely baroclinic term, as the gravity is related

only to the static component of the density through the hydrostatic

relation where ∇ ̃

 p = ̃

 ρg . Beginning from Eq. (24) and using the hy-

drostatic relation gives 

2� · ∇ ( ̃  ρu ) = − 1 ˜ ρ
∇ ρ ′ × ∇ ̃

 p . (31)

We can expand the full baroclinic term, ∇ρ × ∇p , as 

∇ ρ × ∇ p = ∇ ̃

 ρ × ∇p ′ + ∇ρ ′ × ∇ ̃

 p , (32)

where in (32) the term ∇ ̃

 ρ × ∇ ̃

 p vanished because ∇ ̃

 ρ ‖ ∇ ̃

 p , and

∇ ρ′ × ∇ p ′ is a higher order term and therefore can be neglected.

Then Eq. (31) can be rewritten as 

2� · ∇ ( ̃  ρu ) = − 1 ˜ ρ

(∇ ρ × ∇ p − ∇ ̃

 ρ × ∇ p ′ 
)
. (33)

Using the assumption of small Rossby number and therefore that

to leading order the flow is geostrophic ( Eq. 17 ), i.e., ∇p ′ =
−˜ ρ( 2� × u ) + ρ′ g (after subtracting the mean state hydrostatic

term) Eq. (33) gives, 

2� · ∇ ( ̃  ρu ) = −∇ ρ × ∇ p ˜ ρ
− ∇ ̃

 ρ ×
(

2� × u − ρ ′ 
˜ ρ2 

∇ ̃

 p 

)
. (34)

The vector triple product in Eq. (34) can be expanded as 

∇ ̃

 ρ × 2� × u = 2�( ∇ ̃

 ρ · u ) − u ( ∇ ̃

 ρ · 2�) , (35)

which can be plugged into Eq. 34 , and expanding also the left hand

side of Eq. 34 gives 

2�˜ ρ · ∇u = −∇ ρ × ∇ p ˜ ρ
− 2�( ∇ ̃

 ρ · u ) , (36)

where note the second term in (35) and part of the left hand

side in Eq. (34) cancel each other. The anelastic approximation,

∇ · ( ̃  ρu ) = 0 , ( Durran, 1989 ), implies that we can rewrite the sec-

ond term on the right hand side of Eq. 36 , 

2�( ∇ ̃

 ρ · u ) = −2�˜ ρ( ∇ · u ) (37)

so that Eq. (36) becomes 

2�˜ ρ · ∇u − 2�˜ ρ( ∇ · u ) = −∇ ρ × ∇ p ˜ ρ
. (38)

Then, in the purely barotropic limit ( ∇ ρ × ∇ p = 0 ) we retrieve

the Taylor–Proudman theorem ( Eq. 29 ). Thus the form (24) is

completely consistent with the Taylor–Proudman theorem in the

barotropic limit, and in that limit the zonal velocity will be con-

stant along the direction of the spin axis. However, even systems

dominated by convection (as might be the interiors of the giant

planets) do not need to be purely barotropic, and the right hand

side of Eq. (24) can be non-zero resulting in baroclinic shear along

the direction of the spin axis. The thermal wind equation can

model such baroclinic flows, whereas the PT and CMS methods

cannot. 

4. Numerical modeling and results 

We now implement these three independent methods to calcu-

late the gravity moments for a particular wind structure which we

here describe. Since the PT and CMS methods require a barotropic

equation of state, we must model a planet rotating on cylinders.

This must be north-south hemispherically symmetric, and there-

fore we perform the analysis using both Jupiter’s northern hemi-

sphere (NH) and southern hemisphere (SH) wind profiles sepa-

rately, as in Hubbard (1999) . This results in the odd gravity har-

monics being identically zero. Wind profiles are derived from the

Cassini flyby surface wind-speed data ( Porco et al., 2003 ), which
s more precise and over a wider latitude range than that of Voy-

ger used in Hubbard (1999) . However, simply extending the exact

urface wind profile along cylinders in fact produces instabilities

n the calculation of the higher order gravity harmonics. We use a

implified (“truncated”) wind profile that is necessary if the gravity

xpansion is to converge. 

Introduction of the audit-point method for CMS calculations

 Hubbard, 2012, 2013; Hubbard et al., 2014 ) allows us to apply a

ew convergence test to the results for the n = 1 polytrope. As-

ume that �Q ( l / l 0 ) can be approximated by a polynomial expan-

ion: 

Q ≈
n max ∑ 

n =0 

B 2 n ( l/l 0 ) 
2 n 

. (39)

umerical experiments show us that if n max exceeds about 12 (cor-

esponding to a 24th order polynomial), the maximum error in the

urface potential, as calculated using audit points, becomes com-

arable to the corresponding absolute value of �J 30 . This means

hat these high-order terms are dominated by numerical noise (for

xample they will be vulnerable to sign alternations). It is possi-

le to keep the numerical noise within acceptable limits by choos-

ng n max ≈ 12. As is evident in Fig. 3 , this procedure smooths out

ome of the detailed oscillations in the wind profile, but is neces-

ary in order to get meaningful values at high harmonics. That is,

he value of n max at which we truncate represents a trade-off be-

ween fidelity to the exact �Q and the need for our solutions to

onverge. 

This truncation alters the gravity spectrum, as can be seen in

ig. 4 , which shows the gravity harmonics calculated using the

otential-theory method (discussed below in 4.1 ) with and with-

ut the truncation. Shown are the dynamical gravity harmonics

 �J n ), calculated as the difference between the full solution and

he solid-body harmonics (i.e., those calculated with no wind pro-

le). It is evident that the truncation significantly decreases the

ignal beyond the 24th moment (it also effects to a lesser extent

he low-order harmonics). How should we interpret this? Beyond

he 24th moment the solid-body contribution is negligible and �Q

as been truncated, so there should be no contribution to the grav-

ty moments other than nonlinear effects that carry from lower

armonics. Thus the values consistently decrease beyond the trun-

ation level. However the values of these harmonics are not phys-

cally meaningful. We use this truncated �Q in our PT and CMS

alculations. For the TW calculation, we reconstruct a wind-profile

 ( r , θ ) by differentiating this truncated �Q , in order to make con-

istent comparisons with the PT and CMS results. 

.1. Potential Theory method 

Recall from Section 2.1 that the complete density field is given

y 

= ρp + 

∞ ∑ 

n =0 , 2 ,... 

A n j n ( kr ) P n ( cos θ ) . (40)

e obtain the particular integral ρP directly from the rotational

otential �Q by Runge–Kutta integration of Eq. (9) , and we find f ( l )

1 because δ� � �0 . The complete solution must then be ob-

ained iteratively, since there is a circular chain of dependence be-

ween the surface R ( μ), the density coefficients A n , and the gravity

armonics J n which we are ultimately trying to find. In words: (i)

he boundary condition ρ| r= R ( μ) = 0 is used to fix the coefficients

 n and the wavenumber k ; (ii) this boundary surface R ( μ) is de-

ermined by the condition that the surface is an equipotential; i.e.,

hat V + Q = const (iii) the gravitational potential V is an expan-

ion in the gravitational moments J n , which require knowledge of

oth ρ( r ) (that is, the coefficients A n ) and R ( μ). We must suppose
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Fig. 4. A comparison between the zonal gravity harmonics ( �J n ) as calculated from 

the potential-theory model using NH (top) and SH (bottom) winds for cases of the 

full (blue) and truncated winds (red). The solid-body solution as calculated by the 

potential-theory model with no dynamics appears in gray. Full (open) markers de- 

note positive (negative) values on this log scale. Plus signs mark the observed val- 

ues for Jupiter. (For interpretation of the references to color in this figure legend, 

the reader is referred to the web version of this article.) 
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n initial trial solution and iterate until convergence is achieved.

ubbard (1975) has derived, for the solid-body case, leading order

xpansions of J 2 , J 4 , J 6 , A 0 , A 2 , A 4 and k in the small rotation pa-

ameter q = �2 
0 
a 3 /GM < 0 . 1 , which constitute a suitable such trial

olution. We then iterate the following sequence of calculations

ntil convergence is achieved: 

• Recalculate the even gravity harmonics J n using Eq. (2) up to

our cut-off n = 24 . Perform the integrals by Gaussian quadra-

ture with 2 n = 48 quadrature points, which should yield the

exact values of these integrals to within the floating point pre-

cision of the computer ( Hubbard, 2012, 2013 ). 
• Recalculate the level surface R ( μ) for this modified gravitational

potential V ({ J n }), by minimizing ( V + Q ) | R ( μ) − ( V + Q ) | equator . 
• Enforce the boundary condition ρR ( μ) = 0 with this modified

shape, by refitting the wavelength k and the density coefficients

A n using a Legendre fitting routine. 

The results of these PT calculations are plotted in Fig. 4 . The

nal root-mean-square magnitude of the density evaluated on the

urface R ( μ) may be used to quantify the degree of convergence of

he PT solutions. We find this value to be a fraction ∼ 10 −6 of the

ean planetary density. 
.2. CMS method 

As introduced in Section 2.2 , the CMS method is implemented

sing a similar iterative scheme to that employed by the PT calcu-

ation. As for any such iterative scheme, we must choose an ap-

ropriate initial state to iterate from. For the CMS method, this

eans we need a starting configuration of shapes for our N CMSs

which we can characterize by their equatorial radii, a i ), and the

ncremental densities of those N CMSs δρi = ρi − ρi −1 , where i =
 , 1 , . . . , N − 1 . We choose our starting values to reproduce the

discretized) density distribution of a non-rotating n = 1 polytrope,

hich is the spherically symmetric distribution 

( r ) = ρc 
sin ( π r/a ) 

( π r/a ) 
, (41) 

s a function of radial distance r from the center of the planet,

here ρc is the central density, and a is the planet’s radius. We use

 = 512 CMSs, which is a trade-off between a small discretization

rror, and keeping the computation time (which increases as N 

2 )

anageable ( Wisdom and Hubbard, 2016 ). We then iterate the fol-

owing sequence of calculations ( Hubbard, 2013 ) until convergence

s achieved: 

• Recalculate the even gravity harmonics J n , again by Gaussian

quadrature with 2 n = 48 quadrature points. 
• Recalculate the fields U and p for the current configuration of

CMSs using Eqs. (14) (which uses the current values of the J n )

and (15) , respectively. 
• Recalculate the level surfaces of our N CMSs by requiring they

be surfaces of constant U . 
• Calculate the desired densities of each layer by fitting to the

required barotrope p = p ( ρ) using 

ρ j = ρ
(

1 

2 

(
p j+1 + p j 

))
, (42) 

with ρ( p ) being the inverse of the barotrope relation. The den-

sities must also be normalized to the correct total mass of

Jupiter. 

In this study we take the CMS method to provide our most

rustworthy benchmark for calculating the gravity moments of a

ifferentially rotating barotrope. Firstly, this is because the CMS

ethod has been shown to be in strong agreement with the in-

ependent method of Wisdom ( Wisdom and Hubbard, 2016 ) for

 number of test cases. Secondly, the degree of convergence of

he CMS solutions has been quantified by applying the audit-point

rocedure ( Hubbard et al., 2014 ) to each concentric spheroid, and

ound to be ∼ 10 −10 , or four orders of magnitude better than the

onvergence of the PT calculation. This is most likely due to the

umerical imprecision in adjusting the A n to fix the zero-density

urface condition in the PT method, which is sidestepped in the

MS method. Thus, in addition to using the CMS values as our

enchmark for assessing the errors introduced by the sphericity

ssumption of the TW method (which is a principal aim of this

aper), we are also in a position to revaluate the accuracy of the

T method of Hubbard (1999) . 

.3. Thermal-wind method 

In the spherical limit, the thermal wind model is simplified sig-

ificantly. The azimuthal component of Eq. (24) is 

�0 
∂ 

∂z 
( ̃  ρu ) = −g 

r 

∂ρ ′ 
∂θ

, (43) 

here z is used for compactness denoting the direction of the axis

f rotation; in spherical coordinates 

∂ 

∂z 
= cos θ

∂ 

∂r 
− sin θ

1 

r 

∂ 

∂θ
. (44) 
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Table 1 

Comparison of the Jupiter �J n from the PT, CMS and TW models. Values correspond to those appearing in 

Fig. 5 . 

Jupiter dynamically induced 

gravity harmonics ×10 −6 Northern Hemisphere Southern Hemisphere 

PT CMS TW PT CMS TW 

�J 2 12 .753 14 .319 17 .600 20 .019 36 .653 27 .787 

�J 4 −10 .629 −11 .253 −8 .179 −5 .688 −9 .822 −6 .071 

�J 6 5 .160 5 .171 3 .360 −0 .658 −1 .354 −2 .426 

�J 8 −2 .126 −2 .319 −1 .555 1 .069 1 .584 1 .490 

�J 10 0 .473 0 .744 0 .488 −0 .292 −0 .212 0 .153 

�J 12 0 .418 0 .186 0 .214 0 .043 0 .026 −0 .046 

�J 14 −0 .732 −0 .594 −0 .503 0 .023 −0 .072 −0 .163 

�J 16 0 .588 0 .611 0 .561 −0 .155 −0 .105 −0 .128 

�J 18 −0 .176 −0 .290 −0 .279 0 .251 0 .176 0 .114 

�J 20 −0 .201 −0 .115 −0 .163 −0 .271 −0 .227 −0 .175 

�J 22 0 .328 0 .291 0 .321 0 .192 0 .205 0 .239 

�J 24 −0 .244 −0 .232 −0 .195 −0 .069 −0 .065 0 .012 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. The zonal gravity harmonics ( �J n ) as calculated from the thermal-wind 

model (red), potential-theory model (blue), and CMS model (green), using NH (top) 

and SH (bottom) wind profiles. For proper comparison between the models we 

use the truncated profiles in all cases. The solid-body solution as calculated by the 

potential-theory model with no dynamics appears in gray. Full (open) markers de- 

note positive (negative) values on this log scale. Plus signs mark the observed val- 

ues for Jupiter ( Jacobson, 2003 ). (For interpretation of the references to color in this 

figure legend, the reader is referred to the web version of this article.) 

m  

s  

t

 

t  
To be consistent with the PT and CMS solutions the basic state

density profile ˜ ρ was set to be that of a non-rotating n = 1 poly-

trope, as given by Eq. (41) . Eq. 43 was then integrated over latitude

to obtain the density anomaly ρ ′ ( r , θ ) for the zonal wind distribu-

tion u ( r , θ ) described above, 

ρ ′ ( r, θ ) = −
∫ θ 2�0 r 

g 

∂ 

∂z 

(˜ ρu 

(
r, θ ′ ))dθ ′ + ρ ′ 

0 ( r ) . (45)

Note that the result is determined only up to an integration con-

stant ρ′ 
0 ( r ) , which is a function only of the radial coordinate be-

cause the integration is along spherical paths. However, such a

function with no angular dependence does not influence the dy-

namical gravity harmonics �J n , as in Eq. (25) , since for each mo-

ment we multiply through by a Legendre polynomial (which are

mean-zero) and integrate over all angles. Thus, the gravity pertur-

bation �J n is fully and uniquely determined by the TW model in

the spherical limit. This is only the case when the thermal wind

equation is integrated along paths of constant radius r . The sim-

plicity of this method in the spherical limit allows us to perform

the integration (45) at very high resolution in only a short compu-

tation time. The comparisons undertaken here attempt to assess

the validity of making this sphericity assumption, by exploiting

the fact that in the barotropic limit of rotation on cylinders there

exist complete methods such as the CMS method for calculating

the gravity spectrum precisely. Thus, the deviations between the

spherical TW and the CMS gravity harmonics give us a measure of

the errors introduced by making the sphericity assumption. 

5. Discussion 

Fig. 5 shows the results for �J n from the spherical TW model

compared to those of the fully oblate PT and CMS models (where

for the latter models, which calculate the full gravity harmonics,

the �J n are calculated as the difference between the full and solid-

body solutions). Due to the truncation of �Q , all three solutions

decay beyond the 24th degree – however recall these harmonics

are not physically meaningful. 

The results show very strong agreement between all three

methods for the wind profile derived from northern hemisphere

surface winds. For the lower degree harmonics (between �J 2 and

�J 8 ), the PT and CMS agree very closely, with the TW differing

by factors � 1.5 (see Table 1 for the numerical values of each so-

lution). This behavior might be expected, because the oblateness,

which the TW neglects, will have strongest projections onto these

low order harmonics. However for the higher degree harmonics,

the TW solutions are in fact closer to the CMS than the PT are

( Table 1 ). This suggests that, for the all-important higher order har-
onics for which the effects of the dynamics may actually be mea-

urable over the solid-body contributions, the sphericity assump-

ion does not introduce significant errors into the TW calculation. 

However, for the equivalent southern hemisphere wind profile,

here appears to be substantial discrepancies between the results
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Fig. 6. The zonal gravity harmonics ( �J n ) as calculated from the thermal-wind 

model (red), potential-theory model (blue), and CMS method (green), using the 

wind profiles limited to the outer 90% of Jupiter’s radius. The solid-body solution 

as calculated by the potential-theory model with no dynamics appears in gray. Full 

(open) markers denote positive (negative) values on this log scale. Plus signs mark 

the observed values for Jupiter ( Jacobson, 2003 ). (For interpretation of the refer- 

ences to color in this figure legend, the reader is referred to the web version of this 

article.) 
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f all three methods. There are sign alternations at �J 10 , �J 12 , �J 14 

nd �J 24 . Crucially, these four harmonics have particularly low

agnitudes approaching the noise level (defined by the amplitude

f the harmonics beyond the truncation degree). These harmonics

re therefore vulnerable to sign changes due to numerical noise.

ote that similarly low magnitude harmonics did not arise in the

orthern hemisphere profile, which was therefore more robust to

umerical noise. Moreover, the fact that the PT and CMS predic-

ions themselves disagree significantly at these harmonics suggests

hat the discrepancies between TW and CMS are not attributable

o the TW’s sphericity assumption (since both PT and CMS models

 fully oblate solutions). Rather, these harmonics are at low enough

agnitudes that the numerical precision of all three methods de-

eriorates significantly. 

On balance, these results suggest the sphericity assumption

oes not significantly degrade the TW results in the barotropic

imit of full differential rotation. The TW method has the consider-

ble advantage of being able to input any hypothetical zonal wind

istribution including baroclinic cases with wind shear, and so may

e extended to model more realistic wind structures whereas the

T or CMS approaches may not. Generally the stronger the shear,

he less mass is involved with the flows and the dynamically in-

uced gravity harmonics become smaller (e.g., Kaspi et al., 2010;

aspi, 2013 ). It should be noted however that as the magnitude

f the gravity harmonics depends on the projection of a specific

ind profile on the spherical harmonics, the decay of amplitude

ith shear is not necessarily linear or monotonic. The TW method

ossesses several other advantages that derive from its simplicity

most notably its invertibility ( Galanti and Kaspi, 2016 ). 

.1. Barotropic wind limited to the outer radius 

As a consequence of pressure ionization, at depths of ∼0.9 and

0.85 the planetary radius the fluid on Jupiter and Saturn, respec-

ively, becomes ionized ( Guillot, 2005 ). It is uncertain how this af-

ects the flow, but it has been suggested that Ohmic dissipation

ight damp the flow and lead to a quiescent interior ( Liu, 2006;

iu et al., 2008 ). Independently, numerical 3D models of the planet

nteriors indicate a possible decay in the fluid velocity at depth due

o the compressibility of the fluid ( Kaspi et al., 2009 ). This led to

tudies using the TW approach for estimating the gravity signature

ince it allows using baroclinic flows. However, because a principal

urpose of this study is to assess the validity of the TW method by

omparing it against the barotropic potential-surface models, we

o not consider baroclinic flows here. Nonetheless, as suggested

y Cao and Stevenson (2015) , another possible comparison is for

arotropic flows in which the dynamics are limited to the outer re-

ions of the planet. This, with the barotropic assumption, implies

hen the flows will be limited to the equatorial region (meaning

amped towards the spin axis). Therefore, in this section we com-

are the three models for flows limited to the outer radius, with

 �Q as shown by the green line of Fig. 3 , which is similar to the

ow considered in Cao and Stevenson (2015) . This specific profile

s a damped version of the NH wind profile so that there is ef-

ectively no flow inside 0.8 a . The wind is weaker than 2.5 m s −1 

nside 0.9 a and weaker than 1 mm s −1 inside 0.8 a . 

The gravity spectra predicted by our three methods for this

ind structure are plotted in Fig. 6 . All high order gravity har-

onics which are measurable above the solid body contribution,

hat is from �J 14 upwards, are in excellent agreement between all

hree methods. This indicates that the impact of oblateness on the

igh order dynamical moments is not enhanced when the flows

re limited to more realistic shallower cases. We therefore expect

hat also in baroclinic cases (as studied for example in Kaspi et al.

010 ), which may be similarly limited in depth, oblateness will

ave a small effect on the dynamical gravity harmonics. There are,
owever, discrepancies at �J 2 (a sign alteration in the CMS cal-

ulation) and �J 12 (differences in sign and order of magnitude

etween all three methods). Similar to the southern hemisphere

rofile discussed above, our interpretation is that these discrepan-

ies are a consequence of numerical noise, not the sphericity as-

umption of the TW. �J 12 has an extremely small value, below the

oise level, and so its value is predominantly an artifact of numer-

cal imprecision in all three methods and is not therefore physical.

ote this is consistent with the Euler equation solution of Cao and

tevenson (2015) , which also showed a particular drop in magni-

ude for J 12 . Similarly, inspecting �J 2 , we note that the dynamical

ontribution is a large factor of order 10 5 times smaller than the

olid body contribution (this factor is far greater than for the two

ind profiles considered in Fig. 5 ). Audit-point methods suggest

 significantly larger noise level for the CMS calculation with this

ind profile than those modeled in Fig. 5 , because it is essentially

ntruncated. These errors thus leave the residual �J 2 vulnerable to

 sign alteration once we have subtracted the solid body contribu-

ion. Furthermore, the fact that the sign is different for the CMS

ethod, while the TW and PT agree, suggests there is no evidence

hat it is the sphericity assumption of the TW that is responsible

or this sign discrepancy. From the analysis of the three different

ind profiles used in our modeling, a general picture emerges: dis-

repancies between the three models emerge only when the signal

o noise ratio is low, with minimal evidence that the TW is less re-

iable than the fully oblate potential-surface methods. 

. Conclusion 

In anticipation of the upcoming Juno and Cassini gravity exper-

ments in 2016–2018 several studies over the last few years have

ttempted to provide predictions for the high-order gravity field

ased on theoretical surface and internal flow profiles. This has

een done using either strictly barotropic models (e.g., Hubbard,

999; Kong et al., 2012; Wisdom and Hubbard, 2016 ), or thermal-

ind type models (e.g., Kaspi et al., 2010; Kaspi, 2013; Liu et al.,

013; Zhang et al., 2015 ). The purpose of this study is to provide

 comparative analysis of these two distinct approaches from both

heoretical and numerical perspectives, with a quantitative com-

arison of the predicted gravity moments. We include two inde-

endent barotropic methods in our analysis; the potential theory
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(PT) method first introduced in Hubbard (1999) , and the more

recently-developed concentric Maclaurin spheroid method (CMS;

Hubbard, 2013 ), which we take as our benchmark for precision so-

lutions for a differentially rotating barotrope. We then perform a

three-way comparison between these two barotropic methods and

the thermal wind method (TW), which can model any wind struc-

ture. One of the main goals of this study is to investigate the errors

introduced in the TW calculation due to the sphericity assumption.

The good agreement between the TW and the barotropic models,

particularly the more stable and precise CMS method, indicates

that the effect of oblateness on the dynamically induced gravity

harmonics is not large. To extend this initial tentative conclusion,

in a forthcoming paper we present a fully consistent generaliza-

tion of the TW method that makes no assumptions concerning the

shape of the planet ( Galanti et al., 2016 ). While this generalized

method is far more computationally intensive, we shall find that it

provides only small modifications to the simple spherical TW. 

Therefore, this study provides a benchmark for comparison of

different methods for calculating the gravity harmonics resulting

from internal dynamics. Results presented here are also consistent

with the method of Wisdom ( Wisdom and Hubbard, 2016 ). Al-

though the barotropic limit provides a good reference for model

comparison, it is far from a realistic picture of the dynamics of

the interior. Thermal-wind type models provide opportunities for

a much wider range of solutions, including profiles that have var-

ious types of vertical shear in the flow structure, and including

north-south asymmetries that result in odd gravity harmonics. As

the odd gravity harmonics will likely be purely from dynamics (the

solid-body odd signal is identically zero), they will be advanta-

geous in characterizing the wind structure without the need to

disentangle the dynamical signal from the solid-body one ( Kaspi,

2013 ). Identifying J 3 , J 5 etc. might be one of the first results to

emerge from the Juno and Cassini gravity measurements. Another

possibility is that the interior structure is completely decoupled

from the cloud-level wind structure. In that case, more complex

flow models will be necessary, but as we expect any type of large

scale flow on a rapidly rotating giant planet to be to leading order

in geostrophic balance, thermal-wind type models can be useful

for this type of analysis. 
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