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Time-dependent quantum mechanics

[] time-dependent Schrodinger equation

iﬁ%NJ(x,t)) =H(xt)|W(xt))

[ for time-independent H(x) the Ansatz |W(x,t)) = |¥(x))e EY/N leads to time-
iIndependent Schrodinger equation

H)[P(x)) = E[¥(x))

[] time-dependent equation can only be solved for a few degrees of freedom

e 3-5 dimensions with "standard” methods
e Up to 15 dimensions with sophisticated methods and small basis per
degree of freedom



Density matrices

pure state: o = |W) (V|

mixed state: o = 5 Wh| W) (W
n

evolution
= [H(t),0()]
observables:
@=WRY) = 3 (¥nnQw)
= YnQY) tr(Qo)

n

some global phase information lost



Reduced density matrix formalism

goal: description of fast (fs) processes in the condensed phase

full quantum dynamics including temperature dependence,
dephasing, energy dissipation, but also coherences

splitting into relevant system modes and thermal bath

Thermal
bath

reduced density matrix approach:
o - density matrix of the full system (relevant system + bath)
p =trg(o) - density matrix of the relevant system

dp(t)
Ih- It

— [HS(t) + Hlaser(t)ap(t)]
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dephasing, energy dissipation, but also coherences
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bath
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o - density matrix of the full system (relevant system + bath)
p =trg(o) - density matrix of the relevant system
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Hamiltonian

[1 system-plus-bath Hamiltonian

H= Hs‘|‘ Hb‘|‘ Hsb‘|‘ Hren .

[J time-independent potential V (q) and laser field W(q,t)

_ P
Hs= o0 +V(q) +W(q,t) .

[1 bath Hamiltonian: sum of harmonic oscillators
1N /p?
H.— = M 22 )
b 2i2<m +rT1w,x,)

N
] system-bath interaction: Hsp = —K(q) ¥ CiX
i=1



Hamiltonian

[] renormalization Hamiltonian H,, to avoid artificial shifts in the system
potential

o O oM
Hren:K<CI) _ 2mw_2:K<q) §

[1 In absence of renormalization:

« minimum of the potential surface for given g at x; = 359

ma)iz
o for K(q) = qleads to shift Aw? = — 5, ¢/ (Mm?)
e renormalization term compensates for this shift

[J bilinear coupling: F(q) = q = Caldeira-Leggett Hamiltonian

¢ \°
|
+mw(mm@ﬂ>].

p2 N
H=_——+V(t)+W(q,t) Zl




Decomposition of the spectral density

Information on the frequencies of the bath modes and their coupling to the
system

ZZ'Sa)w

property J(—o) = —J(®)

numerical decomposition in Lorentzians (Meier and Tannor)

n
. Pk 1 B 1
10 = 5 wlearn warm)

N 0)

2P0+ 007+ Tal(@— 07+ 1]




J(®)

Decomposition of the spectral density
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Correlation function

[] using the theorem of residues

ct) = [Fae)ge—g=5 3 Aiwe ™

n
Pk iQt + Ot —
- k;mkrk{éknB(QkHe ne(Q) +1) }

O with QF = Qy+ily, Q = Qx—ily, the Bose-Einstein distribution ng(®) and
the Matsubara frequencies vy = 2zk/f3

(] in principle, the sum over the Matsubara terms is an infinite one but in
practice the sum can be truncated (temperature-dependent)

[J time dependence in C(t) is now fully exponential which enables further
analytic treatment



Correlation function

[1 real and imaginary part defined as

Cit) = a(t)—ib(t / cos(a)t)coth(ﬁ2w>—i / CZI—;)J(w)sin(a)t)
with

A Pk —iQ t + ot e
at) = k_18rik{coth([3'Qk/2) Ut 4 coth( BQ;/2)e® } Zle
and

N ka _io— o+
b(t) = e At —dt

t) kZl Sle'k{ }
[1 abbreviations

o at) =yy , ofet with ny = 2n+n’
b(t) = T, aed with my = 2n



Correlation function: Drude form

Drude form
J(®)=no/(1+(0/w)?)
poles at w = +iwy

using theorem of residues yields

_n —ogt ke K
alt) = P 2cot(Bay/2)e % z T (v/oa)?
and
bw_gﬁgw

singularities in a(t) or b(t) such as the singularities at vx = wy

abbreviations

o alt)=yp, ofek with n, =n'+1
o b(t) = alent with ;=1



Nakajima-Zwanzig identity
Liouville equation i$o(t) = Lo(t) with ... =3[H,.. ]

for simplicity here H time-independent
use projector P onto relevant part of the whole system, #Z+ 2 =1, & = 97?

project onto relevant and irrelevant part

i%@a(t) = PLo())=PLPolt)+ 2L (1-P)o(t)

—(1- P)ot) = (1-P)Lot)=(1—P)LPo(t)+(1— P)L(1— P)5(t)
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Nakajima-Zwanzig identity
Liouville equation i$o(t) = Lo(t) with ... =3[H,.. ]

for simplicity here H time-independent
use projector P onto relevant part of the whole system, #Z+ 2 =1, & = 97?

project onto relevant and irrelevant part

i%@a(t) = PLo())=PLPolt)+ 2L (1-P)o(t)
i%(l— Po(t) = 1-P)ZLot)=1-A)LPc(t)+(1—P2)ZL(1- P)o(t)

solve equation for the irrelevant part

(1— P)o(t) = =220 (1 - P)o(t) — | /Otei(l‘@)g(tf)(l— P\YL Po(t)dt

plug into equation for relevant part to get the Nakajima-Zwanzig identity

t )
%%(t) — P2 Po()- | P LI ) 2 P0(x) de
0

P L I=2)ZL M0 (1 _ 2o (ty)



Hashitsume-Shibata-Takahashi identity

[] equation for irrelevant part
(1- P)o(t) = =221 P)o(tp)
—i / t e =221 _ p) L 24 Vg (t)dT
0
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Hashitsume-Shibata-Takahashi identity
back to first projection

d

7o) = —iPL(Pot)+(1-P)o(1)
_ —|33$(1—|—D(t))_1 (@G(t)_|_e—i(1—¢@)$(t—t0)(l—@)G(to))
with

t _ ,
D(t) =i [ e III(1 - ) 2 P4 de
0



Comparison

[1 both identities exact, no approximation so far

[1 Nakajima-Zwanzig identity

t |
%@G(t) = —L@éﬂ@c(t)—/L@D%e"(l_‘@)g“‘f)(l—W)Xﬁc(r)df
to

P L I=2)ZLM0) (1 _ 2o (ty)

[] Hashitsume-Shibata-Takahashi identity

t ) .
%ﬁa(t) — iYLy / eI — ) ¢ e dr]
0

[Po(t)+e 2L M0)(1 - 2)o(ty)]



Projection Operator
Argyres-Kelley projector

gz...:pB@TI'B(...), TI‘BPB:].

system-plus-bath density matrix
o(t) =p°@p(t)
pB equilibrium state of the bath

for simplicity here factorized initial conditions
o (to) = pP°® p(to)
Hamiltonian H = Hs+Hg + Hs g

Liouville operators

Lo =7

1
Ho, . | = Lo+ L6, ... =c[Hy,. JOA

h

Ho=Hs+Hg, Hi=HsgOA.



Time-local approach
[] second-order in system-bath coupling

t—to

d

PO~ —iﬁ[Hs,p(t)] ~ Trg (31 /0 eI (1— P) L P07 (pB®p(t))>

[] more identities

PLs= L3P, PLs=0

(0= —plHs (0]~ Tra (4 [ o507 P St

[l factorized system-bath coupling Hs g = § i, Kinn®m

o K, system part
e @, bath part

d t |
PO~ _ﬁ[Hs, ZTrB ( KmPm, / o ISHATK @y, (pB®e'gsfps(t))]]df>
0



Time-local approach

[1 reordering within the trace
[1 bath correlation functions

Cmn(f) — TI'B (e-l-iHB’Cq)me—iHBTq)n)

%p (t) ~ _i_ﬁ[HSp(t)] o Z /Otdf{[Kmv e_iHSTKneiHSTp (t)]Cmn(T)

+[p (t)e_iHSTKneiHSTa Km]C;m<T)}

1 for simplicity: Hs g =K ,,Pnm

[1 define operator

t | .
A(t) = Z/o d7C(7)e 'K e
n



Time-local approach: time-independent Hamiltonian
[1 define the non-Hermitian effective Hamiltonian

Hegr = Hy + Hpen — IKA(L)

[] the TL-QME is given by

P — i (Huap (1)~ p(OHat") + (Kp(OAT() + At)PK)

[] in energy representation
t
WIAD)|V) = (u|K]v) / dtC(t)e " = (u|K|v)O* (t, 0y)
0

with

n +
Pk Ns(<2y) i(QF —
Ot (t, m,,) = { g —ouw)t _ 1

[nB(QI:> + 1] i(—Qp —wyy)t } . % i J(in) (—vk—iouy)t
T iCo —on) [é < 1} /sk;vk+iww [e ' 1}



Markov approximation and Redfield theory

simple Markov limit: ©*(t — o, @)
damping matrix I',, ., for Redfield theory

vpaer = Re(vIK[u) (k| At = )|A) .

Imaginary part (Lamb shift) is neglected
at the same time (!) renormalization term is neglected

neglect of only Lamb shift or only renormalization can cause severe
problems

In Redfield theory influence of time-dependent part of Hamiltonian (laser
fields) is neglected (!)



Time-local approach: General formalism

[] also denoted as time-convoulutionless formalism, partial time ordering
prescription (POP) or Tokuyama-Mori approach

[1 derived from a second-order cummulant expansion of the time-ordered
exponential function

PO o)+ [ dtr 1p)
where
H(t) = LULY)[at—t)L —bt—t) L)% 1) .
df;_it) = SiLEpt)+iZ (M), N )] +ilpt), N D)) .
with t

/dtat—t)%s(tt)K At /dtbt—t)%s(tt)

Utt) = y_i_{—lftodt//g(t”)} L =—iK,] , L. =K, ]+ ,



Time-local approach: time-dependent Hamiltonian

[1 define auxiliary operators

t t
AL(t) = / dtek 2t 1K,  Alt) = / dt’ekt Z(t, t')K .
0 0

(] with these expressions the TL-QME can be written as

d‘;—?) =-iZ8pt) + £ (i %[p(t)/\L(t) —N(t)p(t)]

k=1

_ Z PO +/\L(t>P(t)]>

k=1

[0 auxiliary operators A and Al can be determined via
y op k k

dA| dA! .

i (N — 1 LN +K,




Time-nonlocal approach

[1 often called chronological time ordering prescription (COP), time
convolution approach or Mori formalism

[ based on Nakajima-Zwanzig identity Meier and Tannor developed non-
Markovian theory

dp(t) : ff t / / / ° / AV NS
P = i)+ [t p)+ [ dir(tt)pg

where

LN = L D[(K-9)2]

2
H(t,1) L Ut alt —t').Z — bt —t').2,]

0 = TryK(q)e P™)/Trg(e Frs)

[] one can obtain the TL equation by making the approximate substitution

p(t) = % t.1)p(t)



Time-nonlocal approach

[] substitute expressions for a(t) and b(t) leads to auxiliary density matrices

t /
plt) = [ dtel i)z pw),

o)
=~ —-
/N
~t+
N—"
|

t : ,
/ dt'ekt (1. t) L. p(t) .

[] master equation can be rewritten as



Results for harmonic oscillator: Population dynamics

[ initially all population in the 3rd excited level
(1 medium temperature: f = 1/wy

(1 Drude form, large cut-off: wp/we=2, n =0.121
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Results for harmonic oscillator: Population dynamics

[ initially all population in the 3rd excited level
(1 medium temperature: f = 1/wy

[J Drude form, large cut-off: wp/mwp=1, n =0.2
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Results for harmonic oscillator: Population dynamics

[ initially all population in the 3rd excited level
(1 medium temperature: f = 1/wy

[] Drude form, large cut-off: wp/@p=0.5, n =0.544
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Results for harmonic oscillator: Population dynamics

[ initially all population in the 3rd excited level
(1 medium temperature: f = 1/wy

[J Drude form, large cut-off: wp/@y=0.5, n = 0.0544
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Results for harmonic oscillator: Variance of q

[ initially all population in the 3rd excited level
(1 medium temperature: f = 1/wy

[] Drude form, large cut-off: wp/@p=0.5, n =0.544
4 ' | ' | ' | '

- — path integral ||

. Markov
3.5 1) — Redfield




Results for harmonic oscillator: Variance of

[ initially all population in the 3rd excited level
(1 medium temperature: f = 1/wy

[] Drude form, large cut-off: wp/@p=0.5, n =0.544

4

path integral

-+ time-local

time-nonlocal

q



Results for harmonic oscillator: Low Temperature

[ initially all population in the 3rd excited level
[ low temperature: 8 = 100/ wy

[] Drude form, large cut-off: wp/@p=0.5, n =0.544

4 T | T | T
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