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Linear Elasticity Il - Waves

1 Elastic waves

I remind you that you have shown in class that the Navier-Lamé Equation,
A+ )V (V-u)+ puVu+b=pdyu , (1)

is basically two uncoupled wave equations for dilatational and shear waves. They propa-

gate at velocities
A+ 2
Cs = £ : Cqa = e (2)
p P

Thus, Eq. (1) can also be written as
(53— AV (V-u)+EV?u+b/p=0uu . (3)

The two wave speeds differ by a significant factor. c¢, is always smaller than ¢; and

their ratio is
c I 1—-2v
== = —. 4
p ca VA +2u 2(1 —v) (4)

For a typical value of v = 1/3, this gives a ratio of % This function is plotted in Fig.

1. Note that the ratio goes to 0 for v — % This is because incompressible materials

(v = 1/2) the dilatational velocity cq4 diverges (as the bulk modulus K diverges). Seis-
mographers use the difference in propagation velocity to determine the distance to an

earthquake source, as is seen in Fig. 1.

1.1 Leftovers from Eran’s lecture
In class, you have discussed the polarization of these two waves by writing
u=g(x-n—cta, (5)

where m is the propagation direction, a is the direction of the displacement and |n| =
la] = 1. You have shown without proof that this implies

(G —cAa-n)n+ (2 —cHa=0. (6)

Eran promised that I will show how to get from the former to the latter. This is done
simply by applying the differential operators to uw giving

Vg=0ig=gni=gn, (7)

Vu = dju; = 05(ga;) = g'nja; = da@n , (8)

Viu =V -Vu = 09;(¢'nja;) = ¢'njnja; = g"a , (9)
V-u=tr(Vu)=ga-n, (10)
V(V u)=d(ga-n)=g"(a-n)n=g"(a-n)n (11)
ouu = c*¢"a . (12)



Plugging Eqgs. (11)-(12) into (3) gives immediately Eq. (6).

The two waves are independent in the bulk. However, on the boundary of a body
the traction-free condition o;;n; = 0 couples between the two modes, and more modes
arise with a distinct propagation velocity. These are called Rayleigh waves, and are very
interesting.
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Figure 1: Left: ¢y/cq as a function of Poisson’s ratio (Eq. (4)). Right: Seismograph
reading of an earthquake. One can clearly see a P-wave (longitudinal) and an S-wave
(transverse) arriving at different times. Later, surface waves are visible. The time differ-
ence can be used to obtain the distance from the earthquake source.

1.2 Rayleigh waves

So let’s see exactly how this works. We want to look at surface waves which propagate,
say, in the x-direction. To this end, consider a material that fills the lower half-space

z < 0, and assume that o
u = f(z)ezkw—zwt ] (13)

If u satisfies the wave equation (Cizatt — V?)u = 0, with ¢; = ¢ or ¢4, we have
2
w
G

If k2 > “;—22 this gives a damped wave in the bulk. We denote

f(z) :»-y(i)e??iz? N = k2 i:S,d .

As stated above, Rayleigh waves are modes which mix dilational and shear waves. We
therefore guess the ansatz

u=u®+u (14)
u(l) — (73(31)58 4 Véz)i) eszrisziwt 7 (15)



where u®, u(®) are dilatational and shear waves, and %(.z') are constants. That is, each of
u' @ u(® satisfies its own wave equation,

(O — VU =0 (Oy — AVH)u'? =0, (16)

They both oscillate with the same frequency w (the w of Eq. (13)). Of course, the u®
are not exactly bulk modes, because they decay exponentially with z, each over over a
different length-scale n;.

Following the discussion about the different polarizations of the different types of
waves, note that we should demand

V-u® =Vxu®=0. (17)

Plugging the ansatz into equation (17) yields

ou®  oul® 7(8) k
- = (ik7y®) + p A e =0 - LS 18
o R (ikyS) +nyt) e WO g (18)
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r z o (d)_ . (d) . z :_._d
P o (W% ik, )e =0 = —%(:d) i (19)

So we write

u(s) — A (775533 _ Zsz) ensz+ikz—iwt AeC , (20)
u'? = B (ikds + ngz) et BeC, (21)

We now want to demand that the boundary is traction-free. That is, we want to
impose o;;|._,n; = 0, where n; is the local normal to the deformed surface. In principle,
n also changes because the surface deforms. However, since o is already first-order in
the deformation, we are allowed to take the zeroth order of n, that is, we can take n = 2.
Therefore, imposing the traction-free boundary conditions means o,, = 0,., = 0., = 0 on
z = 0. This translates via Hooke’s law to

Ogz = ngxz =H (8zu:v + a’ruz) =0 ) (22)

20.u. + (c3 — 2¢2) Oy,
0rr = (24 N + Aems = (21 + Nty + Ny, — 0z F (G 7 26) Otts _ ).

p
(23)

We now plug Egs. (20)-(21) into (22)-(23). This is some uninteresting but necessary
algebra. Eq. (22) is relatively simple:

0 = 0,uy + Opu, = <77§A + indk‘B> + <k2A + indk’B> = (ng + k32>A + 2ingkB ,  (24)
Eq. (23) requires some simplification in order to be sensible:

0= c50.u. + (¢ — 2¢2) Opuy
=c (nﬁB — ik‘nSA) — (c?l — 2@?) (“WISA _ sz)

2
(% (nﬁ — k:2) + 2]{:2) B — 2ikns A
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(a) Numerical solution for &. (b) A Rayleigh wave (from wikipedia).

Figure 2: Stuff about Rayleigh waves.

But since (k? —n?)c? = w? is the same for both i’s, we can replace (n2 — k?) ¢2 in the
last equation by (n? — k?) ¢ and get

(n? + k*) B — 2ikn,A =0, (26)

Eq. (24) together with (26) form a linear set of equations:

k2 + 773 Qiknd A —0
—2insk k*+n?)\B)
The condition for a non-trivial solution to exist is det = 0, that is (k* + 173)2 = 4k>nnq.

w
Ci

2k2—°i24—16k4 kQ—”—Q kQ—“—Q (27)
) e )

This is the dispersion relation for Rayleigh waves (sometimes this equation is called the
Rayleigh equation). It is a very nice and simple dispersion relation because...it is linear!
Huh! you didn’t see that coming now, did you? Divide both sides by &% to get

(- (2)) (- (=) (- (2 (@))

Denoting the dimensionless phase velocity { = 7= = cé’;h and remembering our definition
B =< (cf. Eq. (4)), this turns to

Cd

2
Plugging in n? = k* — ( ) and squaring, this gives

2-¢)'—16(1-€) (1-5%%) =0.

So knowing 3, which is a material parameter that equals ,/ 2%1’_25) gives the (physically

unique) solution for £ and thus completely defines the linear dispersion relation w = £c k.
the solution is shown in Fig. 2a, and it is seen that the wave speed, cg, is somewhat
slower than c,.



1.2.1 Some remarks regarding Rayleigh waves

Dilational and shear waves travel at two different speeds. Nevertheless, Rayleigh
waves couple the two (!) to create a different mode that travels at a third speed
(), and all this is within a linear theory (!!!).

The coupling comes from the traction-free boundary condition.

A single Rayleigh mode with k,w is a combination of two evanescent bulk modes
with the same w, but different k.

The bulk modes are evanescent because the velocity of the Rayleigh mode is slower
than ¢, and c4. This makes ng, 1y real. Otherwise, the modes will not be localized
on the surface.

Rayleigh waves are surface waves. Therefore, their magnitude decreases only as 1/4/7
rather than the bulk 1/r. In large earthquakes, some Rayleigh waves circle the earth
a few times before dissipating!

They are confined to propagate on the surface and decay exponentially with depth.
Therefore, the amplitude of earthquake-generated Rayleigh waves is generally a
decreasing function of the depth of the earthquake’s hypocenter (origin/focus).

The particle trajectories in a Rayleigh wave are elliptic, much like in ocean surface
waves.
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