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Exact solution for the energy spectrum of Kelvin-wave turbulence in superfluids
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We study the statistical and dynamical behavior of turbulent Kelvin waves propagating on quantized vortices in
superfluids and address the controversy concerning the energy spectrum that is associated with these excitations.
Finding the correct energy spectrum is important because Kelvin waves play a major role in the dissipation of
energy in superfluid turbulence at near-zero temperatures. In this paper, we show analytically that the solution
proposed by [L’vov and Nazarenko, JETP Lett. 91, 428 (2010)] enjoys existence, uniqueness, and regularity of
the prefactor. Furthermore, we present numerical results of the dynamical equation that describes to leading order
the nonlocal regime of the Kelvin-wave dynamics. We compare our findings with the analytical results from
the proposed local and nonlocal theories for Kelvin-wave dynamics and show an agreement with the nonlocal
predictions. Accordingly, the spectrum proposed by L’vov and Nazarenko should be used in future theories of
quantum turbulence. Finally, for weaker wave forcing we observe an intermittent behavior of the wave spectrum
with a fluctuating dissipative scale, which we interpreted as a finite-size effect characteristic of mesoscopic wave

turbulence.
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I. INTRODUCTION

When sufficiently large waves propagate through a medium,
nonlinear interactions cause an energy transfer between differ-
ent scales; the energy that is introduced typically in a narrow
band of wavelength is redistributed to waves of different
wavelengths. Starting in the 1960s with oceanographers and
meteorologists, “weak wave turbulence” has now become
a standard theory to explain the dynamical and statistical
properties of an ensemble of weakly nonlinear interacting
waves.! Thanks to the generality of its formulation, this theory
is an interdisciplinary subject; it has been implemented in
situations ranging from Alfvén waves in solar winds, ocean
swells on a stormy sea, quantum waves in Bose-Einstein
condensates, Rossby waves in the atmospheres of rotating
planets as well as in the thunder-like sound produced by
vibrating thin elastic sheets, etc. Up-to-date discussions of
the current state of wave turbulence are available for example
in a recent book? and in reviews;>* these sources also contain
extensive lists of references.

Quantum turbulence is the study of turbulent behavior in
zero-temperature superfluids such as helium 11.°~'° One of the
key properties of quantum turbulence is that it comprises an
inviscid flow which permits energy to reach scales far smaller
than achieved in classical turbulence. At large scales, quantum
turbulence shows a great similarity to classical turbulence—
with the polarization of vortex bundles acting like large-scale
eddies. However, at small scales the analogy begins to break
down. In the absence of viscosity in superfluids and at very low
temperatures where thermal excitations (mutual friction) can
be neglected, there is no clear dissipation mechanism that cuts
off the energy cascade to very small length scales. Therefore,
unlike in classical turbulence where viscous effects dissipate
the energy, it is believed that for superfluids the energy is
transferred to propagating waves on quantized vortex lines that
are forced by vortex reconnections. Note that these so-called
Kelvin waves were originally introduced in 1880 in the context
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of the classical Rankine vortex model.!' The Kelvin waves
then interact allowing for energy to be transferred to higher
frequency Kelvin waves until the wave frequency is sufficient
for the excitation of phonons and thus the degradation of
energy into heat.®

Because of its importance in superfluid turbulence and the
growing experimental capabilities in this field,>'>!? there has
recently been a renewed interest in the statistical physics of
waves propagating on a vortex line.'*'3 A complete under-
standing of the statistical behavior of Kelvin waves is therefore
crucial in order to develop a theory of superfluid turbulence.
Until recently, Kelvin-wave interactions were thought to be a
local process—only Kelvin waves of similar wave numbers
interact with each other thus forming the range of a local
energy cascade.'® The Kelvin-wave cascade was described
using wave turbulence theory'-? for weakly interacting waves,
resulting in the formation of a kinetic wave equation describing
3 < 3 Kelvin-wave interactions.'® However in Ref. 17, the
locality assumption used in Ref. 13 was checked and was
shown to be violated for local 3 <> 3 Kelvin-wave interactions.
This invalidated the local theory, and a nonlocal theory was
proposed'” resulting in 1 <> 3 Kelvin-wave interactions. This
has prompted a lively debate about the correct spectrum of
Kelvin waves.?0-%3

A. Physical background

It is now recognized that the typical turbulent state of a
superfluid consists of a complex tangle of quantized vortex
lines?® which can be modeled by the Biot-Savart equation®

dr  « (s—r)xds
dt 4w
This equation contains a singularity as s — r, and hence the
model is postulated by introducing a cutoff in the integration:

ap < |r — s|, where ay is interpreted as the core radius of the
vortices.””?® Here, k = 2mwh/M is the quantum of circulation
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with M being my4, the mass of the 4He atom (if the superfluid
is 3He then M is the mass of two atoms, 2m3).

An important step in studying Kelvin-wave turbulence
was done by Sonin?’ and later by Svistunov,”® who found
a Hamiltonian form of the Biot-Savart Eq. (1) for a straight
vortex line aligned in the z direction, e.g., line (x,y) = (0,0).
Perturbing the line by small disturbances in the (x,y) plane,

w(z,t) = x(z,t) +iy(z,1), (2a)

one writes

Jw  SH
el = 22 (2b)
Jt Sw*

where 8(...)/8w* is the functional derivative of (...) and
the superscript “*” denotes complex conjugation. The Hamil-
tonian for the Biot-Savart equation H is the energy of the

system:>%-30

K2 / 14 R(w™(z)w'(z2))
H=— Z1
A ) (21— 222 + lw(z1) — w(za)?

Here we have used the notation w'(z) = dw/dz.

Like in most of the examples of wave turbulence mentioned
in the introduction, the theory for Kelvin waves starts by writ-
ing down a Hamiltonian equation for the complex canonical
wave amplitudes ax(t) and a; () which are classical analogs
of the creation and annihilation Bose operators in quantum
mechanics. >

Consider an isolated straight vortex line on a periodic
domain of length £. One can write'-?

Cdag(t) M
[ ——— = ,
dt dag (1)

dz . 3)

“

where w(z,t) = k23", ax(t) exp(ik - z). The new Hamilto-
nian H{a,a*} = H{w,w*}/L is the density of the old one and
is a function of all ax(¢) and a;(¢) taken at the same time.

For small Kelvin-wave amplitudes (inclination angles) the
Hamiltonian can be expanded with respect to ay ,a;. The
explicit form of H, Eq. (3), dictates an expansion of H in
a and a;; with even powers only,

H = Hz + Hints
The first term,

Hine = Ha +He+--- . (5a)

Ho =) oparay, (5b)
k

describes free propagation of Kelvin waves with a frequency
wg. In turn, w; should be expanded in inverse powers of the
large parameter A:

A
o >N wp + g, Pop = K—kz,
47 (5¢)
In(ke
L = — <KD 12y ngesa),

4

Here a is the vortex line diameter and £ is the mean inter-vortex
distance at which the description of Kelvin waves propagating
along an individual vortex line fails. In typical experiments A,
in both *He and *He, is between 12 and 15.13 It can be shown°
that the leading approximation in A gives no energy exchange
between Kelvin waves and therefore one has to account in
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‘H for sub-leading terms, zero order in A, denoted by the
superscript “!”.

The higher order expansion terms in Hiy, Hy, and Hg
describe 2 <> 2 and 3 < 3 scattering of Kelvin waves:

1
Hy = - Z T?é aimazay, a;=akj,t), (5d)
142=3+4

1
Ho=3¢ D

142+3=4+5+6

4,5,6 * % %
W23 aiazazasasag . (5e)

Equations for the terms of order A' and A° in the in-

teraction amplitudes Tfé = T(ky,k2|k3,ks) and W?;i_’;_i =

Wk, .k, k3|ks,ks,ke) (denoted as AT?:;, 'Tf.’g and AW?E:?,
! W‘l"g’g) were found in Ref. 16 and later confirmed in Ref. 17.

On the face of it, the leading term in Hi (i.e., Hy)
describes a (2 <> 2) scattering; the sub-leading term, Hs,
is responsible for the (3 < 3) scattering. It was argued,
however, that the (2 <> 2) scattering cannot redistribute energy
between different scales. Therefore the (3 <> 3) scattering
becomes the leading interaction responsible for the interscale
energy transfers. This does not mean, however, that the
‘H, Hamiltonian can be completely disregarded. Instead,
as explained in Refs. 1 and 17, ineffective Hamiltonians
(in our case H4) can be eliminated from the problem by a
proper nonlinear canonical transformation {a,a*} = {b,b*}.
This comes at a price of the appearance of “correction terms”
in the 6-wave mixing amplitude (which we have denoted with
a calligraphic vertex VW, different from W) in the Hamiltonian
Hé:

H=> wibib+Hs. (6a)
k

~ 1

Ho=gg D WiSSbibabsbibiby.  (6b)

14243=445+6
Note that the 4-wave mixing Hamiltonian has been eliminated
altogether by the canonical transformation {a,a*} = {b,b*}.
The remnant of this Hamiltonian appears as an additional
contribution to W. There is an exact relation between these
two vertices which is best represented by a schematic graphic
notation as

o= = o- +72{i§}

Wiss = Wins +72{T°/Q}.

" " (6¢c)
The 72 additional contributions are schematically indicated as
72 {. ..} since the exact expression is too long to be written here
(one can handle them with symbolic computation software
such as MATHEMATICA). One observes that, on the one hand,
they are 6-wave mixing terms, but due to their internal structure
they can also be understood as the pairs of 4-wave mixing
amplitudes (mediated by a Green’s function 1/ €2). In the graph
shown in (6¢), with incoming wave vectors ki, k,, k3 starting
from above and outgoing wave vectors k4, ks, kg, the fre-
quency Q = w(k;) + w(ky) — w(ky) — w(k; + ky — ky4). The
72 contributions of the type shown in (6¢) differ by the
directions of the arrows and by relabeling in k;, k,, k3 and
k4, ks, k¢ groups.
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This understanding provides us with an effective 6-wave
mixing, allowing one to use standard procedure'? for the
statistical description of weak turbulence of Kelvin waves.
It is based on the assumption that the turbulent dynamics of
waves with small enough amplitude is chaotic and creates its
own ergodic measure. The simplifying nature of weak wave
turbulence is that, due to the existence of a small parameter,
the statistical description closes upon itself in terms of the pair
correlation function

L
ni(r) = E(’?k(t)bz(t)) ; (7a)

which is also called the “wave action.” Hereafter the pointed
brackets stand for an average over the ergodic measure. The
aim of the theory is to analyze the solutions of the kinetic
equation of motion which is typically expressed as

dny (1)
dt

= St(k, {ny (1)}, (7b)

where the term St(k, {n;(¢)}) is the so-called collision integral
with an integrand proportional to the square of the effective
interaction amplitude V. This term is a function of k and a
functional of ny (£)."*

The main part of the Kelvin-wave energy E in the regime
of weak wave turbulence is given by E,; = (H;), where
‘H, is defined by Eq. (5b). Together with Eq. (7a) this
gives

2 o0
E i wpng = / winidk
L p oo

00 00
/ a)kadk = / Ek dk. (Sa)
0 0

Here we introduce the energy density in the k space,

E(k) = Ek = a)ka, (Sb)
which traditionally is called the “energy spectrum,” and
we define the “wave action spectrum” as Ny = ny + n_g,
where k = |k|. According to Eq. (5¢) in the leading in A
approximation the energy spectrum of Kelvin waves is related
to the wave action Ny as follows:

Ey = — k* Ny (8¢c)
4

Up to this point these considerations are agreed upon by one
and all, and are the basis of further developments.

B. The controversy

Recently Kosik and Svistunov'® derived an energy spec-
trum of Kelvin-wave turbulence:

A7 els

S~ %)

E. (k) =C,

where € is the energy flux over scales and C,, is a yet unknown
dimensionless constant. Later L'vov and Nazarenko derived a
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very different result for the same spectrum:

Ak el/3
LN \y2/3 [5/3 °

_8mE
T OAKR?

Here C, is another dimensionless constant. Both spectra are
supposed to be “universal” (i.e., independent of details of the
energy forcing) in the the scaling range k > k, where k; is
the forcing wave number.

The disagreement between the spectra (9) resulted in a
heated debate concerning the correct nature of the energy
spectrum. To identify the origin of this controversy we should
clearly state that both results (9) were obtained within the same
formal setup described in the previous subsection under the
same set of assumptions about small nonlinearity and random
phases. Therefore the difference between the spectra must
originate from one or more mistakes made by either or both
derivations. Indeed, we will argue that the mistake leading
to the wrong result (9a) is in the wrong assumption about
the asymptotic behavior of the effective amplitude W‘i ;g’ in
the region where one of the wave vectors in the interacting
sextet is much smaller than at least one other wave vector
from the same sextet. The form of this asymptotics crucially
affects the nature of the energy transfer in the Kelvin-wave
cascade.

The derivation of the interaction vertex W‘i gg for Kelvin-
wave turbulence is not an easy task. In Ref. 16 the ex-
plicit form of W‘iég was not presented. Instead, the au-
thors “simulated the collision integral by a Monte Carlo
method” with the conclusion that it converges and the
main contribution to the energy evolution of Kelvin wave
with given k-wave vector originates from the energy ex-
change with other Kelvin waves with k" ~ k. This state-
ment of the locality of the energy transfer allowed the
authors to use a dimensional estimate that leads to the the
spectrum (9a).

This result was criticized in Ref. 17 where an explicit ex-
pression for the interaction amplitude W‘}’é’g (in the asymptotic
region) was derived:

vas_ Okkikokskiks
e % '

E(k)=C (9b)

(10a)

Based on this equation, it was shown analytically in
Ref. 17 that the collision integral diverges. Moreover, as
found in Ref. 17, two important sets of terms in W,?f; of
the order of unity were overlooked in Ref. 16. One was
the consequence of a trivial algebraic mistake in the Taylor
expansion in Eq. (10), where the authors forgot to expand the
denominator. In addition, in Ref. 16 there was a conceptual
mistake: In the kinetic equation (see below) the conservation
of energy requires the exact frequency-resonance condition
that accounts for the sub-leading contribution wy, (5¢), while
cancellation of linear in A terms in Wk 1> takes place only
on the local induction approximation mamfold Remaining
contributions of the order of unity to Wk 1> were omitted
in Ref. 16. It remains unclear how Ref. 16 succeeded to
state convergence of the collision integral; this must be either
due to a mistakes in the calculation of Wi?; or due to
an inaccurate implementation of the Monte Carlo numerical
procedure.
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The divergence of the collision integral makes the as-
sumption of locality for the KS spectrum invalid.!” The
nonlocality of the spectrum (9a) implies that it is un-realizable
and physically irrelevant. Recognizing the need for a greater
understanding of the correct interaction term, a new nonlocal
theory was promptly put forward, suggesting the alternative
energy spectrum (9b) of Kelvin waves.

This result was immediately attacked in Ref. 31, based on
some naive symmetry arguments claiming that

WS o k? (10b)
for small k instead of the linear asymptotics (10a). Note
that in the case of quadratic asymptotics (10b) the collision
integral converges. Then the Kelvin-wave energy cascade
would be dominated by local interactions and spectrum (9a)
would be valid. In the case of linear asymptotics (10a) the
collision integral diverges,!” the Kelvin-wave energy cascade
is dominated by different-scale interactions, and the spectrum
(9b) takes place.”

To conclude, the controversy regarding the Kelvin-wave
energy spectra (9) is a direct consequence of the disagreement
regarding the asymptotic behavior of Wi?; for small k.
This is a fortunate situation, since it can be easily resolved
by a careful calculation. To this aim, an explicit analytical
expression (10a) with its line-by-line derivation was made
publicly available.*” The symmetry arguments of Ref. 31
were analyzed in Ref. 20 where it was shown that the
symmetry argument appeals to a local reference system in
which the z axis follows the vortex line curved by long
Kelvin waves, while the Hamiltonian and the interaction
amplitude must be written in the global reference system
with the z axis oriented along the straight (unperturbed)
vortex line. In other words, the symmetry arguments are
irrelevant to the problem under consideration,? and see also
Refs. 33 and 24.

We thus feel confident to proceed further in study-
ing Kelvin-wave turbulence in the framework of the
Hamiltonian (6) with the interaction amplitude (10a). The
controversy can be reopened only when someone presents a
checkable derivation of an alternative expression for Wi:f:;,
which would be different from Eq. (10a).

C. Some caveats and warnings

The reader of this paper should not conclude that the
problem of Kelvin waves in superfluids is solved. Rather,
this is a complicated and intriguing phenomenon and a lot
of actual problems in this field are still open or hardly
studied. First, we stress that Kelvin waves in real superfluid
turbulence propagate along dynamically bent vortex lines in
a vortex tangle. Although in the limit of short Kelvin waves
the time dependence of the basic vortex configuration and
their local curvature can be neglected, longer waves are also
important in real experimental situations. Secondly and more
importantly, even short waves could travel long distances,
whereas the classical wave turbulence theory assumes that the
wave “mean-free path” is much less that the system size (the
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classical-quantum crossover in our case). How important such
a finite size is is not yet understood. Numerical simulation of
the full Biot-Savart equation which could clarify these issues
is still in its infancy.>*

In this paper, our analytical theory will assume that these
limits of short and short-correlated Kelvin waves are achieved.
In addition we will assume that the amplitudes of Kelvin
waves are small. Then the Hamiltonian formulation of the
problem Eqgs. (6) and (10a) is justified. Nevertheless it does
not mean that spectrum (9b) is the only possible solution for
Kelvin-wave turbulence. It known that approximations of weak
wave turbulence leading from the dynamical Hamiltonian
equations to the kinetic equations in one-dimensional media
are very delicate. Therefore in the second part of this paper
we will present direct numerical simulations of Kelvin-wave
turbulence in the Hamiltonian formulation (6) and (10a). This
simulation allows us to clarify another important issue: How
long should the vortex line be in comparison to the Kelvin
wavelength to achieve the continuous limit (in the physical
space) medium used in the theoretical analysis below? Also,
it allows the study of the case when this limit is not achieved
and the finite-size effects are important; this is the case of
so-called mesoscopic wave turbulence.

In Ref. 19 it was assumed that the kinetic equation in
its continuous-media limit is applicable. The analysis of its
collision integraln’lg revealed that on the spectrum (9a) the
leading contribution appears from those terms in which two
wave vectors are much smaller than the other four and a
conjecture was made (not a proof!) that the same kind of
nonlocality should hold generally for most other Kelvin-wave
spectra, in both steady and evolving turbulent states. This
allowed for the development of an effective collision integral
dominated by four-wave mixing of the (1 <> 3) type resulting
in a new four-wave kinetic equation. The remaining two small
wave vectors describe the chaotic bending of the vortex lines
with a characteristic curvature radius of the order of the
intervortex distance. We should note however that even in
the framework of the effective four-wave kinetic equations'”
some questions have remained open. Indeed, the spectrum
(9b) was proven to be a valid solution of this equation but
its uniqueness in the class of scale-invariant solutions and
its stability have remained unclear, and the prefactor C,
has not been found. In Sec. II we will demonstrate that the
scale-invariant energy spectrum (9b) exists and that it is unique
with a regular prefactor, C,, ~ 0.304. Moreover, our numerics
of the dynamical equation show that the (9b) is indeed an
attracting solution for the Kelvin-wave systems. We observe
not only the correct value of the exponent for this spectrum,
but also a relatively good agreement for the prefactor. This
is remarkable because this is probably the first example in
wave turbulence where such agreement for the prefactor value
has been reported in numerical simulations. Moreover, these
numerical results demonstrate that the type of nonlocality
conjectured for the Kelvin waves (two small wave vectors
in a typical interacting sextet) is robust and maintained in the
attracting steady state.

In the next section we will prove that the nonlocal theory
is correct and is the one that should be used in future theories
of quantum turbulence. After this we will present numerical
simulations that are based on the interaction term (10a)
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and which not only confirm our analytical calculations but
also validate the applicability of the kinetic equation. These
numerics also allow us to study the regimes which are hard to
treat analytically when the kinetic equation description breaks
down due to the finite-size effects—the so-called mesoscopic
wave turbulence.
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II. ENERGY SPECTRUM OF KELVIN-WAVE
WEAK TURBULENCE

In this section we calculate an exact solution to the new
effective kinetic equation. In Ref. 19 it was shown that the
collision integral takes the form

T 1 1 1 1
St(k,{ny (1)}) = —/f/dkldkzdh (W;’Z’S)Z mnponz [ ———— ——— S(k—ki—ky—k3) 8 (0w — w1 — wp — w3)
12 ng np ny n3
1 1 1
-3l — 8(k1—k—k2—k3)8(a)1—a)k—a)z—a)3) , njznk]., (11)
ny ng N 3
[
where the effective (1 <> 3) interaction amplitude is Relabeling then the dummy variable k; — k; we find that this
123 _3y term, up to a factor (k;/k)* with & = 3x — 9, coincides with
Wy = 1 ﬁkk1k2k3 . (12) the first term in Eq. (11). In the second of the three terms, we
T

The dimensionless parameter W was defined in Eq. (9b).

One obvious steady-state solution of Eq. (7b) is ny
(wx)~! which corresponds to the equilibrium Rayleigh-Jeans
equipartition of the energy. A second, nonequilibrium solu-
tion, can be obtained by analyzing the equation of energy
conservation,

oE d
OFk | O _ 0: (13)
at dk
the energy flux ¢ is given by
€ = —/ Sty a)k/dk’. (14)
K <k

In Ref. 19 it was found that the kinetic equation has a scale-
invariant solution

Ny = Ak™. (15)

The scaling exponent x = 11/3 was found by power counting
in Eq. (14) under the assumption that all the integrals in
the collision term converge. Substituting this solution into
the collision integral it was demonstrated in Ref. 19 that the
integral indeed converges. Finally the suggested solution has
the form'”

4rel/3

Nie = Ciy W23 13

(16)
where the dimensionless coefficient C,, remained undeter-
mined.

Let us now demonstrate analytically that Eq. (16) is indeed
a solution of the kinetic equation. Moreover, we demonstrate
numerically that this solution is the unique scale-invariant
solution with a constant energy flux, and finally we compute
the numerical value of the universal constant C, . The first
task can be achieved by considering the second term in
Eq. (11) as a sum of three equivalent terms. In the first we
make the Zakharov-Kraichnan conformal transformation'-
from ky,k»,k3 to ki,k},k%, where

k2 kk kk
K o=—, ky=-—"2, kg=k—l3.

A a7

perform the same transformation replacing k; <> k,, and in the
third term we do the same but replacing k; <> k3. Therefore,
the entire collision term in Eq. (11) can be represented as the
first term multiplied by

[1— (ki /k)¥ — (ka/k)S — (k3 / k)]

Note that the region of integration becomes the same for all
the terms too. Due to the existence of the delta function of
frequencies we conclude that the integrand in the collision
term vanishes if £ = 2. This condition is equivalent to x =
xo = 11/3.

Next we demonstrate the uniqueness of this solution. To
do so numerically it is advantageous to nondimensionalize the
collision integral for arbitrary values of x as follows,

3243
=

(18)

I()C) k8—3x,

19
128« (19

where o = k A /4m. Using q; = k;j/k we obtain

I(x) = /// dq,dq,dqs(1 — q; —q5 — q5)

x(1—qf — @3 — 43)(@19293)" "
x8(1—q, — ¢, —q3)8(1 — ¢? — 42 — ¢3).

This integral was computed numerically as a function of x,
and plotted in Fig. 1, for 2 < x < 9/2, where this integral
converges. We see that throughout the window of locality
(where the integral converges) there is no other solution.

Finally, to compute the universal coefficient C,, we return
to Eq. (14) with Ny given by Eq. (15) with an arbitrary value of
x. Integrating with respect to k" leads to an explicit expression
for the dissipation rate

_3w2A3 I1(x) -3
T 1287 3x — 11 '

Using the L’Hopital rule to deal with the indeterminate ratio
of zero by zero we can rewrite this expression for x = 11/3,

_ W2AdI(x)
T 1287 dx

(20)

€k 2y

x=11/3"
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I(x)

100 0.2

50 1

-0.2

3.66 11/3 3.675

-50 1
2 11/3 9/2

FIG. 1. (Color online) The collision integral as a function of the
scaling exponent. We observe that it vanishes at x = 11/3 and that
this cancellation is unique within the window of locality. The insert
is just a blow-up of the neighborhood of x = 11/3. One clearly sees
that the solution is unique.

Computing numerically d1(x)/dx we have an explicit result
for the coefficient A leading to

_ 4nC €'

N = W2/3 1173

C,\ ~ 0.304. (22)
Combining this result with the dispersion relation, we
finally obtain the energy spectrum

Ak els3

Ey = CLNW . (23)
The calculation of the energy spectrum for nonlocal Kelvin-
wave interactions constitutes the central result of this section.
We point out that the exponent with 5/3 ~ 1.67 is quite close
to that of the spectrum (9a) with 7/5 & 1.4. This has made
it difficult for numerical simulations to clearly resolve the
difference between both theories and as a result has contributed
to adding more fuel to the controversy.'>*¢ In fact, a recent
numerical simulation using a scale separation scheme for
the Biot-Savart equation produced results consistent with the
spectrum (9a).>*> However, we believe that the scale separation
scheme—which expands the Biot-Savart equation in terms
of nonlocal contributions—artificially damps the essential
nonlocal behavior of the Biot-Savart equation, thus inducing

local Kelvin-wave interaction and the KS spectrum.

III. DIRECT NUMERICAL SIMULATION OF THE
DYNAMICAL EQUATION FOR THE KELVIN WAVES

A. Dynamical model: Local nonlinear equation

In this section, we present a new simple model that contains
all the necessary physics of the Biot-Savart equation without
its numerical complexity. As mentioned above, an exact
analytical expansion of the Hamiltonian (3) was carried out
in Ref. 17 leading the authors to the interaction term presented
in Eq. (10a). This term is the leading-order asymptotic of the
Biot-Savart interaction in the limit when at least one Kelvin
wave is much longer than the shortest wave in each interacting
sextet. Obviously, the dynamically important nonlocal sextets
in which two waves are long are also described by this
asymptotic expression. When expressed in the physical space,
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the interaction term (10a) leads to the local nonlinear equation
(LNE),'” which is given by
N\ ow 24)
az |

0w Kk 0 10w
i—=———||A—-|—
at 4 9z 4|0z

The LNE can be represented as a Hamiltonian system of the
form (2), with the Hamiltonian which in terms of the physical
space amplitude w(z,t) = x(z,t) + iy(z,t) is

6

)dz

2
K ow
HLNE =H2+H6= —/ <A
4
B. Nonlinear dissipation and applicability of weak turbulence

21w

12| 0z

9z
(25)

To appreciate the conditions under which we could expect
realization of the weak wave turbulence regime in our numer-
ics, we should estimate the degree of the nonlinear dissipation
given by the nonlinear resonance broadening parameter I'y.
Indeed, the kinetic equation for weak wave turbulence could
only be valid when the nonlinear resonance broadening I'y
is much less than the linear frequency w;. On the other
hand, I'y itself could be estimated from the kinetic equation’s
collision term (11), namely from its part proportional to .
Importantly, even though the full collision integral converges
on the L’vov-Nazarenko spectrum, its separate parts diverge.'’
In particular, the part corresponding to I'; will scale as [see
Egs. (19) of Ref. 19] I'yny o nyk giving

Fk xk. (26)
Thus for the nonlinearity parameter we get
r
£kt 7)
Wi

Equation (27) states that the nonlinearity parameter decreases
toward large k, i.e., that wave turbulence becomes weaker
as one propagates along the energy cascade to high wave
numbers.

On the other hand, for validity of the the kinetic equation it
is also necessary that the nonlinear resonance broadening I'y
is much greater than the grid spacing between the wave fre-
quencies Aw; i.e., Aw < I'y. If the wave turbulence becomes
too weak, we are in danger of losing wave resonances due to
the sparsity (discreteness) of the allowed wave numbers and
frequencies in bounded domains. If this happens, we expect
regimes of discrete or mesoscopic wave turbulence.?3’~+?
Mesoscopic wave turbulence occurs when the nonlinear reso-
nance broadening I'; becomes of the order of the grid spacing
between frequencies Aw; i.e., [y ~ Aw. In such a situation,
discreteness effects become apparent and the wave amplitudes
become too weak to sustain a continuous cascade. Instead,
we observe sandpile behavior,?” where energy accumulates at
specific scales until it reaches sufficient amplitudes to cascade.
This process is then repeated at smaller and smaller scales,
until energy eventually reaches the dissipation scale. When
't < Aw, then we are in a discrete wave turbulence regime,
where only exact wave resonances occur. Resonant waves form
clusters, some of which are disjoint from the rest of the modes,
and the cascade scenario is even more inhibited.
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The frequency grid spacing can be determined via Aw =
0wy /0k)Ak = (Axk/2w) Ak, where Ak = 27 /L is the wave
number grid spacing. Taking into account (26), one can see
that the ratio of I'y/Aw is predicted to be independent of k
implying that the wave turbulence description should break
down when the wave modes are too weak simultaneously and
uniformly in the whole of the inertial range of k.

C. Numerical setup

We perform numerical simulations of the LNE to verify the
power-law scaling and coefficient of the energy spectrum for
Kelvin-wave turbulence in a statistically steady state corre-
sponding to an energy cascade from long to short wave scales.
To achieve this, we numerically solve the nondimensionalized
version of Eq. (24) in the presence of forcing and dissipation:

4N o
)a—w}—i-iFk—ka, (28)

0w 0 1 1|ow
[— = —— - —|—
of 0z 4|07 07
with additive forcing, +iFy, and dissipation —iDy. The
nondimensionalization we use is

4
— A4 — z — 3
w=A"w, t=—t z=72,
KA

N (29)
W= Z Wy (1) exp(ikZ).
k

We implement a pseudospectral method with 2'# spatial
points, where the nonlinear term is fully de-aliased with respect
to its quintic nonlinearity. We utilize a fourth-order Runge-
Kutta time-stepping method to progress in time. The forcing
profile we use is defined in wave number space, as is given by

A rexp(if, if 8 <k < 16,
O | (30)
0 otherwise ,

where A is a constant forcing amplitude and 6y is a random
variable sampled from a uniform distribution on [0,27) for
each k and at each time step. We add dissipation at both
ends of the wave number space to enable the formation of
a statistically steady state and to avoid any bottleneck effects.
We use a hyperviscosity term that dissipates mainly at high
wave numbers and a low wave number friction on the first six
wave modes. The dissipation profile Dy is defined as

Dy = viic H(6 — |k|) Wy + Vhyper k4 Wk, (3D

where vgic = 2.0 and Vyyper = 2 X 107° are dissipation coeffi-
cients and H(...) is a Heaviside function.

We perform three simulations, A, B, and C, which have
different forcing amplitudes (with the rest of the parameters
being identical). The forcing amplitudes of the simulations are
given in Table I. We allow the simulation to evolve until we
have reached a statistically steady state, judged by observing
stationarity of the total energy, whereupon we average over a
time window to achieve the desired statistics.

D. Numerical results

For simulation A, we show in Fig. 2 the compensated
(by k''/3) wave action spectrum, and compare against both
the predictions of Eq. (9a) (or, in terms of the wave action,
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TABLEI. We present the nondimensional values of the amplitude
of the wave action spectrum A, energy flux &, U, the ratio of the
nonlinear and linear energies |Hs|/H,, and the coefficient C, , for all
three simulations.

Sim. A Sim. B Sim. C
A 610 488 0.6103
A 3.2 2.0 0.23
& 4.6 4.8 0.55
7 0.35 0.25 0.13
[Hsl/Ho 0.25 0.20 0.003-0.15
C,y 0.3477 0.2024 0.031

N ~ k='7/5) and Eq. (9a) [corresponding to N ~ k~'1/3;
see (23)]. The spectrum has been averaged over a long time
window once a statistically steady state is reached. We observe
aremarkable agreement with spectrum suggested by L’vov and
Nazarenko, (16), for about a decade in wave number space.
Moreover, we clearly observe a deviation from the slope of the
Kozik-Svistunov spectrum, Nj ~ k~'1/3,

Also for simulation A, in Fig. 3 we plot the averaged
nondimensionalized flux &,(k) of the quadratic part of the
energy, H,. We observe a constant flux over a region of
k space to the right of the forcing scale in agreement with
the constant flux scale-invariant solutions of wave turbulence
theory. However, this flux falls off to a negative constant at
high wave numbers, which we believe is down to the fact that
numerically we can only measure the flux of the quadratic
energy, which represents the dominant part of the total energy
only for weakly nonlinear waves. Thus, the deviation of &, (k)
from constant at large k can be interpreted as an increase of
nonlinearity at these scales. Note, however, that theoretically
one predicts a decrease of nonlinearity at high k, see Eq. (27),
which seems at odds with our numerical results—something
that remains to be understood.

To add to this puzzle, we present a plot of the combined
Fourier transform in both coordinate x and time ¢ on the (k,w)
plane in Fig. 4. In addition to weakly nonlinear waves, which
are narrowly distributed around the dispersion relation & = k2,
we observe a wide distribution centered at the zero frequency.
The relative intensity of such a “condensate” is higher at large

10"

'R’11/3 Nk

A=

FIG. 2. (Color online) Averaged wave action spectrum N in
simulation A, compensated by k!''/3. We overlay the theoretical
predictions of the Kozik-Svistunov and L’vov-Nazarenko spectra.
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FIG. 3. (Color online) Averaged nondimensionalized flux of the
quadratic energy €&,(k) in simulation A. We observe a region where
the energy flux is a positive constant, right of the forcing scale.

k’s: Its peak is about 1/3 of the wave intensity at the lower end
of the inertial interval (k = 50) and it becomes as strong as
the wave intensity peak deeper in the inertial range (k = 100).
Again, we can offer no explanation for such a condensate (in
the direct cascade range!) and for the fact that, in spite of the
strong condensate, we perfectly observe the theoretical scaling
of the L'vov-Nazarenko spectrum in the same range of wave
numbers.

From the numerical data of Figs. 2 and 3, and with the
addition of the numerical measurement of ¥ in Eq. (9b), we can
compute the numerical prefactor C,, of spectrum (16), where
the formula for C,, expressed in terms of the nondimensional
parametrization is

C, = @) 'Pe ' PuA, (32)

The results from the simulations and the value of the
numerical estimate of constant C,, are given in Table I.

We observe remarkable agreement in the value of C, in
Eq. (16) to the numerical data from simulation A; see Table 1.
Note that this is probably the first ever example of a wave
turbulent system where the spectrum prefactor obtained in
numerics coincides with the one of the theoretical prediction.
Indeed, realizing a pure wave turbulence state in numerical
simulations is notoriously difficult because, on one hand, the
waves must be weakly nonlinear and, on the other hand, they

20000 . . . . .

15000

2 10000

5000

0 =
-150 -100 -50

o

FIG. 4. (Color online) The (k,w) plot of simulation A represent-
ing a normalized (separately for each k) double Fourier transform of
the wave amplitude w(z,t). The theoretical linear dispersion relation,
@& = k?, is superimposed by the green dashed line.
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FIG. 5. (Color online) Magnitudes of the linear, ‘H,, nonlinear,
7:(6, and total, 7:{, energies of simulation C at late times in units of
the linear time scale of the forcing mode: v = 87%/k Ak} where
k; ~ 10. We observe a statistically nonequilibrium stationary state
of the energy. However, we also observe sharp jumps, peaks, and
troughs in the energy values.

should not be too weak to overcome the finite-size effects; see
Sec. III B. These effects become noticeable in our simulation A
and they become very clear in the simulation C corresponding
to the lowest forcing out of the three runs.

In simulation B, with the forcing somewhat lower than in
simulation A, the spectrum and the flux are very similar to
the ones shown in Figs. 2 and 3. The spectrum exhibits a
scaling range with —11/3 exponent and is clearly different
from the —17/5 prediction of Kozik and Svistunov. However,
the value of the constant C,  is slightly less than the theoretical
one; see Table 1. This is probably due to the finite-size effects
which manifest themselves in losses of wave resonances due to
the discreteness of the k space when the nonlinear frequency
broadening I'y becomes of the same order or less than the k
grid spacing.

Such an effect is most prominent in our weak-forcing
simulation C where the observed constant C, is an order
of magnitude smaller; see Table 1. In this run, we observed
“sandpile” or “bursty” behavior characterized by sudden
spikes in the energies shown in Fig. 5. We observe that all
energies have become statistically stationary on the whole;
however there is a clear bistable behavior in the random
changes to the energy that are intermittent in time. In fact, the
ratio of the two energies fluctuates between |Hg|/H, =~ 0.003
and 0.15.

Obviously, the behavior in simulation C is beyond the
conditions which could be described by the standard kinetic
equation. A qualitative description of this regime was pre-
sented in Refs. 2,37, and 38 where the observed sandpile
behavior was originally conjectured. However, presently there
is no rigorous theory describing this regime.

E. Mesoscopic wave turbulence

The sandpile behavior of simulation C can also be seen
in the evolution of the wave action spectrum N; presented in
Fig. 6, which shows two snapshots of the wave action spectrum
at two times corresponding to a peak (r = 84) and trough
(r = 100) of the energy. In addition, in Fig. 6 we include the
fully averaged spectrum over the window 84 < 7 < 100 for
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102

10 | ]\/\I\f
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=100
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FIG. 6. (Color online) Two wave action spectra at times T = 84
and t = 100, corresponding to a local maximum (red solid line) and
alocal minimum (green dashed line) in the energy, respectively, from
simulation C. Moreover, we compare these wave action spectra with
the fully averaged wave action spectrum of Fig. 2 (blue dotted line).

comparison. In simulation C, we observe that the wave action
spectrum N oscillates between the two extreme states shown
in Fig. 6 at the same periods in which the energy fluctuations of
peaks and troughs are seen in Fig. 5. The spectrum fluctuates
predominately in the high wave number region.

In Fig. 7, we present a numerical (k,w) plot for simulation
C, which is similar to the one discussed before for simulation
A, Fig. 4. We see a qualitatively similar picture as before, but
with a more narrow wave distribution and a weaker condensate
around the w = 0 line, which is natural considering the lower
level of nonlinearity in simulation C.

Using Fig. 7 we can find the frequency resonance broad-
ening I'y. This gives us a direct check of whether we are
in a kinetic or mesoscopic wave turbulence regime.?373840
Numerically, we compute I'; by calculating the width of
the interval along @ in which the dispersion relation in
Fig. 7 is within half of maximum wave intensity at each
wave number k. We plot the result in Fig. 8, along with
the kinetic wave turbulence threshold Aw and the limit of the
resolution of the Fourier transform (=27 /T, where T is the
time window of the Fourier transform). We observe in Fig. 8
that the frequency resonance broadening in the numerical

20000 —— : . : :
15000
a 10000

5000

0
-150 -100 -50 0 50 100 150

FIG. 7. (Color online) The (k,w) plot of simulation C. The
random waves are characterized by the black curve, which is a
normalized double Fourier transform of the wave amplitude w(z,?).
The theoretical linear dispersion relation, w, = k2, is superimposed
by the green dashed line.
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FIG. 8. (Color online) We plot the nonlinear frequency broaden-
ing 'y of the (k,w) plot from simulation C in the red solid line. We
overlay the resolution of the fast Fourier transform (green dashed
line) and width of the frequency spacing Aw (blue dotted line). The
black dashed line corresponds to a linear fit to I'.

simulation is larger than the resolution threshold, i.e., that the
presented plot does indeed provide useful information about
I'x. Further, we see that I'; grows to higher k consistently
with theoretically predicted linear dependence (26). Finally,
we see that the values of I'y are about a factor of three above
the line corresponding to the threshold of mesoscopic wave
turbulence I'y ~ Aw. Since numerical factors of order unity
are not controlled by such a simple estimate, we can conclude
that such values of I'; are consistent with the condition of the
mesoscopic wave turbulence regime.

Finally, it is also meaningful to ask whether any mesoscopic
effects, e.g., the sandpile behavior, can be seen in the physical
space. We observe an interesting two-scale picture, which is
consistent with the scale separation assumed in the nonlocal
theory. Further, we observe that intensity of the slow (nearly
horizontal) large-scale rolls suddenly drops at the moments
corresponding to the drop of the total energy in Fig. 5 marking
onsets of the “sandpile tip-overs.” The same large-scale rolls
are the main contributors of the low-frequency condensate
component (see Fig. 9).

6 _:: xr — T - T
- ’—- - -._." _--; ﬂ_
5 fum— 3 e — -
[P - — ---w-"‘:
4 p——— ~ T —
—— — T e -
NP S =
—— o ———
o = —_— T '-::
i el .
1 [~ - —— e’ i - - - -
— i —
O :-"L fie— | -p
97 98 99 100 101 102
T

FIG. 9. We plot the physical space intensity 1(Z,7) = |w(z,7)|
for simulation C during a time period where the energy is fluctuating.
Here black implies strong intensity and white implies low intensity.
The large-scale structures observed correspond to the forcing scale.
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IV. CONCLUSION

In conclusion, we have shown that the spectrum proposed
in Ref. 19 for Kelvin-wave turbulence is the exact and unique
solution of the kinetic equation and therefore is the one that
should be physically realized. All of the theoretical predictions
have been confirmed via numerical simulations of the LNE,
including both the scaling exponent and the spectrum prefactor.
We stress that the LNE is only applicable for nonlocal
Kelvin-wave turbulence. Thus, our numerical result that the
(theoretically predicted) nonlocal spectrum is an attracting
state demonstrates that the nonlocal dynamics is self-sustained
and robust and the LNE model is self-consistent.

We also studied a mesoscopic regime of Kelvin-wave
turbulence which occurs at low amplitudes. We discovered that
the system suffers from intermittent energy bursts that produce
fluctuations in the wave action spectrum at high wave numbers.
This agrees with the sandpile scenario of evolution which was
predicted for mesoscopic wave turbulence in Refs. 2,37,38,40.

PHYSICAL REVIEW B 84, 064516 (2011)

Finally, numerically we observed some effects which we
cannot presently explain. Namely, in addition to the weak
dispersive waves we have found a strong low-frequency
condensate component over a large range of scales covering the
direct cascade range. In the small-scale part of the inertial range
the condensate is of a similar strength to the wave component,
and yet, somehow, it does not alter the theoretical (nonlocal)
weak turbulence scaling.

ACKNOWLEDGMENTS

We thank Reuven Zeitak for his help and encouraging
discussions during this work. We acknowledge the support of
the US-Israel Binational Scientific Foundation administrated
by the Israeli Academy of Science, the Minerva Foundation,
Munich, Germany, through the Minerva Center for Nonlinear
Physics at WIS, and the ANR program STATOCEAN (ANR-
09-SYSC-014).

'V. E. Zakharov, V. L'vov, and G. Falkovich, Kolmogorov Spectra of
Turbulence I (Springer-Verlag, Berlin, 1992).
2S. V. Nazarenko, Wave Turbulence, LNP Vol. 825 (Springer, Berlin,
2011).
3E. Falcon, Discrete and Continuous Dynamical Systems Series B
13, 819 (2010).
“A. C. Newell and B. Rumpf, Annu. Rev. Fluid Mech. 43, 59 (2011).
SW.F. Vinen and J. J. Niemela, J. Low Temp. Phys. 128, 167 (2002).
®R. J. Donnelly, Quantized Vortices in He II (Cambridge University
Press, Cambridge, 1991).
"E. Kozik and B. Svistunov, J. Low. Temp. Phys. 156, 215 (2009).
8M. Tsubota, Int. J. Emerging Multidisciplinary Fluid Sci. 1, 229
(2009).
°S. Nazarenko and M. Onorato, Physica D 219, 1 (2006).
D, Proment, S. Nazarenko, and M. Onorato, Phys. Rev. A 80,
051603 (2009).
"'W. Thomson, Philos. Mag. Ser. 5 10, 155 (1880).
12]. J. Niemela, Physics 1, 26 (2008).
13M. Tsubota and W. P. Halperin, eds., Progress in Low Temperature
Physics: Quantum Turbulence, Volume XVI (Elsevier, Amsterdam,
2009).
D. Kivotides, J. C. Vassilicos, D. C. Samuels, and C. F. Barenghi,
Phys. Rev. Lett. 86, 3080 (2001).
ISW. F. Vinen, M. Tsubota, and A. Mitani, Phys. Rev. Lett. 91, 135301
(2003).
IE. Kozik and B. Svistunov, Phys. Rev. Lett. 92, 035301 (2004).
17J. Laurie, V. S. L'vov, S. Nazarenko, and O. Rudenko, Phys. Rev. B
81, 104526 (2010).
18G. Boffetta, A. Celani, D. Dezzani, J. Laurie, and S. Nazarenko,
J. Low Temp. Phys. 156, 193 (2009).
19V. L'vov and S. Nazarenko, JETP Lett. 91, 428 (2010).
20V, Lebedev and V. S. L’vov, J. Low Temp. Phys. 161, 548 (2010).

2IE. Kozik and B. Svistunov, J. Low Temp. Phys. 161, 603 (2010).

22E. Kozik and B. Svistunov, Phys. Rev. B 82, 140510(R) (2010).

2E. Kozik and B. Svistunov, e-print arXiv:1007.4927.

24V. Lebedev, V. S. L'vov, and S. Nazarenko, J. Low Temp. Phys.
161, 606 (2010).

2>Workshop on “Quantum and Classical Turbulence,” Abu Dhabi,
May 1-5, 2011.

26R. J. Donnelly, Annu. Rev. Fluid Mech. 25, 325 (1993).

27K. W. Schwarz, Phys. Rev. B 31, 5782 (1985).

28K. W. Schwarz, Phys. Rev. B 38, 2398 (1988).

2E. Sonin, Rev. Mod. Phys. 59, 87 (1987).

30B. V. Svistunov, Phys. Rev. B 52, 3647 (1995).

3IE. Kozik and B. Svistunov, J. Low Temp. Phys. 161, 603
(2010).

¥MATHEMATICA file with line-by-line derivation of Eq. (10a)
is available at [http://lvov.weizmann.ac.il/Texts-Online/218-PRB-
Nonlocality.nb].

33V, E. Zakharov (private communication).

3 A. W.Baggaley and C. F. Barenghi, Phys. Rev. B 83, 134509 (2011).

%€, denotes the full energy flux, which in the weakly nonlinear limit
is well approximated by the energy flux of the quadratic part of the
energy, defined by the right-hand side of Eq. (14). When considering
the kinetic equation this definition will be assumed to be the same.

3%E. Kozik and B. Svistunov, Phys. Rev. Lett. 94, 025301 (2005).

37Sergey Nazarenko, J. Stat. Mech. (2006) L02002.

38V, S. L’vov and S. V. Nazarenko, Phys. Rev. E 82, 056322 (2010).

¥Y. L'vov, S. Nazarenko, and B. Pokorni, Physica D 218, 24 (2006).

40y, E. Zakharov, A. O. Korotkevich, A. N. Pushkarev, and A. L
Dyachenko, JETP Lett. 82, 487 (2005).

4IP. Denissenko, S. Lukaschuk, and S. Nazarenko, Phys. Rev. Lett.
99, 014501 (2007).

428. Nazarenko, New J. Phys. 9, 307 (2007).

064516-10


http://dx.doi.org/10.3934/dcdsb.2010.13.819
http://dx.doi.org/10.3934/dcdsb.2010.13.819
http://dx.doi.org/10.1146/annurev-fluid-122109-160807
http://dx.doi.org/10.1023/A:1019695418590
http://dx.doi.org/10.1007/s10909-009-9914-y
http://dx.doi.org/10.1260/1756-8315.1.4.229
http://dx.doi.org/10.1260/1756-8315.1.4.229
http://dx.doi.org/10.1016/j.physd.2006.05.007
http://dx.doi.org/10.1103/PhysRevA.80.051603
http://dx.doi.org/10.1103/PhysRevA.80.051603
http://dx.doi.org/10.1103/Physics.1.26
http://dx.doi.org/10.1103/PhysRevLett.86.3080
http://dx.doi.org/10.1103/PhysRevLett.91.135301
http://dx.doi.org/10.1103/PhysRevLett.91.135301
http://dx.doi.org/10.1103/PhysRevLett.92.035301
http://dx.doi.org/10.1103/PhysRevB.81.104526
http://dx.doi.org/10.1103/PhysRevB.81.104526
http://dx.doi.org/10.1007/s10909-009-9895-x
http://dx.doi.org/10.1134/S002136401008014X
http://dx.doi.org/10.1007/s10909-010-0215-2
http://dx.doi.org/10.1007/s10909-010-0242-z
http://dx.doi.org/10.1103/PhysRevB.82.140510
http://arXiv.org/abs/arXiv:1007.4927
http://dx.doi.org/http://lanl.arxiv.org/abs/1007.4927
http://dx.doi.org/10.1007/s10909-010-0240-1
http://dx.doi.org/10.1007/s10909-010-0240-1
http://dx.doi.org/10.1146/annurev.fl.25.010193.001545
http://dx.doi.org/10.1103/PhysRevB.31.5782
http://dx.doi.org/10.1103/PhysRevB.38.2398
http://dx.doi.org/10.1103/RevModPhys.59.87
http://dx.doi.org/10.1103/PhysRevB.52.3647
http://dx.doi.org/10.1007/s10909-010-0242-z
http://dx.doi.org/10.1007/s10909-010-0242-z
http://lvov.weizmann.ac.il/Texts-Online/218-PRB-Nonlocality.nb
http://lvov.weizmann.ac.il/Texts-Online/218-PRB-Nonlocality.nb
http://dx.doi.org/10.1103/PhysRevB.83.134509
http://dx.doi.org/10.1103/PhysRevLett.94.025301
http://dx.doi.org/10.1088/1742-5468/2006/02/L02002
http://dx.doi.org/10.1103/PhysRevE.82.056322
http://dx.doi.org/10.1016/j.physd.2006.04.003
http://dx.doi.org/10.1134/1.2150867
http://dx.doi.org/10.1103/PhysRevLett.99.014501
http://dx.doi.org/10.1103/PhysRevLett.99.014501
http://dx.doi.org/10.1088/1367-2630/9/8/307

