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We consider the intermittent behavior of superfluid turbulence in 4He. Because of the similarity in the

nonlinear structure of the two-fluid model of superfluidity and the Euler and Navier-Stokes equations, one

expects the scaling exponents of the structure functions to be the same as in classical turbulence for

temperatures close to the superfluid transition T� and also for T � T�. This is not the case when the

densities of normal and superfluid components are comparable to each other and mutual friction becomes

important. Using shell model simulations, we propose that in this situation there exists a range of scales in

which the effective exponents indicate stronger intermittency. We offer a bridge relation between these

effective and the classical scaling exponents. Since this effect occurs at accessible temperatures and

Reynolds numbers, we propose that experiments should be conducted to further assess the validity and

implications of this prediction.
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Introduction.—Nonequilibrium systems are often char-
acterized by relatively quiescent periods which are inter-
rupted by rare but violent changes of the physical
observables. This generic phenomenon is referred to as
‘‘intermittency.’’ Accepting Richardson’s idea of a step-
by-step energy cascade in highly excited hydrodynamic
turbulence, Kolmogorov conjectured [1] that after many
steps of the cascade the small scale turbulence becomes
locally isotropic and space homogeneous, obeying univer-
sal statistics, independently of the turbulence excitation
mechanisms. Since then the investigation of the universal
properties of fully developed hydrodynamic turbulence
became an active field with many remaining open ques-
tions. In the inertial interval of scales L � r � �, the
intermittent behavior of turbulence can be studied in terms
of scale-invariant velocity structure functions:

SpðrÞ � hjvðR; tÞ � vðRþ r; tÞjpi / r�p ; (1)

and its p-order exponents �p. Here h� � �i denotes a time

averaging, L is the energy input scale, e.g., due to flow
instabilities, and � is the viscous energy dissipation scale.

In 1941 Kolmogorov assumed that in the inertial interval
the energy flux over the scales " is the only relevant parame-
ter [1]. Then the scaling of SpðrÞ follows from dimensional

reasoning: SK41p ðrÞ ’ ð"rÞp=3. While K41 low-order expo-

nents �K41
p ¼ p=3 are close to observations (compare

�K41
2 ¼ 2=3 � 0:67 with the experimental �exp

2 ’ 0:70),
for p>3, �exp

p <�K41
p , and the discrepancy increases with

p, indicating that in reality the statistics of turbulence is
not scale invariant. In particular, in the K41 framework

SpðrÞ=½S2ðrÞ�p=2 is r independent, like in Gaussian statistics,
while the observed ratios SpðrÞ=½S2ðrÞ�p=2 increase with r.

This means that the probability of observing large values
of small scale velocity fluctuations [that mainly contribute
to SpðrÞ with large p] significantly exceeds its normal K41

level; i.e., the small scale turbulent flow is strongly intermit-
tent. Turbulence in superfluid 3He and 4He merges tradi-
tional fluid mechanics with low-temperature physics. Unlike
classical fluids, where the circulation around the vortices is a
dynamical variable, in superfluids it is quantized to integer
values of � ¼ h=m. Here h is Planck’s constant andm is the
mass of a superfluid particle. This leads to the appearance of
an additional length scale ‘, the mean intervortex distance.
At scales r � ‘ superfluids can be described as two inter-
penetrating entities with two different velocities:vs (inviscid
superfluid component) and vn (normal component), and
temperature dependent densities�sðTÞ and�nðTÞ interacting
via the so-called mutual friction force [2–8].
An important question concerns the analogies between

superfluid and classical turbulence. The pioneering experi-
ments of Maurer and Tabeling suggest that intermittency
is also present in turbulent superfluid 4He [9]. This crucial
observation implies that the intermittency is not caused
by the particular structure of the Navier-Stokes equations
and thus superfluid turbulence offers an additional case to
investigate its physical mechanisms. Unfortunately, inter-
mittency in superfluids has received far less attention
than in classical turbulence [10]. The aim of this Letter is
to compare intermittency in 4He-superfluid turbulence
with classical turbulence. An important parameter charac-
terizing superfluid turbulence is the ratio �s=�n. For T
slightly below the phase transition temperature T�, when
�s=�n � 1, one can neglect the superfluid component and
the statistics of turbulent superfluid 4He becomes close to
that of classical fluids. We also expect similar inertial
range behavior of classical and superfluid turbulence for
T � T�, when �n � �s, due to the inconsequential role
played by the normal component; see, e.g., Ref. [10].
Moreover (and less trivially), the intermittent scaling
exponents �p have to be the same in classical and low-

temperature superfluid turbulence. This is because the
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nonlinear structure of the equation for the superfluid com-
ponent is the same as the Euler equation, and dissipative
mechanisms are believed to be irrelevant. Accordingly, we
focus in on the range of T ’ ð0:8–0:9ÞT�, where �s � �n,
and compare it to the high and low T limits, when �s=� ¼
0:1 and 0.9, respectively. Here � ¼ �s þ �n is the total
density of the superfluid. Our main tool is numerical
simulations of superfluid turbulence in the two-fluid
model [2] simplified further using a shell model [11–13].
Shell models give in the classical case, with the right
choice of parameters, scaling exponents which are close
to the experimental values �num

2 ¼ 0:72 versus �exp
2 ¼

0:70, �num
4 ¼ 1:26 versus �exp

4 ¼ 1:28, etc.
The main result of the Letter is as follows. For tempera-

tures such that �s=� & 0:1 and �s=� * 0:9, the scaling
behavior of superfluid turbulence is practically the same as
in classical fluids. However, for temperatures such that
�s=� ’ 0:5–0:75, we discover the emergence of a wide
(up to 3 decades) interval of scales characterized by differ-

ent effective scaling exponents ~�p � �num
p . For example,

when �s ¼ �n, the value of ~�2 diminishes from its inter-

mittent value �num
2 � 0:72 down to ~�2 � 0:67, close to the

K41 value �K41
2 ¼ 2=3. At the same time, the exponents

~�p for p > 3 deviate further from the K41 values: ~�p <

�num
p < �K41

p . This fact can be considered as enhancement

of intermittency in superfluid turbulence compared to the
classical case.

In addition, based on numerical observations that the
probability distribution function (PDF) of the normalized
shell energy is temperature independent, we suggest the
relation between effective and classical exponents:

~�p ¼ �num
p � pð�num

2 � ~�2Þ=2 � �num
p � 0:026p; (2)

which is in good agreement with observed values of ~�p.

Numerical procedure.—Shell models of superfluid tur-
bulence [14,15] are simplified caricatures of the Navier-
Stokes and Euler equations in k representation:

�
d

dt
þ �nk

2
m

�
unm ¼ NL½unm� þ Fn

m þ fnm; (3a)

�
d

dt
þ �sk

2
m

�
usm ¼ NL½usm� � Fs

m þ fsm; (3b)

NL½um� ¼ iðakmþ1umþ2u
	
mþ1 þ bkmumþ1u

	
m�1

� ckm�1um�1um�2Þ; (3c)

They mimic the statistical behavior of k Fourier compo-
nents of the turbulent superfluid and normal velocity fields
in the entire shell of wave vectors km < k < kmþ1 by the
complex shell velocities un;sm . The shell wave numbers
are chosen as a geometric progression km ¼ k0�

m, where
m ¼ 1; 2; . . . ;M are the shell indexes and � ¼ 2 is the
shell-spacing parameter. The value of the reference shell
wave number k0 affects the typical time scales, but other-
wise is arbitrary. We used k0 ¼ 1=16. Similarly to the

Navier-Stokes equation, the NL½um� term in Eq. (3c) is
quadratic in velocities, proportional to k, and conserves
the kinetic energy E ¼ 1

2

P
mjumj2 (in the forceless, invis-

cid limit) provided that aþ bþ c ¼ 0. We used the Sabra
version [12] ofNL½um�with b ¼ c ¼ �a=2, a ¼ 1, which
ensures [11,12] that �num

p are close to �
exp
p .

The coupling terms Fn;s
m ¼ �n;s�sðusm � unmÞwith�2

s �P
mk

2
mjusmj2, and �s ¼ �, �n ¼ ��s=�n [14,15], account

for the mutual friction between normal and superfluid
velocities and are proportional to the known temperature
dependent mutual friction parameter �ðTÞ.
In Eq. (3a), �n is the kinematic viscosity of the normal

component. It is known that vortex reconnections act as an
energy sink in superfluids. The details of this complicated
and otherwise still not fully understood dissipation process
go beyond the scope of this Letter. We modeled it by add-
ing in Eq. (3b) an effective superfluid viscosity �s � �n.
Unlike our previous work [15], we did not use the hyper-
viscosity to avoid the possible numerical artifacts associ-
ated with the too strong onset of the damping of the
velocity at the dissipative scales. The simulations were
carried out for M ¼ 28–46 and �s=�n ’ 10�6–10�2 at
different temperatures. As long as �s=�n � 1, the actual
value of �s only slightly affects the form of the superfluid
spectrum at scales smaller than ‘, where the hydrodynamic
description is no longer valid. The results below were
obtained with M¼36 shells, �s¼10�12 and �n ¼ 10�10.
These parameters allowed us to clearly resolve subregions
with different scaling behavior.
To sustain the steady state we used a � correlated in time

random forcing fs;nm in the first two shells with amplitudes

f1 ¼ 0:01, f2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðc=aÞp

f1 [15] for both normal and
superfluid components. Equations (3a)–(3c) were solved
using the 4th order Runge-Kutta method [16]. The time
evolution was followed for about a hundred forcing scale
eddy-turnover times. The Taylor-scale Reynolds number at
all temperatures was about Re� ¼ 5
 105. The parame-
ters used in simulations are shown in Table I.
Results and discussions.—Firstly, we study the scaling

of the velocity structure functions (1) defined in the shell
models as Ss;np ðkmÞ � hjus;nm jpi. We also defined for conve-

nience the structure functions CpðkmÞ � k
�num
p

m SpðkmÞ com-

pensated by the classical anomalous scaling.
Figure 1(a) shows C2ðkmÞ. The almost horizontal lines

for �s=� ¼ 0:9 and 0.1 indicate the usual intermittent
scaling behavior. However, for �s=� ¼ 0:5 one detects

TABLE I. The model parameters. The values of T=T� and �
were interpolated using the experimental data in Ref. [17].

�s=� 0.1 0.25 0.4 0.5 0.6 0.65 0.7 0.75 0.9

T=T� 0.99 0.97 0.93 0.90 0.87 0.84 0.82 0.79 0.677

� 1.09 0.51 0.314 0.25 0.22 0.175 0.155 0.14 0.07

��=�n 1.21 0.68 0.52 0.50 0.49 0.50 0.52 0.54 0.67
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the emergence of a wide enhancement interval where the

energy accumulates and where ~�2 ’ 2=3 [18] . This is
clearly seen in the inset, where S2ðkmÞ is compensated

with K41 scaling. At first glance, the scaling with ~�2 ’
�K41
2 ¼ 2=3 can be considered as the normal K41 scaling

in superfluids. In this case one would expect that the PDF
of normalized energy in m shell Pn;s½jun;sm j2=Sn;s2 ðkmÞ�
should collapse for all m. This is, however, not the case
here. Figure 1(b) shows that the PDFs for different m are
in fact very different from each other. The much longer
tails associated with larger values of km reveal strong
intermittency effects confirmed in Fig. 1(c), where
Cn;s
4 ðkmÞ is almost flat for �s=� ¼ 0:9 and 0.1, but show

a different scaling for �s=� ¼ 0:5 with ~�4 � 1:21<
�num
4 ¼ 1:256< �K41 ¼ 4=3. The next order structure

functions, S6ðkÞ; S8ðkÞ; . . . , demonstrate the same type of

behavior with ~�p deviating even further away from the K41

values than �num
p in classical fluids.

Another important observation in Fig. 1(b) is that the
PDFs are practically temperature independent. Then know-

ing �num
p and ~�2, we can predict with very good accuracy all

other ~�p. Comparing the expressions for Sn;sp ðkmÞ,

Sn;sp ðkmÞ ¼
Z 1

0
P n;s½jun;sm j2=Sn;s2 ðkmÞ�jun;sm jpdun;sm ;

in the regions of different scaling, one arrives after some
simple algebra to Eq. (2). An immediate consequence of

Eq. (2) is that the ratio SpðkÞ=½S2ðkÞ�p=2 is the same in the

regions with �num
p and ~�p scaling. This prediction fully

agrees with observations [see, e.g., inset in Fig. 1(c) for
p ¼ 4] and thus lends strong support to Eq. (2).

To quantify the intermittency enhancement we define
�2�log2f½maxmC2ðkmÞ=hC2ðkmÞi�g, where hC2ðkmÞi is the
mean value of C2ðkmÞ on the plateau. In Fig. 2 we display

the T and �s=� dependence of �2 and ~�2. Denote by
m� the left and right edges of the enhancement interval
and its extent as kmþ=km� ¼ 2�m, �m�ðmþ�m�Þ. Then,
using data in Fig. 2 and computing the ratios�ðTÞ=½�num

2 �
~�2ðTÞ���m for all T, we found that �m ’ 8–10 is practi-
cally independent of T. In other words, the extent of the
enhancement interval kmþ=km� ¼ 2�m ’ 250–1000.

As expected, significant intermittency enhancement takes
place for �s � �n [or more precisely �s’ð0:4–0:8Þ�—
see Fig. 2] when the two-fluid model (3) differs mostly
from a single classical fluid. Normal and superfluid compo-
nents in Eqs. (3a)–(3c) are coupled by the mutual friction
force Fm / �ðusm � unmÞ which causes the energy exchange
between normal and superfluid components and the energy
dissipation. Thus these two phenomena are the only possible
reasons for the observed intermittency enhancement and

FIG. 1 (color online). (a) The compensated structure functions Cn;s
2 ðkmÞ for �s=� ¼ 0:1, 0.5, and 0.9, normalized by their mean

values over shells with m ¼ 7–12. Inset: k2=3S2ðkmÞ normalized by its mean value over m ¼ 15–20 for �s=� ¼ 0:5. Solid lines show
the normal component, dashed lines show the superfluid components. The upper axis is marked with the shell numbers, the lower axis
shows the corresponding wave numbers. (b) Demonstration of the temperature independence of the PDFs for shells m ¼ 14 and
m ¼ 20. (c) The normalized compensated Cn;s

4 ðkmÞ. Inset: The collapse of k�S4ðkÞ=½S2ðkÞ�2, compensated using classical exponents

� � 2�num
2 � �num

4 � 0:184. The horizontal black dashed lines serve to guide the eye only. Color code is the same in all panels.

Vertical dot-dashed lines in (a) and (c) denote the intervortex scale 1=‘ (see Ref. [14]).

FIG. 2 (color online). T=T� and �sðTÞ=� dependencies (upper
and lower axes) of the exponent ~�2, left axis, and the enhance-
ment magnitude �, right axis. The maximum of �2 � 0:7 and
minimum of ~�2�0:65 are reached at T � 0:865T� (�s � 0:6�).
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both disappear in the case of full velocity locking usmðtÞ ¼
unmðtÞ. Velocity locking can be statistically quantified by
the cross-correlation coefficient of normal and superfluid
velocities:

K m � h½us	m unm þ usmu
n	
m �i=h½us	musm þ unmu

n	
m �i:

For KðkmÞ ¼ 0, the superfluid and normal components are
statistically independent subsystems, while for KðkmÞ ¼ 1
they are completely locked to each other. Clearly, only for
0<KðkmÞ< 1 can we expect intermittency enhancement.
A result of Ref. [20] for the correlation coefficients can be
reformulated for shell model

Km ’ 2½�nS
s
2;m þ �sS

n
2;m�=½Ss2;m þ Sn2;m�

�n þ �s þ km½�nkm þ Ss2;m þ Sn2;m�=
ffiffiffiffiffiffiffiffiffiffih�2

si
p :

Here, Sn2;m � Sn2ðkmÞ and similarly for Ss2;m. Analysis of this

equation shows that thevs
m andvn

m are lockedwhen km��1

and become uncorrelatedwhen km ’ ð��=�nÞ3=2=�. As one
sees in Table I, for allT in our simulation,��=�n ’ 0:5–1:2.
Therefore, one should expect velocity locking for all T and
for all km� & 1 including the enhancement range. This
prediction agrees with our results.

This means that the origin for the variations of the
scaling is not in the enhancement range but rather in the
vicinity of the viscous cutoff, where kmþ � k�. The key

role is played by the energy dissipation due to the mutual
friction DMF

m ¼ ��s�sjusm � unmj2, as follows from
Eqs. (3a)–(3c). Clearly, DMF

m ! 0 for T ! T� (because
�s ! 0) and for T ! 0 (because � ! 0) and has a maxi-
mum at T ’ ð0:80–0:85ÞT�, i.e., in the range, where the
intermittency enhancement is observed. Moreover, in this
range, the total mutual friction dissipation

P
mD

MF
m is close

to (or even larger than) the total viscous dissipation
�n

P
mk

2
mS

n
2;m. Importantly, DMF

m has a maximum at km,

close to that of the viscous dissipation. As a result, for
T ’ ð0:80–0:85ÞT�, the mutual friction between superfluid
and normal components markedly drives the system away
from the simple one-fluid behavior primarily around
k� k�, leading to a sharper decay of the energy spectrum

Sn;s2;m. In turn, this may give rise to a bottleneck effect lead-

ing to an energy accumulation near k�. This phenomenon

shares similarities with the bottleneck in classical fluids
[21] but differs in important aspects: e.g., as in classical
fluids the width of the energy accumulation range is almost
independent of underlying mechanism and only its magni-
tude varies. In our case, however, the extent of the enhance-
ment interval is much larger, about 3 decades, compared to
1 decade in classical fluids. A possible reason for such an
extended enhancement interval is the energy transfer from
superfluid to normal component, caused by mutual friction,
and it is also notable in the same T range.

A more complete study of the quantitative aspects of the
enhancement of intermittency requires an extensive analy-
sis of the time dependencies of usmðtÞ and unmðtÞ in order to

clarify the role of the mutual friction on the statistics of
outliers, the main contributors to the fat tails of the PDFs
which are responsible for the intermittency [22].
Summary.—Shell model simulations of the large-scale

superfluid turbulence in 4He indicate that for high- and
low-T limits, when �s < 0:1� and �s > 0:9� the anoma-
lous scaling exponents of superfluid turbulence coincide
with their classical counterparts, as follows from our theo-
retical reasoning and in agreement with numerical and
laboratory observations [10]. The shell model simulations
allowed us to uncover considerable T-dependent variations
of the apparent scaling over the enhancement interval of
scales about 3 decades when �s � �n. This range can be

characterized by the effective scaling exponents ~�pðTÞ that
deviate further from the normal K41 values as compared to
the exponents of classical fluids. Furthermore, if the entire
inertial interval is shorter than the enhancement interval,
only the effective scaling is observed. We also suggested

Eq. (2) relating ~�pðTÞ to �p.

While our interpretation indicates the existence of a
form of the energy bottleneck in the two-fluid system,
the phenomenon definitely calls for further investigation.
Direct numerical simulations of superfluid turbulence ori-
ented towards the study of the predicted T-dependent
scaling over inertial interval of at least 2 decades is nowa-
days realistic and appears as particularly timely. Even more
importantly, the temperature range T ’ ð1:7–1:9Þ K, where
we forecast a change in the scaling behavior, is accessible
to laboratory experiments. We hope that the results pre-
sented in this Letter will inspire new numerical and labo-
ratory studies of intermittency in superfluid turbulence.
This work is supported by the EU FP7 Microkelvin

program (Project No. 228464)
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