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Correlation functions of non-scalar fields in isotropic hydrodynamic turbulence are characterized by
a set of universal exponents. These exponents also characterize the rate of decay of the effects of
anisotropic forcing in developed turbulence. These exponents are important for the general theory
of turbulence, and for modeling anisotropic flows. We propose methods for measuring these
exponents by designing new laboratory experiments. ©1996 American Institute of Physics.
@S1070-6631~96!02610-4#

Fundamental studies of turbulence tend to stress the
model of locally isotropic, homogeneous turbulence, and
most theories and experiments since Kolmogorov’s seminal
work of 1941 ~K41!1 considered the universal~anomalous!
exponents that characterize isotropic turbulent flows~see
Refs. 2 and 3 for recent reviews!. In fact, most turbulent
flows are not forced isotropically, and moreover even in iso-
tropic flows there are important fields that are constructed
from velocity derivatives that transform under rotation as
vectors or tensors rather than scalars. It has been known for
some time that the second-order structure function~that de-
pends on one separation vector! becomes more isotropic as
the separation scale decreases. Moreover, the rate of this
isotropization process is governed by an exponent.4–7 In re-
cent papers8,9 it was pointed out that this exponent is one of
an infinite family of anomalous scaling exponents. This fam-
ily was never considered~beyond the lowest order exponent!
in experiments and numerical simulations. In addition to be-
ing of fundamental interest these universal exponents are
also of importance in modeling realistic flows which are not
isotropic. In this Letter we propose how to measure these
universal exponents in physical experiments.

The simplest statistical quantity that is built from the
velocity fieldu(r ,t) that displays anisotropic contributions is
the second-order structure functions:

S2~R![^uw~r0ur ,t !u2&, R[r2r0 , ~1!

where w(r0ur ,t)[u(r ,t)2u(r0 ,t) and ^ . . . & stands for a
suitably defined ensemble average. Due to space-time homo-
geneityS2 is a time independent function ofR. In locally
homogeneous and isotropic turbulence the scaling properties
of S2(R) were widely discussed2,3

S2~R!.~ ēR!2/3~R/L !d, ~2!

whereē is the mean energy flux per unit time per unit mass,
and d is the deviation of the scaling exponentz2 of the

structure function from the K41 prediction,z2[2/31d. In
anisotropic turbulenceS2(R) depends also on the direction
of R. We can use the fact that the Navier-Stokes equations
are invariant to the transformations of the SO~3! symmetry
group, i.e. all rotations, in order to represent the solutions in
terms of the spherical harmonicsYl ,m(R̂) whereR̂ is a unit
vector in the direction ofR: S2(R)5( l 50

`S2,l (R) where

S2,l ~R!5 (
m52l

l

Yl m~R̂!E S2~Rĵ!Yl m~ ĵ!dĵ. ~3!

Here ĵ is a unit vector. Such a decomposition is particularly
useful when the turbulent flow is only weakly anisotropic.
Then one can linearize the equation for the anisotropic cor-
rections toS2(R). The kernel of the linearized equation is
invariant under rotations; as a result the equations for the
different l -components decouple. Each equation has its own
eigenvalue and leads in a scale invariant situation to a gen-
eralization of~2! for S2,l :

S2,l ~R!;~ēR!2/3~R/L !d l }Rb l , ~4!

whered l [b l 22/3. Comparing with Eq.~2! we recognize
that in this notationd5d0. If we accept that homogeneous
turbulence enjoys universal statistics in the inertial interval,
then the kernels of the above linearized equations are all
universal. This leads to the understanding that the exponents
of anisotropyb l are universal. The full spectrum of expo-
nentsb l was found analytically

8,10 in the context of Kraich-
nan’s model of passive scalar advection.11 For Navier-Stokes
turbulenceb2 can be computed using perturbation theory6,7

~which disregards the nonperturbative effects leading to
anomalous scaling12! with the resultb254/3. The corre-
sponding result forb0[z2 is 2/3, but experimentally
z2'0.7.13,14 The theory indicates that such deviations from
the naive predictions stem from non-perturbative effects. It is
likely that the perturbative result forb2 holds to a similar
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accuracy. The significant differenceb22b0.2/3 explains
why isotropic scaling may be observed in anisotropic experi-
ments; the contribution ofS2,2 to S2 peels off like
(R/L)b22b0. We do not possess any numerical estimates for
the higher order values ofb l in the case of Navier-Stokes
turbulence, but the exact results in the case of passive advec-
tion lead us to expect them to be all positive and increasing
with l .

In the context of passive scalar advection we demon-
strated that the very same exponentsb l have an important
role in the context ofisotropic turbulence for statistical quan-
tities that depend on more than two coordinates.8 The same is
true for Navier-Stokes turbulence. Consider the correlation
function of four velocity differences

S4~R1 ,R2![^uw~r0ur1!u2uw~r0ur2!u2&, ~5!

whereR15r12r0 andR25r22r0. As usual we assume that
this, and all other correlators, are scale invariant. Mathemati-
cally this means that they are all homogeneous functions of
their arguments as long as these are in the ‘‘inertial range.’’
In other wordsS4(lR1 ,lR2)5lz4S4(R1 ,R2), wherez4 is
the scaling exponents of the fourth-order structure function:
^uw(r0ur1)u4& } R1

z4. In isotropic turbulenceS4(R1 ,R2) de-
pends on the separationsR1 ,R2 and on the angleu1,2 be-
tween these two vectors. We are interested in the limit
R1!R2, butR1 andR2 are both in the inertial interval. For
turbulent systems that enjoy scale invariance in the inertial
interval, and under the assumption of weak universality the
asymptotic behavior ofS4(R1 ,R2) is determined by the fu-
sion rules.12,15 According to the fusion rules in the limit
R1!R2 the leading dependence ofS4(R1 ,R2) on R1 and
R2 is independent ofu1,2. The scaling law is

S4~R1 ,R2!}~R1 /R2!
z2R2

z4 , R1!R2 . ~6!

In order to extract the contributions that depend on the angle
of R1 we use a multipole decomposition ofS4,
S4(R1 ,R2)5( l 50

`S4,l (R1 ,R2) in a way similar to~3!. For
small anisotropy one can again considerl -decoupled equa-
tions that lead, similarly to~4!, to the prediction

S4,l ~R1 ,R2!}~R1 /R2!
b l R2

z4 , R1!R2 . ~7!

Note that two statements are being made here:~i! The over-
all exponent forS4 is z4. This directly follows from the
property of scale invariance.~ii ! The scaling exponents char-
acterizing theR1-dependence ofS4,l are the exponents of
S2,l . We note that the observation of the exponentsb l in
the context ofS2(R) requires anisotropic driving of the flow.
In contrast, usingS4(R1 ,R2) the exponentsb l are observ-
able even in fully isotropic flows. The reason is that here we
have a built-in directionR2. WhenR1 is of the order ofR2

the dependence on the angleu1,2 is all important. WhenR1

decreases this dependence weakens at a rate determined by
b l 2b0.

Next in order of complication we consider

S4~R1 ,R2 ,R0![^uw~r0ur1!u2uw~r08ur2!u
2&, ~8!

whereR05r082r0. This is a function of three separation and
the three anglesu1,0, u2,0 andu1,2. As before represent this
function as a double multipole-expansion with respect

to the directions of R1 and R2: S4(R1 ,R2 ,R0)
5( l 1 ,l 2

S4,l 1 ,l 2(R1 ,R2 ,R0). In the limit R1 ,R2!R0 these
functions exhibit a universal scaling form similar to~7!

S4,l 1 ,l 2~R1 ,R2 ,R0!}~R1 /R0!
b l 1~R2 /R0!

b l 2R0
z4 . ~9!

At this point we want to discuss how to set up possible
experiments to measure the new universal exponentsb l .
Given direct numerical simulations with anisotropic forcing,
one can simply computeS2,l (R) from the definitions~1! and
~3! and then to plot log-log plots ofS2,l vs.R, or, following
the ideas14 of ‘‘extended self-similarity,’’ of S2,l vs.
S2,l 50. It is impossible to follow this route in standard labo-
ratory experiments since the detailed angular information is
not usually available. One can estimateb2 in anisotropic
flows by measuring for example the longitudinal and trans-
verse components of the second-order structure function, and
form a combination that vanishes in isotropic flows. Such a
combination scales withR and the leading contribution is
Rb2. This type of measurement was performed~see Ref. 16!
and discussed in detail by Nelkin.3 The experimental evi-
dence is that the numerical value ofb2 is indeed rather close
to 4/3. Our point in this Letter is that the very same expo-
nentsb l play an important role also in isotropic flows.

Consider an experiment with a mean flow~like a wind
tunnel or an atmospheric boundary layer!. Assign the direc-
tion of the mean flow to thex-coordinate. The minimal ex-
perimental setup calls for two local probes~like hot wires!
positioned atr05(0,0,0) andr15(0,D,0), separated by a
distanceD in they-direction which is orthogonal to the mean
flow. Under the standard Taylor hypothesis differences in
time are interpreted as differences along the longitudinal
x-direction. This means that one can measure the longitudi-
nal projectionsaux(x,0,0) andbux(x,D,0). The coefficients
a and b are introduced in recognition of the fact that in
realistic experiments the two probes cannot be perfectly cali-
brated. Define now the longitudinal and transverse velocity
differences

wuu~x,D![ux~x1D,0,0!2ux~x,0,0!, ~10!

w'~x,D![ux~x,D,0!2ux~x,0,0!. ~11!

Next one can measure the corresponding structure
functions for D-separationsS2uu(D)[^wuu

2(x,D)&, S2'(D)
[^w'

2 (x,D)&. In isotropic conditions these two quantities
are related byS2'(D)5S2uu(D)1DdS2uu(D)/2dD, and one
can use this relation to assess the degree of isotropy on the
scaleD. Next we introduce the normalized squared of veloc-
ity differences in which the calibration constants are elimi-
nated:

Wuu
2~x,D![ wuu

2~x,D!/S2uu~D! ,

W'
2 ~x,D![ w'

2 ~x,D!/S2'~D! . ~12!

Finally we define two fieldsC6 according to

C1~x,D![W'
2 ~x,D!1Wuu

2~x,D!22,
~13!

C2~x,D![W'
2 ~x,D!2Wuu

2~x,D!.

These fields have zero mean, and we will argue that they
have different leading order contributions in the multipole
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expansion. To see this we introduce a generalization of
the structure function~8! and the fusion rule~9! which
pertains to the case in which tensor indices are
kept: S4

abgd(R1 ,R2 ,R0)[^wa(r0ur1)wb(r0ur1)wg(r08ur2)
wd(r08ur2)&. In terms of a multipole expansion

S4
abgd~R1 ,R2 ,R0!5 (

l 1 ,l 2
S4,l 1 ,l 2

abgd ~R1 ,R2 ,R0!. ~14!

We write the generalization of~9! whenR1 ,R2!R0:

S4,l 1 ,l 2
abgd ~R1 ,R2 ,R0!

}S2,l 1
ab ~R1 ;R0!S2,l 2

gd ~R2 ;R0!C~R0!.

In the last equationS2,l 1
ab (R1 ;R0) is a function ofR1 that

depends on the relative orientation ofR1 with respect to
R0. It scales withR1 according to~4!. In particular for
l 150 the scaling exponent isb05z2 and the tensor struc-
ture is that ofS2

ab(R1) in isotropic flows. With this back-
ground we can consider the correlation functions of the fields
C1 andC2 that were introduced in~13!:

K11~R![^C1~x1R,D!C1~x,D!&}R2m11, ~15!

K12~R![^C1~x1R,D!C2~x,D!&}R2m12, ~16!

K22~R![^C2~x1R,D!C2~x,D!&}R2m22. ~17!

In all these equationsh,D,R,L. All these correlations
can be understood as particular components and combina-
tions of S4,l 1 ,l 2

abgd (R1 ,R2 ,R0) with R15R25D and R05R.

We note that the correlation functionK22 is constructed
such that thel 15l 250 component which appears in
S4,l 1 ,l 2

abgd exactly cancel. The lowest order contribution to this

correlation isl 52. The correlation functionK11 is generic,
having all thel components, and it is therefore dominated
by l 50. The correlationK12 is mixed. The theoretical pre-
diction is

m1152b02z4 ,m125b01b22z4 ,m2252b22z4 .

Note that the correlations in~15!-~17! are all dimensionally
identical; yet we predict very different scaling exponents.
This is just another way to explore the breakdown of dimen-
sional analysis in fully developed turbulence. Using known
experimental data13,14 z2.0.7, z4.1.2 and our guess that
b2.4/3 we expect:

m11.0.2,m22.1.421.5,m125 1
2~m111m22!. ~18!

The last relation exact for Re→`. Note, however, that for a
finite extent of the inertial interval sub-leading contributions
may be important and have to be carefully assessed. Never-
theless, the wide disparity between these scaling exponents
promises a worthwhile experiment even if the inertial range
is of the order of one decade.

The exponentb1 is not available from the rate of isotro-
pization ofS2(R). It can be seen in the flow field without
inversion symmetry by forming a nonsymmetric second-
order correlation function like

^ua~r1R!ub~r !&2^ua~r2R!ub~r !&}Rb1. ~19!

Since this object is odd inR it vanishes when there exists
inversion symmetry. Otherwise its leading scaling exponent
is b1. This exponent is related to the existence of the flux of

helicity and standard K41 arguments lead to the value
b151, see for example Ref. 17. This holds probably to the
same accuracy as other K41 arguments.

In summary, there exists an infinite set of exponents that
characterize the rate of isotropization of the second-order
structure function under non-isotropic forcing. There is an-
other set of exponents that determines the scaling behavior of
tensorial correlation functions in isotropic turbulence. The
first message of this Letter is that these two sets of exponents
are identical. The central role that these exponents play war-
rants their measurement in laboratory experiments. We thus
offered some simple ways to measure the low order expo-
nentsb1 andb2 in realistic experiments. We presented an
estimate of the numerical values of these two exponents. The
calculation of these exponents from first principles is a dif-
ferent task that is outside the scope of this Letter.
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