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Anomalous scaling from controlled closure in a shell model of turbulence
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We present a model of hydrodynamic turbulence for which the program of computing the scaling
exponents from first principles can be developed in a controlled fashion. The model condists of
suitably coupled copies of the “Sabra” shell model of turbulence. The couplings are chosen to
include two components: random and deterministic, with a relative importance that is characterized
by a parameter called It is demonstrated, using numerical simulations of up to 25 copies and 28
shells that in theN—-co limit but for 0<<e<1 this model exhibits correlation functions whose
scaling exponents are anomalous. The theoretical calculation of the scaling exponents follows
verbatim the closure procedure suggested recently for the Navier—Stokes problem, with the
additional advantage that in tié— limit the parametek can be used to regularize the closure
procedure. The main result of this paper iEnéite and closed set of scale-invariant equations for the
2nd and 3rd order statistical objects of the theory. This set of equations takes into account terms up
to ordere* and neglects terms of ordef. Preliminary analysis of this set of equations indicates a
K41 normal scaling a¢=0, with a birth of anomalous exponents at larger values of agreement

with the numerical simulations. @000 American Institute of Physid&§1070-663100)00204-X]

I. INTRODUCTION covers the anomalous scaling of the original model whken

In this paper we present a calculation scheme aimed at L
evaluating the scaling exponents that characterize correlatiofn
functions of turbulent fields. For the sake of clarity we con- am
sider shell models of turbulence rather than analyze th
Navier—Stokes equations. However we stress from the sta

that in principle all the steps provided here can be repeated in" "~ 6
the context of Navier—Stokes turbulence. O(€™), whereas the neglected terms areQxfe®). We can

Shell models as well as Navier—Stokes turbulence posgnprove thee closure s_cheme systen;atically by including
an infinite hierarchy of dynamical equations for therder  €rmMs ofO(e”), neglecting terms 0D(€”), etc.

correlation functions. This hierarchy limear in the correla- A way to achieve this small parameter is to couple
tion functions, and in the limit of infinite Reynolds number is COPi€s of the same turbulent system, be it a shell model or

also homogeneous. It was recently discovéfatiat this hi-  the Navier—Stokes equations, and choose the coupling to
erarchy obeys a rescaling symmetry which stems from th&ave both a deterministic and a random contributions, with
rescaling symmetry of the Euler equatibihis rescaling relative amplitudese and y1—e°. For e=1 we loose the
symmetry foliates the space of solutions into slices of differ-coupling between the copies, and recover the initial anoma-
ent scaling exponents of the velocity; these are referred to lous problem for any value df. Fore=0 we will show that
ash-slices. On each-slice one finds “normal scaling” with ~thatin the limitN—c we get normal scaling. Thus for some
the given value oh. The full solution is a linear combination Vvalue ofe>0 and for large enough we expect to see the
of all the solutions on thé-slices with nonuniversal weights birth of anomalous scaling, hopefully in a perturbative fash-
which are determined by the forcing on the integral scale ofon. The existence of this transition is the main discovery of
turbulence. Different orders of the correlation functions arethis paper, and we study it analytically using #eontrolled
dominated by differenb-slices, and accordingly the full so- closure procedure, and by direct simulations of heopied
lution has anomalous scaling. The anomalous exponents areodel.
expected to be universal. In Sec. Il we review briefly the “Sabra” shell model of

In trying to evaluate the scaling exponents appearing ifurbulence, and introduce the copy space with the appropri-
this way from first principles, we proposetto truncate the ate coupling. We study the resulting model numerically in
hierarchy of equations, preserving the fundamental rescalingec. Ill. In Sec. IV we start the construction of the theory.
symmetry that gives rise to anomalous scaling. Truncation i§irst, we present the statistical objects and derive the hierar-
problematic; in turbulence there is no natural small paramehy of evolution equations that they satisfy, exposing in par-
eter, and therefore any closure of an infinite hierarchy idicular their scale invariance. In Sec. V we discuss the clo-
uncontrolled. It is therefore worthwhile to introduce a one-sure which preserves the scale-invariance, demonstrating
parameter family of models, characterized by a parametenow the smallness of is used to control consecutive closure
ee[0,1], which shows normal scaling whes=0 and re- steps. Sections VI and VIl are devoted to analysis of the

Following an idea in Ref. 1, we will construct such a
ily, and show that the transition from normal to anoma-
éous behavior occurs at some finite valueedt 0. We will

ee as a small parameter to regularize the closure proce-
ure; we will show that our closed equations are valid to
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resulting e-controlled closure, and the results are compared®. (N, e)-generalization of the Sabra model
in Sec. VIII with the numerical findings of Sec. lll. The

i the whole rather technical. and for th ke of th The standard available procedures to generalize dynami-
paper IS on the whole rather technical, and for tn€ sake o al systems tt copies involvereal variables’ In shell mod-
casual reader we summarize in some detail the points o

inciole in th lusi " hich i bered 9 Is in general, and in the Sabra model in particular, the am-
principie in the conclusion section which 1S numbered 9. plitudes u, are complex. Therefore we rewrite E@L),

following,? in terms of the real and imaginary partg,
=Reu,} andup=Im{u,}. Doing this we guarantee, after the

Il. THE (N, €)-SABRA MODEL WITH RANDOM generalization toN copies, that theN—1 limit coincides
COUPLINGS with the original model. The equations are
A. The Sabra model du/(t) . AR
The starting point is the Sabra shell model as introduced dt  LYan+1 n+1%n+2 " ¥n+1"n+2
in Ref. 6, , , , ,
+ ?’b,n(_un—lun+1+un—1un+l)
dus(t) . .
gt~ [aknraUnygUns o+ DRaUR_1Un g +Yen_1(Up_oUr_ Ul _oul )]
2.1 ’
—CKn— 1Un_2Un_1]— vK2Up+ fo(t). (1) —vkqup + (1), (10)
Hereu, refers to the amplitude associated with “wave vec-  duf(t) ., Y
tor” k., where the spacing in this reduced model is deter- 7 =L Yan+1(Unt1Ups2T UnyqUng o)
n p g dt
mined byk,=ko\"; \ is the spacing parameter,the “vis-
cosity,” f,(t) a random Gaussian force which is operating + Ypn(Up_1Up 1t Un_qUpn, g
on the lowest shells. The parametars, andc are restricted ., v
by the requirement + ¥en-1(—Un_aUn_3+Up_5Up_1)]
a+b+c=0, ) —vkhun+fh(t), (11)
which guarantees the conservation of the “energy” where
N
7a,nEaknv 7b,nEbkn1 Yc,nECkn- (12
E=2 |un(t)]%, 3) _ _ _
n=0 These equations can be written more compactly using the
in the inviscid, unforced limit. following matrices:
The equations of the Sabra model are invariant under the 1 0 0 -1
phase transformation Atl= ., ATl= ,
_ 0 1 1 0
Up— U, expl(i6,), (4) (13
. . -1 1
where the phaseg, are restricted by the set of equations C+1§( O) ClE(O )
o 1) 1 0/)°
On—1t 0n="0n11. )

which also may be written a#\;, , and C7, , with

o,0’,0"=*1. The first subscript-’ denotes ling+1 cor-

responds to the upper linesecond subscript” denotes col-
gumn (+1 corresponds to the left opeClearly,

Choosing#, and @, arbitrarily, 6, is determined for alih
>2. Evidently, the physical results of the model must be
independent of the choice of the phaggsand 0,. In par-
ticular, the only nonzero correlation functions are thos
which are independent of the phasgs The nonvanishing

second and third order correlators are N N (14)
Sa(kn) =(lup|?) (6) Denotingu,, —1=uj,,U, +1=Up we rewrite Eqs(10), (11) as
S3(kn) = Im(Up_1UnUp ). @ duy,

dt [Azr(,rr( Yan+1Un+1,0'Un+2,67
Note that Eq(1) respects additional phase symmetry,
* Yo,nUn—1,6'Un+ 1,0”)

U,—— u;‘ . (8)
One of the consequences of this symmetry is that +CorgrYen-1Un-24'Un-107]
unnflunU:Jrl):O, (9) _Vkﬁun,(r—i_fn,rr' (15)

explaining why we only need to consider the imaginary partAs usual, we adopt the convention that repeated dummy in-
in Eq. (7). The symmetries of this model were selected ex-dices(heres’ ando”) are summed upon.

plicitly in Ref. 6 to give rise to a small number of nonzero Next consideN copies of Eq.(15). The copies are in-
correlation functions, with the aim of simplifying the calcu- dexed byi, j, or |, and these indices take on valueg, ...,
lations presented in the later sections of this paper. +J,2J+1=N,N odd. Theith copy is denoted alsL"]U. Let
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DI be the coupling between copies, which will be chosenand checked numerically in this work, that when the number
later. Equationg15) for a collection of copies are written as N— o the statistical functions are self averaging, and the last

duti!

n,o

= ijl Lil [
dt —; plii ][AZ,U,,(ya,nﬂunﬂﬂ,un”ﬂ”

[i] (1]
+ Yb,nunfl,a"un+ l,cr”)

i |
+ CU/U//’YC,n*luE]JJZ,o"uEII1,0'”]

(o8

—wk2ubd + 11

(16)

To proceed we note that the indebs defined moduld\, and
introduce a Fourier transform in the “copy” space,

J .
1 2imal
a [n
ud =— utd ex

n,o \/N IZE—.] n,o F{ N
Note that the indexy is also defined modulbl=2J+1. It is
convenient to consider values within “the first Brillouin
zone,” i.e., from —J to J. We will refer to it as the
a-momentum. Sincel! is real,

17

Up o= (Ug )" =up’. (18
In “ a-Fourier space” Eqs(16) read
du—ﬁ"’=§} DUBIA, 5 A +A ]
dt ot a,B+y a+N,B+y a,B+y+N

X{Agrgrr[7a,n+1uf+1,grug+2,grr
+ ’}/banu’g—l,a’ur?ll-f—l,o”]
+Cg’a"’ycyn*1u£—2,o’ur}1,—1,o”}
—vkluy + 12, 19

where A, ; is the Kronecker symbolA, ,=1 and A, 4

average is unneeded.
The couplings satisfy the following symmetries:

q;ayBﬂ:qfan/yB, (qfayﬁvy)*:qf*aﬁﬁﬁﬁ
P aBy=Ap-rBa (21)

The first of these conditions stems from the identity of cop-
ies, leading to the invariance of the equations of motion to an
interchange of copies in the nonlinear term. The second one
is the reality conditions, the third imposes energy conserva-
tion in the inviscid, unforced limit. The requirement

VaBY=1 if aBy=0 (22)

guarantees that fak=1 we recapture the original model at
any e. Note that fore=0 we have the so-called “Random
Coupling Model” proposed in the context of the Navier—
Stokes statistics by Kraichnan in Ref. 7. It was understdod
that in the limitN— the direct interaction approximation
(DIA) becomes exact. After proper elimination of the sweep-
ing effect[in the framework on the Lagrangian-history DIA
(Ref. 10 or by means of the Belinicher—L'vov approath
the Kolmogorov 1941K41) scaling appears as an exact so-
lution of the Random Coupling Model. The same is true for
the shell modefs® in which the sweeping effect is absent by
construction. Fore=1 the coupling coefficients in the
a-Fourier space(20) are index-independent. This corre-
sponds to uncoupling E16) in the copy space, because in
this caseD[1= 5, ;5, | . Thus fore=1 we recover the origi-
nal Sabra model with anomalous scalfhg/e see that with
the choice of the coupling®0) the model interpolates con-
tinuously between the “Random Coupling Model” far
=0 whose scaling is normal K4t N—«) and the Sabra
model with anomalous scaling fer= 1. A model of this type
was proposed in the context of the Navier—Stokes statistics

,:O for a# 8. ?bseFrve ',[hat we use %rﬁek Il’.ldle'eS f?r denOt'by Kraichnan in Ref. 1. The consequences for the perturba-
Ing component i-ourier space, and Lalin INdICES 10r Cop- 4, /o theory in the largé\ and smalle limits were considered

ies in the copy space. As a consequence of the discrete tra

lation symmetry of the copy indek] Egs. (19) conserve

a-momentum moduldN at the nonlinear vertex, as one can
see explicitly in the above equation. The coupling amplitude
®«P7 in these equations are the Fourier transforms of the

"W Eyink?

éll. NUMERICAL INVESTIGATIONS

We are interested in the—co limit of Egs. (19) as a

coupling amplitudeD!'!. Our choice of these amplitudes function of . As we discussed above, fer=0 we have the

will be presented in the next subsection.
C. Choice of coupling

We choose the coupling amplitudes according to

1
(DQ,B,’Y:\/_N[6+ /1_62\Ir0’,ﬁ,’}/]’ (20)

random coupling model with normal K41 scaling in the limit
N—o, while for e=1 the copies become uncoupled and
with a proper definition of the structure functions all the
scaling exponents,, are the same as the scaliRgexponent
of the original Sabra model. We thus expect that for inter-
mediate values of we may find values of,, that interpolate
between K41 and the Sabra value.

This is actually what was found. We measured the scal-

whereW *#7 are quenched random phases chosen with uniing exponent{, of the second order structure function
form distribution of the phase, independently distributedS,(k,)=F,(k,;0),F.(k,;t) being defined by Eq33). The
with zero average. The meaning of quenched randomness @xponent{, have been calculated either with a linear fit in
the context of a direct numerical simulation is that we runthe two decade inertial range, from=4 to n=19 (see Fig.

Eqg. (19 with a given random choice ob, obtain results
averaged over the randomness of the fordingnd then re-

run with a fresh random choice d@b. Only at the end we

1) or by using the fitting procedure on the all structure func-
tion introduced in Ref. 6. The results are the same although
there is a difference in the estimate of the error bars. The

average the statistical objects over the runs. It is beli@vederror bars in Fig. 2 are the ones obtained for the linear fit. In
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FIG. 1. Structure functions Ig(S,(k,)) vs k, in the log—log plot for
p=2, 3, 4,¢=0.8 andN=25.

Fig. 2 one can see the plot of the value of the anomalou
corrections to Kolmogorov scaling{,=¢,—2/3, as a func-
tion of 1IN for €=0.8 together with the same curve fer
=0 and fore=1 for N ranging from 5 to 25.

The equations of motiol9) with a=1, b=c=—-0.5,

L'vov et al.

In Fig. 2 it is clear then, while in the case fer=0 the
corrections to Kolmogorov scaling goes to zero, as was al-
ready checked for the equivalent spherical mddedr e
=0.8 and fore=1 the corrections converge to a finite value
which increases witle.

IV. THE EQUATIONS OF MOTION OF THE
STATISTICAL OBJECTS

A. Multitime correlation functions: Definitions and
symmetries

The nonzero second and third order multitime correla-
tion functions of the collective variables are defined as

F3 oo (Knit=t) A, o =(up (Duy %(t)), (23)

Fooar or(Kns b U[A g ar art Agiar arin

St Aurarnae ]=(Un g (DU (UL ().
(24)

The conservation of the-momentum which was discussed
above causes the second order correlation function to be di-

were integrated with the slaved Adams—Bashforth algorithmggonal ina, o', and puts a constrairt+ a’ = «” modN on

viscosity v=4x10°, a time-stepAt=10"°. The forcing

the third order correlation. In Eq23) we wrote explicitly

was subjected on the first two shells, chosen random Gausgat in stationary conditions, depends on the time differ-

ian with zero average and with variances such thato;
=0.7 (in order to minimize the input of helicify. Averages

encet—t’ only; it is clear also thaF; depends on two time
differences, say—t’ andt—t". There are a few nonzero

were taken for a time equal to 250 eddy turnover times foourth order correlation functions, we present here a natural

the caséN= 1. The averaging times were decreased when th

number of copies increased, taking into account the faster

convergence times in these cases.

The random couplings were chosen with a zero-mean, N N
uniform probability for the random phase at the beginning of E(Unll,(,l(tl)un;(,z(tz)u

Beneral definition,

ay,ap,a3,04

4;0-1’,)-2’(,3’04(knl!kn2!kn3!kn4;tl 1t2 !t3 lt4)Aal+a2,a3+a4

agx
N3,03

agx

(t3)un4104(t4)>. (29

each simulations. Rigorously one should have taken averages

over different runs with different couplings but we checked
that self-averaging is already valid fif=5, at least fore
=0.8 (very small random component in the couplingsd
within our numerical precision. Far=0 self-averaging oc-
curs for large numbers of copies.

0.08 T T T

0.06

0.04

8¢,

0.02

0.00

-0.02
0.02

0.12 0.17

1N

0.07 0.22

FIG. 2. 8{,={,—2/3 vs 1N for e=0.8 (diamond$ ande=0 (circles for N
from 5 to 25.

As we see the correlation functios, defined by Egs.
(23)—(25) depend on the indices ando. This dependence is
determined by symmetry considerations. The original Sabra
model (1) is invariant under the transformatio®). This
leads to the following symmetry of thN, e-Sabra model
(16):

u

a

no (26)
Consequently, all the correlation functions must be invariant
under this transformation. Fdf, it meansF;.; (k,;t)

—oup _q.

:aa’Fg;'j"U,(kn :t) and thusoo’ =1, i.e. diagonality inc,
a’,
Fg;a-’g-f(kn;t):A(r(r’Fg,o-(kn;t)- (27)

The nonzero components of thg tensor are those for which
the producto o’ 0" =1, namely,

ron ron
a,a’ o

3111, F3if-1 (28)
The nonzero components 6f, (25 are those in which the
producto,o,030,=1. The corresponding list is obvious.

The symmetry of the Sabra model under the phase trans-
formation (4,5 is more restrictive. For théN, ¢)-Sabra
model it leads to an invariance under the transformation,

ron
a,a’

3;-11-1»

ron
a,a’

F F F3;*l,*1,l'
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ue _ cosf,, —sinf,|[u®_ 1 o o
v T | (29 Fa(knity,to,t3,t) =% > Al A
Ug 1] |sing,, cosb, |[Un i1 N® &3 ol 7273 4%
when 6,+ 6,.1=6,.,. The consequence of this fét, is XF?;’@%@,%%
rather simple; the only invariant combination of the second _
order correlation function is the trace X (Kn+1,Kn K1 knitz s s, t).
(35)
Fo(k, )= >, F2o(Knit). (300  There are few other invariant combinations of the fourth or-
o=t der group(25), but only the combination35) appears in the

Actually we can make an even stronger statement; the actiofynamics.

of the random force on the first two shells results in the ~ Note that the noIrzngI|zat|0n constars * in the defini-
randomization of the phase#, and 6,. Since the other 1oNS(33),(34)andN"“in (35) are chosen such theg, Fs,
phases are determined, they are also random, and satighdF4 are ofO (1). Moreover, note that although the triple
(co 6,)=(sir? 6,)=1/2. ThereforeF%_(k,:t) = 2F%(ky:t). cor_relators(24)_ are complex functions the mvarlant_ combl-_
Moreover, the functiorF %(ky :t) is a-independent, r_latlon F3 (34) is real as a consequence of the re_a_lllty condi-
tion for u® and of the sums ovew and 8. In addition, all
g (Knit)=3F (ko). (31  these definitions of correlation functions coincide with the
' original correlations of the Sabra model whidr-1.
This is equivalent to the statement that the correlation func-

tions are diagonal in the copy space, B. Hierarchical equations

(] 0177 We now present the hierarchy of evolution equations for
(UnoUng )AL (32 correlation functions up to the equation fBg, which con-
tainsF, on its right-hand side. We will close the hierarchy
by expressing~, in terms of lower order objects, showing
that what we neglect is of higher order én

With the definitions given above, in the inviscid un-
forced limit (i.e., in the bulk of the inertial rangehe evolu-
tion equations derived in Appendix Al take the form,

To see this note that the deterministic part of coupling in Eq
(16) is diagonal in the copy space, i.e.¢A; ;A; . The “in-
tercopy” part of coupling(which is «1—€?) is random
(being a Fourier sum of the random phade%#7). There-
fore every realization of’s implies different phase relation-
ships between the variablezﬂy]g with different values ofl.
Therefore, the only second-order correlation functions that? _ _ _
survive the?’-ensemble averaging are those that are diagoneﬂfFZ(kn D= van+1F3(Knr 13060+ v5 nFa(kn 1,00)
inl,l".
Finally, we conclude that among the gro(®8) of sec- +%en-1Fs(kn-1;1,1,0), (36)

ond order correlation functions there exists only one object,a
Fz(kn;.t), which is invariant gnder all the symmetr_y trans- a_F3(k” 11,t,t3)
formations of the model and is independent of the indexes “*1
ando. In terms of(23) it may be written as = YanFa(Kn Kns 1.Kn Kng 1ttt ts)

+ Yon-1Fa(Kn—2,Kn Ky Knp1its by, to,t3)

1
Fatknit) =1 2 50 o(Knit). (33)
“e + Yen—2Fa(Kn—3,.Kn_2,Kn Knp 13ty Uy, t,t3), - (37)

In a similar but much more involved manner one may find g
the unique invariant object among the gro(®# of third @Fa(kn-tlytz,ts)
order correlation functions,
:7a,n+lF4(knflakn+lakn+21kn+1;t11t21t21t3)

1 g
F3(kn;t:t’vt"):ﬁ > > Drhep, + YpnFa(Kn—1,Kn-1,Kn+1,Kns1:t1,t2,15,t3)

aBY g0 0"
+ ¥en—1Fa(Kn-1,Kn-2Kn-1,Knt 131,12, 1, t3),
X[Aa,ﬁ+y+Aa+N,,B+7+Aa|lB+y+N] en " " 3 A

Jd

XEGEY, (Kot 1), (34) IgF3(1<n,t1,t2,t3)
The easiest way to derive this expression is to compute a
time derivative of the invariant obje&, (33) as is done in
Appendix A1. The only objects which may appear in the + ¥o.n+1Fa(Kn-1,Kn K Kni2its to,t3,t3)
result are invariant combinations of the third order correla- n Fa(k Ko Ko Ko 1ty it ta )
tion functions and this is exactly the combinati@4). Com- Yen4l%n-1,8n+%n En-1,5102:18, 8-
puting a time derivative of; (34) we find the following This set of equations exhibits terms on the right-hand
invariant combination of the fourth order gro(ps), side coming from nonlinear contributions only. The linear

=Yan+2Fa(Kn-1,Kn Kni 2, Kny3ity,t0,t3,13)

Downloaded 23 Dec 2002 to 132.77.4.43. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



808 Phys. Fluids, Vol. 12, No. 4, April 2000 L'vov et al.

. Vertices:

o

a. Correlation functions: FIG. 3. The diagrammatic notation of
) z . the basic objects(a) The correlation

F, = amanwn F, = » F, = functions F,. (b) The bare Green's
3 function (thin line) and the dressed

Green'’s functions, ,,. A circle con-

A
A >
A w
A0

. ir ir it ir ir nectingn wavy lines stands for anth
b. Greens’ functions: b ={D, .D,.D,, Dos } order correlation function, and a circle
a0 ’ " ’ with n wavy lines andm straight lines
Ay = W, 1 2 2 = )= = ! stands for a Green’s function with
1 = { s B ’
. G2 =W‘C< - 4, = M"{i ’ )t( :t[l ):t velocities andm forcing. (c) The third
4, = W ’ 3 3 fr TTTTTTeRTeoesmssenosescsssssecscees order verticesy, and A,B,C irreduc-
i ir ir ible contributions of the fourth and

Ir_ ir ir ir
2 2 DS-n,n =1 D4'1 ’ D3’2 D, By, Dy } fifth order verticesD}j_,, , andDs_,
g ! g 1 3 g _! 3 denoted as empty squares and penta-
b2 » My = * Ya = j’\% - {I}’ ):}r )év § ):% gons. Double line tails stands either
4 4 4 ’ ’ ’ ’ } for a straight or wavy tail.

dissipative terms are negligible in the limit—0; there is R(h,p)k,=k,/p, R(h,p)t=p*~ "N,
nothing in the dissipative terms that compensates the vanish- h
ing of the viscosity. In addition, the terms coming from the R(h,p)Un=p Uy,
forcing appear explicitly only in the equations for the corre-whereR is the rescaling operator. Correspondingly the hier-
lations calculated irk; andk,, the forced shells. They van- archical equations for the correlation functions and the
ish in the inertial range. Green’s functions display invariance under the same rescal-
The structure of the hierarchical Eq86)—(37) and of  ing groupR(h,p) when the statistical objects transform as
various future equations becomes transparent if we adopt fallows:
graphical representation. The symbols used in the graphical _ nh  (n—-1h-3
representation are those introduced in the context of renor- R(h.p)Fa=p"Fn, R(N.p)Gna=p" "Gy,
malized perturbation theoR” see Fig. 3. It is important to R(h,p)G1o=p "OG,,.... (39
stress however that the present approach is not perturbative, Explicitly,
and _does not generate any infinite series of diagrams. Acﬁbject reads
cordingly the present theory does not suffer from the usual
perturbative problems of unknown convergence properties oR(h:p)Fn(Km Km  Kpyr it 87, 87,00)
infinite series. Ko Ker Koo
The hierarchical Eqs(36)—(37) are exhibited in Fig. =F,| —, = Nt pt e L)L (40)
4(a). The consistent closure procedusee below requires pop P
the introduction of response functions and their equations ofhe simple fact that the hierarchical equations knear
motion. The equations for all the response functions up tequations has a crucial consequence for the theory; by direct
four-point objects are presented analytically in Appendix A 3substitution one can check that the rescaling symmetry is
and graphically in Figs. @) and 4c). wider than (39) and includes an additional-independent
function of h- Z(h), which at present seems arbitrary,

R(th)Fn:PnrHZ(h)Fn’

(38

the application ofR(h,p) to any statistical

C. Scaling invariance and h-slices
The Sabra andN, €)-Sabra equationdl) and(16) in the

ARRSPMAY N . R(h,p)G,=p " VN3t 2G| 41
unforced, inviscid limit are invariant under the following (h.p)Gn1=p nl (41)
two-parameter rescaling grodp(h, p), R(h,p)Gy=p M*OTZNG, , .
a. Equations for correlators 7, ,: b. Equations for Greens’ functions G, : c. Equations for Green’s functions ¢, , ,:
1
3% AN a ! 2 1 2

o4 MN— = + WYWN—38(y) ,

2
= = 1
2
2

! W
; ,
2 8 1 2 i 2 g 1 2
1 1 1 1 1
B% 1 m - |l 75 «/\A(é == % i = - A{XXC(
3 2 3 3 3 3 3

FIG. 4. The symbolic representation of the first evolution equations in the hierarchy for correlation and Green’s functions. The graphicalametations
presented in Fig. 3.
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Note that in principle the rescaling group for the hierarchieamultifractal model follows naturally from the equations of
of the correlation and Green'’s function could be defined usmotion for the fully unfused multitime correlation functions.
ing two different functionsz,(h) and Z,(h). However, the We introduce the following dimensionless objects:
existence of an inhomogeneous term proportional to the bare
Green'’s functiorffirst line in Fig. 4b)] results in the identity Eon(lrendi{7h)=
of Z(h) in the two hierarchies. This point is explained in n i
detall in Ref. 5.

It is tempting to offer a physical explanation of the iden-
tity of the of Z(h). In some way it must be connected with _
the scaling exponent of the probability distribution function |€SSk- andt-arguments< and  are defined as

nh+ 2(h)

Fn,h({km};{t})- (45)

Ug

_m
Ko
wherek,, is the geometric mean of thik,}, vectors in-
volved in the correlation functiorky, ,Kp,,.... Dimension-

of subset of velocity configurations with a givénIn other K
words, if the probability to find in a turbulent ensemble a K =N = 4 (46)
solution{u,} of the unforced equations in the inviscid limit Y J t(m;,h)

which is P,,({u,}), then the probability to find a rescaled i L
solution R(h,p){u,} is pZ®P(R(h,p){u,}). It should be wheret(m,h) is a characteristic time on tha-shell for the

stressed however that the issue of the rescaling properties BfS!iC€ iS

the ergodic measure of our model is far from being ex- K\ 27"
hausted by this comment, and a lot of further research is t(mh)=;—— k_) - (47)
needed to solidify and interpret it further. We leave this in- ) 0T T o
teresting issue for future research. Finally the integral(44) is written as

We reiterate that at this point and h are free param- T L)
eters, andZ(h) is ann-independent arbitrary function ¢f Fn({k},{t}):ugf du(h) __0} T:n,h({K},{T})-
We will see later that this freedom is restricted by the equa- K
tions; althoughp remains arbitraryh belongs to a natural (48)
interval, and the freedom di(h) is removed by a solvability ¢ js easy to recognize that this formula is a naturablti-
condition for the hierarchy of equations. time, multipoind generalization of the multifractal represen-

As stressed. beforethe exister_me of the rescaling group tation of structure functions i£(h)=3—D(h), whereD(h)
R(h,p) for the linear set of equations suggests the existencg; ihe fractal dimension of the set of points that support an
of particular solutions that are characterizedtbyin other 5 qer exponenth®. The function Z(h) is related to the

words, we consider solutions denotedmag, andG,n.n that  gcajing exponents of the structure functidgnsiia the saddle
solve equations oan h-slice for example, point requirement

J =min[nh+ Z(h)]. 49
EFZ;h(knatLtZ):7a,n+lF3;h(kn+1;tzatlytl) n h [ (W] 49
This identification stems from the fact that the integral in

(48) is computed in the limit Ko/k,,) — via the steepest
+Yen-1Fan(kn-1it1,t1,t2), (42 decent method. Neglecting logarithmic corrections one finds

+ Yo.nF3:n(Kn ity to,tg)

where the rescaling property ofperticular solutionF,, ,, is that F o< (Ko /Kpm) n.

R(h,p)Fqp=p"" #OVF (K ity, o t). (43 V. Z.COVARIANT CONTROLLED CLOSURE
ThegeneralsolutionF,, of the hierarchical equations that we In Ref. 5 we introduce a closure scheme that exploits the
are interested in is naturally obtained as the weighted inter'escaling symmetry of the hierarchy of equationfeslices.
gral, This closure turns out to be somewhat different from tradi-

tional closures. Since the first attempts in the 1940s it has

Fn({km},{t})=f du(h)Fo n({kmb{t}), (44)  been customary to close the set of equations in the most

natural way, that is by expressing high order correlation
where{k,} =Kn, Ky ,... and{t}=t’,t",... are thesets of functions in terms of lower order ones. Generally such pro-

k- andt- arguments of correlation functiors,. The weight  cedures do not preserve the fundamental rescaling symmetry
du(h)/dh may be, in principle, found from the boundary (38). For example, if one tries to estimafg asF2, it would
conditions, by matching the general solution in the inertialrequire Z(h)=0. We propose that attempts to close the hi-
interval with the nonuniversal part &, in the energy con- erarchy without respecting the rescaling symmetwith

taining interval. Z(h)#0) necessarily lead to fundamental mistakes of this
The representatio®4) follows rigorously from the res- type, ruining the possibility of finding anomalous exponents.
caling symmetry of the problem and the linearity of the hi- The minimal requirements for an acceptable closure

erarchical equations. It offers a very useful connection to theshould be that realizability conditions are guaranteed; we
multifractal model for anomalous scaling in turbulence thatcannot have negative PDFs and negative energy spectra. In
was introduced phenomenologically for simultaneous fullyaddition, we want to preserve the Galilean and rescaling
fused objects in Ref. 12. In Ref. 5 it was realized that thesymmetries of the original equations. We therefore propose a
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closure scheme in which both these requirements are ful- ] .

. . e . One triplex approximation :
filled. Realizability is guaranteed because in our model we

have small parameters, i.e.NLlAnd e that are used to control A

the closure, making the neglected terms vanishingly small 3% = m""""’"
compared with those retained in the limitNE~0 and e | B

—0. The second requirement is met by expressing higher + —2%"‘” ,
order correlatior(fourth order quantities in the lowest order

closurg in term of lower order ones in such a way that the P ¢ = m
rescaling symmetry41) in an h-slice is preserved. In par- o B

ticular all our closure steps a&(h) covariant, in the sense D Eq Ep
that all the terms in the resulting equations have the same + & . + )
Z(h) dependence. As a consequence the equations are neu-

tral to power counting, an&(h) is computed fromcoeffi-

cientsrather than powers. In fac(h) is found from solv-
ability conditions as is demonstrated below. FIG. 5. The hierarchy of equations dslice after the level-4 closure. For

Th d d | din th t of thi . the beginning we did not consider here contribution8efind C-triplices.

€ procedure developed In the .res 0 IS PAPEr IS &5 allows us to reduce a system of four equations to the system of just two
closure at the level oF,.,. We are going to represeft,., equations forF,,, (two top line$ and for A-triplex (two bottom line.
in terms of the lower order quantities, the two point quanti-Equation forA-triplex follows for equation in Fig. 8 after disregarding the
ties Foun and Gyiin, and the three point quantitid‘_sg.h, empty’squarg term and multiplying the result on the right by two inverse

; = . ; Green’s functions.

Gi2n, and G, 4. There is a part oF ., that cannotbe
represented in terms of these lower order quantities, but we
will show that this part is of lower order i, in fact of
O( €%, whereas the retained terms areQffe*). In order to
show this explicitly we will have to consider the closure at
the level ofFs.,, representing s, in terms of all the lower ~A. Definition of the triplex objects  Ta.p, Tg:n. Tcn

order two-point, three-point, and four-point objects. As a preparatory step for the closure procedure we intro-
In representing higher order quantities in terms of lowerqyce three types of triplicegs-triplex Tan, Btriplex Tg.p,

order ones there are many different combinations of low orand C-triplex Ten. Triplices are functions of threk- and

der quantities which appear in any given higher order one. Inhreet-arguments, sak, k', k” andt, t’, t”. As any three
fact all the topologically possible combinations are allowed.point objects of the Sabra-shell model they differ from zero
To facilitate the analysis it is natural to represent these bynly for three consecutive shell numbers, say 1, m and
diagrams. In making three point objects from two point onesm+ 1. The C-triplex is invariant under all permutations of
there appear three different ways of combining the two poinpoints, therefore it is enough to mention only one of the
objects. These are represented by “vertices” which are dek-arguments, corresponding, for example to the middle shell
noted below as\,, B,, andC,,. In perturbation theories Km- SO, we haveTc n=Tc n(kp;t,t’,t"). The convention
such vertices are commonly represented in terms of infinit§€re is that the first time argumejrctorr_esponds to the small-
series. In our approactas in a fully resumed diagrammatic est shellm—1, the second’ to the middle shelm and the

Y i o
theory) these vertices are solved for exactly in terms of theIaStt to them-+1-shell. The same convention is chosen for

three-point objects on amslice. It turns out, once the theory the A-andB-triplices, the only difference is that these two are

_ . . . invariant only under permutation of two points, the third one
is written down, that these vertices appear always in th?s special. Therefore we have three differeAt and
same combinations with the two-point Green’s funCtionsB-triplices (and oneC-triplex) denoted as
G,1,h Which never appears alone. We thus work in terms of D) D) ) 1

+ - . +

three newly defined objects that we call “triplices.” The Tan” Tan s Tan:  Tein ,ng?hl),T(B%: Ten. (50

A-triplex is the vertexA, linked to G, 14, theB-triplex is the The superscript-+1) means here that tHeargument of the
vertex By, linked to two G, ;4's, and theC-triplex is the special shell i, ;, (—1) corresponds té,,_;, and(0)-to
vertex Cy, linked to threeGy ,;,'s. We reiterate that at o These objects are defined in terms of the following
point do we need to sum infinite series. seven three point functior{svith the same convention con-

At the end of our procedure we will pose equations ofcerning the arguments, see their definitiés4)—(A7)]:
motion for theF,., and the three triplices, which are closed

upon themselves and are valid @(e*). A simplified ver- G(1+21h) G(lzlr? vG(l(,)%;h? G(2+11h) G(zllr? vG(z(,){;h? Fan-

sion which includes only ondé-triplex is shown in Fig. 5. (5)
This simplified set of equations is analyzed in the sequel, an@hreeA-triplices T, are defined in terms of the three cor-
we show that as a function &fit predicts a transition from responding(with the same superscripGreen’s functions
normal scaling to anomalous scaling. The reader who is ndB; >, Which describe the response of the velom"r,},(1 to
fascinated by the technical details can skip Sec. VI, and obiwo forcing factors on the shelis, andm; defined by Eq.
serve the appearance of solvability conditions in Sec. VIIl. (A7). In terms ofG, ,,, we have

VI. TECHNICAL DETAILS OF DERIVING THE
CLOSURE EQUATIONS
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a. Green’s functions g, : ¢. 3’rd order correlator:

Tan Tam
Gion = . ]:3-"= = +
FIG. 6. Exact representation of the

Green’s functionsG, 1, and G, (@

b. Green’s functions and b and correlation functiof ., in
Tan Toin EE :j Tan terms of the verteXA and the Green’s
+ + + functionsG, ;. In our approach these

serve as thedefinitions of triplices

21h ‘“‘“(j W/g TahTe:n:Ten, onanhslice viaF,.,

i andGy 15 ,Gy2pn,Fain-
Tan Teen
+ .

glJerh(km 1t1 )t2 lt3)

G(logh(km’tlvtb 3)-[ dtlj dty Ty h(km;ti:tz,té)

/ dtJdt T (keith 1t ,ts)
X Gy 1n(Kmo1;t1—ty) Jtl 1 2 mit1,1o,13

X Gy 1n(Kms1:tz—t3). (52 X Gy 1n(Km-1;t1—t1) Gy 1n(Kmito— 1), (53
Similar equations serve to define the tnphCEa,fs andT§ 2
simply by replacing on the left-hand side the approprlateGlzh(kmvtl ta,t3)= J; dtth dts T (Kmsto ot t3)
response functions and by the required changes of the time 2 ®
integration on the right-hand side, X Gy 1h(Kmito—tp)
X Gy 1n(Kms1:t3—t3). (54)

Now let us have a look in Fig.(B) at the representation
of the Green’s function§, ; in terms of the two triplices\,

a o @ 3{ }“45{ +15 {X} B, the correlation functionF, and the Green’s functions
G,1. This serves to define thB-triplex. The explicit ana-

lytic definition of TS}, triplex is
b. gaJ*:l@'::;{W } +2l{ } +7{x}
e Gy =AZC<= 3 {,\M,_‘W"_ } +9 { } +3 { }fl’(} Equation for G, ,:

o)
a 9’”}( + o
FIG. 7. Compact representation of the fourth-order statistical objects in
terms of triplices and irreducible fourth order verticemmpty squares +
Double lines denote either wavy or straight lines. Thus a short wavy and

short double line denote either pair correlatmng wavy line, when the
short double line denotes a wavy gree the Green'’s functiorgshort wavy
and short straight line, when the double line denotes a straight Qe

understands a long double line as consisting of two short double line. There- +
fore a long double line may denote three versions of two-point objects; the
two-point correlation function and two orientations of the Green’s functions.

The long double line is not allowed to be made of two short straight lines.
The different topologies are counted in these figures, for example) one

has three different Gaussian decompositions of, , 45 different contribu-  FIG. 8. Equation foiG, ,, . For simplicity we did not display here the terms
tions in terms of triplices, and 15 contributions in terms of four-point verti- with B-andC-triplices. Topologically they look like the exhibited terms with
ces. the A-triplex.
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G (K ty o, tg) = f dté[ fo dt3 TN (Kmity t 5 Fon(Kms 13 T3 = t3)G1an(Kmith—to)
2
+f0 dtiT,(AJ;rhl)(kn;ti:téatS)Gl,l,;h(km;té_tz)FZ;h(kmfl;Ti_tl)

+ fo dtyTeh(Knsty,th,t3)Gran(Km-1:th—to). (55)

Similar equations folfs.) and T4}, can be derived by usinG$ 3 andG} . Analogously, Fig. &) allows one to define

C triples,

Fs;h(kmvtlatzat3)=f;dtéfowdtéTth(km;tlitéaté)Fz;h(km§té_t2)F2;h(km+1yt§_t3)
; f:dt; j:dthf;L(km;ti,tg,té)Fz;h(km—l,ti_tl)Fz;h(ka:té_ts)
+fOWdtifowdtéch\Thl)(km;tixtévta)Fz;h(km—lati_tl)FZ;h(km'té_tZ)
+fomdtiT(BThD(km,ti,tz,t3)F2;h(km_1,ti—t1)+fowdténgO;L(kmytl,té1t3)F2;h(kmvté_t2)

+ fo dtéT(Boll,h(kmit1:tz1t§)F2;h(km+1,té_ts)‘ﬂ—c,h(km§t1at2't3)- (56)

B. Representation of the four-point functions C. Closure on the level of fourth order objects

This theory has four different fundamental four-point The simplest closure which may already predict anoma-
statistical objects; the correlation functidfy., and three lous scaling is very simple, and is obtained by neglecting the
nonlinear Green’'s functionsG;;(A9), G,(A10), and empty squares in all the equations of motion for two and
Gy 3. These objects are shown in FigiaBas circles with  three-point objects. Below we show that in this approxima-
four tails; four wavy tails forF,, three wavy, and one tion we account exactly for all terms up @(e*) and neglect
straight tail forG; 1, etc. As the three-point objects, also the terms of O(€®) and smaller. The resulting system of equa-
four-point objects can be represented as combination dions can be exactly reduced to a system of four evolution
lower order two and three-point objects, and in addition theyequations forF, ., and the three triplices. A simplified ver-
have a piece thatannotbe so represented. Consider Fig. 7. sion of these equations involving tietriplex only is shown
For every four-point statistical object we show the part ob-in Fig. 5.
tained from two-point objects, which is the Gaussian decom-
position, a part that is given in terms of two-point objectsD. Closure on the level of fifth order objects
and three-point vertices, and finally the part that calls for the . .
. : ; ) . In order to formulate this closure consider four sets of
introduction of four-point vertices which are represented byhierarchical equations:
empty squares and denoted By There are four different '

D-vertices, depending on the nature of the tails connectingl) The first set consists of three evolution equations for the
them. As in the case of the three-point vertices, the four-  correlation functions=,.,, F3.,, andF,.,. These equa-
point vertices that can be solved for in terms of the four-  tions contain on their right-hand sides.,, F4.,, and
point statistical objects. The figures offer a strong motivation  Fs., respectively.

for the graphic representation. Analytically the equation for(2) The second set consists of three equations for the

F4.n consist of 63 terms, equations f@r;;,, has 31 terms, Green'’s functionss; 14, G,14, andGg 14, having on
etc. The graphic notation is sufficient for all our future con-  their right-hand side th&; 1, G314, andGy 14 .
siderations. (3) The third set consists of two equations for the Green’s

In particular, by substituting these representations on the functionsG ,, and G, ,, in terms ofG; 1, and Gy 3y, -
right-hand side of the hierarchy of equation for the three{4) The fourth set has just one equation for the Green’s func-
point objects[Fig. 4(c) and bottom lines of Figs.(d) and tion Gy 3y, in terms of G, 44, .

4(b)] we get equations for the three-point objects in terms of
the two, three-point objects and four-point vertices. An ex-  The new objects that appear at this level are the four fifth
ample of such an equation is given in Fig. 8. order functionss.,,, G, 31, G321, @andGy 14 Which appear
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fourth order objects, showing that it is of lower orderdn

compared to the terms that are retained in the lihit .

1L A3 34 1 } - 1 3 First, recall that initially all our objects had “Fourier
# =6{ } space” indicesy, B, ,... and spinor indices, o', ¢”’,.... The

. . . a a,a’,a”
tensorial correlation functions=,. ., F3 . ., and

Feo'  are defined by Eqgs(23)—(25 and the tensorial

’
poeommeoem oo . 40,0',...
)

' Green’s functions of the second, third, and fourth order are
. %D,\/% . defined by Eqgs(A2)—(A5). Equations(33)—(35) introduce
| the scalar objects,, F3, andF, as sums over tensor indi-
S, : ces. For these objects we derived scalar equations and that
_ were represented diagrammatically. Of course, all the dia-
FIG. 9. Exact equation foDy,,, (empty squar grammatic equation@ncluding equations on ahslice) dis-
cussed so far may be understood also as equations for the
tensor objects with explicity, 8, y,... ando, o', ¢”,... indi-
in the right-hand side of the last equation in each of the fouices. In this case each equatitr diagram for the tensor
sets. Like the fourth-order objects they may be presented asabjectsincludes summations over dummy Fourier and spinor
sum of reducible and irreducible parts, the latter being reindices for all the intervening objectgyertices, triplices,
lated to a new set of fifth order vertices that can be repreetc), in the body of the diagrams. This calls for definitions of
sented graphically as empty pentagons. The reducible part tensorial triplices and fourth and fifth order vertices. In par-
a sum of all the topologically allowed contributions madeticular, each triplex is understood as a sum similaf34 of
from lower order objectsf,.,,Gy 14, three triplices and objects depending oa, g8's. For example,
four fourth order vertice®4_,, ,.n. The irreducible part of 1
the statistical objects is, by Qef|n|t|on, what is not rec_iumble. T(A?L(kn ity ty) = N > [AgprytAaingsy
The closure on the level of fifth-order objects is obtained by apBy
disregarding all the irreducible contributions in fifth-order
objects.
We are not going to study explicitly the equations ob- (57)

tained from the closure at the level of the fifth order objects,ynere the sums ow’s have already been performed. The
We use this level to justify the relative smallness of whatypiactsT4£.7 are obtained from tensorial equations identical
was neglected in the closure on the level of the fourth ordef, (52)—(56) but with the second and third order objects

objects. To this aim we derive now an exact equation for the,aying the appropriate Greek indices. Having done so it fol-
empty squares that does not contain any time derivative. Thig, o that T2 is of orderO(1/yN): this stems from the

i_s done as fqllows: ComputéF 4.,/ dt, using th.e representa- ¢, thath":ﬁ'y is of orderO(1/\N) andF%, andG2<, are
tlgn Of Fy;p via D_“*“v”ih gnd .second order objects, showp No1). In other words,T4:£” has the same order rﬁégnitude
Fig. 7. For the time derivatives of the second order object%nd the same tensorial structugs the three-point correla-

use the corresponding evolution equations involviagy, - . a.pB, - : :
tion functionF35:£”. Again, Eq.(57) can be inverted to give
and the third order Green’s functions. The latter in their turn 3h 9 a-(57) g

may be expressed exactly via third order vertidalack tri- TipAr=@ e BT} (58)
angles. On the qther hand we have the evolution equatlonwhereTﬁ)}1 is a functionO(1). Similar relationships may be
for 9F,.n/dt; which relates it toFs.,. Now Fs., can be : : o
: . ' Y written for the other triplices.

presented as a sum of reducible contributigmade from : g : .

. . . L Using this information we can discuss the order of mag-
lower order objectsand an irreducible part, which is pre- . . . o

. . nitude of the terms in the equation f@r, ,., exhibited in Fig.

sented via empty pentagons. Equating the formulas fo -

9F 41191, one gets after some tedious algebra an claear 8. AII_the following considerations apply similarly tp the
n: . : equations folF 3., andG, 1 . In fact the order of magnitude
equation for the fourth order vertices in terms of lower order . ' S o .
i .g: the different terms in the equations does depend only on

displayed in Fig. 9. The closure on the fifth level amounts tofuﬁctt(i)gr?slogy of the graphs and not on the kind of two-point

discarding the _empty pentagons, leading to a Iinear_inhomo- The equation in Fig. 8 has three types of contributions.
geneous equation for the empty squares. This equation servxla]sqe first one on the right-hand side has a “simple” loop

for the order of magnitude estimates presented in the ne)itmade of two lines representing second order objedise

section. next three terms have a loop made from three liffésan-
gular” loop) and the last term has a fourth order vertex, an
VIl. ORDERS OF MAGNITUDE empty square. _
The term with the simple loop has two sums over Greek
In this section we explain how the small parameter indices, each having a product of two complex conjudeaite
controls the sequential steps in the closure procedure in thighree factorsb’s coming from the three vertices and one
(N, e)-model. In particular, we address the empty square ircoming from the definition oG, ,,). Accordingly this term
Fig. 8 that is being discarded in the closure on the level ofs of the order of unity, as the left-hand side. In the triangular

+ Aa,ﬁ+ 7+N]T;(A(?)haﬁ’7(kn .t]_ !t2 1t3)!
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loops we also have two sums on Greek indices of four facthe w-representation in full. For the scale invariant functions
tors of @. In this case the term will be multiplied by the (B18) these equations may be written as follows:
following factor:

—[1Q+51(Q)1F20(2) =By(Q), (60)
%;3:5 PatBaBgpada=sgB 8B+ ipa-s.ath -5 ,u[iQ++Tr*(Q+)]7§§hl)(Q, Qo)
1 = [DPQ- Q9 +ETH(@Q Q)] (61)
R g, (iRl 190+ Ty ( Qo) TTHQ Q)
X (e+\1— W00 0)(e+ 1— WP 2+ =D ,0)+EYQ_,0.)], (62)
X(e+\1— W 2atBmhmo) B9 _[i0 +30Q )T N(0Q0,0.)
The four factors¥ do not appear as couples of complex :64[13#1_1)(90’;%”31_1)(90:Q+)]- (63)

conjugates. As a result, after averaging over the randomness
and sendingN— < all the terms that present a random phaseHere 7, ., is a dimensionless second order correlation func-

in (59) will go to zero and only the factoe will survive.  tions, 7)), are dimensionless triplices. The term with the

The COﬂClUSIOn, which is of fundamental |mp0rtance for themass Operato'ﬁ- origina’[es from the diagram in the equa-

solution of our model, is thaerms with triangular loops are 7 ; ; ; (1)

smaller than terms with a simple loop by a factor ofe®). tlon foNr ﬂ:z;h arlo(ll)from diagram Cin. equat|0n§ f.@vﬁ;h' The
terms&) and D\, with a factore* in front, originate from

This is the_ﬂr_st pl_ace that appears as an _|mportant param- the triangle diagrams D and E in Fig. 8. Analytical forms of
eter that distinguishes the order of magnitude of competlngghese functions are given in Appendix B

terms. We reiterate that usually, without the introduction of
¢, all the diagrams that one obtains in the context of turbulent
statistics are of the same order. VIIl. PRELIMINARY ANALYSIS OF THE SOLVABILITY

The second important role of the small parametesto  CONDITIONS
make the last term with an empty square even smaller than ) ) ) o
the terms just analyzed. We show that it is of the ordesof Equations(60)—(63), which are exact in the limi¢—0,
In order to see this, consider the equation for the emptf"® nonﬂnear integral equations for~one function of one fre-
squares exhibited in Fig. 9. The irreducible partfaf, is  duency F,;x(Q) and three functiong}), (for 1=0 and|
related here to the empty pentagon. At this point we discard® =1) of two frequencies. A complete analysis of these
the empty pentagon without much ado, and find the order ofquations is very difficult and beyond of the scope of this
magnitude of the empty square. Of course, this step shoulBaper. In this section we will only demonstrate how the solv-
be Just|f|ed by estimaﬁng next the order of the empty pentaablllty conditions of these equations may determine the func-
gon, which can be done by going to the closure on the levelion Z(h). For the purpose of this demonstration it is suffi-
of sixth order object§with the result that the term with the Cient to restrict ourselves to theofie-triplex reductiof of
empty pentagon is smaller than the other terms in this equdzgs.(60)—(63). Considering only the two equations 6%,
tions by a factor ofO(€?). This term is ofO(€%)]. and7 ), , we substitute on the right-hand side of these equa-
_ After discarding the e_mpty pentqgon we have an equaﬂons?ﬂ instead Oﬁﬁfhl),
tion for the empty square in terms of itself and of lower order ' ~ v
objects. This equation corresponds to the top line in Fig. 9—[1Q+0,(Q)]F5.0(Q)=By(), (64
On the right-hand side we have objects with four vertices in _ =(0)
one loop. Accordingly they are @(e*). The left-hand side [ Qo+t Tn(Q)]T an(2-,04)
has an operator that acts on our empty square. The operator 4 ~o ~(0
contains unity, and is therefore estimated to be ofGi{é). -€ M‘ @ ’Q+)+D§‘ (@01 (65)
This is in fact a dangerous point. We are not guarangeed Clearly, neglecting the difference between triplices with dif-
priori that the empty square is not a zero mode of this opferent | is an uncontrolled step which cgund will) be im-
erator. We are going to make an assumption that this is ngtroved in future work.
the case. This assumption cannot be justified before the end Given a set of integral equatioiig4), (65) it is custom-
of the calculation. In principle, one needs to proceed undeary to expand the unknown functions in an appropriate com-
this assumption, compute explicitly the second and third orplete set of functions, and to project the resulting expanded
der objects, and justify the assumptiarposterioriby a di-  form on each function in the set separately. In this way one
rect substitution and calculation. generates a countable set of algebraic equations. The least

Making this assumption we conclude that the term in-automatic step in this procedure is the choice of the complete
cluding the empty square in Fig. 8 is 6f(®) and it can be set of functions. By choosing the low order functions in the
neglected with impunity. This leaves us with the equationbasis set to represent in some sense the properties of the
represented in Fig. 5. Previously we were satisfied with thisxpected solutions, one can hope that a truncated set may
graphic representation but now we need to discuss its anaerve as well. It is of course also very helpful if the used set
lytic form. In Appendix B we display the algebraic form in of functions is simple enough to allow as much analytic in-
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tegration as possible. To find a good compromise between

these requirements we suggest to use a set of functions,
dr'l

()= ay Oty

fo(Q2)= atiy’ (66)

Anomalous scaling from controlled closure in . . . 815

Equation (69) has exactly the same factofiQ)
+T,(Q)] in its left-hand side as Ed64) for 7,.,(€),
—[1Q+T(Q)]Fn(Q)=By(Q). (73

This allows the elimination of the nonhomogeneous terms

which correspond iri-representation to the set of Laguerre =, multiplying Eq. (73 by 7,(Q2) and Eq. (69 by

functions, exp{y),.. With these functions

"exp(=n)....

Fon(Q) and taking their difference,

one may compute analytically all the needed integrals and

they have a reasonable asymptotic behavior for large
The explicit solution of Eqs(64), (65) is not a trivial
task and considerable amount of work will be called for in

the future to find and to analyze it. In this paper we procee

T By(Q) = €*Fo n( D[ Dn(Q) +E(Q)]. (74)

_Recall that accordingB24) B, is a form linear in the trip-
é ces 7., and quadratic ir. ho while D, andD,, are forms

on qualitative grounds to demonstrate that the solvabilityuadratic inZxy and linear inF;, . Therefore Eq(74) is a
condition of these equations contains the phenomenon dfomogeneous form which is quadratic bottj, and 7.,
anomalous scaling. For this purposes we will employ just theWith our representatio(67), (68) of 7., and?;,h, Eq.(74)

first nonvanishing term in the sé86) as displayed below,

Y

-7:2 h(Q):”:Qz_l_ 7,

(67)

TWHQ_,Q)=T

Q. —iy)AQ_tiyp?2 9

One sees that fonz;h(Q) we took Imfy(€)) as required by
the evenness of a real functicﬁ?;z;h(ﬂ). In t-representation

is proportional toF2T2 which may be canceled if there exists
a nontrivial solution of the problem. Therefore one may
think that Eq.(74) is the solvability condition which we are
looking for. However, the trial function§67) and (68) are

not a solution of Egs(73) and (69). Therefore we cannot
expect to satisfy Eq(74) for all values of the frequency.
According to our calculational scheme we have to project the
initial Egs. (69), (73) on the (truncated set of functions
fo(Q),f1(Q) and consider the algebraic consequences of
this step. Actually Eq(74) sheds light on how we may pro-

the triplexZ,.,(t— ,t;) must be zero it and/ort_ are less
or equal to zero. The homogeneous evolution equations f
the triplices dictate that they are small for smiall and/or
_. Therefore there is no contribution 6§(Q)) to the trip-
lices, and we employ the representati@®) in which the
choice betweerf,(Q) and f3 (Q) is dictated by causality.
We introduced in Eq(68) an additional freedomy;# v)
which will allow us to see later how qualitative results de- f
pend on the choice of the trial functions. The results are only
weakly sensitive to the ratig /7. +7—‘2;h(9)?h(9)], (75
As one knows for example from quantum mechanical ~ . ~
calculations of energy levels, eigenvalues are usually mucl E9: (79) By(Q2) is given by Eqs.(B24)~(B27), Dy((2)
less sensitive to the choice of trial functions than the correand &y () are defined by Eqs(71) and (71) in which
sponding eigenfunctions. This provides an additional justifi-D{®(Q_,Q.) and &2(Q_,0,) are given by (B28)-

cation to the expectation that our eigenvalue problem of find{B30). All these equations contain the functicfia‘gh(ﬂ) and

ceed in order to find a solvability condition in our scheme.
%Namely, we may project Eq73) for F>. on the triplex trial
function (68) and Eq.(69) for ﬁ;h on the trial function(67)

for F,., and subtract the results. This procedure corresponds
to Q-integration of EqJ(74),

do. o rdo
SROB) = [ S [Fn@)By0)

ing Z(h) from the solvability condition of Eq464), (65) is
still meaningful even with very simple trial functior§7),
(68). To formulate the solvability condition we consider a
consequence of Eq65) which may be called their “one-
frequency” reduction; multiply Eq(62) for 7 by 5(Q
+Q_—Q,) and integrate ovef) , and()_. This gives

[+ T T =B+ E()], (69
in which
_ dQ dQ, 80 —Q,).
hio=| Ao 00, @0
_ d0_d0.60+0 —0.)
By)=| - P 0.,
7

Pro0 0. 72

- dQ_dQsQ+Q_—Q

7:,(Q) for which we will use the representatiori€7) and
(68). Finally Eq.(75) yields
a
R—ZUa(h)-i—bUb(h)-l-CRZUc(h):O, (76)

where R;=A?"2" and U,(h), Uy(h) and U.(h) are
Q-integrals ofU,.,(Q), Up.x(Q2), andU.,(2) and

Ua;h(Q)EVa;h(Q) - 54Wa;h(Q)a Ub;h(Q)EVb;h(Q),
Uen(Q)=Ven(Q) — €' Weh(Q). "

Equation(76) is quadratic with respect t&-=\?"?(" and
allows us to findZ as a function oh. The actual calculation
has been done with the help dfatematica a system for
doing analytical calculations by a computéiThe resulting
set of functionsZ(h) for e=0, 0.25, 0.5, 0.75, 1, for the
spacing parameters=2, 4 and the parametdr=0, —0.5,
—1 is shown in Fig. 10. Figure 11 displays the functions
Z(h) for the same set of, b=—2 and\ =2, 4, 8. Note that
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b=0 b=-0.5 b=-1
0
__________ = FIG. 10. The functionz(h) for differ-
S L P s ) e P Moy === R R e e ent values o, b, and\. Different line
N T e SRS S types denote different values ef e
4 " - =0, 0.25, 0.5, 0.75, and 1 are shown
with solid, long dashed, dashed,
dashed—dotted, and dotted lines, re-
0 \ spectively. The three columns corre-
_________ e S U S spond tob=0, —0.5, and —1, as
SN ke P S S gy ) Rl U S shown over the panels. The upper pan-
N R R e il D e i L N 1 els correspond ta = 2, the lower ones
4 B o == to A=4. The ratioy; /y=0.5.
0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75
h h h

at for e=0 (solid lineg in both Figs. 10 and 11 d&t=1 all  gion). All these qualitative features are precisely those ex-
the functionsZ(h) are equal to-2 (this is relatively easy to pected for the functiong(h) in the case of anomalous scal-
see analytically Forh<1 one sees that the functioh) ing. We note that the present level of analysis cannot yield
go down almost as straight lines. An important conclusion igjuantitative results. The functiong(h) are still mostly
that ate=0 the functionsZ(h) are always negativémore-  negative, and we only see the good trend of creating a mini-
over, Z(h)=<—2). Recall that the scaling exponents are  mum and inching up toward positive territory with the in-
related withZ(h) via saddle-point requiremei@9) and, in  crease ine. Although we cannot discuss at present the actual
particular, {o=min, Z(h). By definition, the zero-order values of the anomalous scaling exponents, their dependence
structure function is 1, thereforé,=0 and, consequently, on the parameters of the mode],\, andb, etc., we think
for physical solutionsZ(h)=0. Negative values a(h) are that the results in Fig. 10 can be considered as definite evi-
unphysical like the negative values of masses which maylence for the birth of anomalous scaling with the increase of
appear as a solution for equilibrium of a mechanical systemthe value ofe. An additional encouraging result is the finding
Remember that in the derivation of the closure equations wéhat in the nonphysical interval df (see Fig. 11 we do not
have neglected inhomogeneous terms with normal K41 scakee any of the good phenomena discussed abowe: @twe
ing with respect of terms with anomalous scaling; this is onlyhave two negative branches 8{h) and with increasing of
possible if Z(h)>0. Therefore for negative values @&f(h) the value ofe the solutions stay in between these branches
the “anomalous” solutions must be disregarded in favor ofwithout a tendency to increase. Moreover &¥r 1/2 the so-
solutions with normal scaling. The first important conclusionlutions Z(h) disappear altogether.
is therefore that at=0 the qualitative analysis of the con-
trolled closure predictK41 scaling IX. DISCUSSION AND CONCLUSIONS

We next consider the parameter range for whah
<0. This mimics the Navier—Stokes case in directing thet
cascade from large to small scales. The parantetercho-
sen in the region of stability 2<<b<<0, for which the flux of (1) We first introduced theN, €)-shell model in whichN

For the sake of clarity we summarize verbally the impor-
ant steps in this paper.

the second(“helicity” ) integral of motion becomes irrel- copies of the “Sabra” shell model are coupled with the
evant in the inertial interval. Witla taken to be unity, these interaction amplitudes shown in ER0). These ampli-
two constraints limitb to the interval[—1, Q]. Indeed, in tudes contain a deterministic and a random part with the
most previous simulations the valle= —0.5 was chosen. parametefe determining their relative importance.

The calculated functiong(h) for this region ofb are exhib-  (2) For e=0 the model reduces to the well known random
ited in Fig. 10. One sees that in all the panels the values of coupling modef, in which there is no anomalous scaling

Z(h) increase withe and some of the functiong(h) be- in the limit N—oc. Fore=1 the system boils down tN
come positive in the left part of thk interval. Moreover, uncoupled copies of the “Sabra” model with anomalous
Z(h) gains a minimum(although still in the negative re- scaling for each.
A=2 A=4 A=8
0 FIG. 11. The functionsZ(h) at b

=—2 andy,/y=0.5. The line types

S, 2 [ — [ E————— - T = correspond to those in the previous
= == < . = figure. The values ok are shown over
—= he different panels.
4// — — the different panels
0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75
h h h
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(3) We studied numerically the behavior of the model for APPENDIX A: SKETCH OF DERIVATION OF THE
values ofe in the interval[0, 1] in the limit N—o. The  HIERARCHY OF EVOLUTION EQUATIONS
results are shown in Figs. 1 and 2. For 0 we find no
anomalous scaling as expected, fer=0.8 we find ]
anomalous corrections smaller than those found for the L€t us computedFs., ,(k,;t—t")/dt defined by Eq.
Sabra model which pertains to=1. (23) at t’=0, substituting instead aduy ,(t)/dt the right-

(4) We derived the linear hierarchy of evolution equationshand side of Eq(19). With the help of definition(24) the
for the correlation and response functions of this modelesult may be written as
In the inviscid limit the hierarchy of equations for the

1. Hierarchy for the correlation functions

correlation functions is linear and homogeneous. —Fe )= v.B.a
(5) We pointed out that the homogeneity of the hierarchy of It Fainalkat ﬁ,y,za:’,a" P Barpot Barpiny
equations results in a rescaling symmetry of these equa- A A7
tions which foliates the solutions on so-callbsslices, a+poy+nIAg o
whereh is the rescaling .exponents_ of the \{elocity vari- ><{akn+1F§'B’7 L(Koi1:0,0)
able. Thenth order velocity correlation function rescales o
on anh-slice with a scaling exponemth+ Z(h), where +bkn|:‘3"'(ﬁ'r?a,,(kn :t,01)
Z(h) is associated with the rescaling properties of the '
probability measure. +ckyo1F a2 Y (kao1it 1,0}, (AD)

(6) The full solution is written as an integral over contribu- ,
tions with differenth, and leads to multiscaling via the where we used the symmetry propertls ,=A; ,. Sum-
saddle point calculation of the corresponding integralsming this equation ovesr and o we derive Eq(36) with the
over h. The values of the scaling exponents are deterinvariant combinatior(34) in the right-hand side
mined by the functionZ(h) according to Eq(49).

(7) The hierarchical equations written on arslice can be 2. Definitions of the Green’s function
closed in a controlled fashion usirggas a small param-
eter. We derived the closed equations for the second and
third order objects, retaining terms up ©@(e*) and Sue (ty)
showing that the parts neglected areQife®). We could Gi“vf (Kot —ty) = < ﬁ”*—‘fl> ' (A2)
go a further step in the closure scheme by writing down e ot o (t2)

a system for the second, third, and fourth order objects, _ o )
retaining terms up td(€®) and neglecting terms of and its scalar counterpart which is invariant under all the

First we define the “tensorial” Green'’s function,

O(e?), etc. symmetry transformations described in Sec. IV A,

(8) Section VIII presents a preliminary analysis &fh) 1
from solvability condition for the closed set of equations G (k. :t;—t,)=— > G%% (k. :t;—t,). (A3)
for the second and third order objects. The full analysis RN At

is technically involved and calls for further work. The
main qualitative conclusions of the present analysis idNext we define the third order tensorial Green’s functions
that there exists no anomalous solution fer=0, G21andG,describing a response of two velocities on one
whereas for larger values efwe see the birth of anoma- forcing and vice versa,

lous scaling. The level of precision is currently not suf-

. o . . . B Y
ficient for quantitative comparisons with the numerical ~a,s,y OLup, o (tm)uy ()]

/r(kn ,km,k| ytn ;tmvtI)E<

simulations, but we judge the results extremely encour-~2.1loo’o of e (tn) '
aging for further work in the near future. (A4)
G i (K Kin K it tin 1)
52U|70_,,(t|) ( )
= ’ . A5
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Gyakn Km K itnitm,t) i 1
n+Km nstm ﬁGl,l(kn?t):7a,n+1G(2,11)(kn+1;0't't)

1
== Prhep’ [A +A
Na,zmg,;w ool eyt Bainpry + 5,0 G4 (Kn 1,01)
+ 80 4y NIGT S (Ko Kin Kt tm ). (A7) + Yen-1G51" (Kn- 156,00+ (1),

As we discussed in Sec. VI A any three point objects of the . _ (A12)
Sabra-shell model differ from zero only for three consecutiveAnalogously for the higher order Green's functions one has
shell numbers. This allows one to consider instead of each

Green’s function(A7) and (A6) of threek arguments three — G5} (K,;t1,t,,t3)

functions with just onémiddle) k argument. Exactly like in 1

the case of triplices we introduce sup(_arscr'(@)sand(i).to = YanGz1(Kn Kn Kni1Knt1:t2 1, b1, t3)
distinguish them. Using the convention discussed in Sec.
VIA we can defineGY), G57, G}, and G\ . For ex- * ¥b,n-1G31(Kn Kn—2.,Knkni13t2, 11,11, t5)
ample' +70|n7263,1(kniknf3ikn72kn+l;t2’tlvt17t3)’
G(Zc,){(km;tmfl;tmvthrl) (A13)
— o J
—Gz,l(kmvkmflakm+11tm!tmflvtm+1)- (A8) EG&TZl)(kn;tLtZ-tS)
Similarly we define the successive scalar response functions _
of the fourth order as follows: =YanG2AKn Kni1,Kn Ko 15ty 11,15, t5)
+ Yo n-1G2 A Kn_2.Kn  KnKns1:t1,t1,t5,t3)
G3,1(kn1:knzvkn3akn4;tlat2at3vt4) b,n—1 2,2( n—2:%ns®"n”/n+1,4t1,42,2,143
o o + Ven-2G2AKn-3,Kn-2,Kn ,Kni1:ty,t7,15,13),
1 5(uf:,o”(tZ)unZ,os(t3)un3,a4(t4)*) . e
=A% A” (A14)
N="e"ogoass Sthy () ’ o
nlo and similarly for the otheG, ;'s andG, ,’s.
(A9)
Go A Kn1 Kn2Knz Knasts to,ts,t,) APPENDIX B: THE CLOSURE EQUATIONS IN THE A-
SuP* ) TRIPLEX APPROXIMATION
u-s a(ta)ups, (t i _ )
EizAU,,, o’ (Unzor(2)Un3. o 3) ..., (A10) 1. Equations inthe e-representation
NZ" o703 0a0s\ 5E8 (1) 6%, (t)* [T . . .
o 74 Given a stationary case, when all the functions depend

Q0 time differences only, it is useful to consider the closure

with the convention of sums over repeated indices. Note th . . i )
equations in theo-representation. Define

all the G's are real functions. Again we note that it is more
convenient to write the hierarchical equations in the terms of % )

quantities summed overs. These are invariant under all the Fan(kn w)= f_xFZ;h(kn ;Hexpi wt)dt, (B1)
symmetry transformations discussed in Sec. IV A.

=* . _ - * . o
3. Hierarchical equations for the Green’s functions Fan(kini0)= f_m 2n(kn; X —lwt)dt (B2)

The tensorial equation for the second or@4fy’,, reads  As in these equations, we will use tilde signs over a character
to denote a Fourier transform of that function. It follows

J
EGT,?_;U,U’(kn )= E q)’y’B’a[Aa+,B,y+ Aa+,8+N,y from Eqg. (Bl) that
B,y,O'/,O'" o _ d(,_)
- Fo(k,;t =f Fo(k,;w)exp —iwt) —. B3
+Aa+l3’y+N]{Ag’a”['ya,n+1 2(kn 1) —o 2kniw)expl (1))277 (B3)

% Gg,’ﬁ;ﬁw(kn Knt1:Kns 2060 + Yo n According to thf definition(23), (33) Fy.p(kn;t)=F3.1(kn;
wfry —t). ThereforeF,. (K, ;) is a real function of w.
xG o(Kn Kn-1,Kn+1;06,0) ] Next we define the Fourier transforify, of any third

2,100 o
Lco oy order objectT,, as follows:
o'a"Yen—1 2,100 "

27T (Kot ,wg,w.)S(w_ + wg—
X (Ko K2k 1 0LDYHS(M). (Al T (Knj0— 100,01 ) 60—+~ w.)

By following more or less the same procedure as for the = f_xdt—dtodh'rh(kn toto,ty)
correlation functions in Appendix A 1 we get the hierarchical
equations, Xexgi(w_t_+wotg—wt)]. (B4)
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Recall that with our conventiofsee Sec. VI Aty andt. are  _ ot S (K T K
fimes of then- and (11)-shells. With this definition the - ©° Sntkni00) T (kniw- o)
sum of incoming frequencies _ + wq is equal to the outgo- =B (ky,0_ ,0,)+DV(ky,0_ ,0,)], (B7)

ing frequencyw , .
The equations for the second order correlation function
(two top lines in Fig. % and for triplices(two last line$ in —[iw,+§(kn 'wf)]:‘r(Afhl)(knJrl'wO w.)
the w-representation may be written as ‘
=e'[Df M (Kips 100,00 +EL V(Ko 1iwg,04)].

L1+ Sn(kn ;@) TF2in(kn; @) =Br(kn, ), (85) (9)

['w++E (kn:w+)] G+ )(kn 1,0 ,00)
Note that the parameterappears explicitly here, as it was

discussed in Sec. VII. Here the “mass—operat(i(kn ;o)
(B6) originates from diagram A in Fig. 5 and may be written as

=D Y (ky-1;0- ,00) +Ef P (kn-1; 0 ,w0)],

~ 1 (= - ~
Shkn; )= Zf, do_dwgdw, 8w +oo— o ){yni1-1[FanKkni2i o) Tk (Kyp 10— 04)

+Fon(Kns1;00) Tai* (Kns 10— ,00)18(w— 0 )+ Yo d Fan(Kns 1;04) Thn* (Ko 0o, 04
+Fon(Kn-1; 0 )T(H*(kniw—ywo)]5(w_wo)+7:—1,J[|~:2;h(kn—1iwoﬁ(AThl)(kn—liwoawH

+Fon(kn_2;0 ) Tioh(Kn- 130, 04) 80— w,)} (B9)
Here and below we omit, for the sake of brevity, the frequency argument of the leg with the Green'’s funétitiplices and

the corresponding argument andE functions. It may be found from the relationship. = w_ + wq. The termBy(k, , )
in the right-hand side EqB5) corresponds to diagram B in Fig. 5,

- 1 (= - - -
B(kn;w):ﬂf_ dw_dwodw+{'yn+1,_1F2;h(kn+1;wO)Fz;h(knJrz;w+)TfA;h1)*(kn+1;w0,w+)5(a)—a)_)

+ YnoF2:n(Kn-1;0 ) F 2n(Kns 150 ) TR (Kns 0 - ,01) S(o—wo)+ ¥ 1 Fon(Kn-2;0 - )F n(Kn-1; o)

XTUD(kn_150- ,00) S(0—w)} 80—+ we—w.). (B10)

FunctionsD correspond to the diagram D,

5(h+l)(kn,1;w,,wo)=J 2 {YnoT (knawOaQ))T h(knfliwfaw)ﬁz;h(kniw)"'7n71,1:'|—(A%*(kn72;wvwo)

><'~|'X;%1(kn,2;w,w,)ﬁz;h(kn,g;w)}, (B11

h ( n,@W—,0 7x277{7n+1,71 A:h ( n+1, @, 04 l,h( n,w—,w 2,h( n,»@

+ oy Ta k0,0 )T (Ke-1;0-,0)Faon(kn; )}, (B12)

Bl (ks e O 1000 T (000 (ko
h ( n+11w01w+) 7002,”_{'}“‘1,0 A;h( n+11w1w+) A:h ( nawin) 2,h( n1w)
+ 7n+1,—1-r§§hl)* (Kny2 04 1wﬁ,(«\0;)h(kn+2;woyw)r:z;h(knm?w)}- (B13)

FunctionskE correspond to the diagramsyEand EB in Fig. 5,
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~ * dw ~ ~ ~
EL (ko110 @)= f o P an(kni1i0) TRM K10 0= wo) Th(kn;wo, @)

+ Yn-11F2:n(Kn-2; w):‘rf;;rhl)(knfz ;Wo— w,w,):'l'xhl)* (Kn—2;0,0¢) (B14)
+ymoF2in(Kn-1;0) Tl (Kn 0o, 0+ 0 ) TRl (K150, 0)
+ '}’nfl,l’ﬁz;h(knfl ; w)’:r,(AOL* (kn—2 0~ o_ -wo)’ffb\fhl)(knfz Jw_,0)}, (B15)

* dw - - -
E{7n+1,—1F2;h(kn+2;w)Tf’-\J;rhl)(kn NOE O w+)T,(A;hl)*(kn+l;w+ )

Eo(kn;w—,w+)=f

+ 7:—1,1ﬁ2;h(kn—1;w)-rfAJ;rhl)(kn—1iw— O w)ﬂ%(kn 0,0 ,)
+ Fon(kns1;@)TWi* (Kysp;0— )TWh(Kn )i
Yn+1,-1 2;h( n+1, @) 1 A-h (knypiwo—w_ 04 A;h( n@W—,0)Yn_11

X’Izz;h(kn,z;w):’l'xhl)(kn jwt+ ,w+)7r(AJ;rhl)(kn,1;w,w,)}, (B16)
-~ “ dw ~ ~ ~
Eiin) (Kn+1;00,04)= f S ImFankniaio) Tan™ (Kniw, = 0,00 A (kyiiw,0,)

= . \F(0 : T(+1 )
+7n+1,—1F2;h(kn+1-w)Tf/-\;L(kn+21w01w+w+)T,(ATh *(Kns2i0,04)

+ 'Yn,O"EZ;h(knfl ; w);T-(A(?)h(knJrl yWo— w,er)Tl"(Ao;)h* (kn ) a)4,w0)

+ Ynr1-1F 2:n(Kn2; w):l‘—(AThl)* (K42 04,00+ w):‘rf;;rhl)(kmz ;wo, )} (B17)
|
2. Closure equations for the scale-invariant functions wnn=Ukou", NN (B23)

All the objects appearing in the previous EdB5)-
(B17) are scale invariant, as they are defined in arsfice.” . . in the shell dels d ined
We make use of this invariance to simplify the closed set oft IS @ spacing parameter in the shell models determined as

equations by introducing the following scale invariant di-tfi ra}ulf bstwetlaln htwoh codnsecugve shell mc_)men_lsa,
mensionless representation: =kn+1/ky. Recall that the dependence on a singjeis

represents in the case of third order functions a dependence
® on three consecutive shell momeritg ;, k,,, andk, .
' The superscriptl) determines th&-argument of the “special
(B18) leg” accordingly to the convention of Sec. VI A.
- ( w ) In the dimensionless form Eq&9) are scale invariant,

Zn(kn; @)= OnnTh ©n:h independent of the shell number. In these equations,

~ u ~
Fon(kn; )= k—oh(hﬂ(h)ﬂ)}—z-h( -
n;

Bk, ;w)su2>\“<1—h>—<h+6<h>+1>73h<ww ) (B19)
n;h

- a

B(Q)= Eva;h(ﬂ) +bVpn(Q)+CcRVen(Q),
- 1 - z
TURREE SV IR E s T

where

Wy  Wp
x( |
Wn:h Wn:h

) , 1=-1,0,1, (B20)

~ ~ =)2+3(h)
DKy @q, wp) =ik "L HAMI= 120+ 3R R,=A\ , (B24)

x( ®a b ) (B21)

1
Wn:p Wn:h

. dQld926(9+Ql_Qz)
EWh(Kn; @, @p) =ikoA LT aMI-I120+5IED, Va;h(Q)_f 5

Wa Wp ~ Ql ~ QZ ~ Ql Qz
X , . B22 x}‘_(_)]:_<_7(.1) , ,
(‘Un;h wn;h) ( ) 2:h w 2;h qu A:h w
Here the characteristic frequency m&hell on anh-slice is (B25)
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dQ,dQ,8(0+0,—Q
Vb;h(Q):f 10€); (27T 1— )

7 7 Q| ~ (0)%
X Fon(Qap) Fon m T an

(Ql 192)1

(B26)

400,80 -0, —O,)
en( )= | -

X Fpn( Q) F( Qo )T (9,04,
(B27)

The right-hand side of Eq62) for 7)), has the form,

290 ,0)+DPQ_,0,)

an(Q Q) +FCRWen(Q-,0,),  (B29)

RS
where

dQ ~ ~
Wain(Q- Q)= f E{usfz;hmm\fﬁ*

QQ,
—, M) Thin (- Q)+ p?Foy,

X
2
O\ Q-0 0O, \.

«| = T(fl)*(_,;)f@
“w A;h P w A;h

= Q) (—1)%
X(Q_, Q)+ puFon ? T an

X T (Qf,Q_Q+) )
,LL

(B29)

Anomalous scaling from controlled closure in . . . 821

a0 [ 1. -
Wer( @000 = [ 51 ST 0T

X(Qu Q)T (2, Q4)

27:2 h(Q, )T 71)
X[Q_,(Q,—Q)u]T)

1. ~
X007 Fon( QT )

X(Qu, Q)T (Q+Q_,05)

(B30)
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