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Abstract We address the dynamical and statistical description of stably stratified turbulent
boundary layers with the important example of the atmospheric boundary layer with a sta-
ble temperature stratification in mind. Traditional approaches to this problem, based on the
profiles of mean quantities, velocity second-order correlations, and dimensional estimates
of the turbulent thermal flux run into a well-known difficulty, predicting the suppression of
turbulence at a small critical value of the Richardson number, in contradiction with observa-
tions. Phenomenological attempts to overcome this problem suffer from various theoretical
inconsistencies. Here we present a closure approach taking into full account all the sec-
ond-order statistics, which allows us to respect the conservation of total mechanical energy.
The analysis culminates in an analytic solution of the profiles of all mean quantities and
all second-order correlations removing the unphysical predictions of previous theories. We
propose that the approach taken here is sufficient to describe the lower parts of the atmo-
spheric boundary layer, as long as the Richardson number does not exceed an order of unity.
For much higher Richardson numbers the physics may change qualitatively, requiring careful
consideration of the potential Kelvin-Helmoholtz waves and their interaction with the vortical
turbulence.
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Nomenclature

A Thermal flux production vector, (19¢)

B Pressure-temperature-gradient-vector, (19f)
Cij Energy conversion tensor, (19b)

D/Dt Substantial derivative, /9t +U - V
D/Dt Mean substantial derivative, /9t + U - V

Ex Turbulent kinetic energy per unit mass, (uz) /2

Eo “Temperature energy” per unit mass, (6%)/2

F Turbulent thermal flux per unit mass, (u6)

F, Thermal flux at zero elevation z = 0

g Gravity acceleration, g = —gZ

L Monin-Obukhov length, ul /BFx

() Outer scale of turbulence, external parameter

Pij Rate of Reynolds stress production, (19a)

p, P, p« Total, fluctuating and zero level pressures

Pr; Turbulent Prandtl number, v/ xr

Rifjux Flux Richardson number, B F;/ty;Sy

Rigrag Gradient Richardson number, 8Ss/ SlzJ

Rij Pressure-rate-of-strain-tensor, (19c)

Su Mean velocity gradient, dU /dz

Se Mean potential temperature gradient, d® /dz

T, Ty Molecular temperature, molecular temperature at zero level
U,U,u Total, mean, (), and fluctuating, U — U, velocity fields
Us (Wall) friction velocity, /T«

X, Z Horizontal (streamwise) and vertical (wall-normal) unit vectors
B Buoyancy parameter, gﬁ (for an ideal gas g/ Tp)

E Thermal expansion coefficient, — (3ob/9Tb) , /b

VRi Relaxation frequency of 7;;, i = j

VR Relaxation frequency of z;;, i # j

YRD Relaxation frequency of F

Yuu Relaxation frequency of Ey

Y00 Relaxation frequency of Eg

&ij Dissipation tensor of 7;;, (18)

e Dissipation vector of F, (18)

£ Dissipation of Eg, (18)

[e) Potential temperature, (8)

(OF] Deviation of potential temperature from BRS, 0 —T,
0,0 Mean, (®,), and fluctuating, ®; — (@), parts of O4
Oy Potential temperature at zero elevation, F /i

A(2) Local Monin-Obukhov length, 7y ;/—Ty; / BF;

- Viscous lengthscale, v/u.,

v, Vr Kinematic and turbulent viscosity

£, Py Total and BRS density of the fluid

Tij Reynolds stress tensor per unit mass, (uiu j)

Ty Mechanical momentum flux at zero elevation (at the ground), vSy(0)
X» XT Kinematic and turbulent thermal conductivity

BRS Basic reference state
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1 Introduction

The lower levels of the atmosphere are usually strongly influenced by the Earth’s surface.
Known as the atmospheric boundary layer, this is the part of the atmosphere where the sur-
face influences the temperature, moisture, and velocity of the air above through the turbulent
transfer of mass.

The stability of the atmospheric boundary layer depends on the profiles of the density
and the temperature as a function of the height above the ground. During normal summer
days the land mass warms up and the temperature is higher at lower elevations. If it were not
for the decrease in density of the air as a function of the height, such a situation of heating
from below would have been always highly unstable. In fact, the boundary layer is consid-
ered stable as long as the temperature decreases at the dry adiabatic lapse rate (—9.8°C per
kilometer) throughout most of the boundary layer. With such a rate of cooling one balances
out the decrease in density. With a higher degree of cooling one refers to the atmospheric
boundary layer as unstably stratified, whereas with a lower degree of cooling the situation is
stably stratified. Stably stratified boundary layer occurs typically during clear, calm nights.
In extreme cases turbulence tends to cease, and radiational cooling from the surface results
in a temperature that increases with height above the surface.

The tendency of the atmosphere to be turbulent does not depend only on the rate of cool-
ing but also on the mean shear in the vertical direction. The commonly used parameter to
describe the tendency of the atmosphere to be turbulent is the “gradient” Richardson number,
Rigrag, which represents the ratio of the generation or suppression of turbulence by buoyant
production of energy to the mechanical generation of energy by wind shear.

In this paper we consider the description of stably stratified turbulent boundary layers
(TBL), taking as an example the case of stable thermal stratification. Since the 50’s of twen-
tieth century, traditional models of stratified TBL generalize models of unstratified TBL,
based on the budget equations for the kinetic energy and mechanical momentum; see reviews
[1,2]. The main difficulty is that the budget equations are not closed; they involve turbulent
fluxes of mechanical moments 7;; (known as the “Reynolds stress” tensor) and a thermal flux
F (for the case of thermal stratification):

Tij = (ujuj), F = (ud), (@))]

where u and 6 stand for the turbulent fluctuating velocity and the potential temperature with
zero mean. The nature of the averaging procedure behind the symbol (- - - ) will be specified
below.

Earlier estimates of the fluxes (1) are based on the concept of the down-gradient turbulent
transport, in which, similarly to the case of molecular transport, a flux is taken proportional to
the gradient of transported property times a corresponding (turbulent) transport coefficient:

Ty; = —vpdUy /dZ, vr & Cy £;/T;z, (2a)
F, = —x1d® [dz, x:~Cyl. /T, et (2b)

Here the turbulent-eddy viscosity vy and turbulent thermal conductivity xr are estimated by
dimensional reasoning via the vertical turbulent velocity ,/7;; and a scale £; (which in the
simplest case is determined by the elevation z). The dimensionless coefficients C, and C,
are assumed to be of the order of unity.

This approach meets serious difficulties [3], in particular, it predicts full suppression of
turbulence when the stratification exceeds a critical level, for which Rigrag = Rier &~ 0.25.
On the other hand, in observations of the atmospheric turbulent boundary layer the turbulence
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exists for much larger values than Rigrag = 0.25: experimentally above Rigrag = 10 and even
more (see [4,5] and references therein). In models for weather predictions this problem is
“fixed” by introducing fit functions C, (Rigrad) and C (Rigraq) instead of the constant C,
and C, in the model parametrization (2) (see reviews [1-3,6], and references therein). This
technical “solution” is not based on any physical derivation and just masks the shortcomings
of the model. To really solve the problem one has to understand its physical origin, even
though from a purely formal viewpoint it is indeed possible that a dimensionless coefficient
like C, can be any function of Rigraq.

To expose the physical reason for the failure of the down-gradient approach, recall that
in a stratified flow, in the presence of gravity, the turbulent kinetic energy is not an integral
of motion. Only the total mechanical energy, the sum of the kinetic and the potential energy,
is conserved in the inviscid limit. As it was shown already by Richardson [7,8], the diffi-
cult point is that an important contribution to the potential energy comes not just from the
mean density profile, but from the density fluctuations. Clearly, any reasonable model of the
turbulent boundary layer must obey the conservation laws.

The physical requirement of conserving the total mechanical energy calls for an explicit
consideration not only of the mean profiles, but also of all relevant second-order, one-point,
simultaneous correlation functions of all the fluctuating fields together with some closure
procedure for the appearing third order moments. These fields are the Reynolds stress ten-
sor, Tjj = (uiu j), the turbulent potential energy which is proportional to the variance of the
potential temperature deviation, (92), and the thermal flux F = (u6).

An attempt to improve the modeling of stably stratified flows with the aim to remove
Rig; is reported in Ref. [9]. Constructing their second-order scheme, the authors replaced the
unwarranted approximation (2b), with an exact equation for the vertical thermal flux F, and
for the “temperature energy” (92) /2, using dimensional reasoning to estimate the required
third-order correlations. To account for the important effect of stratification on the anisotropy
of turbulence, budget equations for the partial kinetic energies t;; /2 are explicitly considered
in [9]. Nevertheless, the authors of Ref. [9] do not close rigorously the momentum budget
equation. They combine three terms in this equations into, what they called “effective dissi-
pation rate”, arriving actually again at the down-gradient approximation (2a) for the vertical
flux of x-component of the mechanical moment, ... In our paper we treat these three terms
separately, considered also explicitly the horizontal heat flux Fy. As a result, we demon-
strated, that the down-gradient approximation for the mechanical moment (2a), used in [9],
fails in the same manner, as the approximation (2b) for the heat flux.

In this paper we suggest a relatively simple second-order closure model of turbulent
boundary layer with stable temperature stratification that, from one hand, accounts for main
relevant physics in the stratified TBL and, from the other hand, is simple enough to allow
complete analytical treatment including the problem of critical Rigraq. To reach this goal
we approximate the third order correlations via the first- and second-order ones, accounting
only for the most physically important terms. Resulting second-order model consist of nine
coupled equations for the mean velocity and temperature gradients, four components of the
Reynolds stresses, two components of the temperature fluxes and the temperature variance.
As a result we found an approximate analytical solution of these equations, expressing all
nine correlations as functions of only one governing parameter, £(z)/A(z), where £(z) is the
outer scale of turbulence (depending on the elevation z and also known as the “dissipation
scale”) and A (z)—is the local Monin-Obukhov length [10].

It should be noticed that traditional turbulent closures (including ours) cannot be applied
for strongly stratified flows with Rigrag ~ 1 or larger. The main reason is that these closures
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are roughly justified for developed vortical turbulence, in which the eddy-turnover time is
of the order of its life time; in other words, there are no well defined “quasi-particles” or
waves. This is not the case for stable stratification with Rigr,g ~ 1 or larger, in which the
Brunt-Viisild frequency

N =yBdO(z)/dz, (€)

is larger then the eddy-turnover frequency y. It means that for Rigr,g of O(1) there are
weakly decaying Kelvin-Helmoholtz internal gravity waves (with characteristic frequency
N and decay time above 1/y), propagating on large distances, essentially effecting on TBL,
as pointed out by [11]. Having in mind that the internal gravity waves significantly change the
physics of TBL, we concentrate in our paper on self-consistent description of the lower part
of the atmospheric TBL, in which turbulence has vortical character and consequently, large
values of Rigrag do not appear. We relate large values of Rigaq in the upper part of TBL with
contributions of the internal gravity waves to the energy and the energy flux in TBL, to the
momentum flux, and to the production of (vortical) turbulent energy. Due to their instability
in a shear flow, the waves can break and create turbulent kinetic energy. All these effects are
beyond the framework of our paper. Their description in the upper “potential-wave” TBL
and intermediate region with the combined “vortical-potential” turbulent velocity field is in
our nearest agenda.

The paper is organized it as follows.

In Sect. 2.1 we use the Oberbeck-Boussinesq approximation and apply the standard
Reynolds decomposition to derive equations for the mean values and balance equations for
all relevant second-order correlation functions. In Sect. 2.2 we demonstrate that the resulting
balance equations exactly preserve (in the non-dissipative limit) the total mechanical energy
of the system, that consists of the kinetic energy of the mean flow, kinetic energy and potential
energy of the turbulent subsystem.

In Sect. 3 we describe the proposed closure procedure that results in a model of stably strat-
ified TBL, that accounts explicitly for all relevant second-order correlations. The third order
correlations which appear in the theory are modeled in terms of second-order correlations in
Sects. 3.1 and 3.2. Further simplifications are presented in Sects.3.3 and 3.4 for stationary
turbulent flows in a plane geometry outside the viscous and buffer layers. In Sect.3.5 we
suggest a generalization of the standard “wall-normalization” to obtain the model equations
in a dimensionless form with only one governing parameter, £(z)/A(z).

The last Sect. 4 is devoted to a detailed description of our results (Sect. 4.1): profiles of the
mean velocity and potential temperature (Sect. 4.2), profiles of the turbulent kinetic and “tem-
perature” energies, profiles of the anisotropy of partial kinetic energies (Sect.4.3), profiles
of the turbulent transport parameters vy and xr, profiles of the gradient- and flux-Richardson
numbers Rigrag and Rigyx, and the dependence of the turbulent Prandtl number Pry versus
£/ A and Rigpyq, Sect.4.4. The comparison of the model predictions with experimental and
LES results are proposed in Sect. 4.4.1. The validity of the down-gradient transport concept
(2) and an explanation why it is violated in the upper part of TBL is given in Sect. 4.4.2; the
problem of critical Rig,q is also discussed there.

2 Simplified dynamics in stably temperature-stratified TBL and its conservation laws
The aim of this section is to consider simplified dynamics of a stably temperature-stratified

turbulent boundary layer, aiming finally at an explicit description of the height dependence of
important quantities like the mean velocity, mean temperature, turbulent kinetic and potential
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energies, etc. In general one expects very different profiles from those known in unstratified
wall-bounded turbulence.

2.1 Simplified hydrodynamic equations and Reynolds decomposition

First we briefly overview the derivation of the governing equations in the Boussinesq approx-
imation [12,13]. The system of hydrodynamic equations describing a fluid in which the tem-
perature is not uniform consists of the Navier-Stokes equation for the fluid velocity, U (r, t),
a continuity equation for the space and time dependent (total) density of the fluid, p(r, 1),
and of the heat balance equation for the (total) entropy per unit mass, S(r, t), [14]:

p(&+U-VYU=-Vp+gp+V-puVU, (4a)

L4+ V- (pU) =0, (4b)

p(L+U-V)S=V kVS. (4c)

Here p is pressure, g = —Zg is the vertical acceleration due to gravity, u and « are the

(molecular) dynamical viscosity and heat conductivity.

Notice, that the role of the Coriolis force, omitted in Eq. 4 is twofold. First, it determines
the finite height H, (Zilitinkevich length [15]) of atmospheric TBL with stable temperature
stratification:

szm, A~ uy/f. ©)

Here A is the Tennekes height of atmospheric TBL without stratification, u, is the friction
velocity, f = 2Qsin ¢ is the Coriolis parameter expressed via the frequency of the Earth
rotation €2 and latitude ¢. Second, it leads to a vertical dependence of the mean wind and
mean horizontal heat flux parallel to it . As it is shown by Nieuwstadt [10] in the reference
system in which on every elevation the x-axis is directed along the mean wind, the resulting
model equation with the Coriolis force looks exactly as equation that follows from Eq. 4, but
with z-dependent streamwise and spanwise directions. All these allow to use the shortcut in
our approach, neglecting the Coriolis force in Eq. 4, having in mind that this does not effect
on the resulting profiles of absolute values of the mean shear, horizontal heat flux and other
objects of interest, providing that z-dependencies of the vertical mechanical momentum and
heat fluxes are prescribed.

Equation 4 are considered with boundary conditions that maintain the solution far from
the equilibrium state, where 4/ = S = 0. These boundary conditions are & = 0 at zero
elevation, U = const at a high elevation of a few kilometers. This reflects the existence of a
wind at high elevation, but we do not attempt to model the physical origin of this wind in any
detail. The only important condition with regards to this wind is that it maintains a momen-
tum flux towards the ground that is prescribed as a function of the elevation. Similarly, we
assume that a stable temperature stratification is maintained such that the heat flux towards
the ground is prescribed as well.

Pressure fluctuations caused by turbulent velocity fluctuations u propagate in a com-
pressible medium with the sound velocity cg, causing time dependent density fluctuations
of the order of (u/cs)?(p), where (p) is the mean (in time) density profile, depending on
the elevation z. Assuming that the square of the turbulent Mach number MT2 = (u/cs)? is
small compared to unity, we can neglect in Eq. 4b the partial time derivative and density
fluctuations, see e.g. [14]. Hence, for M? < 1

V- (o)) = 0. 6)
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Even in tropical hurricanes of category five the mean wind velocity U is below 80m/s.
Usually, the turbulent velocity fluctuations u are less then U/10, i.e. even in these extreme
conditions # < 8m/s and MT2 <1073 (with ¢ ~ 330m/s). Therefore the incompressibil-
ity approximation (6) is well justified in atmospheric physics. In the ocean where the sound
velocity is even larger and water velocities even smaller, this approximation is quite excellent.

Notice also that in realistic situations the temperature and density gradients in the entire
turbulent boundary layer are sufficiently small such that the mean temperature and pressure
difference on the mean-free path (which is about 6- 10~8 m in the air at atmospheric pressure
and room temperature) are vanishingly small with respect to their mean values. This means
that a local thermodynamic equilibrium exists with very hight accuracy and we can safety
use a standard equation of state.

In the system (4) we have already neglected the viscous entropy production term assuming
that the temperature gradients are large enough such that the thermal entropy production term
dominates.

In quite air, without turbulence, the pressure and the density depend on the elevation z
simply due to gravity. For example, in full thermodynamic equilibrium the temperature is
uniform, z-independent, and the density decreases exponentially with the elevation. However,
this equilibrium model of the atmosphere is not realistic, and cannot be used as a reference
state about which the actual dynamics is considered. A much better reference state is a sit-
uation in which the entropy is space homogeneous. In this model the thermal conductivity
(leading to the temperature homogeneity) is neglected with respect to heat transfer due to the
vertical adiabatic mixing of air, leading to a z-independent entropy. Following tradition, we
refer to the isentropic model as a “basic reference state” (BRS) and denote this state of the
system with a subscript “p”.

To proceed, we generalize the notion of potential temperature ® which is traditionally
defined as the temperature that a volume of dry air at a pressure p(z) and temperature 7 ()
would attain when adiabatically compressed to a reference pressure, say, p, that exists at
zero elevation z = 0. This potential temperature can be explicitly computed for an ideal gas
with the result

B(2) = T(2) (ps/ p(2)) 7/, @)

there cy and cp are the air (fluid) specific heats at constant volume and pressure, respectively.

We want to generalize the notion of potential temperature for an arbitrary stratified fluid
requiring that in the isenotropic basic reference state it would be a constant ®,, = T, = T (0).
A second requirement is that the definition will agree with Eq. 7 for an ideal gas. Accordingly
we define

0@) = Thexp [(S@) — Sb) /cp] @®)

For more details see also [16]. Indeed, if we employ the equation of state and the equation
for the entropy of an ideal gas, i.e.

p=pT, S=In (p"v/,ocp) + const, ©)

and remember, that S, = S, =const, one can easily check that Eq.7 is recaptured.
For small deviations of ® from the basic reference state value Ty, Eq. 8 gives up to the
linear order:

O=0-T, =TS8 /cp . (10)
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In the linear in ®4 approximation the system (4) can be presented as [17]

DU p 1 DOy |
—~=--v(t —ﬂ®d+—(V~uV)u, 7:*(V-KV)@d. (11)
Pb

Dt Dt
Here D/Dt = 9/dt +U - V is the convection time derivative, p—pressure, py, is the density
in BRS, g = gﬁ is the buoyancy parameter (8 = —z S8, where ﬁ —(0pv/0Tv) , /oo 1s
the thermal expansion coefficient, which is equal to 1/ Ty, for an ideal gas), p is the dynamic
viscosity and « is the dynamic thermal conductivity.

For simplicity of the following analysis we neglect in Eq. 11 terms, proportional to
dpyp(z)/dz. Together with (6) this allows to simplify Eq. 11 up to the form:

Uy, _peg+vau, vu—o, 29
Dt Pb
where v—the kinematic viscosity and x is the kinematic thermal conductivity.

Below, Eq. 12 will bring about an algebraic closure model with phenomenological param-
eters in Eq. 26 (¢,,, Csu, etc.) independent of the elevation z. The vertical logarithmical deriv-
ative of py, i.e. d In[pp(z)]/dz, is neglected in Eq. 12 with respect to (relative) gradients of the
velocity and temperature fields on the outer scale of turbulence £(z), which are accounted for
in Eq. 11. An analysis of more general closure models which originate from Eq. 11 leads to
relative corrections to the closure parameters of order £(z)/H, where H ~ 10km is the total
height of the isentropic atmosphere. Under the assumption of saturation of £(z) < L, where
L = A(0) is the Monin-Obukhov length defined below, the parameter £/ H is small for every
elevation in the strongly stratified TBL with L <« H. Without the assumption of /-saturation,
when £(z) slowly increases with z for large elevations: £(z) >~ dz with d = const < 1, then
L(z)/H ~ dz /H 1is still small because of the smallness of d, even for z comparable with
H . To conclude: the validity of the model with z-independent phenomenological parameters
does not require the smallness of the elevation in the sense z < H, i.e. closeness of the air
density pp(z) to its ground level pp(0).

We are not going to discuss here this issue in more details, but our strong feeling is that
the ratio £(z)/H < 1 almost everywhere (especially in strongly stratified atmosphere) and
thus z dependence of the closure parameters (that originate from the pressure drop with the
elevation) can be peacefully neglected, at least in the main approximation.

It is important to realize that the approximate Eq.12 exactly conserve an approximate
expression for the total mechanic energy of the system in the dissipation-less limit. Consider
the sum of the kinetic, &, and the potential energy & (calculated in the basic reference state):
g[ = 5]( + gp,

= xAOBq, (12)

2
& = /dxdydz Db %, & = /dxdydz ppB7Og. (13)

One can check by direct substitution that this sum of energies is conserved by Eq. 12 when
v=yx =0.

To develop equations for mean quantities and correlation functions one applies the
Reynolds decompositiond = U +u, (U) =U,(u) =0,00 = O +6,(04) = 0O, () =
0, p = (p)+ p, (p) = 0. Here (- - -) stands for a “proper” averaging, e.g. in plain geometry
this can be an averaging over a horizontal plane at a constant elevation when the average
quantities depend on (z, t) only. Substituting in Eq. 12 one gets equations of motion for the
mean velocity and mean temperature profiles

D U; ~ Vi(p) D® =

VT = — - B8®, — +V.F=0. 14
Di T o P pr ' W
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Here D/Dt = 9/0t + U - V is the mean convection derivative. The total (molecular and
turbulent) momentum and thermal fluxes are

Tj=—vV; U + 1, ﬁE_XVG)_I'F’ (15)

where 7;; = (u;u;) is the Reynolds stress tensor describing the turbulent momentum flux,
and F = (u6) is the turbulent thermal flux. In order to derive equations for these correlation
functions, one considers the equations of motion for the fluctuating velocity and temperature:

Du/Dt = —u-VU —u-Vu+ (u-Vu) — (Vp/pp) +vAu — 6, (16a)
DO/Dt=—u-VO —u-VO+ x A0+ (u-V0). (16b)

The whole set of the second order correlation functions includes the Reynolds stress, T;;,
the turbulent thermal flux, F, and the “temperature energy” Eg = (92) /2, which is denoted
and named by analogy with the turbulent kinetic energy density (per unit mass and unit
volume), Ex = (Ju|?)/2 = Tr{z;;}/2. Notice, that an importance of Eg was recognized and
explored already in [3,18-25]. Using (16) one gets the following “balance equations”:

D 1;; bt il Wik = Pii — Cii + Rii (17a)
Dr YTy R T TR

F; ad

D1 +8i+87jwij:Ai+Bi’ )
D Ey

- +e4+V-W=—F.VO. (17¢)

Here we denoted the dissipations of the Reynolds-stress, heat-flux and the temperature energy
by

314,‘ 8uj

= x (IVoI?). (18)

0xp 00Xk

00 du;
, &
0x; OXg

sij52v< >, siz(v+x)<—
The last term on the LHS of each of Eq. 17 describes a spatial flux of the corresponding
quantity. In models of wall bounded unstratified turbulence it is known that these terms are
very small almost everywhere, see e.g. [26]. We do not have sufficient experience with the
stratified counterpart to be able to assert that the same is true here. Nevertheless, for sim-
plicity we are going to follow the traditional assumption [10] and to neglect these terms. It
is possible to show that the accounting for these terms does not influence much the results.
Note that keeping these terms turns the model into a set of differential equations which are
very cumbersome to analyze.

The first term on the RHS of the balance Eq. 17a for the Reynolds stresses is the “Energy
Production tensor” P;;, describing the production of the turbulent kinetic energy from the
kinetic energy of the mean flow, proportional to the gradient of the mean velocity:

Pij = —Tik 8Uj/8xk — Tjk 3U,'/3xk. (193)

The second term on the RHS of Eq. 17a, C;;, will be referred hereafter to as the “Energy
Conversion tensor”. It describes the conversion of the turbulent kinetic energy into turbulent
potential energy. This term is proportional to the buoyancy parameter g and the turbulent
thermal flux F':

Cij = =B (Fi8j + Fj 3iz). (19b)
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where §;; is Kronecker delta. The last term in the RHS of Eq.17a is known as the
“Pressure-rate-of-strain tensor””:

Rij = (Psij/pv), sij = 0ui/dx; + duj/dx;. (19¢)

In incompressible turbulence its trace vanishes, therefore R;; does not contribute to the bal-
ance of the kinetic energy. As we will show in Sect. 3.1, this tensor can be presented as the
sum of three contributions [3],

Rij = RiRjI + R,I; + Rllf (19d)
in which Rl‘.}' is responsible for the nonlinear process of isotropization of turbulence and is
traditionally called the “Return-to-Isotropy”, R;; is similar to the energy production tensor
(19a) and is called “Isotropization of Production”. A new term, appearing in the stratified
flow, Rl!JC., is similar to the energy conversion tensor (19b) and will be refereed to as the
“Isotropization of Conversion”.

Consider the balance of the turbulent thermal flux F, Eq. 17b. The first term in the RHS,
A, describes the source of F and, by analogy with the energy-production tensor, P;;, is called

. . . . . SU .
“Thermal-flux production vector”. Like P;; it has the contribution, A; , proportional to the
mean velocity gradient:

A=A+ A +4, A =-F.-VU,
A = —7;00/0x;, A; =2BEgé;., (19%)

l 1

and two additional contributions, related to the temperature gradient and to the “temperature
energy”, Ep, and the buoyancy parameter. One sees, that in contrary to the oversimplified
assumption (2b), the thermal flux in such a turbulent media cannot be considered as pro-
portional to the temperature gradient. It has also a contribution proportional to the velocity
gradient and even to the square of the temperature fluctuations. Moreover, the RHS of the flux-
balance Eq. 17b has an additional term, the “Pressure-temperature-gradient vector” which,
similarly to the pressure-rate-of-strain tensor (19d), can be divided into three parts [3]:

B={(pV0/pp) = B + B + B¥. (19f)

As we will show in Sect. 3.1 the first contribution, B}‘D o« (uu V;6) is responsible for the
nonlinear flux of F in the space of scales toward smaller scales, similarly to the correlation
(u u u), which is responsible for the flux of kinetic energy (u2)/2 toward smaller scales.
The correlation B;‘D & (uu V;0) may be understood as the nonlinear contribution to the
dissipation of the thermal flux. Correspondingly we will call it “Renormalization of the ther-
mal-flux Dissipation” and will supply it with a superscript “®°”. The next two terms in the
decomposition (19f) are Bl.s Y Sy and Bl.E ’ Eg. They describe the renormalization of the

thermal-flux production terms AZ.SU o Sy and Afe o Ejp, accordingly.

2.2 Conservation of total mechanical energy in the exact balance equations

The total mechanical energy of temperature stratified turbulent flows consists of three parts
with densities (per unit mass): E = Ex + Ex + Ep, where Ex = |U|2/2 is the density of
kinetic energy of the mean flow, Ex = 7;;/2 is the density of turbulent kinetic energy and
Ey = BEy/Se is the density of potential energy, associated with turbulent density fluctuation
0= E Opp, caused by the (potential) temperature fluctuations 6, and Sg = d ® /dz. Note
that the formula for Ep appears different from & in Eq. 13. It is possible to show that in
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fact the difference between the two objects is a time independent total potential energy in
the basics reference state, and therefore it can be considered as the zero level of the potential
energy.

The balance equation for Ex: follows from Eq. 14:

DEx/Dt +v (V;U;) 2+ V; (U;T;j) = [sourceExc] + 7;;V; Uj, (20a)

with the help of identity: U; V; t;; = V; (U;7;;) — 1;; V; U; and definition (15). The terms on
the LHS of this equation, proportional to v and 7;; respectively, describe the dissipation and
the spatial flux of Ex. The term [source Ex ] on the RHS of Eq. 20a describes the external
source of energy, originating from the boundary conditions described above, and 7;;V; U;
describes the kinetic energy out-flux from the mean flow to turbulent subsystem.

The balance equation for the turbulent kinetic energy follows directly from Eq. 17a:

DEy /Dt + [gii + V; Wiij| /2 = —ijV; Ui + BF-. (20b)

On the LHS of Eq. 20b one sees the dissipation and spatial flux terms. The first term on
the RHS originates from the energy production, % Pii, defined by Eq. 19a. This term has an
opposite sign to the last term on the RHS of Eq. 20a and describes the production of the
turbulent kinetic energy from the kinetic energy of the mean flow. The last term on the RHS
of Eq. 20b originates from the energy conversion tensor %C,-,-, Eq. 19b, and describes the
conversion of the turbulent kinetic energy into potential one.

According to the last of Eq. 17, one gets the balance equation for the potential energy Ep;
multiplying Eq. 17c for Eg by 8/Se:

DEy/Dt + B [e + V;W;] /Se = —BF.. (20c)

The RHS of this equation [coinciding up to a sign with the last term on the RHS of Eq. 20b]
is the source of potential energy (from the kinetic one).
Summing up the above three equations, one gets the total mechanical energy balance:

DE /Dt + [dissE] 4+ V [fluxE] = [sourceEx]. 21

This equation exactly respects the conservation of total mechanical energy in the dissipation-
less limit, irrespective of the closure approximations. This is because the energy production
and conversion terms are exact and do not require any closures, while the pressure-rate-of-
strain tensor, that requires some closure, does not contribute to the total energy balance.

3 The closure procedure and the resulting model

In this section we describe the proposed closure procedure that results in a model of stably
stratified TBL. In developing this model we strongly rely on the analogous well developed
modeling of standard (unstratified) TBL. The final justification of this approach can be done
only in comparison to data from experiments and simulations. We will do below what we
can to use the existing data, but we propose at this point that much more experimental and
simulational work is necessary to solidify all the steps taken in this section.

3.1 Pressure-rate-of-strain tensor R;; and Pressure-temperature-gradient vector B

The correlation functions R;; and 13, defined by Egs. 19c and 19f, include fluctuating
part of the pressure p. The Poisson’s equation for p follows from Eq. 16:
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AP = po [=ViV; (wiuj — (ujuj)+ Ujuj + Uju;) + BV.6]. The solution of this equation
includes a harmonic part, Ap = 0, which is responsible for sound propagation and does
not contribute to turbulent dynamics at small Mach numbers. Thus this contribution can be
neglected. The inhomogeneous solution includes three parts p = pp[puu + puu + pol, where

Puu = A*IV,-Vj ((u,-uj) - u[uj) s (22)
puu = ATV, (Uinj + Ujuy) (23)
po=BAT'V. 0, (24)

and the inverse Laplace operator A~! is defined as usual in terms of an integral over the
Green’s function.

Correspondingly the correlations R;; and B consist of three terms, Eqs. 19d and 191, in
which

RS = {puusij), R =(pvusij), RS ={posij),
SU E60
B® = (puV0), B = (pu.V0), B; ={(psV0). (25)

l

All of those terms originating from p,,,, are the most problematic because they introduce cou-
pling to triple correlation functions: Rf} o (u;u jux) and B® o< (u>V0). Thus they require
closure procedures whose justification can be only tested a-posteriori against the data.

Having in mind to simplify the model in most possible manner, we adopt for the diagonal
part of the Return-to-Isotropy tensor, the simplest Rota form [27]

RY = =y (1 — 2 Ex/3), (262)

in which yp; can be understood as a relaxation frequency (or inverse relaxation time) of
diagonal components of the Reynolds-stress tensor toward its isotropic form, 2Ey /3. The
parametrization of yi; will be discussed later. The tensor RleI is traceless, therefore the fre-
quency yg; must be the same for all the diagonal components of RY'. On the other hand
there are no reasons to assume that off-diagonal terms have the same relaxation frequency.
Therefore, following [28] we assume that

R ~ —VaTij, i # (26b)

with, generally speaking, ¥z # vri- Moreover, on the intuitive level we can expect that off-
diagonal terms should decay faster then the diagonal ones, i.e. x; > ¥&i. Indeed, our analysis
of DNS results shows that Yg;/yer 2 1.46 [29].

The term BRP also describes return-to-isotropy due to nonlinear turbulence self interac-
tions [3], and may be modeled as:
B = —poF;. (26¢)

1

This equation dictates the vectorial structure of BZRD o« F;, which will be confirmed below.
The rest can be understood as the definition of the ygp as the relaxation frequency of the
thermal flux. Its parametrization is the subject of further discussion in Sect.3.4.

The traceless “Isotropization-of-Production” tensor, R}}f, has a very similar structure to
the production tensor, P;;, Eq. 19a, and thus is traditionally modeled in terms of 7;; [26]:

R >~ —Cp (Pj = 8;jP/3), P=Tr{P;}. (264d)

The accepted value of the numerical constant Cjp = % [26].
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The traceless “Isotropization-of-Conversion” tensor, RlI.C. does not exist in unstratified
TBL. Its structure is very similar to the conversion tensor, C;;, Eq. 19b. Therefore it is rea-
sonable to model it in the same way in terms of C;; [3]:

R~ —Cic (Cij —8;;€/3). C=Tr{C;}. (26¢)

with some new constant Cic.
. . . SU EO ..
The renormalization of production terms B; and B; are very similar to the correspond-

ing thermal flux production terms, AfU and AI.EQ, defined by Eq. 19e. Therefore, in the spirit
of Egs. 26d and 26e, they are modeled as follows:
SU

B =(Cyy — DA =(1—Cy)(F-V)U;, (26f)

1
EO

Eo0
B, =—(Cp + DA, =—2B(Cp, + 1)EgS5;.. (269)

1

Using this and (24) one finds the sign of Cp,:
— B (Cry + 1) Eg = (pgV20) = B((V-0)A"' (V.6)),
Cpp = — (14+((V.0) A7 (V,0))/(6%) <O. (27)

EO

To estimate C,, we assume that on the gradient scales the temperature fluctuations are roughly
isotropic [9], and therefore we can estimate A = V)% + V% + sz ~ 3VZ2. Introducing this
estimate and integrating by parts leads to C,, ~ —2/3.

3.2 Reynolds-stress-, thermal-flux-, and thermal-dissipation

Far away from the wall and for large Reynolds numbers the dissipation tensors are dominated
by the viscous scale motions, at which turbulence can be considered as isotropic. Therefore,
the vector & should vanish, while the tensor ¢;; should be diagonal:

& =0, &j=2yu Ex?dij/3, (28a)

where the numerical prefactor % is chosen such that y,,,, becomes the relaxation frequency of
the turbulent kinetic energy. Under stationary conditions the rate of turbulent kinetic energy
dissipation is equal to the energy flux through scales, that can be estimated as (uuu) /¢,
where ¢ is the outer scale of turbulence. Therefore, the natural estimate of y,, involves
the triple-velocity correlator, y,, ~ ((uuu) /€ (uu)), exactly in the same manner, as the
Return-to-Isotropy frequencies, yg; and ¥ in Eqs. 26a and 26b. Similarly,

e =yoo Eg, yoo ~ (06u) [€(06) . (28b)

3.3 Stationary balance equations in plain geometry

In the plane geometry, the equations simplify further. The mean velocity is oriented in the
(streamwise) X direction and all mean values depend on the vertical (wall-normal) coordi-
nate z only: U = U(2)X, ©® = O(2), 1j; = 1j(z), F = F(2), E9 = E¢(2). Therefore
(U -V)(--+) =0, and in the stationary case, when d/d¢ = 0, the mean convective deriv-
ative vanishes: D/Dt = 0. Moreover due to the y — —y symmetry of the problem the
following correlations vanish: T, = 7, = 1?\ = 0. The only non-zero components of the
mean velocity and temperature gradients are:

S, =dU/dz, S, =d®/dz. (29)
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3.3.1 Equations for the mean velocity and temperature profiles

Having in mind equations of Sect. 3.3 and integrating Eq. 14 for U, and ® over z, one gets
equations Eor the total (turbulent and molecular) mechanical-momentum flux, 7 (z), and ther-
mal flux, F(z), toward the wall

Teo(z) = —v SU + Txz (30a)
F(z) = —x So + F; (30b)
The total flux of the x-component of the mechanical moment in z-direction is T,,(z) =
f dz(d (p) /0x) + const. Generally speaking, T,,(z) depends on z. For example, for the
unstratified pressure driven planar channel flow (of the half-wight #) T, (z) = — (1 —x/h),

where 7, is the wall shear stress. In the stable atmospheric TBL Nieuwstadt [10] suggested
the momentum and temperature flux profiles in the form:

T =~ fi@, fi) =[1-z/HT, (31a)

F(2) = =F 2(2), fald)=1—-2z/Hy, (31b)

where F is the heat flux at the ground and Hy is the Zilitinkevich height of stratified TBL

[15]. Notice, that in our case of stable stratification b0t~h vertical fluxes, the x-component of

the mechanical momentum, Ty, and the thermal flux, F;, are directed toward the ground, i.e.

negative. For the sake of convenience, we introduce in Eq. 31 notations for their (positive)

zero level absolute value: 7, and F. In the future analysis we will consider the flux profiles
f1(z) and f>(z) as prescribed functions of z, not necessarily given by Eq. 31.

Recall that in the plain geometry U, = 0. Nevertheless one can write an equation for U, :

d(tzz + (p)/pp) /dz = B O, (32)

which describes a turbulent correction to the hydrostatic equilibrium. Actually, this equation
determines the profile of (p), that does not appear in the system of balance Eq. 30.

3.3.2 Equations for the pair (cross)-correlation functions

Consider first the balance Eq. 17a for the diagonal components of the Reynolds-stress tensor
in the plain geometry:

FEx + 3YriTax /2 = — (3 —2Cp) TSy, — Cic B F;,

IEx + 3VRITyy/2 = —Cp1x;S, — Cic B F,

FEx 4+ 3yuitz:/2 = —CpTx: Sy, + B +2Cic) B Fr. (33)
where I' = y,,,, — yri- The LHS of these equations includes the dissipation and Return-to-
isotropy terms. On the RHS we have the kinetic energy production and isotropization of
production terms (both proportional to S, ) together with the conversion and isotropization
of conversion terms, that are proportional to the vertical thermal flux F;.

System (33) allows to find anisotropy of the turbulent-velocity fluctuations and to get the
balance equations for the turbulent kinetic energy with the energy production and conversion
terms on the RHS:

3tpx = 2{[2(1 — Cp)luu/yr + 1Ex — 3 = 2Cp + Cic) BF;/yri} s (34a)
3Tyy = 2{[(Cp — Dl yu/yr + 11Ex — (Cip + Cio) BF;/ Y} s (34b)
3t = 2{[(Ce — 1) Tuu/yr1 + 11Ex — (Cp — 2Cic — 3) BF/Vri}, (34¢)
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CunEx = =TS, + BF;. (34d)

Equation 34d includes the only non-vanishing tangential (off-diagonal) Reynolds stress 7y,
and has to be accompanied with an equation for this object:

YriToz = (Cp — 1) 72, S, + (1 + Cie) B Fx. (34e)

This equation manifests that the tangential Reynolds stress t,, that determines the energy
production influences, in its turn, on the value of the streamwise thermal flux F,, which
therefore effects on the turbulent kinetic energy production.

As we mentioned, in the plain geometry fy = 0. Equation (17b) for the F and F; in this
case take the form:

YroFx = — (szS@ + CSUFZSU) ; (35a)
Yro by = — (TzzS® +2Cro /3E0) s (35b)

in which the RHS describes the thermal-flux production, corrected by the isotropization of
production terms.

The last Eq. 17c for Ey, represents the balance between the dissipation (LHS) and pro-
duction (RHS):

Voo Eg = —F S(_). (35¢)

3.4 Dimensional closure of time-scales and the balance equations in the turbulent region

At this point we follow the tradition in modeling of all the nonlinear inverse time-scales by
dimensional estimates [30]:

Yuu = Cuu/ Ex /z ,
Yo = CritVuu, Vi = CriYris Y90 = CooVuu Vo = Cub Vuu- (36)

Here ¢ is still the “outer scale of turbulence”.

Detailed analysis of experimental, DNS and LES data (see [28] and references therein)
shows that for unstratified flows, g = 0, the anisotropic boundary layers exhibit values of the
Reynolds stress tensor that can be well approximated by 7, = Ex, Tyy = T;; = Ex/2.Inour
approach this dictates the choice Cy; = 4(1 — Cyp). Also we can expect that 7y, is almost not
affected by buoyancy. This gives simply Cic = —Cyp. If so, Eq. 34 with the parametrization
(36) can be identically rewritten as follows:

o BR BB BE
xx ¢ 2Vuu7 Y 27 2 zyuu,
YuuEx = BF; — szSU» 4Cri VuuToz = BFy — 14 SU- (37a)

Finally we present a version of the balance equations for the thermal flux (35a, 35b), and for
the “temperature energy”, (35c¢), after all the simplified assumptions:

Coo YuuEo = —F; S(.):
Cuo YuuFx = — (szS(-) + Csu I SU) s
Cup YuuF; = — (TZZS@ +2Cro ﬂEG) . (37b)
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3.5 Generalized wall normalization

The analysis of the balance Eq.37 is drastically simplified if they are presented in a dimen-
sionless form. Traditionally, the conventional “wall units” are introduced via the wall friction
velocity, uy, = /T4, and the viscous length-scale, A, defined by A, = v/u,. A wall unit for
the temperature, 6, = F,/u, is defined via the thermal flux at the wall and friction veloc-
ity. Subsequently, r+ = r/ry, t1 = t Ao/us, UT = UJuy, p™ = p/ppul, OF = 0/6,,
0" = 0/6,, etc. Then the governing Eq. 12 take the form:

DYUt /Dt + Vit =720 /LT + AT UT,
Dt OF /DT = AT ©F /Pr. (38)

These equations include two dimensionless parameters: the conventional Prandtl number
Pr = v/k, and LT —the Monin-Obukhov length L measured in wall units: L = ui / BF,,
LT =1L / Ax. We used here the modern definition of the Monin-Obukhov length, which
differs from the old one by the absence of the von-Kdrmdnconstant « in its denominator [31].

Outside of the viscous sub-layer, where the kinematic viscosity and kinematic thermal
conductivity can be ignored, L™ is the only dimensionless parameter in the problem, which
separates the region of weak stratification, z+ < L™, and the region of strong stratification,
where zT > L.

Given the generalized wall normalization we introduce objects with a superscript “*” in
the usual manner:

St =18y, ST =04 So /0, v = tey, TF = i ful,

F' = F/u.b., Ej = Ep/6?. (39)

In the turbulent region, governed by L™ only, Eq.30 simplify to 7. = — f1, F;f = — f2.

3.6 Rescaling symmetry and f-representation

Outside of the viscous region, where Eq.37 were derived, the problem has only one char-
acteristic length, i.e. the Monin-Obukhov scale L, defined via fluxes on the ground. With
fluxes depending on the elevation in the local closure equations the scale L is replaced by
local Monin-Obukhov length A (z) [10], defined similarly via local fluxes:

Cwm@P? P A7 “0)
BF:(2) F () h@

Correspondingly, one expects that the only dimensionless parameter that governs the turbu-

lent statistics in this region should be the ratio of the outer scale of turbulence, ¢, to the local

Monin-Obukhov length-scale A, i.e. £/A. To see this we will introduce two set of objects.

The first set is “f-objects” which are differ from wall-normalized * objects, by replacement

of the wall fluxes 7, and F; by their local, z-dependent, counterparts —7,;(z) and —F;(2):

AQz) =

T
i ijo [ P
L A <A (41a)
Yot o A ”
F; Fr F* _
Fr=—t=-"L="L o Fio_, (41b)

' Fz Fj— f2
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E Ef
g B _EC g g e g St (“10)
Txz S Fz f2
S st S, st
st= vl Z2u g Zel _ Te (41d)
—Txz f1 —F; bi)
N 2
o = =¢t/f, L¥=LT/fi, Af= Li%. (41e)
v 2

Correspondingly, in case when f; = f> = I the * objects coincide with the * objects.

The second set is two objects, denoted as S; and Sf) N that differ from SS and Sg) on

multiplication by A*. Having in mind that S, A and S, A have dimensionality of velocity
and temperature we can define these two objects in a few equivalent ways:

A+ A+
STAT  SFAT 5 A

S =gt = = , (41f)

ua v _.[;2 i A T Txz

At [t
¢ _grpro S ATV SIATYAL L SoAV T
Soa =Seh T : (41g)
A —F; f2 —F;
In notations (41) one rewrites the balance Eq.37 as follows:
o

ix — E;E _ ) (42a)

A

2y Ei
o, = E{/2, (42b)
E i
i == A (42¢)
zcuu\/
3/2

cwEp " = (F} —rxzsgA)z/A, (42d)
4Crcuny B T = (FF — 2 8 ) /A, (42¢)
Coo cuuy Ex Ej = —FF St €/A, (42f)
Cub cuny Ex F¥ = — (t5.8F, + Csu FF 8% ) /A, (42g)
Cus cuny EX Ff = = (thE, +2Ceo EJ) U/, (42h)
=—1, Ff=-1 (42i)

These equations are the main result of current Sect. 3. They may be considered as a “Minimal
Model” for stably stratified TBL, that respects the conservation of energy, describes anisot-
ropy of turbulence and all relevant fluxes explicitly and, nevertheless is still simple enough
to allow comprehensive analytical analysis, that results in an approximate analytical solution
(with reasonable accuracy) for the mean velocity and temperature gradients Sy and Se, and
all second-order (cross)-correlation functions.

As expected, the only parameter appearing in the Minimal Model (42) is £/A. The outer
scale of turbulence, ¢, does not appear by itself, only via the ratio £/ A. Therefore our goal
now is to solve Eq.42 in order to find five functions of only one argument £/A: S* A g K
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Ei, Eg and F, ; . After that we can specify the dependence £%(z¥) and then reconstruct the
z-dependence of these five objects.

4 Results and discussion
4.1 Analytical solution of the Minimal-Model balance Eq.42

This subsection is devoted to an analytical and numerical analysis of the Minimal-Model
(42). An example of numerical solution of Eq.42 [with some reasonable choice of the phe-
nomenological parameters (44)] is shown in Fig. 1. Nevertheless, it would be much more
instructive to have approximate analytical solutions for all correlations that will describe
their £/ A-dependence with reasonable accuracy. The detailed procedure of finding these
solutions is simple but rather cumbersome. A brief overview is as follows.

The Eq.42 can be reformulated as a polynomial equation of ninth order for the only

unknown Elf An analysis of its structure helps to formulate an effective interpolation for-
mula (43), discussed below. Hence, we found the solutions of Eq.42 at neutral stratification,
£/A = 0, corrected up to the linear order in £/A. Its comparison with the existing DNS data
resulted in an estimate for the constants ERI ~ 1.46, and c,, =~ 0.36. Then, we considered
the region £/A — oo. Even though such a condition may not be realizable in nature, from a
methodological point of view, as we will see below, it enables to obtain the desired analytical
approximation. The £/A — oo asymptotic solution with corrections, linear in the small
parameter (¢/A)~*/3, were found. Now we are armed to suggest an interpolation formula:

£3/2 e AN
ot en =g i (Fe5) | (430
where « is is the von-Kdrmdn constant. This formula coincides with the exact solutions
for £/A = 0 and for {/A — o0, including the leading corrections to both asymptotics.
Moreover, in the region £/ A ~ 1, Eq. 43a accounts for the structure of the exact polynomial.
As aresult, the interpolation formula (43a) is close to the numerical solution with deviations
smaller than 3% in the entire region 0 < £/A < o0, see left middle panel in Fig. 1. Together
with Eq. 42d it produces a solution for Si , that can be written as

_ -1
steh = () g [K e*\/W] , (43b)

where )\jf = 3Ai/14, )Lg = 3Ai/11/c. This formula gives the same accuracy ~ 3%, see
left upper panel in Fig. 1. We demonstrate below that the proposed interpolation formulae
describe the £/ A-dependence of the correlations with a very reasonable accuracy, about 10%,
forany 0 < £/A < oo, see black dashed lines in Fig. 1.

Unfortunately, a direct substitution of the interpolation formula (43) into the exact relation
for Sf) ,, obtained from the system (42) works well only for small £/ A, in spite of the fact that
the interpolation formula is rather accurate in the whole region. We need therefore to derive
an independent interpolation formula for S(i) Using expansions for small £/A < 1 and large
£/A > 1 we suggest

SE o+ 6(Cau@)*PSE?

seety ~ s1%° 4 e
(1 + o £5/AF)

(43c)
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Fig. 1 Log-log plots of the normalized velocity mean shears SUZ and SIJ’JAJf (left upper panel), normal—
ized mean-temperature gradients S(j’)[i and SOAqL (right upper panel), the turbulent kinetic energy E and
EIJ& «/ A)~2/3 (left middle panel), partial kinetic energies t;; /Ex (right middle panel), temperature energy

E g and Eg «/ A)~2/3 (left lower panel) and horizontal thermal flux F. E and F. ;:F e/ A)"2/3 (right lower panel)
versus £/A. Here we also show normalized correlation function r,g = (ux6)/ (u%)(@z) = Fy//2txxEp.
Red, blue and green solid lines—exact numerical solutions before and after normalization by the large ¢/A

asymptotics, black dashed and dot-dashed lines—approximate analytical solutions. The region £ > L may
not be realized in the Nature. In this case it has only methodological character
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in which
SE o = 24 Cuo/Cal £, S5 = —14(Cqy — 4Cuo/3)/3AF,
SE% = —Cuo(2Cri — (11 Cup — 3 Cs0) /3 S A /A E,

and « satisfies

S5 F = SETAY 4655 A (cuua)? — 4aS? /3,

0,1

s* pF = —Cuo (3/45121 —-22+ 3CSU/Cu9) /245RI~

0,1

Equation 43c is constructed such that the leading and sub-leading asymptotics for small
and large ¢/A coincide with the first two terms in the exact expansions at “almost” neural
stratification and extremely strong stratification. As a result, Eq. 43¢ approximates the exact
solution with errors smaller then 5% for £/A < 1 and £/A > 50 and with errors smaller
than 10% for any ¢/ A, see right upper panel in Fig. 1.

Substituting the approximate Eq.43 into the exact relations (42), one gets approximate
solutions Eg and Fy with errors smaller than 10%, see lower panels in Fig. 1. All the actual
values of constants used in final computations are summarized here:

Cun =~ 34273k, Cry ~3.42%8, Cpy~—2/3, Coy~1, Csy~56, Cuy =5,
K =~ 0.436. (44)

Using relationships (41) one can represent Eq. 43 in traditional wall normalization. For
example, Eq. 43b can be rewritten as

-1
St ~ JE[(AT)I + [K Y1+ (wﬁ)”] ] (45)

3/2 3/2

where AT =3LY 77 /14f,, A =3LTf77 /11 fok.

4.2 Mean velocity and temperature profiles

In principle, integrating the mean shear S and the mean temperature gradient 7, one can
find the mean velocity and temperature profiles. Unfortunately, to do so we need to know S
and S(j as functions of the elevation z, while in our approach they are found as functions of
£(z)/A(z) also involving fluxes parametrization functions fi(z) and f>(z). Important that the
outer scale of turbulence £(z) and local Monin-Obukhov length A (z) are external parameters
of the problem that have to be found separately.

The importance of an accounting for the proper physically motivated dependance of £ on
z for an example of channels and pipes has been recently shown by [32]. As for the problem
at hands, for small elevations with respect to the Monin-Obukhov length L = A(0), i.e. for
z K L, it is well accepted that £(z) is proportional to z, while the £(z) dependence is still
under debate for z comparable or exceeding L. For z ~ L the assignment and discussion of
the actual dependence of the outer scale of turbulence, £(z), which is manifested in Nature is
out of the scope of this paper, and is remained for future work. At time being, we can analyze
consequences of our approach for the following versions of £(z) dependence at z > L:

e function £(z) is saturated at some level of the order of L. For concreteness we can take

1/0(z) = V(di2)2 + (d2L)2, dy ~dp ~ 1. (46)
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e {(z) is again proportional to z for elevations much larger than L: £(z) = d3z but with
the small proportionality constant d3 < dj. If so, we can also study the case £(z) > L
even though such a condition may not be realizable in Nature. In that case our analysis of
the limit £(z) > L has only a methodological character: it allows to derive an approxi-
mate analytic solution for all the objects of interest that is also valid for the outer scale of
turbulence not exceeding a value of the order of L.

Analytical treatments become more simple near the ground, where one can neglect the
variations of fluxes, using approximation of “constant flux layer”: fi(z) = f2(z) = 1. In
this case A becomes L, and all  objects are transformed into ™ ones. The resulting plots of
U™ in this approximation are shown on Fig. 2, upper panel. Even taking £(z) = z one gets a
very similar velocity profile, see Fig. 2, lower panel. With £(z) = z we found an analytical
expression for the mean-velocity profile using the interpolation Eq. 43b for S;:

Z

<
— 3 +L1.
Zu0 (1+\/1+(Z/L2) /‘)

Here z,0 is the roughness length, L = 3L*/14, LT =3L" /11«k.

The resulting mean velocity profiles have logarithmic asymptotic for zL in agreement
with meteorological observations. Usually the observations are parameterized by a so-called
log-linear approximation [31]:

U+@)=JJn a7
K

Ut =« "n(z/zu0) + 2/ L1, (48a)

which is plotted in Fig. 2 by dotted lines. One sees some deviation in the region of intermedi-
ate z. The reason is that the real profile [see, e.g. Eq. 47] has a logarithmic term that saturates
for z > L, while in the approximation (48a) this term continues to grow. To fix this one can
use Eq. 47 (with L, = L for simplicity), or even its simplified version

|
Ut = -n——~ 4= (48b)

K zuoV/ 1+ (/L)? L
This approximation is plotted as a dashed line on Fig. 2 for comparison.

The temperature profiles in our approach look similar to the velocity ones, see Fig. 2,
lower panel. They have logarithmic asymptotic for £ < L and linear behavior for £ > L.
Correspondingly, they can be fitted by a log-linear approximation, like (48a), or even better,
by an improved version of it, like Eq. 48b. Clearly, the values of constants will be different:
k = k1, L1 = LT, etc.

4.3 Profiles of second-order correlations

The computed profiles of the locally scaled turbulent kinetic and temperature energies, hori-
zontal thermal flux profile and the anisotropy profiles are shown on Fig. 1 in the middle and
lower panels.

The profiles of Ei (left middle panel) and of E i and F, f (lower panels), that are o< (€/ A)23
for £ > A (if realizable). With the interpolation formula (46), the profiles of the second order
correlations have to saturate at levels corresponding to £ >~ L. This sensitivity to the z-depen-
dence of €(z) makes a comparison of the prediction with experimental data very desirable.
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Fig. 2 Computed with Eq. 46 (for dy = dy = f1(z) = f2(z) = 1) plots of U + (blue solid lines on left
panels) and ©T (red solid lines on right panels) versus z 1 for LT = 1000. In upper panels £(z) is taken from
Eq. 46, while in lower panels £(z) = z. Log-linear approximation (48a) to all profiles is shown by dotted lines,
its improved version (48b) by dashed lines. The region ¢ > L may not be realized in the Nature. In this case
it has only methodological character

4.4 Turbulent transport, Richardson and Prandtl numbers

In our notations the turbulent viscosity and thermal conductivity, turbulent Prandtl number,
the gradient- and flux-Richardson numbers are

L %
= =5 =00/MN7, (49a)
SU SU Yuu
i
F, 1 T
== =G E, (49b)
So 85 Vi
Prr = vi/xr = 5}/5;. (49¢)
. BS, S¥ ¢ Sk
ngrad = 520 = ﬁ = X S;g s (49d)
U A S e
flux = Ty S AFSE A gET
yLu U ue
Rigrag = Rigux Prr. (49f)
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With Egs. 49a and 49b we introduce also two dimensionless functions C,, (¢/A) and C (£/A)
that are taken as constants in the down-gradient transport approximation (2) described in the
Introduction.

4.4.1 Locally scaled momentum and heat diffusivities

It is tempting to compare the model predictions with proper experimental observations and
results of numerical simulations, which presumably involve less assumptions and approxi-
mations that the model itself. To demonstrate the situation with such a comparison for stable
stratified TBL we plot together Nieuwstadt experimental observations [10] and the model
results for the so-called locally scaled momentum and heat diffusivities defined below. The
definitions of the parameters is taken from [10] and interpreted in terms of the model at
hands. Hence, the effective diffusivities of momentum (K;) and heat (Kp) are just:

Kvm = —1,;/Su=vr, and Ky=—F;/Se = xr, (50)

while the (Nieuwstadt’s) local Monin-Obukhov length in our case is A /«. Thus, the non-di-
mensionalised locally scaled momentum and heat diffusivities become:

Kk Kwm K Kk Ky K z
= kH() = = ., (=K,
A/ =Ty Sy A* A =Ty S(_L,Ai A
and we assumed ¢(z) = z. It is a simple exercise to write down approximate analytical for-
mulae for ¢y and ¢y just by using Egs. 43b and 43c. The plots of ¢xm and ¢gy versus z/A
are depicted in Fig. 3. For this set of plots, the von-Kdrmanconstant was chosen to be the same
as in [33], i.e. « = 0.4, which is on 0.05 larger than in [10]. One sees that the observational
data have quite large error bars originated from variations in weather conditions.

Notice, that various versions of LES also differ significantly having problems, for exam-
ple, with non-dimensional gradients near the surface at the first few comutational levels.
Nevertheless for completeness we present in Fig. 3 also LES from GABLS at finest resolu-
tion of 2m [33]. The model predictions (thick lines) lay inside the region confined by the
observations and LES.

As an example of another comparison with experimental observations we consider the
normalized cross-correlation function r,g = (u,0)/+/ (u)%) (02) = Fy/+/2 T4z Eg. According

oxm (§) = (51)

0.15

s L
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Fig. 3 Locally scaled momentum (left) and heat (right) diffusivities. Circles (together with the standard
deviation bars)—Nieuwstadt experimental observations [10], joined symbols—LES data from GABLS at
finest resolution of 2 m (see for details [33]), thick solid line—the model results
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to observations by Basu etal. [34], it is more or less a constant about 0.5 for z/A in the
range 0 = 1. For the current choice of fitting parameters (44), our model gives the constant
of about 0.9. Reducing the fitting parameter Cgy twice results in the constant level, which
lies in between 0.5 and 0.6 as it is shown in Fig. 1, lower right panel. Nevertheless we do not
think that the quantitative agreement of the model with observation and LES means much.
At the present quality of the observations and simulations for us much more important the
self-consistency and elegance of the model rather than a comparison with currently available
data.

4.4.2 Approximation of down-gradient transport and its violation in stably stratified TBL

As we mentioned in the Introduction, the concept of the down-gradient transport assumes
that the momentum and thermal fluxes are proportional to the mean velocity and temperature
gradients, see Eq. 2:

Tz = _vTSU’ Fz = _XTS(-)7 (52)

where vy and x are effective turbulent viscosity and thermal conductivity, that can be esti-
mated by dimensional reasoning. Equation 2, giving this estimates, include additional phys-
ical arguments that vertical transport parameters should be estimated via vertical turbulent
velocity, /T;;, and characteristic vertical scale of turbulence, £. The relations between the
scales ¢ in different j-directions in anisotropic turbulence can be found in the approximation
of time-isotropy, according to which

A/ Txx Y Tyy _V T2z
Ly Ly L,

=Y = Yuu- (53)

Here y is a characteristic isotropic frequency of turbulence, that for concreteness can be
taken as the kinetic energy relaxation frequency y,,. The approximation (53) is supported
by experimental data, according to which in anisotropic turbulence the ratios ¢; /£; (i # j)
are larger then the ratios ¢; /T;; /¢; /T that are close to unity. With this approximations
vr and yr can be estimated as follows:

vr = CoToz/Vuu, Xt = CyTez/Yuu, 54

where, according to the approximation of down-gradient transport, the dimensionless param-
eters C,, and C, are taken as constants, independent of the level of stratification.

In order to check how the approximation (52, 54) works in the stratified TBL for both
fluxes, one can consider Eq. 52 as definitions of vy and xr and Eq. 54 as definitions of C,
and C, . This gives

Txz Yuu Vlfu Fr Yuu Vlfu

=——, Cy=— = . (55)
Tz Sy Sirfz * T2z So Séfgz

v =

Recall, that in this paper the down-gradient approximation is not used at all. Instead, we are
using exact balance equations for all relevant second order correlations, including 7, and
F,. Substituting our results in the RHS of the definitions (55) we can find, how C, and C
depend on £/ A that determines the level of stratification in our approach.

The resulting plots of the ratios C, (¢/A)/C,(0) and C, (£/A)/C,(0) are shown in the
left-upper panel in Fig. 4. One sees that the C,, (¢/A) and C, (¢£/A) can be considered approx-
imately as constants only for £ < 0.2 A. For larger £/A both C, and C, rapidly decrease,
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more or less in the same manner, diminishing by an order of magnitude already for £ ~ 2 A.
For larger £/ A one can use the asymptotic solution for £ >> A according to which

SESE~ /ARyl > VEL J¢ ~@/M)'P et ok~ /0?3, (56)
This means that both functions vanish as (£/A)~%/3:
Cy = 0.01(¢/AN)*3, €, =0.003 /N3, (57)

where numerical prefactors account for the accepted values of the dimensionless fit param-
eters.

The physical reason for the strong dependence of C,, and C, on stratification is as follows:
in the RHS of Eq. 34e for the momentum flux and Eq. 35b for the vertical heat flux there
are two terms. The first ones, proportional to t,, and velocity (or temperature) gradients
correspond to the approximation (52), giving (in our notations) C,, =const and C, =const,
in agreement with the down-gradient transport concept. However, there are second contribu-
tions to the vertical momentum flux ox F, and to the vertical heat flux, that is proportional
to B Ey. In our approach both contributions are negative, giving rise to the counter-gradient
Sfluxes. What follows from our approach, is that these counter-gradient fluxes cancel (to the
leading order) the down-gradient contributions in the limit £/A — oo. As a result, in this
limit the effective turbulent diffusion and thermal conductivity vanish, making the down-
gradient approximation for them (with constant C,, and C) irrelevant even qualitatively for
£ > A.

In our picture of stable temperature-stratified TBL, the turbulence exists at any elevations,
where one can neglect the Coriolis force. Moreover, the turbulent kinetic and temperature
energies increase as (£/A)%/3 for £ > A, see left middle and lower panels in Fig. 1. At the
same time, the mean velocity and potential temperature change the (¢/L)-dependence from
logarithmic lo linear, see Fig. 2 and (modified) log-linear interpolation formula (48b). Cor-
respondingly, the shear of the mean velocity and the mean temperature gradient saturate at
some elevation (and at some £/L), and Rigraq saturates as well. This predictions agree with
large eddy simulation by [35], see Fig. 5 in [9], where Rig,q can be considered as saturating
around 0.4 for z/L =~ 100.

Nevertheless, our analytical result of saturating Rig,q disagree with various observational,
experimental and numerical data, collected in Ref. [9], see Figs. 1, 2, upper panel of Figs. 3
and 4, where various data are plotted as functions of the gradient Richardson number in the
interval (0, 100). The conditions at which these data were obtained do not correspond to the
situation considered in our paper.

Notice that the turbulent closures of kind used above cannot be applied for strongly strat-
ified flows with Rigpaq > 1 (may be even at Rigrag ~ 1). There are two reasons for that. The
first one was mentioned in the Introduction. Namely, for Rigraq > 1 the Brunt-Viisili fre-
quency N = /B Se, is larger then the eddy-turnover frequency and therefore there are weakly
decaying Kelvin-Helmoholtz internal gravity waves which, generally speaking, have to be
accounted for in the momentum and energy balance equations.

The second reason, that makes the results very sensitive to the contribution of internal
waves follows from the fact that vortical turbulent fluxes vanish (at fixed velocity and tem-
perature gradients). Therefore even relatively small contributions of different nature to the
momentum and thermal fluxes may be important.
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Fig. 4 Log-log plots of “down-gradient coefficient-functions” C, (solid blue lines) and Cy (red dashed
lines)—upper panels; turbulent Prandtl number Prr (green lines on middle panels) and Rigyx (black solid
lines), Rigraq (black dashed lines)—on lower panels as function of £/A (left panels) and versus Rigraq (right
panels). Notice, that the presented dependencies have qualitative character, and the choice of constants C
depends on the actual functional form £(z). For simplicity, we took £(z) = z.The region £ > L may not be
realized in the Nature. In this case it has only methodological character
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5 Summary

In the paper we address the dynamical and statistical description of stably temperature strat-
ified atmospheric turbulent boundary layer analyzing traditional approaches to this problem,
based on the profiles of mean quantities, velocity second-order correlations, and dimensional
estimates. In particular we considered the origin of well known difficulty with prediction
of the suppression of turbulence at a small critical value of the Richardson number, in con-
tradiction with observations. As a result we present a relatively simple algebraic closure
approach, that takes into full account all the second-order statistics, but consider balances
of Reynolds stresses and velocity-temperature cross correlations in local approximations.
Ideologically our model is quite close to the Nieuwstadt’s model [10] and similarly to it
expresses mean profiles as functions of the ration of the outer scale of turbulence £(z) over
the local Monin-Obukhov scale A(z). We demonstrated explicitly that our model respects
the conservation of total mechanical energy and in this sense is a step forward with respect to
widely used “down-gradient” approximation (2), in which the dimensionless coefficients C,,
and C, are assumed to be (¢/A)-independent. Our model allows full analytical tractability
culminating in an analytic solution of the profiles of all mean quantities and all second-order
correlations removing the unphysical predictions of previous theories. We propose that the
approach taken here is sufficient to describe the lower parts of the atmospheric boundary
layer, as long as the Richardson number does not exceed an order of unity. For much higher
Richardson numbers the physics may change qualitatively, requiring careful consideration
of the potential Kelvin-Helmoholtz waves and their interaction with the vortical turbulence.

The final conclusion is that the TBL modeling at large level of stratification requires an
accounting for turbulence of the internal waves together with the vortical turbulence, and the
analysis of available data calls for serious revision. Definitely, new observations, laboratory
and numerical experiments with control of internal wave activity are very likely.
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Appendix
On the closure problem of triple correlations via second order correlations

Let us look more carefully at the approximation (36), which is

Yuu = Cun Ex /E o Ve = CriVuu, Vo = 6RIVRI, Y00 = CooVuus  ¥ro = CuoYuu-
(58)

The dimensional reasoning that leads to this approximation is questionable for problems hav-
ing a dimensionless parameter £/ A. Generally speaking, all “constants” ¢ and C__in Eq. 58
can be any functions of £/ A. Presently we just hope that a possible £/ A dependence of these
functions is relatively weak and does not affect the qualitative picture of the phenomenon.
Moreover, even the assumption (28a) that the dissipation of the thermal flux ¢; is propor-
tional to the thermal flux and the assumption (28b) that the dissipation of Ey, ¢ ox Eg are
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also questionable. Formally speaking, one cannot guarantee that the tripple cross-correlator
(Puu) that estimates €, can be (roughly speaking) decomposed like (u6) /(uu), i.e really
proportional to F = (u#) as it stated in Eq. 28a. Theoretically, one cannot exclude the decom-
position (Quu) ~ (uu) +/{66), i.e. a contribution to ¢ o< Ex. Similarly, the dissipation ¢ in
the balance (17c¢) of Ep, that is determined by the correlator (28b), is o< (#0u), as it follows
from the decomposition (00u) ~ (660) +/(uu) and is stated in Eq. 28b. This correlator allows,
for example, the decomposition (90u) ~ (Ou) /(00), i.e. contribution to ¢ & F. This dis-
cussion demonstrates, that the situation with the dissipation rates is not so simple, as one may
think and thus requires careful theoretical analysis that is in our agenda for future work. Our
preliminary analysis of this problem shows that all fitting constants are indeed functions of
£/ A. Fortunately, they vary within finite limits in the entire interval 0 < £/ A < oo. Therefore
we propose that the approximations used in this paper preserve the qualitative picture of the
phenomenon. Once again, the traditional down-gradient approximation does not work even
qualitatively because corresponding “constants” C, and C, vanish in the limit £/A — oo.
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